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Abstract

I examine when robustly beneficial information can be provided to a receiver who

also learns from misspecified background sources that are outside the provider’s control.

In contrast to information provision for rational receivers, any source can be harmful

under certain misspecifications of background sources. I show that the key aspect of

the background environment enabling robustly beneficial design is the receiver’s per-

ception rather than the true structure. For any background source structure and design

of the provided source, there exists a misspecification under which harm occurs. Con-

sequently, even complete knowledge of the true structure is insufficient and knowledge

of the receiver’s perception is necessary. Under complete knowledge of the perception,

I demonstrate how to design an information source that is robustly non-harmful and

often strictly beneficial, regardless of the true background sources.
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1 Introduction

Real-world information providers rarely control or fully know all sources receivers consult

when making decisions. Yet for a rational receiver who correctly understands and integrates

external sources, any additional information is robustly non-harmful. In practice, however,

receivers may exhibit learning biases about external sources that providers neither control

nor fully understand. How does an additional source interact with misinterpreted external

sources? How is the value of provided information affected? And when can one design

information that is robustly non-harmful?

These challenges arise in various settings. A policymaker may aim to convey the im-

portance of economic interventions to voters, but voters may consume information from

media outlets and interpret it through a biased lens. Public health agencies seek to promote

vaccination benefits, while social media and personal anecdotes may over-amplify selective

narratives, an effect users may fail to recognize. An investment advisor might highlight key

financial market statistics to an investor who relies on other sophisticated sources but inter-

prets them using oversimplified heuristics. Even an expert advising a high-stakes decision

maker, such as a CEO or judge, is rarely the only information source and cannot ensure that

the receiver is unaffected by biases1.

I study these questions in a setting where the receiver is a misspecified learner with two

types of information sources: (i) background sources, outside the provider’s control and only

partially within their knowledge, and (ii) an additional controlled source supplied by the

provider. I primarily consider the case where the provider ensures correct understanding

of their own source, such that only background sources are misperceived. Even in this fa-

vorable case, additional information can worsen inference and I establish three main results

on when a source can be robustly non-harmful. First, in a multidimensional state space,

any additional source can harm the receiver. This sharply contrasts with the benchmark

of information provision to correctly specified receivers, where any additional information

robustly has weakly positive value. Second, even full knowledge of the true data-generating

1For evidence on biases of CEOs see for example Malmendier and Tate (2005). For judges see Guthrie et
al. (2007) and Danziger et al. (2011). While these studies do not examine learning directly, the biases they
document plausibly affect learning processes and, more generally, indicate that such high-stakes decision
makers are susceptible to biases.
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process is insufficient to restore robustly non-harmful design. Third, I characterize which

knowledge of the receiver’s perception allows for robustly non-harmful design and show that

full knowledge is sufficient.

Formally, I model a single agent who learns about fundamentals, represented by a real vector

f , through multiple information sources. Each source generates periodic noisy observations

about one fixed linear combination of fundamentals over an infinite discrete-time horizon.

The agent is misspecified, believing that these sources yield signals about different linear

combinations. Starting from a full-support prior, the agent updates their beliefs according

to Bayes’ rule. The true structure of background sources is then characterized by a matrix

M , where each row models the linear combination associated with one source and the agent’s

(mis)perception is given by a possibly different matrix N . The controlled information source

has the same structure and produces periodic signals about a fixed linear combination along-

side background sources. I prove that the agent’s beliefs converge to a single point, denoted

f̃ , which I refer to as the inferred fundamentals. To illustrate this abstract setting and the

key mechanism of misinference substitution I provide an example of a receiver learning about

asset returns in an investment decision setting.

The effect of a controlled source on inference is captured by the difference between inferred

fundamentals with and without it, for which I derive a tractable expression. The direct

effect of an additional source is positive: it improves inference along the dimension it targets.

However, through the interaction with misspecified background sources it can simultaneously

distort inference in other dimensions. To maintain maximal consistency between observations

and their misspecified model, the receiver may compensate for the reduced error in one

dimension by worsening errors in another. I call this mechanism misinference substitution.

When misinference substitution occurs, it generates a trade-off with the improving direct

effect. To assess the overall value of a controlled source, I consider the distance, primarily

using the Euclidean norm, between inferred fundamentals and true ones.

I analyze when an additional source is robustly non-harmful with respect to the true struc-

ture and perception of background sources, i.e., considering the value of a fixed controlled

source across all possible M and N . Misinference substitution operates across dimensions
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and therefore the existence of robustly non-harmful information crucially depends on the

dimensionality. When f is one-dimensional, all information is robustly non-harmful. With

multiple fundamentals, however, for any controlled source there exist a true structure and

perception of background sources under which misinference substitution occurs and the re-

ceiver is better off without the additional information. Moreover, the magnitude of harm can

be unbounded. Hence, when background sources may be misperceived, designing robustly

beneficial information becomes impossible without further knowledge of those sources.

Nevertheless, non-harmful information always exists and providing strictly positive value

is possible whenever initial inference is imperfect. Achieving such robust design requires ad-

ditional knowledge of background sources and their perception. Specifically, such knowledge

must enable a design that limits the occurrence of misinference substitution. I show that

misinference substitution is primarily governed by the interaction of the controlled source

and the receiver’s perception. The true structure has no substantive effect on the mecha-

nism and knowledge of it alone is insufficient: fixing a true structure of background sources

and considering any controlled source, there exists a perception under which harm occurs.

Knowledge of the receiver’s perception can allow the construction of a source for which mis-

inference substitution does not occur. Such a source has a (weakly) positive direct effect

without any potentially harmful indirect effects and is therefore robustly non-harmful. I

fully characterize which knowledge is necessary and sufficient absent any knowledge about

the true structure.

Finally, I discuss the robustness of the established impossibility of robustly non-harmful

information. By their nature, these results continue to hold when the set to which robustness

is required expands; for example, when the decision environment is not known and therefore

the value of an additional source is not restricted to be the difference of Euclidean norms. I

show that they also hold under further restrictions of the misspecification. Most notably, they

extend when the misspecification is arbitrarily close to the truth, highlighting the fragility

of the classical result. I also consider alternative structures of additional information and

show that the robustness is not restored when allowing for incorrectly perceived additional

sources or by providing multiple sources. In particular, matching the dimensionality of the

controlled source and the fundamentals does not eliminate the difference between one- and
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multidimensional settings. Finally, I consider different model assumptions and discuss exten-

sions to other, fixed measures of value, alternative structures of the true background sources,

and sufficiently precise finite samples.

Section 2 provides the investment decision example. Section 3 introduces the misspecified

learning model and solves for the learning outcome. Section 4 analyzes the effect of additional

information on inference. Section 5 discusses main results on the harm of information and

robustness, followed by extensions in Section 6. Section 7 concludes by discussing avenues

for further research. All proofs are provided in the Appendix.

Related Literature. This paper contributes to a broad literature on information provi-

sion, the value of information, and robustness considerations. It also relates to the growing

body of research on misspecified learning and non-Bayesian updating2. However, no prior

work has analyzed the central question addressed here: under what conditions can additional

information be robustly beneficial with respect to the receiver’s learning biases, such as mis-

specified beliefs about background sources as in this paper. Moreover, most existing studies

treat the receiver’s perception jointly with the true data-generating process. Hence, the

distinct role of perception, decoupled from the true structure, remains largely unexplored.

Robustness with respect to priors and decision environments in information provision for

rational receivers has been widely analyzed (e.g., Blackwell, 1951, 1953, Radner and Stiglitz,

1984, Morris, 1991, Moscarini and Smith, 2002, Azrieli, 2014, Mu et al., 2021). In that

setting, which includes receivers consulting correctly specified background sources, it is well

established that all information has weakly positive value (Blackwell, 1951) and that partial

orders can robustly rank experiments’ welfare effects (Blackwell, 1951, 1953, Mu et al., 2021).

Research on robustness in non-Bayesian updating and misspecified learning typically fixes

the learning bias and studies robustness with respect to the decision problem. For instance,

Frick et al. (2024) adopt a robustness approach to compare the welfare effects of different

learning biases across decision environments. Whitmeyer (2023) and Bordoli (2024) char-

acterize updating rules, belonging to a certain class of distortions, for which all Blackwell

2For an in-depth comparison of these two approaches and their formal connection, see Bohren and Hauser
(2023).
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experiments are robustly preferred across decision problems3. Morris and Shin (1997) ana-

lyze experiments where agents misperceive message likelihoods given states, while Braghieri

(2023) examines a closely related model where beliefs about both priors and conditional

signal distributions deviate from the truth. Both papers focus on robustness across decision

environments for a fixed misperception.

On the technical side, I contribute to the literature on misspecified learning by provid-

ing new tractable results in a concrete multidimensional setting. Such results are relatively

scarce and may therefore be of independent interest for other applications. The most closely

related papers are Heidhues et al. (2026) and He et al. (2023), both of which also solve

multidimensional linear Gaussian learning models. Although the learning setups are closely

related, these models study different types of misspecification. Heidhues et al. (2026) focus

on a direct misspecification about a single fundamental and the effects on inferring other

variables. He et al. (2023) consider a similar misspecification extended to multiple funda-

mentals and apply it to an agent predicting a time-dependent variable using inferences about

what this paper refers to as fundamentals. Both papers also address fundamentally different

questions from those explored here. Beyond this, other papers exploring multidimensional

settings (e.g., Hestermann and Le Yaouanq, 2021, He, 2022, Chauvin, 2023) feature very

different learning environments and, again, address unrelated questions.4

2 An Investment Decision Example

To illustrate the key mechanism in this paper, I consider a portfolio choice problem with

two risky assets. Let f = (f1, f2)
⊤ denote the unknown vector of mean returns, where f1

and f2 are the mean returns above the risk-free rate of assets 1 and 2, respectively. The

3Whitmeyer (2023) evaluates this under a conventionalist view based on realized utility, while Bordoli
(2024) also considers a prospective view based on anticipatory utility.

