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Summary

Spectral Deferred Correction (SDC) is a method for numerically integrating initial
value problems. The method iteratively generates solutions to fully implicit Runge-Kutta
methods with forward substitution using low order solves. This allows great flexibility, for
instance in terms of splitting techniques or inexact solves. Furthermore, various parallel-
in-time extensions exist that parallelize the solution of a single time-step or solve multiple
steps concurrently.

We propose two adaptive step size selection algorithms that tailor the ideas behind
embedded Runge-Kutta methods to SDC. Both are completely generic and work only on
intermediate values within the time-integration process. We show, with a range of experi-
ments, that computational efficiency can be boosted significantly by employing these algo-
rithms compared to standard SDC. Furthermore, we show that parallel-in-time adaptive
SDC is competitive with state-of-the-art Runge-Kutta methods for stiff partial differential
equations.

We also show that adaptivity increases the resilience against soft faults in SDC. Soft
faults are unanticipated alterations of the data stored in memory, brought about, for
instance, by environmental radiation. Iterative or adaptive methods inherently provide
an elevated level of resilience, which is well known also in the context of the embedded
Runge-Kutta methods that the adaptive step size selection is based on.

We then move on to port implementations of partial differential equations within the
prototyping library pySDC to GPUs and make extensive space-time-parallel scaling tests.
We find that the parallel-in-time extension diagonal SDC can help extend the scaling
capabilities and allowed to run a Gray-Scott example on 3584 GPUs at decent parallel
efficiency. Finally, we demonstrate that findings from the previous experiments translate
to practical use via space-time-parallel production runs of Gray-Scott and Rayleigh-Benard
convection using adaptive SDC.
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1
Introduction

Computer simulations are an indispensable tool in modern science and engineering. They
are used in a variety of ways, from studying the aerodynamics of a car without building a
physical prototype, to performing experiments that cannot be done in the real world, like
following along supernovae.

Developing and running a computer simulation is a very complex interdisciplinary
undertaking [45]. First, a suitable model of the involved physics has to be developed using
pen and paper. Then, in order to prepare for the computer, the model is reshaped into a
discrete representation. Making sure that the discrete representation captures the physics
described by the model can be an involved mathematical exercise. Finally, the discrete
representation is translated into code for the computer to execute. Doing this in a fashion
that makes efficient use of the hardware falls under computer science. In this thesis, we
will address the latter two steps. To be precise, we will take models describing a range of
physics, tweak the discrete solution methods, and discuss code implementations for modern
hardware.

The models are typically formulated as partial differential equations (PDEs). That is
to say, the equation contains derivatives of a function with respect to multiple variables and
the function itself is the solution to the equation. In the problems we investigate here, one
of the derivatives is always with respect to time, while derivatives with respect to spatial
coordinates may be additionally included. The function is then integrated numerically,
where the time variable is usually treated separately from other variables. The reason is
the causality principle, which applies in the time-direction and allows time-stepping. In
time-stepping, the state at a later time is determined purely from the current (and possibly
previous) states, but it never includes future states. A similar approach does not generally
work in the treatment of space coordinates, as there is no similar directionality to space.

The mathematical methods we investigate here are concerned with time-integration.
Specifically, we work with the method “spectral deferred correction” (SDC) [47]. The
deferred correction approach generally entails guessing the solution, approximating the
error of the guess, refining the guess by subtracting the approximate error, and iterating
this refinement procedure until the error is sufficiently small [125]. SDC is a special case,
which involves very accurate numerical integration schemes.

One of the advantages of SDC compared to similar methods is that the work for com-
puting a single time step can be distributed among multiple processors [141] and it can
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be used within algorithms that allow to compute multiple time steps concurrently [50].
Algorithms that allow for concurrency are needed to utilize the compute power offered by
modern machines because once the speed of individual processors started to plateau, the
speed of computers was mainly increased by building networks of multiple processors [99].

The notion to distribute the work among multiple compute units predates the age of
digital computers, when computations were carried out by hand. For instance, Lewis Fry
Richardson, one of the pioneers of numerical weather prediction, envisioned around 1920
a grand factory employing 64,000 human computers, working in parallel to forecast the
weather faster than real time [133]. Richardson’s idea is based on splitting the spatial
domain into cells and performing computations on individual cells in parallel, a concept
that proved very successful and became ubiquitous in large numerical simulation codes.

However, there are two limits to this kind of parallelism. First, the computations
depend on values from neighboring cells, which requires to wait for communication in
between computations. Even with the high-speed interconnect in modern supercomputers,
the time spent on communication is non-negligible [60]. When the work is distributed
further and further, the individual computations become faster and faster to the point
that eventually the majority of time is spent in communication and no speedup can be
gained by further parallelism. Second, the number of cells determines the accuracy of the
spatial discretization and limits how much work can be distributed.

Regardless, the number of processors in modern supercomputers continues to grow. For
instance, the first supercomputer to reach the milestone of 1018 floating-point operations
per second (1 exaFLOPS), Frontier [44], installed in 2021, employs roughly 9 million central
processing unit (CPU) cores and 37.000 graphics processing units (GPUs) to achieve this
performance. CPUs are optimised to perform individual operations as quickly as possible,
whereas GPUs are optimised for throughput when performing similar operations on mul-
tiple data. The latter have proven to be very effective for applications in machine learning
as well as computer simulations and are providing the majority of the compute power in
modern supercomputers.

In order for numerical simulation codes to utilize exaFLOPS machines, spatial paral-
lelism has to be combined with time-parallelism [56, 124], such as offered by SDC. How-
ever, SDC appears slightly more complicated than comparable schemes and remains a
niche method. In this thesis, we will equip SDC with methods for adaptive selection of
the step size, which is the main parameter controlling the accuracy of the time-integration,
and subsequently demonstrate the vast capabilities of adaptive SDC as a time-stepping
method on modern supercomputers using a range of experiments.

In the experiments we integrate two simple non-linear toy problems for highlighting
certain characteristics and two complex non-linear PDEs that are representative of real-
world simulations with adaptive SDC. The toy problems are the van der Pol oscillator,
which originates from the study of vacuum tubes and the Lorenz attractor, which is a
simplified model that captures some properties of equations used in numerical weather
prediction. The first PDE example is the Gray-Scott system, which is a system of reaction-
diffusion equations. This type of equation is used to model a range of phenomena, from
the spread of diseases [20], over phase-field transitions [3] to chemical reactions [62]. The
second PDE benchmark is Rayleigh-Benard convection, which models the behaviour of an
incompressible fluid that is heated from below and cooled from above. This setup is often
used when investigating convection, for instance in the context of atmospheric flows [36]
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or magma-oceans [83].
To run the experiments, we use and expand the open source code pySDC [142]. pySDC is

a highly modular library built for rapid prototyping of any SDC related research questions
and includes many reference implementations of time-integration methods or PDEs. This
allows researchers to assemble a simulation from a mixture of pre-implemented and novel
building blocks and to focus on the details relevant to the research question at hand. It
is implemented in Python, which is built to streamline development of complex code by
combining various modules maintained by a community of developers [157]. While code
written in Python itself can typically be executed only slowly, we employ modules such as
NumPy [75] and CuPy [122] for the computationally expensive parts that interface to fast
code written in other languages.

Multiple ways have been proposed previously to adapt the step size at runtime and
therefore to adjust the accuracy of the SDC integrator to the requirements of the model [47,
67, 68, 78, 80, 130]. However, these methods are specific to certain models or adjust the
accuracy only coarsely. Here, we propose two algorithms for adaptive step-size selection in
SDC that allow to finely tune the accuracy and work for a wide range of models. We then
perform a series of numerical experiments in order to showcase that these methods lead
to increased efficiency in the integration process with all models under consideration. In
particular, we compare to state-of-the-art methods from the ubiquitous family of Runge-
Kutta time integrators and show that time-parallel SDC is competitive.

Next, we perform numerical experiments showing that the adaptive step size selection
algorithms increase reliability of the simulations. It is already known that adaptive step size
selection algorithms have this effect in the context of Runge-Kutta methods [13]. While
individual processors work rather reliably, the sheer number of components in modern
supercomputers makes them susceptible to errors caused by the environment [58]. For
instance, radiation can carry sufficient energy to impact the memory and change the stored
state. This is also the reason behind airplane and hospital modes on consumer devices. As
supercomputers continue to grow in complexity, protecting the software against unintended
interference becomes increasingly necessary and of particular importance in the exaFLOPS-
era [1].

Then, we move on to test the performance of space-time-parallel adaptive SDC on large
modern supercomputers. We develop parallel Python implementations for both CPUs and
GPUs from the ground up and show how they respond to changing the number of compute
units. In particular, we show that time-parallel SDC can extend speedup beyond the limits
of spatial parallelism. For the Gray-Scott model, we are able to efficiently utilize 3584
GPUs, which is almost the entire JUWELS booster [90] machine, one of the most powerful
public supercomputers in Europe at the time of writing. We then finish with simulations
representative of large production runs of Gray-Scott and Rayleigh-Benard convection to
showcase that adaptive SDC and our implementations can be used in practical settings.

We provide background information required to interpret the results formed in later
chapters in chapter 2. We then present step size adaptive extensions to SDC in chapter 3.
We show experiments of adaptive SDC on computational efficiency in chapter 4 and on
resilience in chapter 5. Then, we discuss implementations on GPUs and measure paral-
lel performance in chapter 6. Finally, we present massively parallel production runs in
chapter 7 and draw conclusions in chapter 8.



2
Preliminaries

We will start with a motivation and basic introduction to parallel computing, followed
by a discussion of reliability of computers. Then, we move on to mathematical concepts
for computer simulations, namely time integration methods, adaptive step size selection,
and spectral methods for space discretization. Afterwards, we introduce the benchmark
problems we use in experiments, the GPU hardware that we develop code for, the codes
we use and modify, and finally the hardware we run the experiments on.

2.1 Parallel Computing

Before introducing the simulation methods we will employ later on, we start by motivating
the use of parallel computing and discussing some of the basics of parallel programming.

2.1.1 Evolution of hardware towards parallel computing

In the early days of semiconductor based computers, compute power was increased between
generations by increasing the number of transistors on a chip and decreasing their size.
One of the founders of Intel, Gordon Moore, established Moore’s law as a sort of self-
fulfilling prophecy. It states that the number of transistors on a chip would double every
two years [69]. The actual development over the past 50 years is shown in Figure 2.1.

Moore’s law led to exponential increase in single-thread compute power over time until
about 2005. After that, progress in single-thread performance slowed down severely, as it
became increasingly difficult to manufacture smaller transistors and fit more on a single
chip. Instead, the industry moved to multi-core architectures in order to sustain a modified
version of Moore’s law. Rather than doubling the number of transistors on a single chip,
the number of transistors was doubled on the processor, which now included multiple cores.

This is an imperfect solution, however. While the compute power measured in floating
point operations per second (FLOPS) can be easily increased this way, algorithms need to
adapt to distributing the work among the multiple cores in order to harness the available
compute power. Some algorithms are inherently serial and need to be altered substantially
with many added operations, while other algorithms are well suited to parallelization. We
will give examples of both when discussing particular algorithms in later sections. Virtually
all parallel algorithms require communication between tasks and the interconnect is often

4
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Figure 2.1: Development of compute power of microprocessors from 1970 to 2020. The number
of transistors grows exponentially over time, as dictated by Moore’s law. Starting around 2005,
the transistors are mainly added via more cores at similar single-thread performance as the last
generation. In order to translate this into faster code, parallel algorithms have become increasingly
necessary. This figure is taken from [134] under CC BY 4.0 licence.

a bottleneck. The resulting sweet spot for the number of cores is specific to the algorithm
and the machine and is difficult to know a priori.

2.1.2 Evaluating the performance of parallel algorithms

In order to determine how well the parallelization of an algorithm works, its strong scaling
and weak scaling characteristics have to be measured on the target machine. Strong scaling
refers to how the run time responds when solving the same problem with different number
of processes. Here, the quantities typically recorded are the speedup S with

S(N) =
t(1)

t(N)
, (2.1)

where N is the number of processes and t(N) is the run time needed to solve the problem
with N processes, and the parallel efficiency E with

E(N) =
S(N)

N
. (2.2)

The ideal outcome of parallelization is that the work is distributed and performed perfectly
simultaneously on all processors with no process waiting for another at any time. In this
case, the speedup would be

Sideal(N) =
t(1)

t(1)/N
= N (2.3)

and the parallel efficiency would be 100%.
Weak scaling is different from strong scaling in that the size of the problem is increased

in tandem with the number of processes, such that the work per task is kept as constant
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as possible. The ideal scaling in this case is that the run time is the same for any problem
size.

In practice, the maximum attainable speedup is limited by operations in the algorithm
that cannot be parallelized and communication between tasks. With increasing number of
tasks, individual messages often have to traverse longer paths in the network, possibly at
reduced bandwidth.

2.1.3 Parallel programming using the Message Passing Interface

We give a very brief introduction to parallel programming here. This can be generally
grouped in two categories. The first is shared memory parallelisation, where no explicit
communication is required because any task can read any part of memory, regardless of
which task has written the respective data. Second is distributed memory parallelisation,
where the tasks operate with distinct memory and need to explicitly communicate any
data that is to be shared.

The second approach is often tackled using the Message Passing Interface (MPI). As
we will later develop code in the Python language, where shared memory parallelisation is
supported only in very limited fashion at the time of writing, we restrict this discussion to
programming with MPI which can be efficiently integrated in Python using the mpi4py [43]
library.

MPI is a standard that is administered by the MPI forum and has been first released
in 1994 [111]. It defines an interface that programmers can use to communicate data in
various patterns. Multiple implementations of MPI exist, which have to support the inter-
face dictated by the standard, but which are free to implement communication algorithms
however they like. For instance, OpenMPI is an extremely portable open source imple-
mentation, whereas Intel MPI is an implementation that claims to outperform OpenMPI
specifically on Intel hardware.

MPI is built around so called communicators, which are a collection of tasks that can
send messages to one another. Within each communicator, each task is assigned a unique
number, called rank, which is used to identify the task relative to other tasks. All tasks
receive the same code and are then instructed to do different parts of the computation
purely based on the rank.

MPI supports both peer-to-peer communication, as well as collective communication.
We will now list the collective communication patterns that we need in this thesis.

All-to-all. During all-to-all communication, all ranks exchange data with all other ranks,
as illustrated in Figure 2.2. In MPI, there are different versions based on the complexity of
the communication pattern. The simplest is alltoall, which can be used when all data
to be communicated between ranks are the same size and of the same datatype. The next
more elaborate method is alltoallv, which requires the data to be of the same type,
but allows different sizes in individual communications. The most generalized version is
alltoallw, which allows different sizes of data and datatypes per task. Note that MPI
implementations of alltoallw are often less optimized than for the more commonly used
alltoallv and may require substantially longer time for communication.
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task

data

Original data Data after all-to-all

Figure 2.2: Illustration of all-to-all communication via an example with N = 4 tasks. Each task
starts out with N packets of data, which are all of the same color in this illustration (see left panel).
During all-to-all communication, each task exchanges data with every other task, such that each
task ends up with data packets of every of the N colors (see right panel).

task

Original data

7 1 -2 3

Received in reduce Operation Root

-2 minimum 0

7 maximum 1

7 sum 2

1.75 mean 3

Figure 2.3: Illustration of various reduce communication operations via examples with N = 4
tasks. Before the communication, every task has some data, one integer in these examples. After
the communication, the root task carries the result of some computation on the distributed data.

Reduce. Reduce operations perform a computation during the communication. Exam-
ples are a sum or the maximum of all elements in the communication. After the reduce
operation is complete, the result of the computation is stored on a single task, which is
referred to as “root” in the language of MPI. The procedure is illustrated in Figure 2.3.
There is also allreduce, which communicates the result of the reduce operation to all
tasks.

Broadcast. A broadcast operation is used to send data from one rank to all others. We
illustrate the operation in Figure 2.4.

task

Original data Data after broadcast

Figure 2.4: Illustration of broadcast communication operations via an example with N = 4 tasks.
After the communication, all tasks carry data (marked in blue in this example) that resided on a
single task before.
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task

data

Original data Data after gather

Figure 2.5: Illustration of a gather communication operation via an example with N = 4 tasks.
Each task starts out with individual data, marked here using different colors. After the communi-
cation, one task has access to all of the previously distributed data.

Gather. In a gather operation, data that is distributed among all tasks is gathered on a
single task, as illustrated in Figure 2.5. There is also allgather, where the result of the
gather operation is communicated to all tasks.

2.2 Resilience

We first motivate the need for resilient computing following [12]. Then, we introduce a
few common strategies for achieving resilience in practice. We group these into strategies
that work on the system level and strategies that work on the application level. System
level strategies are completely generic, but application level strategies allow to protect
selectively which can reduce the overhead stemming from fault protection. See [1] for a
more comprehensive overview on resilience.