4Beyond the papers mentioned, a broader literature examines general solution concepts and convergence
properties of beliefs under model misspecification (e.g., Esponda and Pouzo, 2016, 2021, Bohren and Hauser,
2021, Esponda et al., 2021, Fudenberg et al., 2021, Frick et al., 2023) that can be applied to multidimensional
settings. Yet, these provide primarily abstract results rather than closed-form solutions as in this paper. An
even more distantly related literature examines the effects of specific learning biases in one-dimensional or
binary state environments, both in single-agent settings (e.g., Fudenberg et al., 2017, Heidhues et al., 2018,
2021, 2023, Gagnon-Bartsch and Bushong, 2022) and in social learning contexts (e.g., Eyster and Rabin,
2010, Bohren, 2016, Frick et al., 2020).
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covariance matrix of returns is, for simplicity, known and equal to the identity matrix. The

agent has mean-variance preferences and chooses an allocation a ∈ R2 based on their belief

f̃ to maximize

U(a, f̃) = f̃⊤a− 1

2
a⊤a.

Standard first-order conditions yield the optimal allocation a∗(f̃) = f̃ and the corresponding

realized utility, evaluated at the true returns f , is

U(a∗(f̃), f) = f̃⊤f − 1

2
f̃⊤f̃ =

1

2
||f ||22 −

1

2
||f̃ − f ||22.

In particular, the induced value from a belief f̃ is a strictly decreasing function of the

Euclidean distance between beliefs and the truth.

Information sources and beliefs. I assume that the agent forms beliefs based on multiple

information sources, each revealing a linear combination of f . For this example, I take each

source to be perfectly revealing. Concretely, consider one background source that reports

the return of asset 1 and a second that reports the average market return. In matrix form,

these sources are given by

M =

 1 0

1/2 1/2

 , so that observed signals are Mf.

Crucially, the agent may be misspecified about the sources’ structure. Let N denote the

matrix capturing the agent’s perception. The agent dogmatically interprets observations

through N and their inference exactly rationalizes the observed signals:

Mf = Nf̃ =⇒ f̃ = N−1Mf. (1)

Suppose now that a controlled source revealing a linear combination x of the returns

is provided and that the agent correctly understands this source. The combined system of

sources is

M⌢x =


1 0

1/2 1/2

x1 x2

 and N⌢x =


N1,1 N1,2

N2,1 N2,2

x1 x2

 .

Since there are three sources but only two unknowns, beliefs generally cannot rationalize

all signals exactly. Consistent with the misspecified learning framework developed later, the
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best possible rationalization is given by the least-squares projection

f̃ = ((N⌢x)⊤(N⌢x))−1(N⌢x)⊤(M⌢x)f. (2)

Misinference substitution. To highlight the core mechanism, consider the misspecifica-

tion where the agent believes that reported returns exceed those they can achieve, for instance

due to perceived fees or limited trading ability; specifically N = aM with a > 1. Without

additional information, (1) implies f̃ = f/a, so the agent is uniformly underconfident across

both assets’ returns.

Now consider providing an additional source about the first asset’s return, given by

x = (1, 0)⊤. Solving (2) yields

f̃1 =
f1
a

+ f1
a− 1

a(a2 + 1)
, f̃2 =

f2
a

− f1
a− 1

a(a2 + 1)
.

The additional correctly understood source about the first asset’s return indeed improves

inference about that return. However, the agent must jointly rationalize all signals through

the misspecified model. Here, the return of asset 2 is inferred solely through the signal on the

average market return and therefore f̃2 will be such that it fully rationalizes this signal. This

means that any increase in the inferred return of asset 1 is offset one-for-one by a decrease

in the inferred return of asset 2. I call such indirect effects misinference substitution.

Unambiguous harm. In the above case, whether the additional source is harmful or

beneficial depends on f . I now show that misinference substitution can strictly reduce

utility. To do so, let

N =

 a 0

a/2 1/2

 where a > 1.

As before, the agent is misspecified about the reported first asset’s return but has a cor-

rect perception about the second asset’s return. Without an additional source, the agent

underestimates the return of asset 1, f̃1 = f1/a, but correctly infers the return of asset 2.

Now consider providing additional information on an equally weighted portfolio, x =

c(1, 1)⊤. As in the previous case, this source improves inference about the linear combination

it provides; specifically, it improves inference about the sum of returns. However, this

improvement is achieved through an unambiguously harmful change in both dimensions: the
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return of asset 1 is underestimated even further, while the return of asset 2 is overestimated.

Hence, the agent is strictly worse off when the additional source is provided5. Importantly,

this harm arises even for arbitrarily small misspecifications (a arbitrarily close to 1) and

persists regardless of how strong or precise the additional source is, which in this example

corresponds to large values of c.

Harm for any additional source. As I formalize in Proposition 4, harm can occur for

any structure of the additional source. Table 1 provides a set of background sources and

corresponding perceptions that suffice to generate this result in this example6. In each case,

there are two background sources among the return of a single asset, the average market

return, and the return differential. The misspecification follows the structure introduced

above, where the agent believes that reported returns of one asset exceed those they can

achieve. For additional sources that convey information about both assets, the effect on

Table 1: Sources and background environments under which they cause harm

Add. Source True Structure Agent’s Perception Effect on Inference

sgn(x1) = sgn(x2)
|x1| ≥ |x2| > 0

[
1 0
1/2 1/2

] [
a 0
a/2 1/2

]
Inference of all fi worsens

sgn(x1) = sgn(x2)
|x2| ≥ |x1| > 0

[
0 1
1/2 1/2

] [
0 a
1/2 a/2

]
Inference of all fi worsens

sgn(x1) ̸= sgn(x2)
|x1| ≥ |x2| > 0

[
1 0
1 −1

] [
a 0
a −1

]
Inference of all fi worsens

sgn(x1) ̸= sgn(x2)
|x2| ≥ |x1| > 0

[
0 1
−1 1

] [
0 a
−1 a

]
Inference of all fi worsens

x1 ̸= 0
x2 = 0

[
1 0
1/2 1/2

] [
a 0
b/2 1/2

]
Inference of f1 improves
but of f2 worsens

x2 ̸= 0
x1 = 0

[
0 1
1/2 1/2

] [
0 a
1/2 b/2

]
Inference of f2 improves
but of f1 worsens

5More precisely, the agent’s utility is strictly lower with the additional information if and only if f1 ̸= 0.
In the degenerate case f1 = 0, there is no misinference and utility is unchanged.

6The table partitions the set R2 \{0} into six cases and specifies, for each case, a pair (M,N) such that
the agent is strictly worse off for almost all f (and weakly worse off for all f) when provided with any
additional source from the corresponding partition. The case x = 0 is excluded, as such a source conveys no
information (its signal is identically zero independently of f) and therefore has no effect on inference.
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inference is as described above. While the additional source improves inference about the

targeted linear combination, beliefs about both individual returns move further away from

the truth, so utility is strictly lower. For sources targeting a single asset, inference about

that asset improves. However, misinference substitution can be sufficiently strong that the

induced distortion in the untargeted asset dominates, leading to an overall welfare loss.

This arises, for example, when the agent’s misperception differs across background sources:

reported returns in the single-asset source are scaled by a, while those in the market-return

source are scaled by b. When the distortion in the aggregate source is sufficiently larger,

b−a
b

> a− 1, harm is unambiguous.

These cases illustrate that robustly non-harmful information does not exist even under

a very limited ambiguity set to which robustness is required. The background sources are

simple and economically natural and the misspecification arises from a single reasonable bias

that can be arbitrarily small.

3 A Multidimensional Misspecified Learning Model

I now present the general framework in which I then conceptualize background and controlled

sources. I analyze the resulting learning outcomes and conclude the section by showing how

this general setup encompasses several concrete learning biases.

3.1 Framework

A single Bayesian agent aims to learn simultaneously about multiple variables of interest,

represented by a vector of fundamentals f ∈ RF . Starting from a full-support prior, the agent

observes a data-generating process yielding signals st ∈ RS in discrete time t ∈ {1, 2, . . . }

over an infinite horizon. Each signal consists of linear combinations of the fundamentals,

with added Gaussian noise that may be correlated across dimensions. Formally,

st = Mf + ϵt where M ∈ MatS,F (R) and ϵt ∼ N (0,Ω) i.i.d. over time.
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Crucially, the agent’s perception of the data-generating process may be flawed. They believe

that

st = Nf + ϵt where N ∈ MatS,F (R) and ϵt ∼ N (0,Σ) i.i.d. over time.

This misspecification is dogmatic; the perception, given by N and Σ, is persistent and does

not get updated while learning. I assume rank(M) = rank(N) = F so that both the true and

perceived models are sufficiently rich to be fully identified. The agent is correctly specified

if M = N and Ω = Σ, and misspecified otherwise. Given these assumptions, a correctly

specified agent learns the correct fundamentals.

Modeling background and controlled sources. I model the background sources as

described above and assume that the controlled information source has an analogous struc-

ture. It provides additional, periodic signals about a fixed linear combination with added

i.i.d. Gaussian noise that are observed alongside background signals. The receiver holds a

dogmatic (mis)perception of both the linear combination the source reflects and its noise

level. I assume that the controlled source’s signals are uncorrelated with background signals

and normalize both the true and perceived noise variance to one.7 Using this normalization,

the precision of additional information is governed by the absolute values of the weights and

scaling a source by a constant with absolute value greater (smaller) one means increasing

(decreasing) the precision of the source. Overall, the additional controlled information source

is the pair (x, y), where x ∈ RF denotes a vector of true weights and y ∈ RF of perceived

weights. If x = y, I say that the additional information is correctly perceived and, with

slight abuse of terminology, refer to x as the controlled source. Fixing background sources

determined by matrices M , Ω, N , and Σ, the learning environment including an additional

source retains the same structure, with extended matrices:

M⌢x :=

M
x⊤

 , Ω′ :=

Ω 0

0 1

 , N⌢y :=

N

y⊤

 , and Σ′ :=

Σ 0

0 1

 .

Unless otherwise stated, I assume y ̸= 0. If y = 0, the receiver treats the additional

information as pure noise, resulting in a null effect.

7Fixing the variance is without loss of generality, since a different variance is equivalent to multiplying
the weights by an appropriate scalar. Assuming that the additional source is uncorrelated is with loss of
generality but necessary for this paper’s tools.
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3.2 Learning Outcome

First, I show that the agent’s beliefs converge and characterize the form of the limiting

belief. The agent’s beliefs π0, π1, . . . are said to concentrate on a set A if, for every open

set U containing A the subjective probability that the fundamentals lie in U , Pπt(f ∈ U),

almost surely converges to 1; that is,

P[ lim
t→∞

Pπt(f ∈ U) = 1] = 1.

Utilizing a classical result by Berk (1966), I show that beliefs concentrate on the set

of points minimizing the Kullback-Leibler divergence. Then, using perceived linearity and

normality, I prove that there is a unique minimizer. As a result, the beliefs concentrate on a

single point, which I refer to as the inferred fundamentals. These inferred fundamentals are

the object of interest in the remainder of the analysis.

Proposition 1. Given any true fundamentals f and matrices M , Ω, N , and Σ, the beliefs

concentrate on

f̃ =
(
N⊤Σ−1N

)−1 (
N⊤Σ−1M

)
f. (3)

The inferred fundamentals are those that best rationalize the true signal mean given the

agent’s specification. When M and N are square matrices, a perfect replication is possible

and (3) reduces to Nf̃ = Mf . Generally, when the signals’ dimension exceeds the number of

fundamentals, a perfect explanation may not exist. Inferred fundamentals instead minimize

the distance between the predicted signal mean and the true one, where the distance is

taken with respect to the agent’s model. Analogous to the geometry of an OLS estimator,

the remaining difference is orthogonal to the agent’s model8.

Because inferred fundamentals are determined by the signals’ mean and the agent’s

model, the true signals’ covariance Ω has no effect on long-run inference. Hence, moving

forward I omit it when referring to background sources.

In the Appendix, I provide general properties of the inferred fundamentals that serve as

technical tools for the proofs of later results.

8Indeed, the inferred fundamentals are equal to the GLS estimator with infinite data. Under the per-
ception of the agent the GLS estimator is the maximum likelihood estimator which converges precisely to
the Kullback-Leibler minimizer. Therefore, the outcome of such a GLS estimator coincides with the inferred
fundamentals.
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3.3 Misperceptions Captured by the Model

Since the main question concerns robustness to misspecification in general, the framework de-

liberately does not impose structure on fundamentals, information sources, or specific biases.

Nevertheless, I illustrate how familiar biases can be represented within this framework.

Over- and underconfidence. Misperceptions about one’s own ability can be incorpo-

rated in two ways. First, ability may directly affect how fundamentals map into signals.

For instance, the impact of a fundamental such as a production technology may depend on

the agent’s skill. Over- or underconfidence is then captured by the corresponding entries

being higher (or lower) in N than in M . Alternatively, ability can enter as a fundamental

that is dogmatically misperceived, as in Heidhues et al. (2026). Suppose there is one signal

dimension equal to c times the unit vector corresponding to ability, while its perception is ac

times that unit vector. As c → ∞, the agent becomes arbitrarily confident that their ability

is exactly a−1 times its true value. Dogmatic misperceptions about the agent’s ability can

thus be arbitrarily well approximated within the model9.

Attribution bias. Attribution bias refers to systematic errors in assessing the relative

importance of underlying causes of observed outcomes (see, e.g., Ross, 1977, Gilbert and

Malone, 1995, for a review). Consider an agent observing project outputs, where outcomes

depend on worker ability and project merit. Attribution bias arises when the agent’s percep-

tion assigns incorrect relative weights to the impact of these causes. Formally, N is obtained

from M by scaling the columns corresponding to ability and project merit by the agent’s

perceived relative weight.

Projection bias. Projection bias describes the tendency to project features of one’s own

environment onto less familiar ones (see, e.g., Engelmann and Strobel, 2000, Van Boven et al.,

2003, Engelmann and Strobel, 2012, Ambuehl et al., 2021, Bushong and Gagnon-Bartsch,

2023). Suppose one signal dimension corresponds to a familiar environment while others

reflect unfamiliar settings. For the familiar dimension, the agent’s perception is accurate

9Indeed, the general model of Heidhues et al. (2026) can be approximated and nested in this way. If this
is the only source of misspecification (i.e., M = N otherwise), their approach is of course more direct.
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and the corresponding row of N coincides with that of M . For unfamiliar dimensions,

projection arises: the rows of N are convex combinations of the true rows of M and the row

associated with the familiar environment.

Sparsity and correlation neglect. Disentangling which fundamentals drive which sig-

nals is cognitively demanding and agents may simplify by ignoring sufficiently weak rela-

tionships. This is closely related to sparsity (Gabaix, 2014)10 and aligns with experimental

evidence on correlation neglect (Enke and Zimmermann, 2019)11. Concretely, an agent may

behave as if each signal dimension depends only on a subset of the most influential funda-

mentals. In the model, this corresponds to N being a sparse version of M , obtained by

setting the smallest entries of rows to zero.

4 The Effect of an Additional Source

Proposition 1 applies to the learning environment both with and without the additional

source and thus it yields closed-form solutions for the inferred fundamentals in both cases.

In this section, I derive a tractable expression for the difference between these inference

outcomes and thus for the effect of an additional source. Moreover, I formalize the obser-

vation from the leading example that an additional source always improves inference along

the dimension it targets. All proofs are purely algebraic.

Consider a controlled source (x, y) and background sources given by M , N , and Σ. I

denote the inferred fundamentals incorporating the controlled source by f̃(x, y), writing f̃(x)

when the source is correctly perceived (x = y). The inferred fundamentals under only the

background sources are denoted f̃(0). It follows from the analysis below that this notation

is consistent.

10Gabaix (2014) explores sparsity in decision-making processes by assuming that agents have a restricted
number of components they can incorporate into the maximization. Adapted to this learning framework,
instead of presuming that relevant variables for decision-making have to be sparse, one could assume the set
of relevant fundamentals behind each observation is sparse.

11Enke and Zimmermann (2019) run an experiment in which participants received a multidimensional
signal influenced by multiple fundamentals but behaved as though each component was influenced by only
one. While their objective was to learn about the average of the fundamentals rather than the individual
components, their findings plausibly extend to this framework.
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Proposition 2. Let f be a vector of fundamentals, M , N , and Σ define background sources,

and (x, y) an additional source. Then,

f̃(x, y)− f̃(0) =
1

1 + g

[
(N⊤Σ−1N)−1yy⊤(f − f̃(0)) + (N⊤Σ−1N)−1y(x⊤ − y⊤)f

]
(4)

with g = y⊤(N⊤Σ−1N)−1y > 0.

For correctly perceived additional information (4) simplifies to

f̃(x)− f̃(0) = E(f − f̃(0)) where E =
1

1 + g
(N⊤Σ−1N)−1xx⊤.

The effect of the controlled source decomposes into the matrix E and the misinference absent

the source, f − f̃(0), upon which E acts. To gain intuition, consider information about the

first fundamental, x = e1. Then E has nonzero entries only in its first column, meaning the

effect is driven by f1 − f̃(0)1. If there is no misinference of the first fundamental absent the

additional source, the same belief fully rationalizes the additional information and there is

no effect. When misinference is present, then the additional source reduces it; E1,1 lies in

(0, 1). Crucially, the remaining entries in the first column of E translate the misinference of

the first fundamental onto other dimensions, exactly as highlighted in the leading example

— this can result in misinference substitution12. Importantly, E is determined entirely by

the additional source and the receiver’s model. The true structure of background sources

affects only the misinference absent the additional source, f − f̃(0).

While the overall effect generally depends on the entire structure, a robust feature of

additional information is that it always improves inference along the dimension it targets.

Moreover, a more precise source will improve that dimension strictly more and an infinitely

precise source completely eliminates any misinference in the targeted dimension.

Proposition 3. Given any additional source x and background sources M , N , and Σ there

exists some α ∈ [0, 1] such that x⊤f̃(x) = αx⊤f̃(0)+ (1−α)x⊤f for all f . If x⊤f̃(0) ̸= x⊤f ,

then α ∈ (0, 1) is unique and scaling x by a constant c strictly decreases (increases) α if

|c| > 1 (|c| < 1). Moreover, when scaling x by c → ∞ α tends to 0, i.e. x⊤f̃(x) → x⊤f .

12Heidhues et al. (2026) also observe that changes in a multidimensional learning environment that reduce
the difference between inference and truth in one dimension can worsen it in other dimensions; they call
this bias substitution in their application. Importantly, Heidhues et al. (2026) focus on particular changes
of the environment driven by their application and bias substitution occur in them as one interesting force.
Here, on the other hand, misinference substitution is at the core of the results and I specifically focus on its
prevalence and magnitude.
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5 Robustness with Respect to Background Sources

I now turn to the main results of the paper and study whether an additional information

source can be guaranteed to be non-harmful, irrespective of background sources and their

misspecification.

In this section, I focus on the key case of a correctly perceived additional source and

define the value of a controlled source x as the reduction in the Euclidean distance between

inferred fundamentals and the truth:

V (x | M,N,Σ, f) := ||f̃(0)− f ||2 − ||f̃(x)− f ||2. (5)

Thus, an additional source has positive value if and only if it generates beliefs closer to

the truth. This is consistent with the agent’s objective in the leading example, where util-

ity is decreasing in the Euclidean distance between beliefs and fundamentals. I consider

misperceived additional sources and discuss alternative value functions in Section 6.

Note that any additional information has zero value for a correctly specified receiver in

the limit of infinite data. Such a receiver perfectly infers the fundamentals and this re-

mains unchanged when a correctly perceived information source is added. However, this

is a property of the limit: for any fixed finite number of observations, additional informa-

tion would have strictly positive value, since the information structure defined by (M,Ω) is

strictly Blackwell dominated by the information structure (M⌢x,Ω′) resulting from adding

the source x. Taking seriously that the receiver is fully convinced that their perception is

correct, they therefore weakly prefer any additional information and strictly prefer it in finite

settings. While information can in fact be harmful, as shown below, the receiver does not

anticipate that this applies to them.

5.1 The Harm of Information

The following result characterizes when information is robustly beneficial with respect to

learning from background sources in a potentially misspecified manner.

Proposition 4. I If F = 1, then any additional source x has non-negative value for all

background sources M , N , and Σ and fundamentals f . Moreover, it has positive value
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if and only if f ̸= f̃(0), in which case the value increases strictly in |x|.

II.A If F ≥ 2, then for any additional source x there exist background sources given by M ,

N , and Σ such that V (x | M,N,Σ, f) < 0 for almost all f .

II.B Assume F ≥ 2 and fix any constant K ∈ R+ and any δ > 0. For any additional source

x there exist background sources M , N , and Σ such that V (x | M,N,Σ, f) < −K for

all f where |x⊤f | > δ.