2.2.1 A brief history of (un-)reliability in computing

While computers have the reputation of performing arithmetic without errors in the general
public, this notion is rather new. A prominent example of the poor reputation of electronic
computation well into the sixties features the first American to perform a full rotation
around the Earth in space, John Glenn. He famously trusted crucial flight information
computed by an electronic computer only after it was confirmed by one of NASA’s legacy
human computers equipped only with a slide rule [86].

In the early days of computing, the vacuum tubes that provided the basis for implemen-
tations of logic in hardware were prone to failure and quite unreliable [112]. In particular,
they shared many problems with light bulbs, notably burning out, as well as attracting
moths, requiring them to be regularly “debugged” [132].

The replacement of vacuum tubes by semiconducting transistors, following their inven-
tion in the late forties, promised to alleviate reliability concerns. However, a new problem
manifested itself in the “tyranny of numbers”, which was the term given to the issue that
engineers found themselves unable to manufacture the complex circuits that they designed
on paper. Blueprints for computers required millions of small components which had to
be assembled by hand in a very error-prone process. Computer chips became reasonably
reliable only following the invention of the integrated circuit in the late fifties. Rather
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than assembling each component separately, the components are essentially printed on a
monolithic block of silicon.

Today, as the trend in high performance computing (HPC) systems is for components
to keep shrinking and their numbers to keep rising, the probability of a fault somewhere in
the system is, again, increasing and is a major concern for exa-scale systems [1]. Failure of
a single hardware component can cause the entire system to fail. As an example, a faulty
diode in an integrated circuit in the launch vehicle of the Mariner 8 mission resulted in a
failed launch. Instead of becoming the first spacecraft to orbit another planet and mapping
out Mars, the probe ended up on the bottom of the ocean [87].

2.2.2 Sources of faults

Faults can originate from a variety of sources such as damage to hardware components [139]
or electromagnetic radiation [97], which has lead to hospital and airplane modes on portable
consumer devices. As hardware components continue to shrink, the operating voltage
has to be reduced in order to mitigate heat concerns, which lowers the safety threshold
and increases susceptibility to bit flips [52]. Additionally, bit flips can be brought about
with malicious intent. For instance, electrical interaction between neighboring memory
addresses can be exploited by accessing data repeatedly in order to corrupt the data stored
in adjacent memory addresses in a so called row hammer attack [91].

The type of fault we address in this thesis is often referred to as silent data corruption.
Note that in the resilience literature, this is often abbreviated as SDC, but here SDC
exclusively refers to spectral deferred correction. Silent data corruption is characterised as
a fault that is not detected by the system. This typically comes in the form of isolated,
non-persistent bit flips. Real-world studies suggest that such faults occur multiple times
per day in modern HPC centers [139]. In particular, also in caches that are insufficiently
protected by hardware error correction codes [58]. We do not consider faults of adversarial
nature, which may lead to a large concentration of faults in some region of memory.

2.2.3 Hardware and system level resilience strategies

Resilience is often addressed by the system outside the application. While the system has
less information about what data is critical to protect than the application, this has the
advantage of being generic. The main way that this is typically implemented is via error
correction codes (ECCs), see e.g. [114]. These use additional bits to encode the data in
a redundant fashion, such that alterations to the stored bits by a fault can be detected.
Certain ECCs even allow to correct faults. Using ECCs in hardware memory is standard
practice [32], and software exists, which can use even more elaborate ECCs to further
protect on the system level, e.g. [52].

Beyond this, it is possible to store the entire system state to disk, which allows to
continue the computation from an uncorrupted state after a fault has been detected or the
system has crashed. For instance, BLCR [74] is a software that allows to store the system
state with MPI-parallel codes, which makes this functionality available on HPC systems.

In very critical applications, the hardware can be replicated itself. This is common
practice in space-based computing [41], but can also be employed in HPC applications,
e.g. [27]. While this can give very good resilience with little downtime, it is typically
prohibitively expensive in the HPC context.
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2.2.4 Software resilience strategies

Resilience strategies at the software level are often referred to as algorithm based fault
tolerance (ABFT). ABFT can be generally grouped into two categories. Error aware ABFT
schemes operate by explicitly detecting faults and then applying a correction scheme,
whereas error oblivious ABFT methods give the correct result regardless of the presence
of faults, as long as the fault rate is not extremely high.

Error aware ABFT comes in various forms, for instance by targeted checksums within
basic linear algebra (BLAS) routines [163] or in fast Fourier transforms (FFTs) [104]. Other
schemes are developed specific to the problem, such as checking bounds of the solution of
the problem which can be computed beforehand [118]. Some schemes are tailored to the
method, such as Hot Rod [65], which protects time-stepping schemes via error estimates.
We will discuss Hot Rod in more detail in section 5.2, where we extend the method to
SDC.

Typical examples of error oblivious ABFT are iterative methods, e.g. [5, 70]. The
impact of a soft fault within an iterative method is akin to starting from poor initial guess.
As convergence from any initial guess is not generally guaranteed, they are typically not
perfectly resilient. Nevertheless, it has been shown that SDC with adaptive iteration
number, being an iterative method, has good resilience naturally [63]. The same is true
for step size adaptive methods, which we will introduce in section 2.4. They refine the
resolution if the error was deemed unacceptably large. The adaptive scheme is not aware
whether this is due to the discretization or due to a fault. It has been shown that examples
of the class of adaptive time stepping methods called embedded Runge-Kutta methods are
therefore naturally resilient [13]. As we develop similar adaptivity for SDC in chapter 3,
we assume this to boost resilience similarly, which we show to be the case in chapter 5.

2.3 Time integrators for initial value problems

In this section, we introduce the fundamentals of computer simulation. We will start with
a brief description of the general problems we are interested in solving, which take the
form of differential equations. Then, we will present methods for integrating these in time
before discussing a way of translating spatial derivatives into a form that we can solve in
section 2.5.

2.3.1 Differential equations

A differential equation relates derivatives of a function to some right hand side and the
solution to the equation is the function itself. Differential equations are a powerful tool for
the mathematical description of natural phenomena. This was first discovered by Newton,
whose fundamental laws of motion are denoted as such [55, Chapter 1]. See the tome by
Hairer and Wanner [72] for a thorough introduction to differential equations and how to
solve them, as well as the textbooks [55, 137] for information about modelling physical
phenomena using differential equations.

In order to translate a physical problem into a differential equation, one only needs to
know how the problem reacts to changes in each variable and not the evolution or final
state of the problem, which is then the solution of the differential equation. We give a
simple example with modelling the evolution of the number of rabbits nR in a population
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Figure 2.6: Numerical solution of the model for the evolution of rabbit and fox populations from
Equation 2.5. We choose a birth rate of λ = 0.1 rabbits per rabbit and day, each fox eats one
rabbit per day (σ = 1 rabbits per fox and day) and every 100 days another fox is attracted to the
area per rabbit that is not eaten by another fox (γ = 0.01 foxes per rabbit and day). Starting with
100 rabbits and 1 fox, the rabbit population increases initially, but peaks at about 120 days as the
fox population grows and eventually disappears entirely after 250 days.

over time, following the scheme from [55, Chapter 9]. The simplest model dictates that
the number of rabbits that is birthed per unit of time is only proportional to the number
of rabbits in the current population. This can be written as

∂tnR = λnR, (2.4)

with λ a population-specific constant. This equation is easily solved analytically with the
solution nR(t) = nR(t = 0) exp(λt).

A slightly more complex model may include a predator. We now seek to model the
evolution of a fox population next to the rabbit population. The evolution of the number
of rabbits is now dependent on the current number of rabbits, which generate new rabbits,
and on the current number of foxes, which eat rabbits. The number of foxes nF evolves
according to the amount of surplus food available. We write this down as a coupled system
of equations

∂tnR = λnR − σnF

∂tnF = γ(nR − nF ),
(2.5)

with σ and γ population-specific constants. This system of equations is already no longer
easily solved analytically, even though the model is still extremely simplified. We show an
example of a numerically obtained solution to this problem in Figure 2.6. While it is easy
to write down a model as a differential equation, solving this equation can be very hard
and often requires numerical methods.

Differential equations are broadly separated into ordinary differential equations (ODE),
where the equation contains derivatives with respect to a single variable, and partial dif-
ferential equations (PDE), which contain derivatives with respect to multiple variables, see
e.g. [149]. The earlier rabbit example is an ODE because only derivatives with respect to
time are present in the equation. PDEs generally describe multi-dimensional problems, like
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the spatial distribution of rabbits rather than the overall population number. For instance,
assuming that rabbits perform random walks, we can model the population in absence of
predators as

∂tnR = λn2
R +∆nR, (2.6)

with ∆ the Laplace operator [137]. Note that the number of births is proportional to
n2
R now to reflect the fact that two rabbits are needed at the same position in space for

generating additional rabbits.
PDEs pose significant challenges because the spatial derivatives need to be evaluated

and possibly also inverted. When a computer is to be employed for finding the solution,
the system must be discretized. Often, discretized versions of PDEs take the form of
large systems of equations, which require immense computational resources. We will now
discuss time integration of generic systems of equations, before returning to the topic of
representing spatial derivatives in PDEs in section 2.5.

2.3.2 The initial value problem

Time dependent problems are typically posed as initial value problems (IVPs). An IVP is
a combination of a differential equation determining the evolution in time and an initial
condition

ut = f(u, t), u(0) = u0, (2.7)

where u is the solution, the subscript (·)t marks the derivative with respect to time, f
describes the temporal evolution and u0 is the initial condition. The IVP has a unique
solution if f is Lipshitz continuous [72, Theorem 7.3 c)], that is

∥f(u)− f(v)∥∞ ≤ L∥u− v∥∞ ∀u, v ∈ Cn, (2.8)

for some L ≥ 0. Note that in the above definition, we have absorbed the dependence on
time into the solution variables without loss of generality.

The solution of the IVP is the integral

u(T ) = u0 +

∫︂ T

0
f(u, t)dt. (2.9)

Depending on the problem, a closed form solution may be unattainable and numerical
integration methods need to be employed. In the remainder of this section, we introduce
the numerical integration methods that we employ for solving IVPs throughout this thesis.

2.3.3 Runge-Kutta methods

We briefly sketch how Runge-Kutta methods are derived, roughly following [72]. The most
simple Runge-Kutta methods are

un+1 = un +∆tf(un, t) (explicit Euler), (2.10)
un+1 = un +∆tf(un+1, t+∆t) (implicit Euler), (2.11)

where un is the solution at time t and un+1 is the solution at t+∆t. This can be motivated
via the limit definition of the derivative

∂tu(t) = f(u, t) = lim
∆t→0

u(t+∆t)− u(t)

∆t
. (2.12)
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On the computer, we settle for finite ∆t and rearrange to arrive at explicit Euler. Implicit
Euler can be similarly derived by considering the backwards limit

f(u, t) = lim
∆t→0

u(t)− u(t−∆t)

∆t
(2.13)

with a change of variable.
Explicit Euler is typically simple to implement, with the evaluation of f the only

complicated part. Implicit Euler requires to invert f , which ranges in complexity from
division to solving non-linear systems, based on the problem to be integrated.

These are first order methods, which means the global error e at the end of the simu-
lation is halved if ∆t is halved. An order p integrator, on the other hand, satisfies

e ∝ ∆tp. (2.14)

Note that the error of a single time step, which is called local error, scales with

elocal ∝ ∆tp+1, (2.15)

for an order p accurate method.
Higher order Runge-Kutta methods assemble multiple stages k in a special way. The

stages are evaluations of f at intermediate solutions which are obtained with modified Euler
steps. The order of accuracy is computed by Taylor expansion of the IVP (Equation 2.7)
in the variables t and u:

u(t+∆t) = un +∆tf(un, t) +
∆t2

2
(ft + fuf) (un, t) +O(∆t3), (2.16)

where un = u(t), the subscripts t and u denote derivatives and we substituted ut = f .
We can immediately see that the explicit Euler method is first order accurate because it
is precisely the Taylor expansion of the IVP to first order. Note that implicit Euler is the
Taylor expansion of the solution backward in time truncated after first order.

Consider now the following Taylor expansion

y2 = un +∆tf (un +∆t/2f(un, t), t+∆t/2)

= un +∆tf(un, t) +
∆t2

2
(ft + fuf)(un, t) +O(∆t3),

(2.17)

which coincides with the Taylor expansion of the IVP to second order. We can use this to
construct a second order two-stage explicit Runge-Kutta method,

k1 = f(un, t)

k2 = f(un +∆t/2k1, t+∆t/2)

un+1 = un +∆tk2.

(2.18)

The method is defined by the nodes ci, which are the times of the intermediate solutions,
the weights bi, which are the values that determine the linear combination of stages that is
the solution to the step, and the Runge-Kutta matrix A, which defines the weights inside
the stages. These values are usually written as a Butcher tableau [24, Section 23.2]

c A

b
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with the Butcher tableau for Equation 2.18 reading

0
1
2

1
2

0 1

.

Note that zero-values are usually omitted in the A matrix.
The Taylor expansion can be carried out to higher order and an arbitrary number of

terms can be canceled to construct an s-stage p-order Runge-Kutta method. However,
construction of these methods is non-trivial due to the rapidly growing number of order
conditions. In particular, there are a number of desirable properties next to the order,
which further complicate the process.

Runge-Kutta methods are generally grouped into three major categories. Explicit
methods (ERK) do not require inversion of f , as in explicit Euler. Fully implicit meth-
ods have dense A, meaning stages are coupled and have to be solved for simultaneously.
Diagonally implicit methods (DIRK) are lower triangular and can be solved with forward
substitution, such that f has to be inverted at only one intermediate point at a time.
Implicit Euler is the only Runge-Kutta method that is both fully implicit and diagonally
implicit. As ERK and DIRK methods are ubiquitous but fully implicit methods are less
common, we use the acronym RKM to refer to ERK and DIRK methods only for the
remainder of this thesis.

Stability. One of the fundamental considerations is stability [71, Chapter IV.2]. This is
usually quantified via the Dahlquist equation

ut = λu, λ ∈ C, u(t = 0) = 1, (2.19)

which has exact solution
u∗ = exp(λt).

The domain of stability of a time-stepping scheme is now the set of λ with negative real
part for which the absolute value of the numerical solution decreases in time. For explicit
Euler, we have a small circle on the negative real axis

1 ≤ ∥u1∥ = ∥1 + ∆tλ∥ (explicit Euler), (2.20)

whereas for implicit Euler, the domain of stability includes the entire left complex half-
plane

1 ≤ ∥u1∥ =
1

∥1−∆tλ∥
(implicit Euler). (2.21)

While higher order explicit methods often have larger stability domains than explicit
Euler, none of them encompass the entire left half plane which many implicit methods
do. This is the main reason to choose an implicit method. If f has large eigenvalues
∥λi∥ ≫ 1, ∆t must be chosen very small for all ∆tλi to fall within the domain of stability
of an explicit method. The range of magnitudes of the eigenvalues is usually referred to as
stiffness, i.e. a problem with both large and small eigenvalues is stiff, and a problem where
all eigenvalues are similar in size is non-stiff [8].
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Other desirable properties. For solving stiff problems, a very popular class of methods
is called singly-diagonally implicit (SDIRK). These are DIRK methods that have the same
value on the diagonal of A, which means parts of the implicit solves may be reused.

Another desirable property for RKM is called stiff accuracy, where the last line of the
Runge-Kutta matrix is equal to the nodes

Asj = bj , (2.22)

and which means the solution that is entered into the right hand side evaluation in the
last stage is directly the solution to the step. This saves work on the one hand because
the weights need not be applied separately, but can also be used to solve some problems
with simple algebraic constraints (DAEs) [6].

Many problems capture multiple physical mechanisms that have different properties
for time-stepping. Splitting techniques can be employed to integrate individual terms in
the resulting PDE formulation separately from each other. Corresponding RKM are called
additive Runge-Kutta (ARK) methods and consist of multiple coupled Butcher tableaux.
We will later use methods that realize implicit-explicit (IMEX) splitting, where the problem
can be separated into a stiff and a non-stiff part that are integrated with an ARK method
that consists of a pair of one implicit and one explicit method.

The coupling between the tableaux introduces additional order conditions. Their num-
ber grows rapidly with the order of the scheme, particularly when the nodes and weights
are allowed to be different. For instance, for a fifth order IMEX method, there are 15
additional conditions if the weights and nodes are shared between the methods, 54 if only
the nodes are shared, 110 if only the weights are shared and 252 if nothing is shared [126,
Table 1]. In the literature, IMEX RKM can readily be found up to order five, which share
the nodes and weights [89]. However, shared nodes between a DIRK and an ERK method
means not both can be stiffly accurate.