Part I shows that in one-dimensional settings the classical result, that information is always

weakly beneficial, extends to receivers that also learn from misspecified background sources.

Furthermore, if there is misinference absent an additional source, then information is strictly

beneficial and more information is strictly better. Part II.A establishes an impossibility when

there are multiple dimensions: for any additional source, there exist background sources and

a misperception under which the value is negative. Part II.B says that the magnitude of

harm can be arbitrarily large13.

Comparing part I with part II highlights that multidimensionality is essential for in-

formation to be harmful. As shown in Proposition 3, a controlled source always improves

inference in the dimension it targets and if there is only a single one, additional information

thus always (weakly) improves inference. When there are multiple dimensions, misinference

substitution can occur for any structure of the controlled source. The rate of misinference

substitution can be sufficiently large to outweigh the beneficial direct effect and induce even

arbitrarily large harm. Importantly, this difference between a multi- and one-dimensional

environment does not depend on restricting the controlled source to a single dimension. As

a preview to Section 6, even an additional information source of the same dimension as the

fundamentals is not necessarily robustly non-harmful.

An information provider’s problem is straightforward in a one-dimensional environment.

Providing the most precise information possible is always optimal, as it is never harmful

13The condition |x⊤f | > δ is necessary, since the effect of the additional source is scaled by its direct effect
x⊤f . While the mass of f where this condition does not hold is positive, the x in part II.B has strictly
negative value for almost all f . Moreover, in the measure-zero set where the value is not strictly negative,
the value of the additional source is 0.
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and offers the greatest potential benefit. In a multidimensional environment there is also a

clear, albeit negative result: no information source can be designed that is guaranteed to be

(weakly) beneficial across misperceived background sources.

The contrast to the classical benchmark is sharp: under correct perception, all infor-

mation is robustly non-harmful, whereas when misperception is possible, none is robustly

non-harmful. This is substantially stronger than the minimal failure of the classical bench-

mark which, within the setting considered here, would only require the existence of a single

configuration of x, M , N , Σ, f that generates harm. Moreover, harm for any source does

occur under a fixed and standard value function, and can arise for almost all fundamentals

at once.

5.2 Knowledge and Robustly Beneficial Information

The previous subsection establishes an impossibility for unrestricted background sources and

their misspecification. Additional knowledge about the environment allows an information

provider to restrict the set to which robustness is required and may therefore permit robustly

beneficial design. I now characterize what knowledge is sufficient and what is not.

Knowledge of the true structure. Possessing full knowledge of the true structure M of

background sources is insufficient to design information that is robustly beneficial: fixing a

true structure, there is no information that is robustly beneficial with respect to all possible

misperceptions.

Proposition 5. Let F ≥ 2 and fix the true structure of background sources M . For any

controlled source x there exists a perception N and a Σ such that V (x | M,N,Σ, f) < 0 for

almost all f .

The intuition follows from Proposition 2. Recall that f̃(x)− f̃(0) = E(f − f̃(0)), where the

true structure M affects only the misinference absent the additional source, f − f̃(0). In

particular, knowledge about M places no restrictions on the possible matrices E. Since E

governs how the additional source acts on that misinference — and in particular whether

and how misinference substitution occurs — knowledge of M alone provides no control over
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the mechanism that can cause harm. The role an additional source plays in the receiver’s

learning process is fully determined by its interaction with the receiver’s perception, and

complete knowledge of the true data-generating process therefore provides no opportunity

for robust information design.

Knowledge of the receiver’s perception. Since full knowledge of the true structure is

not sufficient, some restriction on the receiver’s perception is necessary for designing robustly

non-harmful information. Moreover, perfect knowledge of the receiver’s perception alone is

also sufficient:

Proposition 6. Given any perception of background sources N and Σ, there exists an addi-

tional source x such that V (x | M,N,Σ, f) ≥ 0 for all true structures M and f .

The key observations again stem from Proposition 2. For a fixed perception, no restrictions

on M and f are equivalent to no restriction on the misinference absent the additional source,

f − f̃(0). However, knowledge of N and Σ allows the provider to control E by designing x.

Concretely, one can choose x to be a basis vector in the orthonormal basis that diagonalizes

(N⊤Σ−1N)−1. This ensures that E does not affect any other dimension — there is no

misinference substitution in this orthonormal basis. As in Proposition 3, inference along

the targeted dimension weakly improves, guaranteeing weakly positive value. The resulting

source is generically strictly beneficial: its value is zero only if inference is already correct

along the targeted dimension, which requires M to satisfy a knife-edge condition (e.g., M =

N). Hence, for most M the value is strictly positive for almost all f . Moreover, as in

Proposition 3, the value strictly increases with precision whenever improvement is possible.

Intuitively, knowledge of the receiver’s perception reveals the dimensions along which the

receiver learns independently. Providing information that targets exactly one such dimen-

sion preserves this independence and eliminates any spillover — misinference substitution

— while strictly improving inference along the targeted dimension.

This logic extends beyond full knowledge and yields a full characterization of when partial

knowledge of the receiver’s perception suffices.
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Proposition 7. Let F ≥ 2 and fix Σ = IS without loss of generality. For any subset A

of rank-F matrices N , there exists an additional source x such that V (x | M,N,Σ, f) ≥ 0

for all N ∈ A, all M , and all f if and only if there exists a vector v that is a common

eigenvector of (N⊤N)−1 for all N ∈ A. If no such vector exists, then for any x there exist

N ∈ A and M such that V (x | M,N,Σ, f) < 0 for almost all f .

If such a vector v exists, choosing x = cv for some c ̸= 0 yields a source that affects only

that common eigendirection and the argument of Proposition 6 applies. If no such direction

exists, then for any x one can find a perception under which the induced matrix E affects

dimensions besides the targeted one: there is a perception where this source can generate

misinference substitution. I show by construction that a corresponding M exists such that

this yields negative value.

The condition in Proposition 7 can for example be fulfilled in the case of sparse per-

ceptions discussed in Section 3.3. When perception is maximally sparse and each back-

ground source is perceived to depend on a single fundamental, the corresponding matrices

share a common eigenbasis. Even without knowing which fundamental corresponds to which

background source or the true structure of sources, providing information about any single

fundamental is then robustly non-harmful.

Full knowledge. When both the true structure and the perception of background sources

are known, a robustly non-harmful source can be constructed as above. In addition, knowl-

edge of M allows the provider to identify dimensions along which misinference is generically

present absent any additional source. Providing information along such a dimension then

guarantees strictly positive value for almost all f .

Combined partial knowledge. What remains is combined partial knowledge of the true

structure and the perception. Analyzing such restrictions in generality appears to be in-

tractable14. While such structures may be natural in specific applications, a case-by-case

14When the set of perceptions does not feature the necessary property of Proposition 7, there is no general
property of the matrix E that would prevent harm. At the same time, combined knowledge of M and the
perception limits f − f̃(0), so there is no full freedom here either, and the construction yielding the negative
part of Proposition 7 does not apply. The combined restrictions on E and f − f̃(0) can be sufficient to
restore robustness in some cases. However, there seem to be no tractable, general conditions that do so.
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analysis is outside the scope of this paper.

6 Robustness of the Non-Robustness

Unlike positive results on robustness, the impossibilities established in Section 5 continue to

hold for any larger set of environments to which robustness is required. Conversely, imposing

additional structure restricts this set and makes the results more demanding to establish.

For example, imposing a linear-Gaussian structure on background sources and their mis-

specification is a restriction that strengthens the results. It limits the class of environments

under consideration and the impossibility holds even within this structured setting. In any

setting where background sources can be more complex but the environments considered

here lie within the set a provider seeks robustness to, the impossibility extends immediately.

In the analysis below I consider three classes of variations. First, I examine additional restric-

tions on background sources and their misspecification, which shrink the set of environments

and thereby strengthen the impossibility. Second, I consider alternative structures of the

additional information itself, which expand the provider’s options and thereby strengthen

the impossibility results. Third, I explore alternative specifications of the value function and

the learning environment, which neither shrink nor enlarge the set but change its character

and therefore also explore when the main results extend.

6.1 Additional Restrictions on Misspecification.

Proposition 5 shows that even the strongest possible restriction on the true structure is

insufficient to obtain robustly non-harmful information. It is therefore natural to ask whether

restricting the set of admissible misspecifications can restore robustness. Such restrictions

are equivalent to assuming the provider has additional knowledge and the discussion below

thus complements that in Subsection 5.2.

Arbitrarily small misperception. Consider first misspecifications that are arbitrarily

close to the truth. Even when combined with full knowledge of the true structure, this
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restriction is insufficient to guarantee non-harmfulness.

The intuition is that proximity of N to M limits the magnitude of baseline misinference

f − f̃(0), but does not restrict the structure of the matrix E governing how the additional

source acts on that misinference. In particular, misinference substitution can still occur and

overturn the direct beneficial effect15.

Formally, part II.A of Proposition 4 and Proposition 5 can be strengthened as follows:

Proposition 8. Let F ≥ 2 and fix any true structure M . For any x there exists a fixed Σ

and a sequence of Nk → M such that V (x | M,Nk,Σ, f) < 0 for almost all f .

This result not only shows the robustness of the impossibility for misspecified receivers but

also highlights the fragility of the classical benchmark. While any information is robustly

non-harmful under exactly correct perception, allowing for even arbitrarily small misspecifi-

cation reverses this.

Restrictions on covariance misperception. I have allowed the receiver’s perception of

the covariance matrix, Σ, to vary freely. This is natural, as misspecification of the mean

structure is naturally accompanied by misspecification of the covariance structure. However,

the above results do not rely on variation in Σ.

In particular, the proofs in Section 5 and Proposition 8 specify Σ = IS. Thus, restricting

Σ to a fixed matrix, which is arguably the most natural choice, does not affect results.

More generally, when M is unrestricted, the assumption Σ = IS is without loss. As seen

from (3), inference is invariant to the transformation that multiplies M and N by Σ−1/2 and

replaces Σ with the identity. Moreover, since the true covariance Ω plays no role in inference,

one can impose Σ = Ω and assume correct perception of the covariance16.