2.3.4 Spectral Deferred Correction

Spectral deferred correction (SDC) [47] is a method that iteratively solves fully implicit
Runge-Kutta methods. We will now give a brief derivation of the method and then com-
ment on the similarities and differences to the previously discussed RKM. Note that differ-
ent derivations exist which focus on different properties of the method. We start with one
that traces the original idea and then comment on a more modern derivation that allows
greater flexibility.

We begin by integrating the initial value problem with respect to time over the interval
t = 0 to t = ∆t

u(t) = u0 +

∫︂ t

0
f (u(s)) ds, t ∈ [0,∆t]. (2.23)

Note that we restrict this discussion to autonomous scalar problems, i.e. u(t), u0, f(u)
∈ R. The method can be easily applied to problems that do not meet these criteria, but
the notation is more convoluted.

We discretize the integral using a numerical quadrature rule. To this end, we start by
discretizing the interval with a set of M collocation nodes 0 ≤ τm ≤ 1, rescaled by ∆t and
0 and use polynomial interpolation to approximate f . Interpolation is done with Lagrange
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polynomials [16]

lτj (t) =

∏︁M
i=1,i ̸=j(t− τi)∏︁M
i=1,i ̸=j(τj − τi)

(2.24)

which give a degree M continuous approximation together with the f evaluations at the
collocation nodes

f(u(t)) ≈
M∑︂
j=1

f(u(∆tτj))l
τ
j (t/∆t). (2.25)

The Lagrange polynomials are then integrated in order to obtain quadrature weights

qmj =

∫︂ τm

0
lτj (s)ds, (2.26)

which we use to approximate the solution at the quadrature nodes by

um := u0 +∆t

M∑︂
j=1

qmjf(u(∆tτj)) ≈ u(∆tτm). (2.27)

We call Equation 2.27 the collocation problem and simplify the notation by using vectors
u⃗ = (um)T , u⃗0 = (u0, ..., u0)

T and F (u⃗) = (f(um))T to

u⃗ = u⃗0 +∆tQF (u⃗), (2.28)

where Q ∈ RM×M is the quadrature matrix containing the weights qmj . While the inter-
polation is order M accurate, the solution to the collocation problem is up to order 2M
for certain types of nodes, such as 2M − 2 for Gauß-Lobatto, 2M − 1 for Gauß-Radau and
2M for Gauß-Legendre at the right boundary with only M nodes [71, Theorems 5.2, 5.3
and 5.5].

Note that the collocation nodes do not necessarily include the end point. In this case,
the solution at the end of the interval has to be computed via

uend = u0 + b⃗F (u⃗)

bi =

∫︂ 1

0
lτi (s)ds,

(2.29)

as in RKM, which is called “collocation update”. The weights bi are the integrals over the
Lagrange polynomials over the entire interval. Notice that if the nodes do include the end
point, i.e. τM = 1, we have bi = qMi in direct analogy to stiffly accurate RKM.

Equation 2.28 is a fully implicit Runge-Kutta method that is expensive to solve directly
because Q is dense. We will first detail the original derivation of SDC as a method that
solves an equation for the error in each iteration [47], and then present an alternative
derivation that is more rooted in linear algebra and has lead to very effective schemes for
stiff problems [161].

The error at iteration k is the difference between the exact solution of the collocation
problem and the numerical solution that is obtained by interpolation from the solution
values at iteration k

δk(t) = u(τ⃗ )⃗lτ (t/∆t)− u⃗k l⃗τ (t/∆t). (2.30)
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Note that the collocation problem, in turn, has an error with respect to the true continuous
solution of the initial value problem of

δcollocation = u(t)− u(τ⃗ )⃗lτ (t/∆t), (2.31)

but SDC iterates only towards the solution of the collocation problem. We now plug the
error into Equation 2.23, to obtain

δk(t) = u0 +

∫︂ t

0
f
(︂
u⃗k l⃗τ (s/∆t) + δk(s)

)︂
ds− u⃗l⃗τ (t/∆t). (2.32)

Next, we add 0, noting that the quadrature rule integrates the polynomial approximation
exactly i.e.

∫︁ t
0 F (u⃗k )⃗lτ (s/∆t)ds = ∆t(QF (u⃗k))⃗lτ (t/∆t) to get

δk(t) =

∫︂ t

0

[︂
f
(︂
u⃗k l⃗τ (s/∆t) + δk(s)

)︂
− F

(︂
u⃗k
)︂
l⃗τ (s/∆t)

]︂
ds

+ u0 +∆t
(︂
QF

(︂
u⃗k
)︂)︂

l⃗τ (t/∆t)− u⃗k l⃗τ (t/∆t)

=

∫︂ t

0

[︂
f
(︂
u⃗k l⃗τ (s/∆t) + δk(s)

)︂
− F

(︂
u⃗k
)︂
l⃗τ (s/∆t)

]︂
ds+ r⃗k l⃗τ (t/∆t) ,

(2.33)

with the residual r⃗k := u⃗0 + ∆tQF (u⃗k) − u⃗k. We now obtain the SDC iteration by
integrating this numerically with quadrature rule Q∆, which uses the same nodes τm as Q,
and which integrates the error to low order from node to node, to get an approximation
for the error which is used to update the solution

δ⃗k −∆tQ∆

(︂
F
(︂
u⃗k + δ⃗k

)︂
− F

(︂
u⃗k
)︂)︂

= r⃗k, (2.34)

u⃗k+1 = u⃗k + δ⃗k. (2.35)

By expanding the residual and plugging in the refinement equation, we can eliminate the
defect and simplify the SDC iteration to

(IM −∆tQ∆F )
(︂
u⃗k+1

)︂
= u⃗0 +∆t (Q−Q∆)F

(︂
u⃗k
)︂
, (2.36)

where IM is the M×M identity matrix and Q∆ is called preconditioner. Since the algorithm
proceeds from one line of the system to the next, SDC iterations are often referred to as
“sweeps.”

Because the preconditioner integrates the error equation from node to node, it has to
be lower triangular, which means each SDC iteration is solved with forward substitution.
For instance, the preconditioner corresponding to implicit Euler from node to node reads

QIE
∆ =

⎛⎜⎜⎜⎝
τ2 − τ1 0 0 . . . 0
τ2 − τ1 τ3 − τ2 0 . . . 0

...
...

. . . . . . 0
τ2 − τ1 τ3 − τ2 . . . . . . τM − τM−1

⎞⎟⎟⎟⎠ . (2.37)

Note that in SDC one may choose to perform the collocation update, even when the nodes
include the end point, which can improve accuracy in some situations when the u⃗k are not
the exact collocation solution [135].
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The above derivation following the original SDC publication [47] is focused on nu-
merical integration using quadrature rules, both in the collocation problem and in the
preconditioner. SDC has since been reimagined as preconditioned Richardson iteration for
the collocation problem by following a more algebraically focused derivation [161]. The
standard Richardson iteration for the collocation problem reads

u⃗k+1 = u⃗k + r⃗k

r⃗k := u⃗0 +∆tQF (u⃗k)− u⃗k,
(2.38)

which can be preconditioned with (IM − ∆tQ∆F )−1 and rearranged into Equation 2.36.
The preconditioner is now essentially arbitrary and does not have to be consistent with
any sort of integration rule.

Error bounds for SDC. In the original interpretation of SDC, the method approxi-
mates the current error by a first order method and subtracts it from the solution. This
gives an order k accurate method after k iterations, until the order of the underlying col-
location problem is reached. However, this simple explanation is no longer sufficient when
preconditioners are desired that are not interpretable as quadrature rules for solving the
error.

Various convergence analyses for SDC are available in the literature, e.g. [29, 73, 82,
151]. Here, we discuss error bounds for SDC with generic preconditioner via an amalgama-
tion of [151] and [29]. This derivation merely recasts existing derivations into our notation
and does not offer new insight. We start by subtracting the integrated IVP Equation 2.23
from the SDC iteration Equation 2.36. Note that throughout this paragraph, we write
l⃗τt = l⃗τ (t) in order to write the equations slightly more compactly.

u⃗k+1 l⃗τ∆t − u(∆t) = ∆tQ∆

[︂
F
(︂
u⃗k+1

)︂
− F

(︂
u⃗k
)︂]︂

l⃗τ∆t +∆tQF
(︂
u⃗k
)︂
l⃗τ∆t −

∫︂ ∆t

0
f(u(t))dt

(2.39)

δk+1 = ∆tQ∆

[︂
F
(︂
u⃗k+1

)︂
− F

(︂
u⃗k
)︂]︂

l⃗τ∆t⏞ ⏟⏟ ⏞
I

+

∫︂ ∆t

0

[︂
F
(︂
u⃗k
)︂
l⃗τt − f(u(t))

]︂
dt⏞ ⏟⏟ ⏞

II

.

(2.40)

We can pull the polynomial approximation into the integral in the second term because
the quadrature rule Q integrates the polynomial approximation exactly.

We assume from now on that f is Lipshitz-continuous with Lipshitz constant L (see
Equation 2.8). Since F is just a vector of f , it has the same Lipshitz constant L. We
furthermore assume that f ◦u is M times continuously differentiable with C ≥ ∥ dM

dtM
f ◦u∥∞.

We start with the second term II, where we proceed analogously to Lemma 2.1
from [29]. We add zero in the integral with the interpolation of the right hand side eval-
uated at the exact solution at the collocation nodes, which we write as F (u(τ⃗))⃗lτt . Then,
we use linearity of the integral, the triangle inequality and Lipshitz continuity

|II|∞ =

⃓⃓⃓⃓∫︂ ∆t

0

[︂
F
(︂
u⃗k
)︂
− F (u(τ⃗))

]︂
l⃗τt dt+

∫︂ ∆t

0

[︂
F (u(τ⃗))⃗lτt − f(u(t))

]︂
dt

⃓⃓⃓⃓
∞

(2.41)
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≤
⃓⃓⃓⃓[︂
F
(︂
u⃗k
)︂
− F (u(τ⃗))

]︂ ∫︂ ∆t

0
l⃗τt dt

⃓⃓⃓⃓
∞

+

⃓⃓⃓⃓∫︂ ∆t

0

[︂
F (u(τ⃗))⃗lτt − f(u(t))

]︂
dt

⃓⃓⃓⃓
∞⏞ ⏟⏟ ⏞

error of collocation problem ecoll

(2.42)

≤ ∆tL
⃓⃓⃓
u⃗k − u(τ⃗)

⃓⃓⃓
∞
C1 +

C

M !
∆tM+1 (2.43)

≤ ∆tL
⃓⃓⃓
δk
⃓⃓⃓
C1 +

C

M !
∆tM+1. (2.44)

The first term with constant C1 = M
⃓⃓⃓∫︁ 1

0 l⃗τt dt
⃓⃓⃓
∞

represents the error in the integration due
to the approximate solution and the second term represents the integral over the standard
interpolation error. Note that using standard interpolation error as bound for the error of
the collocation problem ecoll is often not a tight bound in practice. We will return to this
later.

Next, we turn to the first term I, where we require only the Lipshitz continuity and
the triangle inequality.

|I|∞ ≤ ∆tLC2

⃓⃓⃓(︂
u⃗k+1 − u⃗k

)︂⃓⃓⃓
∞

= ∆tLC2

⃓⃓⃓
δk
⃓⃓⃓
∞
,

with constant

C2 =

M∑︂
m=1

max
1≤j≤M

|q̃mj | .

Putting the bounds on the two terms together, we get⃓⃓⃓
δk+1

⃓⃓⃓
∞
≤ ∆tL(C1 + C2)

⃓⃓⃓
δk
⃓⃓⃓
∞

+
C

M !
∆tM+1. (2.45)

Note that this bound applies to arbitrary nodes, particularly also nodes that are not
normalized. The implication we are interested in now, is that this is a valid bound anywhere
within the interval with spectral quadrature rules. In the Runge-Kutta context, the ability
to evaluate the solution to high accuracy anywhere within the interval is referred to as
“dense output” [72, Sect. II.6]. SDC naturally supports dense output because the solution
of the collocation problem is a polynomial approximation that can be evaluated with order
M accuracy anywhere within the interval.

In practice, we are usually interested in the less general result of error bounds at the
end of the interval with spectral quadrature rules. We have estimated the error of the
collocation problem

ecoll =

⃓⃓⃓⃓∫︂ ∆t

0

[︂
F (u(τ⃗))⃗lτt − f(u(t))

]︂
dt

⃓⃓⃓⃓
∞

(2.46)

with standard interpolation error above, but for the special case of spectral quadrature
rules, we get, at the end of the interval, a tighter bound

ecoll = C3∆tp+1, 2M − 2 ≤ p ≤ 2M, (2.47)

where p is the order of the quadrature rule, provided f ◦ u is p times continuously differ-
entiable. After plugging this in at Equation 2.42, we get

∥δk+1∥∞ ≤ ∆tL(C1 + C2)∥δk∥∞ + C3∆tp+1, (2.48)
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We see that the error is multiplied by a constant times the step size between iterations,
which corresponds to an increase in the order by one, if the step size is sufficiently small,
i.e. ∆tL(C1 + C2) < 1, up to the order of the collocation problem. This means the error
bounds only prove the gain of one order per iteration asymptotically. However, in practice,
the resulting order of accuracy is often observed numerically for larger ∆t as well.

Preconditioners for SDC. After the requirement for Q∆ to be interpretable as a
quadrature rule was lifted, a popular way to generate good preconditioners emerged by
optimizing the spectral radius of the SDC iteration matrix for the Dahlquist problem.

Plugging in the Dahlquist equation (Equation 2.19) into the SDC iteration (Equa-
tion 2.36), we get

(IM −∆tQ∆λ) u⃗
k+1 = u⃗0 +∆t (Q−Q∆)λu⃗

k, (2.49)

which gives iteration matrix for the error e⃗k = u⃗k − (u(τ1), . . . , u(τM ))T

e⃗k+1 = Kλ∆te⃗
k, Kλ∆t = λ∆t(IM − λ∆tQ∆)

−1(Q−Q∆), (2.50)

see [25]. In the stiff limit ∥λ∆t∥ → ∞, the iteration matrix reads

K∥λ∆t∥→∞ = I −Q−1
∆ Q. (2.51)

If one chooses Q∆ = UT , with QT = LU , where L has all diagonal entries one, K∥λ∆t∥→∞
is nilpotent, which makes for a very effective preconditioner for stiff problems [161]. This
choice of preconditioner is usually called LU trick in the literature.

When the preconditioner is diagonal, the implicit solves can be performed concurrently.
Early diagonal preconditioners were derived by numerically minimising the spectral radius
of the stiff and non-stiff limits of Kλ∆t [79, 141]. The topic has been revisited later to
obtain very effective diagonal preconditioners for both stiff and non-stiff problems called
MIN-SR-S and MIN-SR-NS [25]. We will return to this topic when discussing parallel-in-
time integration.

All preconditioners discussed so far lead to an increase in the order of accuracy by
one with each iteration up to the order of the underlying collocation problem, provided
they converge at all. Higher order preconditioners such as RKM can sometimes increase
the order of accuracy by more than one with each iteration [29, 35]. However, lack of
smoothness in the error can limit gains to one order per iteration regardless of the order
of the preconditioner, particularly when non-equidistant nodes are used [34]. Note that an
increase in the order of accuracy of exactly one per sweep is not always observed with LU
or diagonal preconditioner [25, 93].

Inexact SDC iterations. Performing the implicit solves inside the SDC iteration to
full accuracy often comes at no benefit to overall accuracy because the preconditioner
itself is only approximate. Reducing tolerances or strict limits on the number of allowed
iterations for the implicit solver can be used to avoid over-solving and to improve overall
computational efficiency of SDC [147]. Optimal tolerances can be derived, but require
realistic work and error models [162]. Still, efficiency can be gained even with sub-optimal
tolerances when adjusting the tolerance of an inner solver based on the outer residual or
when allowing only few iterations of an inner solver. Because SDC provides good initial
guesses for the nonlinear solver, this can lead to very efficient schemes [147].
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IMEX-splitting. IMEX splitting is very easy to realize in SDC [113, 135]. Recall that
IMEX Euler does not have any coupling conditions, in contrast to higher order IMEX
RKM [126], but can easily be employed in SDC to obtain high-order solutions. That being
said, IMEX SDC is not limited to IMEX Euler preconditioners. The IMEX-SDC iteration
for generic preconditioners reads

(1−∆tq̃Im+1,m+1f
I)(uk+1

m+1) = u0 +∆t

m∑︂
j=1

(︁
q̃Im+1,jf

I + q̃Em+1,jf
E
)︁
(uk+1

j )

−∆t

m+1∑︂
j=1

(︁
q̃Im+1,jf

I + q̃Em+1,jf
E
)︁
(ukj )

+ ∆t

M∑︂
j=1

qm+1,j(f
I + fE)(ukj ),

(2.52)

with superscripts I and E referring to the implicit and explicit part and q̃ being the
entries of the preconditioners. Notice that the splitting is implemented simply by splitting
f = f I + fE and adding the terms with different preconditioners.