15It is worth noting that when the misspecification is small, inference is nearly correct. Since the effect of
an additional source operates on the baseline misinference, the resulting distortion is also small. Formally,
fixing M , x, and Σ, as N → M we have f̃(0) → f and V (x | M,N,Σ, f) → 0, though the limit may be
approached from below.

16While this normalization is without loss for the formal statements, it affects interpretation. If M is
known, then the mean of the true distribution is known and since Ω does not affect inference, the entire
distribution is effectively known. Imposing Σ = Ω then links knowledge of the true distribution to knowledge
of the agent’s perception, which complicates the separation between the two.
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6.2 Alternative Structures of Additional Information

The analysis so far has focused on a single, correctly perceived additional source. I now

show that allowing the additional source to be misperceived or multidimensional does not

necessarily restore robustness.

Misspecified additional sources. Suppose the provider cannot control how the receiver

perceives the additional source. In this case, the potential for harm is weakly greater, since

correct perception is a special case. The impossibility of robustly non-harmful information

therefore extends immediately.

A different possibility is that the provider can choose the perceived structure of the ad-

ditional source independently of its true structure. Even in this case, robustness fails. If the

receiver’s perception of background sources is correct, then inference absent the additional

source is already perfect. Any misperceived additional source renders the receiver’s over-

all model misspecified and thereby generically induces misinference. Consequently, such a

source cannot be robustly non-harmful.

Multidimensional additional sources. Allowing to provide multiple sources does not

in general restore robustness, because the negative effects induced by one component of a

multidimensional source need not be offset by other components. For instance, even an

additional source corresponding to the matrix IF can be harmful under suitable background

sources and their misspecification. Note that this reflects that the effect of additional sources

depends on their perceived precision relative to the background sources. For any fixed

background sources, sufficiently precise signals of this form lead inference to approach the

truth. However, what constitutes “sufficiently precise“ depends on the receiver’s perception,

and without such knowledge a robust design remains impossible.17

On the positive side, when the receiver’s perception is known, multidimensional sources

can be used to improve inference in all relevant directions. In particular, applying the

construction underlying Proposition 6 to each independent dimension of the perceived model

17While Proposition 2 could in principle be applied iteratively to characterize such settings, doing so leads
to substantial tractability costs without altering the core insight: expanding the structure of the signal does
not eliminate the possibility of harm.
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yields a collection of sources that eliminate distortions across dimensions. As their precision

increases, inferred fundamentals converge to the truth.

6.3 Different Specifications

I now examine the robustness of the main results under alternative modeling assumptions.

Concretely, I consider alternative fixed and thus implicitly known value functions, different

data-generating processes, and approximations with finite signals.

Alternative measures of value. Additional sources affect the receiver’s utility only

through their influence on actions, which in turn depend on beliefs. The leading exam-

ple illustrates that the effect on utility can reduce to comparing the distance of beliefs from

the truth. Generally, it seems intuitive that an agent with beliefs closer to the truth will make

better decisions and thus achieve higher utility. The impossibility results do not depend on

the concrete notion of closeness of beliefs, i.e., which norm on RF is used:

Proposition 9. Let F ≥ 2 and fix any norm ||·||. For any true structure M and any

controlled source x, there exist a perception N and Σ such that

V||·||(x | M,N,Σ, f) := ||f̃(0)− f || − ||f̃(x)− f || < 0 for almost all f.

There are, however, decision environments in which robustly beneficial information can be

provided. For instance, when the value of beliefs depends only on a one-dimensional summary

statistic, i.e., when the value function takes the form |v⊤(·)| for some fixed v ̸= 0. In this

case, the objective is effectively one-dimensional and even if the learning environment is

not, the harmful effects of misinference substitution can be avoided. It follows directly from

Proposition 3 that for any c ̸= 0 the source x = cv is robustly non-harmful: whenever

inference along v can be improved, the source has strictly positive value, increasing in |c|.

There are, of course, several decision problems where the value function does not fall

under either of the above cases. For example, decision problems with discrete actions induce

discontinuities and thus do not reduce to any case discussed. Generally, it is necessary that

actions depend in a multidimensional sense on the beliefs and if they do so misinference sub-

stitution can result in several trade-offs that seem intuitively harmful. Formally, however, a
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more general analysis becomes less tractable and is beyond the scope of this paper.

Finally, Proposition 6 exploits that the Euclidean norm is invariant under orthonormal trans-

formations. The construction operates in a basis that diagonalizes (N⊤Σ−1N)−1 and thus

isolates independent learning dimensions. While providing information that targets such a

dimension still preserves this independence, the value function might not treat beliefs in these

dimensions as independently valuable. In specific instances, for example when an indepen-

dent dimension is an individual fundamental, it might still be the case that knowledge about

only the receiver’s perception reveals a robustly beneficial source but the general sufficiency

result may fail. Nevertheless, since Proposition 9 extends to all norms, some knowledge

of the receiver’s perception remains necessary regardless of the evaluation criterion. Un-

derstanding the receiver’s perceived model therefore remains the more important input for

robust information design.

Background source following other distributions. Throughout, I have assumed that

background sources follow a linear-Gaussian structure. The linear mean is necessary for

stating results tractably, and the Gaussian noise assumption ensures that implicit knowl-

edge about the true and perceived structures coincides, simplifying the exposition. Both

assumptions can be relaxed. I show in the Appendix that the convergence result of Proposi-

tion 1 extends to arbitrary data-generating processes with mean Mf , and consequently so do

all main results. When the mean µ of the true background sources depends non-linearly on

the fundamentals, the convergence result still holds though the relationship between signals

and fundamentals becomes less transparent. Since there is no longer a matrix M that can

be analyzed independently of f , the results extend but in appropriately adapted form.

Finite signals. The model concerns long-run inference from infinitely many signals. This

modeling choice simplifies both the analysis and exposition, enabling a clearer description of

the learning outcome. This limit is, by definition, approximated by settings with a finite but

large number of signals. Since sources generate normal i.i.d. signals and the agent is Bayesian,

their order is irrelevant and multiple signals of a given precision are ex-ante equivalent
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to a single signal of proportionally higher precision.18 The insights therefore extend to

environments with finitely many but sufficiently informative signals, or to settings in which

the controlled source is observed separately from background sources. The key requirement is

that learning is sufficiently strong relative to the prior for the long-run dynamics to dominate.

7 Conclusion

This paper studies the challenges and possibilities of providing robustly non-harmful infor-

mation to potentially biased learners. It does so in a multidimensional yet otherwise simple

setting: receivers learn from misspecified background sources where their true and perceived

structure and the provided information all take a particular, tractable form. As a first step

toward analyzing robustness with respect to learning biases, focusing on such a structured

environment is natural. At the same time, these restrictions strengthen the impossibility

results by limiting the set of environments over which robustness is required. There remain,

however, naturally interesting restricted environments and learning biases that exclude those

analyzed here, for which conclusions may differ.

The model considers environments in which the receiver’s observed signals are exogenous,

that is, unaffected by their actions. The results therefore capture fundamental features of

misspecified learning, isolated from added complexity arising from endogenous feedback.

In many applications, however, actions influence the signals receivers observe and thereby

alter the learning process. From a robustness perspective, the exogenous benchmark studied

here may still be relevant as one of the environments a provider must account for, in which

case the negative results apply. When the interaction between actions and signals is known

or sufficiently constrained, outcomes could differ substantially. Relatedly, the provision of

additional information may itself alter how the receiver uses background sources. This can

occur, for instance, if a controlled source replaces an existing background source rather than

simply adding to it.

Even when background sources are fixed, providers may endogenously adapt the con-

18Formally, fixing M and N and scaling Ω and Σ down by an appropriate factor is ex-ante equivalent to
modeling repeated signals.
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trolled source in response to observed beliefs or actions. Intuitively, such dynamic informa-

tion provision could allow the source to depend indirectly on the receiver’s perception. This

raises the possibility that dynamic information provision could be designed to be, in the

long run, robustly non-harmful even without additional knowledge of the receiver’s mental

model.

Finally, relaxing the assumption of dogmatic misperception presents a further avenue for

research. Receivers may revise their perceived model in response to discrepancies between

predictions and observed outcomes. The interaction between such model updating and

additional information can crucially alter the value of information. Information that is

harmful under a fixed misperception may exacerbate inconsistencies and induce the receiver

to adopt a more accurate model, thereby becoming beneficial in the long run. Conversely,

information that is beneficial under a fixed perception may reinforce an incorrect model that

would otherwise be abandoned. More broadly, when receivers entertain multiple plausible

models, it becomes natural to study the value of providing information about their perception

itself, rather than only about underlying fundamentals.
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Appendix

A Additional Results

A.1 Additional General Properties of Inference

I record several properties of long-run inference that may be useful in other applications of

the multidimensional misspecified learning model and that are used throughout the proofs.

First, it follows directly from Proposition 1 that inference does not depend on the labeling

of signal components or fundamentals:

Observation 1. 1. Inference is invariant to permutations of signal components.

2. Inference is equivariant under permutations of the fundamental dimensions.

Next, I consider properties that simplify the analysis of inference. If signal components

are perceived as pure noise, they are irrelevant for inference. Formally, a signal component

is treated as pure noise if the following condition holds.

Definition 1. The i-th signal component is perceived irrelevant if the i-th row of N is zero

and Σij = Σji = 0 for all j ̸= i.

Second, I characterize when inference about a subset of fundamentals can be analyzed inde-

pendently. A sufficient condition is the following.

Definition 2. A subset A ⊆ {1, . . . , F} does not interact with its complement if, after a

permutation of fundamentals that places A first and a reordering of signal components, there

exist matrices M1,M2, N1, N2 and positive definite Σ1,Σ2 such that

M =

M1 0

0 M2

 , N =

N1 0

0 N2

 , Σ =

Σ1 0

0 Σ2

 .

Third and finally, I show that if the impact of a fundamental is correctly specified, it does

not generate misinference. However, misinference may still arise through interaction with

misspecified components. The formal statements are collected below.
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Lemma 1. 1. If the i-th signal component is perceived irrelevant, then
(
N⊤Σ−1N

)−1 (
N⊤Σ−1M

)
and thus inference is invariant to its exclusion.

2. If A ⊆ {1, . . . , F} does not interact with its complement, then
(
N⊤Σ−1N

)−1 (
N⊤Σ−1M

)
has, up to permutation, a block-diagonal structure with blocks

(
N⊤

i Σ
−1
i Ni

)−1 (
N⊤

i Σ
−1
i Mi

)
for i ∈ {1, 2} and matrices as in the definition.