The scheme typically has the same order of accuracy as the non-split version, although
order reduction may occur [64, 113]. IMEX-SDC has been shown to outperform DIRK-
based IMEX Runge-Kutta methods for incompressible flow simulations in wall-time mea-
surements [64].

2.3.5 Parallel-in-time extensions of SDC

Parallel-in-time (PinT) methods are generally grouped in two categories [23]. “Parallel-
across-the-method” algorithms perform the computations required for integration of a sin-
gle time step in parallel, whereas “parallel-across-the-steps” algorithms integrate multiple
time steps concurrently. Here, we discuss the parallel-across-the-method extension diago-
nal SDC [79] and the parallel-across-the-steps extensions Block Gauß-Seidel SDC [66] and
PFASST [50]. See the review by Gander [56] for a more extensive overview of the PinT
landscape including non-SDC based methods.

Diagonal SDC. The idea behind diagonal SDC is rather simple: If the SDC precondi-
tioner can be chosen arbitrarily, it can be chosen diagonal. This eliminates the coupling
between the collocation nodes and allows to update them in parallel. This entails both
implicit solves and right hand side evaluations, which typically form the most expensive
part of the integration process.

The idea was first proposed by van der Houwen and Sommeijer [79] under the name of
“parallel iterated Runge-Kutta methods” and independently rediscovered by Speck [141].
However, the efficiency crucially depends on the performance of the preconditioner. The
diagonal preconditioners introduced in these publications are based on numerically mini-
mizing the spectral radius of the SDC iteration matrix for the Dahlquist equation in the
stiff or non-stiff limits (see Equation 2.50). Performance of these preconditioners lacked
severely behind non-diagonal preconditioners such as LU.

Good diagonal preconditioners were later derived by Čaklović et al. [25]. For non-stiff
problems, they propose “MIN-SR-NS”, for which the SDC iteration matrix in the non-stiff
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Figure 2.7: Left: Sequential SDC. Right: Block Gauß-Seidel SDC. Sequential time stepping uses
the converged solution of the last step as initial conditions, whereas the parallel version receives
refined initial conditions between iterations. Figure reproduced from [11, Fig. 1] under CC BY 4.0
licence.

limit is nilpotent which corresponds to analytically minimzing the spectral radius to zero.
The coefficients of the preconditioner are

q̃NS
mm =

τm
m

, (2.53)

where τm is the mth collocation node. They also design a procedure for obtaining numeri-
cally optimized preconditioners for stiff problems. The resulting preconditioners are called
“MIN-SR-S” and are often competitive for stiff problems to the established LU precondi-
tioner. While this list of diagonal preconditioners is by no means exhaustive, these are the
ones we found to work best in the numerical experiments we show in later sections.

Pipeline-based parallelism: Block Gauß-Seidel SDC. A relatively straightforward
pipeline-based parallel-in-time variant of SDC can be constructed by solving multiple time
steps simultaneously in block Gauß-Seidel fashion [66]: Instead of waiting for the previous
step to converge to full accuracy before starting a new step, we begin solving a new step as
soon as a single iteration has been performed on the previous step in the block and keep
refining the initial conditions with the iterates from the previous step between iterations.
See Figure 2.7 for an illustration of the procedure, which we refer to as BGSSDC for the
remainder of the document.

Now, increasing the number of steps that are solved in parallel in this fashion changes
the solution in any but the first step, as inexactness is introduced in the initial conditions.
While it has been demonstrated that the convergence order is maintained when increasing
the number of steps [57], obtaining the same accuracy as serial SDC often requires smaller
step size. How much more work is required because of this effect is dependent on the
problem and on the preconditioner, but perfect speedup is not achieved for most interesting
problems.

Note that inexactness and non-optimal parallel efficiency is typical of parallel-across-
the-steps algorithms. Often, they increase the workload substantially, but may reduce
the time-to-solution by simultaneously increasing concurrency. For PDEs, the spatial dis-
cretization can often be parallelized with higher parallel efficiency. Parallel-across-the-steps
methods are, therefore, typically added on top of spatial parallelism to extend the overall
scaling capabilities, see e.g. [117, 136, 146].
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PFASST The Parallel Full Approximation Scheme in Space and Time (PFASST) [50] is
a parallel-across-the-steps PinT algorithm that builds on the idea of BGSSDC, but expands
it significantly. Similarly to BGSSDC, multiple time steps are solved at the same time and
BGSSDC is a building block itself. Another building block of PFASST is Block-Jacobi
SDC (BJSDC), which is similar to BGSSDC, but all steps are started at the same time,
instead of waiting for the first iteration of the previous step to use as initial conditions.
While this can be significantly less accurate for a given number of iterations, the iterations
are parallelizable.

Another ingredient of PFASST is multilevel SDC [145], which works on a hierarchy of
levels. The levels may differ, for example, in the grid resolution, the spatial discretization
or accuracy of linear solvers. The levels are coupled using an FAS correction term as in
nonlinear multigrid methods [19]. In PFASST, BGSSDC is then employed to propagate
information forward on the coarsest level, whereas finer levels are iterated concurrently
with BJSDC.

We do not further analyse PFASST in this thesis. However, we note that BGSSDC
can be viewed as single-level PFASST. Therefore, we expect adaptive time-step selection
methods for BGSSDC, which we will discuss in chapter 3, to be applicable in PFASST as
well.

2.4 Adaptive time-stepping

Since the step size ∆t is one of the fundamental parameters controlling the accuracy of the
simulation, it should be chosen with care. It has to be chosen small enough for the time-
stepping to be stable, which depends on the problem and the integrator, but beyond that it
is entirely up to the user to select a step size that satisfies the accuracy requirements. More
specifically, the step size needs to be set relative to the time-scale the problem evolves on,
in order to resolve all of the dynamics. However, for many problems the time-scale is not
constant during the temporal domain that is integrated over. Since the time-scale of the
problem is part of the unknown solution, it is best to adapt the step size to the time-scale
during runtime. We provide an illustration of a simple problem with changing time-scale
in Figure 2.8.

We will first discuss embedded RKMs, which are a class of RKM that include mecha-
nisms for adaptive step size selection. Then we will discuss existing work in adaptive step
size selection in SDC. We will later propose generic step size selection algorithms in SDC
that are based on the same idea as embedded RKMs in chapter 3.

2.4.1 Embedded Runge-Kutta methods

Embedded RKM provide a generic approach to step size adaptivity that is both simple
and mature. We briefly review the basic concepts here and refer to the book by Hairer and
Wanner [72, Chapter II.4] for a more comprehensive discussion.

The step size selection works by estimating the local error and updating the step size to
match the error estimate to the target accuracy. The idea is to use two RKM of different
orders p and q > p. Assuming the order is observed numerically, the higher order method
is sufficiently more accurate to act as an exact solution relative to the lower order method.
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Figure 2.8: Example for a problem requiring adaptive step size selection. The ODE to be solved
here is ut = 3t2, with exact solution u∗ = t3. The two panels show numerical solutions obtained
using explicit Euler from different starting points and with different step sizes. In the left panel,
we start when the evolution in time is faster than in the right panel. Consequently, much smaller
step sizes are required for adequate resolution in the left panel compared to the right one. When
starting at t = −0.3, a step size of ∆t = 0.05 gives comparable error after integration for 0.2 time
units as ∆t = 0.2 when starting at t = −0.1.

An error estimate ϵ is then simply obtained by the difference between the two solutions

ϵ = ∥u(p) − u(q)∥∞
= ∥(u(p) − u∗)− (u(q) − u∗)∥∞
= ∥δ(p) − δ(q)∥∞ = ∥δ(p)∥∞ +O(∆tq+1),

(2.54)

where u(p), u(q) are the solutions at the end of the time interval, obtained by integration
schemes of order p and q with q > p. u∗ marks the exact solution, δ denotes the local error
with analogous meaning of the superscript and ϵ is the estimate of the local error. Once ϵ
is known, an optimal step size

∆topt = β∆t
(︂ϵTOL

ϵ

)︂1/(p+1)
(2.55)

can be inferred from the order of the method such that ϵ ≈ ϵTOL, which is the user-defined
tolerance, if the step were to be repeated with ∆topt and β is a safety factor that is usually
set to β = 0.9. Note the factor of p + 1 instead of p in the exponent because the order p
refers to the global order of accuracy of the method, but the estimate is for the local error.
The order of the local error is generally one higher because the local errors accumulate in
the global error.