3. If N∗k = M∗k for some k ∈ {1, . . . , F}, then the k-th column of
(
N⊤Σ−1N

)−1 (
N⊤Σ−1M

)
equals the k-th canonical basis vector.

A.2 General Result on Convergence

I now generalize the convergence result stated in Proposition 1 to any true signal-generating

processes ρ with mean µ and finite covariance. Importantly, the agent’s perception remains

linear Gaussian as in the main text as this assumption is key for the proof.

Theorem 1. Given any process ρ with mean µ and matrices N and Σ, the beliefs concentrate

on

f̃ =
(
N⊤Σ−1N

)−1 (
N⊤Σ−1µ

)
.

Beyond relaxing assumptions on the true data-generating process, this result highlights that

convergence is driven by the agent’s perceived model, not the true one. In extreme cases,

the true distribution may contain no information about the fundamentals. Yet, if the agent

believes that signals are informative, they update accordingly.

A.3 Supporting Results and Notation

Finally, I introduce some useful notation and supporting results specific to the application

of the model to the analysis of additional sources’ value.

Notation. Let S1 :=
(
N⊤Σ−1N

)−1 (
N⊤Σ−1M

)
denote the matrix governing inference

without an additional source, such that f̃(0) = S1f . For inference with a correctly per-

ceived additional source x, let S2 denote the corresponding matrix. Then, by Proposition 2,
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I − S2 = (I − E)(I − S1) where E = 1
1+x⊤(N⊤Σ−1N)−1x

(N⊤Σ−1N)−1xx⊤. The value of an

additional source is ||(I −S1)f ||2− ||(I −S2)f ||2 of which I make use throughout the proofs.

A useful normalization follows from the fact that only relative precision matters. A uniform

rescaling of background precision leaves inference without an additional source unchanged

and is equivalent to rescaling the precision of the additional source.

Lemma 2. For any c > 0, inference with versus without an additional source x under

background precision Σ coincides with inference under background precision cΣ and additional

source
√
c x.

Finally, when evaluating the value of an additional source under the Euclidean norm, in-

ference can be analyzed in any orthogonal basis. That is, the value of a source is invariant

under joint unitary transformations of the signal and fundamental spaces.

Lemma 3. Let U and V be unitary matrices and define M ′ := UMV ⊤, N ′ := UNV ⊤,

Σ′ := UΣU⊤, and z := V ⊤x. Then

V (x | M,N,Σ, f) = V (z | M ′, N ′,Σ′, V ⊤f)

for all f .

B Proofs

Proof of Proposition 1. This follows directly from Theorem 1.

Proof of Proposition 2. I prove the equivalent statement in matrix notation. Let A =

N⊤Σ−1N and B = N⊤Σ−1M . One observes that (N⌢y)⊤(Σ′)−1(N⌢y) = A + yy⊤ and

(N⌢y)⊤(Σ′)−1(M⌢x) = B+yx⊤. Since rank(N) = F , both A and A+yy⊤ are invertible, so

the Sherman–Morrison formula (Sherman, 1949) yields (A+yy⊤)−1 = A−1− 1
1+g

A−1yy⊤A−1

where g = y⊤A−1y > 0 by positive definiteness of A−1. Hence,

(A+ yy⊤)−1(B + yx⊤) = A−1B + A−1yx⊤ − 1

1 + g

[
A−1yy⊤A−1B + A−1yy⊤A−1yx⊤] .
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Since A−1y(y⊤A−1y)x⊤ = A−1ygx⊤ = g A−1yx⊤, one obtains

A−1B + A−1yx⊤ − 1

1 + g
[A−1yy⊤A−1B + gA−1yx⊤] = A−1B +

1

1 + g
A−1yx⊤

− 1

1 + g
A−1yy⊤(A−1B) = A−1B +

1

1 + g
[A−1y(x⊤ − y⊤) + A−1yy⊤(I − A−1B)].

Proof of Proposition 3. By Proposition 2 with y = x, f̃(x)− f̃(0) = E(f − f̃(0)) where

E = 1
1+g

(N⊤Σ−1N)−1xx⊤ and g = x⊤(N⊤Σ−1N)−1x > 0. Setting (1− α) := g
1+g

∈ (0, 1) so

that x⊤E = (1− α)x⊤, one obtains

x⊤f̃(x) = x⊤(f̃(0) + (f̃(x)− f̃(0)) = x⊤f̃(0) + x⊤E(f − f̃(0)) = αx⊤f̃(0) + (1− α)x⊤f.

Uniqueness of α when f̃(0) ̸= f is immediate. Since x⊤(N⊤Σ−1N)−1x is increasing in ||x||2,

scaling x by a constant greater (less) than 1 decreases (increases) α.

Proof of Proposition 4. I. Follows directly from Proposition 3.

II.A. Follows from the proof of II.B.

II.B. Consider first x = (x1, 0, . . . )
⊤ and set

Σ = IF , M = IF , N =


a 0 0

Ka 1 0

0 0 IF−2

 .

By Lemma 1 one may restrict to the first two dimensions; abusing notation, let N and M

denote the corresponding 2× 2 submatrices. Then

S1 = N−1M =

 1
a

0

−K 1

 , I2 − S1 =

a−1
a

0

K 0

 .

Computing E and E(I2 − S1) and applying Proposition 2 yields

E(I2−S2) = c

 a−1
a

0

−(a− 1)K 0

 and I2−S2 =

 (1− c)a−1
a

0

(1 + (a− 1)c)K 0

 for c =
x2
1

a2 + x2
1

∈ (0, 1).

Hence, the value of x equals

|f1| ·

[
||
(
a− 1

a
,K

)⊤

||2 − ||
(
a− 1

a
− c

a− 1

a
,K + (a− 1)cK

)⊤

||2

]
.

Since c(a−1) > ca−1
a
, forK ≥ 1, the increase in the second component strictly dominates the

decrease in the first. If additionally K > |a−1
a
|, the second dimension is strictly larger than
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the first with and without x. Hence, for a sufficiently large K the value is strictly negative for

all f with f1 ̸= 0 (and zero when f1 = 0, establishing II.A). As K → ∞, the error reduction

in dimension 1 remains bounded while the error increase in dimension 2 is unbounded, so

for any δ > 0 there existsK large enough that the value is less than −K for all f with |f1|> δ.

For arbitrary x, let V be a unitary matrix such that x = ||x||2V ⊤e1 and apply the above

construction to ||x||2e1 with threshold δ′ = ||x||−1
2 δ. Setting M ′ = MV ⊤ and N ′ = NV ⊤,

Lemma 3 gives V (x | M ′, N ′,Σ, f) = V (||x||2e1 | M,N,Σ, V ⊤f). Since (V ⊤f)1 = ||x||−1
2 x⊤f ,

the condition |(V ⊤f)1|> δ′ is equivalent to |x⊤f |> δ, completing the proof.

Proof of Proposition 5. This follows from the strictly stronger Proposition 8.

Proof of Proposition 6. Let A = (N⊤Σ−1N)−1 and let A = Q⊤ΛQ be its eigendecom-

position with Q unitary and Λ = diag(λ1, . . . , λF ). Set x = αQ⊤ei for any α > 0 and any

i. Then Axx⊤ = α2λiQ
⊤δiiQ, so g = x⊤Ax = α2λi > 0 and E = α2λi

1+α2λi
Q⊤δiiQ. Defining

B := QS1Q
⊤, one has I − S1 = Q⊤(I − B)Q and I − S2 = Q⊤(I − E)(I − B)Q. The value

of the additional source for fundamentals Q⊤f is

||Q⊤ (B − I)QQ⊤f ||2 − ||Q⊤
[
I − α2λi

1 + α2λi

δi,i

]
(B − I)QQ⊤f ||2

= ||(B − I) f ||2 − ||
[
I − α2λi

1 + α2λi

δi,i

]
(B − I) f ||2

where the equality holds because the Euclidean norm is invariant under multiplication with

a unitary matrix. Since
(
I − α2λi

1+α2λi
δii

)
scales only the i-th row by 1

1+α2λi
∈ (0, 1) and leaves

all other rows unchanged, the second norm is no larger than the first. Hence, the value is

non-negative for all Q⊤f and thus all f . If f̃(0) ̸= f for some f , then S1, B ̸= I. Choosing

an i where the i-th row of B differs from e⊤i ensures the value is strictly positive whenever

the i-th entry of (I −B)⊤Qf is nonzero, which is generically the case.

Proof of Proposition 7. (⇐) If v is a common eigenvector of (N⊤N)−1 for all N ∈ A,

then there exists one unitary Q such that A = (N⊤N)−1 = Q⊤ΛNQ and v = Q⊤ei for

some i simultaneously for all N . Choosing x = αv, non-negative value follows by the same

argument as in the proof of Proposition 6, simultaneously for all N ∈ A, which proves the
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direction.

(⇒) Suppose no common eigenvector exists. Fix any x; then there exists N ∈ A such

that x is not an eigenvector of A−1 = (N⊤N)−1. Fix this N and let c := 1
1+x⊤A−1x

> 0

and v := A−1x, such that E = cvx⊤ and therefore I − S2 = (I − cvx⊤)(I − S1). Since x

is not an eigenvector of A−1, the vectors x and v are linearly independent, so there exists

y ∈ RF with v⊤y = 0 and x⊤y ̸= 0. Let B = N⊤M . Since N has full rank, instead of

setting M one can directly set B. Set B = A(I − yz⊤) for an arbitrary nonzero z for which

(I − yz⊤) is invertible. Then S1 = A−1B = I − yz⊤ so that I − S1 = yz⊤. Then for any f ,

(I − S1)f = (z⊤f)y and (I − S2)f equals

(I − cvx⊤)(I − S1)f = (I − cvx⊤)(z⊤f)y = (z⊤f)(y − cvx⊤y) = (z⊤f)(y − c(x⊤y)v).

Since v⊤y = 0, the expanding ||(I − S2)f ||22 gives (z⊤f)2 times

||y − c(x⊤y)v||22 = ||y||22 + ||−c(x⊤y)v||22 = ||y||22 + c2(x⊤y)2||v||22.

Now ||I − S1||22 = (z⊤f)2||y||22 and hence V (x | M,N,Σ, f) = (z⊤f)2c2(x⊤y)2||v||22 where all

terms except (z⊤f)2c are strictly greater 0. Thus, for all f with z⊤f ̸= 0, which is generically

the case, the value is strictly negative and it is weakly negative for all f .

Proof of Proposition 8. Step 1 — Reduction to diagonal M . It suffices to prove the

result for diagonal M . Since rank(M) = F , one may select F linearly independent rows and

assume the remaining rows are perceived irrelevant; by Lemma 1 the learning outcome is

identical if all remaining rows are deleted, so M may be taken square. By the singular value

decomposition, write M = UDV ⊤ with U, V unitary and D diagonal. Suppose the claim

holds for D and V ⊤x with sequence N ′
k and Σ′ = I; set Nk = UN ′

kV
⊤ and Σ = UΣ′U⊤ = I.

By Lemma 3, the value of x under (M,Nk,Σ) equals the value of V ⊤x under (D,N ′
k,Σ

′),

which is negative for almost all f . Note that since U, V are independent of k, indeedNk → M .

Step 2 — Diagonal M . Fix M = diag(m1, . . . ,mF ) and x. Define N(ϵ) = M +u(ϵ)x⊤ where

u(ϵ) = ϵu1+ϵ2u2 for u1, u2 ∈ RF and ϵ > 0. Then N(ϵ) → M and N(ϵ) ∈ GLF (R) for ϵ small,

since GLF (R) is open. Write µ(·) := ⟨M−1x, ·⟩, d(·) := ⟨M−3x, ·⟩, and c0 := x⊤M−2x > 0.
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By the Sherman–Morrison formula,

N(ϵ)−1 = M−1 − M−1u(ϵ)x⊤M−1

1 + x⊤M−1u(ϵ)
, so (I − S1)f =

x⊤f

1 + ϵµ(u1) + ϵ2µ(u2)
M−1u(ϵ).

In particular (I − S1)f = 0 ⇐⇒ x⊤f = 0. Now N(ϵ)⊤N(ϵ) = M2 + ϵ(Mu1x
⊤ + xu⊤

1 M) +

O(ϵ2) and one can apply (A+ ϵB)−1 = A−1 − ϵA−1BA−1 +O(ϵ2), which follows for example

from the Neumann series. One obtains

(N(ϵ)⊤N(ϵ))−1 = M−2 − ϵM−2(Mu1x
⊤ + xu⊤

1 M)M−2 +O(ϵ2)

= M−2 − ϵ
(
M−1u1x

⊤M−2 +M−2xu⊤
1 M

−1
)
+O(ϵ2)

and thus

(N(ϵ)⊤N(ϵ))−1x = M−2x− ϵ(c0M
−1u1 + µ(u1)M

−2x) +O(ϵ2),

g = c0 − 2ϵc0µ(u1) +O(ϵ2),
1

1 + g
=

1

1 + c0
+O(ϵ).

Set v := (I −S1)f and w := x⊤v
1+g

(N⊤N)−1x, so (I −S2)f = v−w. The value of x is negative

iff

∆ := ||(I − S2)f ||22 − ||(I − S1)f ||22 = −2⟨v, w⟩+ ||w||22 > 0.

The final constructions depends on whether µ(·) and d(·) define the same or a different

hyperplane (i.e. whether M−1x and M−3x are collinear).

Case 1 — Hyperplanes differ. There exists u1 with µ(u1) > 0 and d(u1) < 0; set u2 = 0.

Then v = ϵx⊤f
1+ϵµ(u1)

M−1u1, x
⊤v = ϵµ(u1)

1+ϵµ(u1)
x⊤f , and w = ϵµ(u1)x⊤f

(1+c0)(1+ϵµ(u1))
(M−2x+O(ϵ)), giving

⟨v, w⟩ = ϵ2µ(u1)d(u1)

1 + c0
(x⊤f)2 +O(ϵ3), ||w||22 =

ϵ2µ(u1)
2x⊤M−4x

(1 + c0)2
(x⊤f)2 +O(ϵ3).

Note that x⊤M−4x. Hence ∆ = ϵ2(x⊤f)2
[
−2µ(u1)d(u1)

1+c0
+ µ(u1)2c0

(1+c0)2

]
+ O(ϵ3), which is strictly

positive for sufficiently small ϵ whenever x⊤f ̸= 0, which is true for almost all f .

Case 2 — Identical hyperplanes. Then d(·) = λµ(·) for some λ. Choose u1 ̸= 0 with

µ(u1) = 0 (hence d(u1) = 0) and u2 with µ(u2) > 0. Then v = x⊤f
1+ϵ2µ(u2)

M−1(ϵu1 + ϵ2u2),

x⊤v = ϵ2µ(u2)
1+ϵ2µ(u2)

x⊤f , and w = ϵ2µ(u2)x⊤f
(1+c0)(1+ϵ2µ(u2))

(M−2x− ϵc0M
−1u1 +O(ϵ2)). Using d(u1) = 0,

⟨v, w⟩ = ϵ4µ(u2)

1 + c0
(d(u2)−c0||M−1u1||22)(x⊤f)2+O(ϵ5), ||w||22 =

ϵ4µ(u2)
2x⊤M−4x

(1 + c0)2
(x⊤f)2+O(ϵ5).

Hence ∆ = ϵ4(x⊤f)2
[
2µ(u2)(c0||M−1u1||22−d(u2))

1+c0
+ µ(u2)2x⊤M−4x

(1+c0)2

]
+O(ϵ5). For a sufficiently scaled

down u2 the bracket is positive, so ∆ > 0 for small ϵ whenever x⊤f ̸= 0.
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Proof of Proposition 9. Step 1 — Preparations. As in the proof of Proposition 8, it

suffices to consider diagonal M . By Lemma 2, one may fix Σ = I and scale x by a positive

constant. By norm equivalence on RF , it suffices to find for any x and C > 1 a N and a

scaling of x such that ||(I − S2)f ||2/||(I − S1)f ||2 > C for almost all f .

Step 2 — Diagonal M . Fix M , x, and set c0 := x⊤M−2x > 0. For u ∈ RF , define

N = M + ux⊤ and µ := x⊤M−1u, assuming 1 + µ ̸= 0. By the Sherman–Morrison formula,

N−1 = M−1 − M−1ux⊤M−1

1 + µ
, and thus (I − S1)f =

x⊤f

1 + µ
M−1u.

Set v := (I − S1)f and thus x⊤v = µ
1+µ

x⊤f . Since N is square, (N⊤N)−1 = N−1(N−1)⊤.

Moreover, because M is diagonal, M⊤ = M and (M−1)⊤ = M−1. Therefore one gets

N−1(N⊤)−1 =

(
M−1 − M−1ux⊤M−1

1 + µ

)(
M−1 − M−1xu⊤M−1

1 + µ

)
= M−2 − M−2xu⊤M−1 +M−1ux⊤M−2

1 + µ
+

µM−1ux⊤M−2

(1 + µ)2
.

Note that scaling the additional source x does not mean scaling the x in the construction of

N , and therefore the above calculations are independent of scaling x. Now, one computes

(N⊤N)−1(ax) = a
(

1
1+µ

M−2x− c0
(1+µ)2

M−1u
)

and (ax)⊤(N⊤N)−1(ax) = a2
(

c0
(1+µ)2

)
. It

follows that g = a2c0
(1+µ)2

. Substituting into (I − S2)f = v − 1
1+g

(N⊤N)−1(ax) · (ax)⊤v:

(I − S2)f =
x⊤f

1 + µ
M−1u− a2µx⊤f

(1 + µ)2(1 + g)

(
M−2x

1 + µ
− c0M

−1u

(1 + µ)2

)
.

Note that 1 + g = (1+µ)2+a2c0
(1+µ)2

, so that a2

(1+µ)2(1+g)
= a2

(1+µ)2+a2c0
. Collecting terms in M−1u

and M−2x yields

(I − S2)f =
x⊤f

(1 + µ)2 + a2c0

[
(1 + µ+ a2c0)M

−1u− a2µM−2x
]
.

Hence for x⊤f ̸= 0, the ratio ||(I − S2)f ||2/||(I − S1)f ||2 is independent of f and equals

|1 + µ|
(1 + µ)2 + a2c0

· ||(1 + µ+ a2c0)M
−1u− a2µM−2x||2

||M−1u||2
.

Letting a → ∞,

lim
a→∞

||(I − S2)f ||2
||(I − S1)f ||2

=
|1 + µ|

c0
· ||c0M

−1u− µM−2x||2
||M−1u||2

.

Now choose w such that M−1w is not parallel to M−2x and x⊤M−1w ̸= 0, and set u = kw
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for k > 0. Then µ = k(x⊤M−1w) and

Q :=
||c0M−1u− µM−2x||2

||M−1u||2
= || M−1w

||M−1w||2
− x⊤M−1w

c0||M−1w||2
M−2x||2 > 0,

is independent of k, and strictly positive since M−1w and M−2x are not parallel. Thus

lim
a→∞

||(I − S2)f ||2
||(I − S1)f ||2

= |1 + k(x⊤M−1w)|Q → ∞ (k → ∞).

Choose k large enough that the limit exceeds 2C, fix u = kw, then choose a sufficiently large

so that the ratio exceeds C.

Proof of Theorem 1. The proof proceeds in two steps. First, the main theorem of Berk

(1966) is used to show that the beliefs are asymptotically carried on the set of points that

minimize the Kullback-Leibler divergence. Then it is shown that there is a unique point that

minimizes the divergence.

In order to use Berk’s theorem there are four assumptions that need to be checked. First,

the subjective densities have to be continuous in the parameters. The perceived density of

signals given a fundamental g is

1√
(2π)S det(Σ)

exp

(
−1

2
(s−Ng)⊤Σ−1(s−Ng)

)
which is obviously continuous in g.

Second, it has to hold that the subjective densities are only 0 on a set of measure 0

w.r.t. the true density. Since the subjective densities are nowhere 0, this condition is satisfied.

For the third assumption to hold, showing the following is sufficient. For every parameter

g there exists some open neighborhood U where the expected supremum of the absolute value

of the log-likelihood is finite, i.e.

E
[
sup
g′∈U

|log l(s|g′)|
]
< ∞.

Now the absolute value of the log-likelihood is given by

|log l(s|g′)|= |−1

2

(
log((2π)S det(Σ)) + (s−Ng′)⊤Σ−1(s−Ng′)

)
|≤

|log((2π)S det(Σ))|+c||(s−Ng′)||2.

for a constant c19. The first part, |log((2π)S det(Σ))|, is constant and ||(s − Ng′)||2 is con-

19This holds because Σ and hence Σ−1 is a positive definite matrix. The constant depends on the eigen-
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tinuous in g′. Therefore, the entire expression is bounded in ||s|| for a bounded set U . Since

E[||s||] exists, E
[
supg′∈U |log l(s|g′)|

]
< ∞.

The fourth and final condition is satisfied if one shows that for every c ∈ R there exists

a co-compact set D, i.e., DC is compact, such that

E[sup
g′∈D

log l(s|g′)] ≤ c.

Notice that

log l(s|g′) = −1

2

(
log((2π)S det(Σ)) + (s−Ng′)⊤Σ−1(s−Ng′)

)
.

The first part is constant and (s−Ng′)⊤Σ−1(s−Ng′) is bounded from below by a positive

constant λ20 times ||s−Ng′||2. Now ||s−Ng′||≥ ||(µ−Ng′)||−||ϵ|| for ϵ = s− µ. Consider

the co-compact set given by ||(µ−Ng′)||> k and assume that ||ϵ||≤ k
4
. Then

log l(s|g′) ≤ −1

2

(
log((2π)S det(Σ)) + λ

k2

2

)
goes to −∞ as k → ∞. Moreover, since 0 ≥ log l(s|g′),

E
[
sup
g′∈D

log l(s|g′)
]
≤ E

[
1||ϵ||≤ k1

4

sup
g′∈D

log l(s|g′)
]

= P
[
||ϵ||≤ k1

4

]
× E

[
sup
g′∈D

log l(s|g′) | ||ϵ||≤ k1
4

]
.

Since P[||ϵ||≤ k
4
] goes to 1 as k goes to infinity, it follows that the claim has to hold for some

large enough k.

Having shown these four assumptions, Berk’s theorem yields that in the limit the beliefs

concentrate on the set of points that minimize the Kullback-Leibler divergence. Since the

perceived distribution is always normal, the Kullback-Leibler divergence given a belief g

equals∫
ρ(x) log(ρ(x))dx−

∫
ρ(x)

1

2
[− log(detΣ)− k log(2π)− (x−Ng)⊤Σ−1(x−Ng)]dx.

Since all but g is constant, the only relevant part for minimization is∫
ρ(x)(x−Ng)⊤Σ−1(x−Ng)dx = Eρ[(x−Ng)⊤Σ−1(x−Ng)].

Multiplying out and using the linearity of the expected value, one sees that this is equivalent

values of Σ−1.
20The constant again depends on the eigenvalues of Σ−1.

40



to minimizing (µ−Ng)⊤Σ−1(µ−Ng). Taking first order conditions and using basic matrix

calculus, the minimization has a unique solution satisfying f̃ = (N⊤Σ−1N)−1(N⊤Σ−1µ).

Proof of Lemma 2. From Proposition 1, f̃(0) is invariant to scaling Σ. From Proposition 2,

scaling Σ by c > 0 and x by
√
c
−1

leaves the effect of the additional source unchanged, as

the two scalings cancel. Hence scaling only Σ by c is equivalent to scaling x by
√
c.

Proof of Lemma 3. Straightforward calculation gives V (N⊤Σ−1N)−1N⊤Σ−1MV ⊤ =

[(N ′)⊤(Σ′)−1N ′]−1(N ′)⊤(Σ′)−1M ′, so V S1V
⊤ = S ′

1. Similarly, (N ′)⊤(Σ′)−1N ′ + zz⊤ =

V [N⊤Σ−1N+xx⊤]V ⊤ and (N ′)⊤(Σ′)−1M ′+zx⊤ = V (N⊤Σ−1M+xx⊤)V ⊤, so V S2V
⊤ = S ′

2.

Hence V (I−S2)V
⊤f = (I−S ′

2)V
⊤f and likewise for S1. Since V is unitary, ||V (I−Si)f ||2 =

||(I − Si)f ||2, and therefore V (x | M,N,Σ, f) = V (z | M ′, N ′,Σ′, V ⊤f).

C Calculations of the Investment Example

I now verify the claims in Table 1 for all six cases. Throughout, let a > 1. The agent’s belief

is determined by S1 = N−1M and S2 = ((N⌢x)⊤(N⌢x))−1(N⌢x)⊤(M⌢x) without and

with the additional information, respectively. Calculating these matrices is straightforward

(the inverses are taken of 2-by-2 matrices) and I will abstain from doing these step by step.

Below I demonstrate the calculations for the first third and fifth row of Table 1 and the

other rows are the respective symmetric case and thus follow immediately.

Case 1: sgn(x1) = sgn(x2), |x2|≥ |x1|> 0. Recall that in this case

M =

 1 0

1/2 1/2

 , N =

 a 0

a/2 1/2


yielding

S1 = N−1M =

1/a 0

0 1

 , I − S1 =

a− 1

a
0

0 0

 .

Hence the misinference in dimension 1 and 2 is a−1
a
|f1| and 0, respectively.
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Let ∆ = a2 + 5a2x2
2 + x2

1 − 2ax1x2 > 0. Inference with the additional source is given by

S2 =


a+ 5ax2

2 + x2
1 − (a+ 1)x1x2

∆
0

(a− 1)x1(5ax2 − x1)

∆
1

 , I − S2 =


(a− 1)(a+ 5ax2

2 − x1x2)

∆
0

−(a− 1)x1(5ax2 − x1)

∆
0

 .

Thus, misinference is 0 in both cases if f1 = 0. Assume now f1 ̸= 0. Then in dimension 2

misinference is non-zero, since

|x2| > |x1| =⇒ 5a|x2| > |x1| =⇒ (5ax2 − x1) ̸= 0

and x1 ̸= 0. Therefore, misinference in dimension 2 strictly worsens. Misinference in the

first dimensions worsens iff

(a− 1)(a+ 5ax2
2 − x1x2)

∆
>

a− 1

a
⇐⇒ a(a+ 5ax2

2 − x1x2) > ∆

⇐⇒ a2 + 5a2x2
2 − ax1x2 > a2 + 5a2x2

2 + x2
1 − 2ax1x2 ⇐⇒ ax1x2 > x2

1

which holds under the assumptions in this case.

Case 2: sgn(x1) ̸= sgn(x2), |x2|≥ |x1|> 0. Recall that in this case

M =

1 0

1 −1

 , N =

a 0

a −1


yielding

S1 =

1/a 0

0 1

 , I − S1 =

a− 1

a
0

0 0

 .

Hence the misinference in dimension 1 and 2 is a−1
a
|f1| and 0, respectively.

Let ∆ = a2 + 2a2x2
2 + x2

1 + 2ax1x2 > 0. Inference with the additional source is given by

S2 =


a+ 2ax2

2 + x2
1 + (a+ 1)x1x2

∆
0

(a− 1)x1(x1 + 2ax2)

∆
1

 , I − S2 =


(a− 1)(a+ 2ax2

2 + x1x2)

∆
0

−(a− 1)x1(x1 + 2ax2)

∆
0

 .

Thus, misinference is 0 in both cases if f1 = 0. Assume now f1 ̸= 0. Then in dimension 2

misinference is non-zero, since

|x2| > |x1| =⇒ 2a|x2| > |x1| =⇒ (2ax2 + x1) ̸= 0

and x1 ̸= 0. Therefore, misinference in dimension 2 strictly worsens. Note a+2ax2
2+x1x2 =
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a+ 2a|x2|2−|x1||x2|≥ a+ x2
2(2a− 1) > 0. Misinference in the first dimensions worsens iff

(a− 1)(a+ 2ax2
2 + x1x2)

∆
>

a− 1

a
⇐⇒ a(a+ 2ax2

2 + x1x2) > ∆

⇐⇒ a2 + 2a2x2
2 + ax1x2 > a2 + 2a2x2

2 + x2
1 + 2ax1x2 ⇐⇒ −ax1x2 > x2

1

which holds under the assumptions in this case.

Case 5: x1 ̸= 0, x2 = 0. Recall that in this case

M =

 1 0

1/2 1/2

 , N =

 a 0

b/2 1/2

 ,

where b > a and b−a
b

> a− 1. Inference without the additional source is given by

S1 =

 1/a 0

1− b/a 1

 , I − S1 =
1

a

a− 1 0

b− a 0

 .

Hence the misinference in dimension 1 and 2 is a−1
a
|f1| and b−a

a
|f1|, respectively. Note that

b−a
a

> b−a
ba

> a−1
a
.

Inference with the additional source is given by

S2 =


a+ x2

1

a2 + x2
1

0

a2 − ab+ x2
1(1− b)

a2 + x2
1

1

 , I − S2 =


a(a− 1)

a2 + x2
1

0

a(b− a) + x2
1(b− 1)

a2 + x2
1

0

 .

Thus, misinference is 0 in both cases if f1 = 0. If f1 ̸= 0, then misinference in dimension 1

strictly reduces, since a(a−1)

a2+x2
1
< a−1

a
⇐⇒ a2 < a2 + x2

1. Misinference in dimension 2 worsens

iff

a(b− a) + x2
1(b− 1)

a2 + x2
1

>
b− a

a
⇐⇒ ax2

1(b− 1) > x2
1(b− a)

⇐⇒ a(b− 1) > b− a ⇐⇒ ab > b ⇐⇒ a > 1.

Since the misinference in dimension 2 is higher than the one in dimension 1 without the

additional source, showing that the decrease in dimension 1 is smaller than the increase in
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dimension 2 is sufficient to show that the overall change is harmful. This is the case iff

a(b− a) + x2
1(b− 1)

a2 + x2
1

− b− a

a
>

a− 1

a
− a(a− 1)

a2 + x2
1

⇐⇒ a(a(b− a) + x2
1(b− 1))− (a2 + x2

1)(b− a) > (a− 1)(a2 + x2
1)− a2(a− 1)

⇐⇒ (a(b− 1)− (b− a))x2
1 > (a− 1)x2

1 ⇐⇒ b(a− 1) > (a− 1)

which holds under the assumptions in this case.
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