Of course, repeating the step with the optimal step size increases computational cost
and should be avoided, if possible. Therefore, the step is repeated only if ϵ > ϵTOL. On
the other hand, ∆topt may not actually be suitable to obtain the target accuracy in the
next step. The safety factor β is used to accommodate slight shortening in the problem
time-scale without necessitating a restart.

Computing two solutions of different order may seem expensive, but it can be done
without adding much computational cost. Recall that RKM work by computing stages,
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which are low-order right hand side evaluations at intermediate times, and which are then
assembled to give a high order solution at the end of the interval. In embedded RKM, the
same stages are assembled twice with different weights to give the two solutions. Therefore,
no additional intermediate solutions or right hand side evaluations are needed. Embedded
RKM are often written as Butcher tableaux with two lines for the weights

c A

b

b̂

where b̂ are the weights of the lower order method.
Note that the error estimate entered into the step size update equation is for the lower

order method. Because the higher order method must be at least as accurate in order for
the error estimate to work, it can be used to advance in time regardless. This practice is
called “local extrapolation” [71].

2.4.2 Adaptivity in SDC

There are numerous ways to implement adaptivity in SDC. First of all, if SDC is treated
as an iterative scheme by using stopping criterion other than fixed number of iterations,
it is inherently adaptive. However, using the iteration number for adaptivity comes with
two important drawbacks. First, the iteration number is an integer, which prohibits fine
tuning. Second, the maximum accuracy that can be reached here is that of the converged
collocation problem, which depends on the quadrature rule and step size.

Adjusting the step size adaptively is therefore advantageous, although setting both
adaptively at the same time can also yield very efficient schemes. Step size adaptivity
in SDC has been proposed in a number of ways in the past, but the proposed schemes
have been either tailored to specific problems, or employed sub-optimal step size update
equations. We briefly review existing work here and introduce generic step size adaptivity
with error estimates tailored to SDC and an efficient step size update equation in chapter 3.

In the original SDC publication [47], the authors suggest to monitor the increment
between SDC iterations and double or halve the step size if the increment or residual
is unsatisfactorily large. While this gives information about whether a solution to the
collocation problem was obtained, it is not clear how accurate the collocation problem is
itself and the simple step size update is not likely efficient in most practical cases.

The idea was picked up by van der Houwen and Sommeijer [78, 80], although not under
the name of SDC, but parallel iterated Runge-Kutta (PIRK). They observe that the order
of accuracy increases by one with each iteration up to the order of the underlying fully
implicit Runge-Kutta method, which allows to use successive iterates as a pair of solutions
of different order. Concepts from embedded RKM were therefore readily transferred to
create embedded PIRK methods. We will build on this idea later on in the SDC context,
which allows to leverage many of the concepts that have been developed within SDC
since. The link between PIRK methods and SDC has only recently been established in the
literature [25], which is why the work by van der Houwen and Sommeijer has not received
a lot of attention in the SDC community thus far.

SDC with adaptive time-stepping using state-of-the-art step size update equations were
successfully performed for vesicle suspension simulations [130]. The vesicles are incompress-
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ible and inextensible and the authors use this to estimate the local truncation error based
on the violation of these constraints. A similar approach with error estimate based on the
energy derivative was shown to work well for the modified phase field crystal equation [67].

SDC has been used to obtain high order solutions for the binary fluid surfactant system,
where the solution with SDC was compared to a first order method used as predictor in
SDC [68]. This is very similar to the idea of embedded methods as it compared two
solutions to the same problems of different order.

SDC also allows more novel versions of adaptivity. For instance, a scheme has been
proposed where the increment in the SDC iteration is monitored locally in space, and
convergence is declared locally as well [31]. After part of the domain has converged, fewer
degrees of freedom remain to be solved in subsequent iterations.

2.4.3 Step size selection controllers

The step size selection controller sits between estimating ∆topt and updating ∆t. The
most simple controller, which simply updates ∆t = ∆topt aims to minimize the number
of time steps needed to solve the problem to the desired accuracy. However, this is not
necessarily the same as minimizing computational cost. For instance, the cost of implicit
solves may increase with step size, rendering the largest possible step sizes suboptimal [49],
or some parts may be reused from previous steps if the step size stays the same, in which
case solutions such as PID controllers [140] can be useful.

2.5 Spectral methods for spatial discretization of partial dif-
ferential equations

We have introduced SDC and RKM as methods to integrate ordinary differential equations
(ODEs). The methods can be just as easily applied to systems of ODEs and a common way
for solving time-dependent PDEs is the method of lines, where the PDE is discretized into
a system of ODEs. We will now introduce a family of methods, which are called spectral
methods, for discretizing space derivatives that follow this philosophy. We largely follow
the textbooks [18] and [154].

The design principle behind spectral methods is to expand the solution in a basis of
functions that are easy to deal with. When discretizing PDEs, this mainly means simple
relationships between the functions and their derivatives. As an example, consider the basis
of polynomials Pn(x) = xn, n ∈ N. The derivative of each element is ∂xPn(x) = nPn−1(x)
for n > 0 and ∂xP0(x) = 0. When expanding a function u(x) ≈

∑︁N
i=0 ûiPi(x) in the basis

of polynomials up to order N , the derivative operator can then be expressed as a matrix

∂xu(x) ≈

⎛⎜⎜⎜⎜⎜⎝
0 1 0 0 0
0 0 2 0 0

0 0 0
. . . 0

0 0 0 0 N
0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
û0
û1
...

ûN−1

ûN

⎞⎟⎟⎟⎟⎟⎠ , (2.56)

which allows to easily compute and invert derivatives numerically using linear algebra
libraries. Note that differentiation matrices are not invertible because the integration
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constant is missing. We will discuss adding the boundary conditions which define the
integration constants to arrive at invertible matrices in section 2.5.10.

Using the basis of polynomials for a global expansion is instructive, but not of much
use in practice. First, the elements are unbounded, which makes it very hard to decide
when to truncate the expansion in practice. The second issue is obtaining the expansion.
A common terminology for this is “switching from physical to spectral space.” The physical
representation means the values on the grid, whereas the spectral representation means the
coefficients of the basis functions. The two representations are equivalent up to the trun-
cation error in the expansion. It is easy to go back to physical space from spectral space
by simply evaluating the polynomials at any x, but the other way is less straightforward
to perform numerically. However, other bases exist that have similarly convenient differ-
entiation matrices and that provide a mechanism for efficiently computing the spectral
representation.

2.5.1 The Fourier base for spectral methods

The basis elements in Fourier series in a domain of length L are complex exponentials

Wn(x) = exp(−2πixn/L), (2.57)

which have derivatives
∂xWn(x) =

−2πin
L

Wn. (2.58)

The derivative matrix is diagonal, which is a very attractive property as it allows to evaluate
and invert the derivative for all elements in parallel. Note that all basis elements are
periodic and any linear combination will also be periodic. The Fourier base can therefore
only be used to represent periodic functions.

In order to estimate the error with respect to the approximated function, one may look
at the truncation error of the series expansion

etrunc =

⃓⃓⃓⃓
⃓
∞∑︂
n=0

ûnϕn(x)−
N−1∑︂
n=0

ûnϕn(x)

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓

∞∑︂
n=N

ûnϕn(x)

⃓⃓⃓⃓
⃓ , (2.59)

where ϕn are the basis functions. Since the Fourier basis functions are bounded by one,
we can use the triangle inequality to obtain

etrunc ≤
∞∑︂

n=N

|ûn| |ϕn(x)| ≤
∞∑︂

n=N

|ûn| . (2.60)

The coefficients in the Fourier transform decay quickly if the transformed function is
smooth [154, Theorem 1]. In particular, for infinitely continuously differentiable functions,
the coefficients decay asymptotically as

ûn = O(|n|−m), |n| → ∞, (2.61)

for any m ≥ 0. The series therefore converges exponentially fast.
The above exponential rate of convergence is often called “spectral convergence,” but

it should be noted that this is not the defining property of spectral methods. In fact,
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Fourier spectral methods converge only algebraically for smooth, but not infinitely smooth
functions. For non-smooth functions, Darboux’s principle relates the rate of convergence
to singularities [18, Table 2.2].

Since the degree of smoothness of the function, or the function itself, is not generally
known and the convergence rate is only known asymptotically, it can be difficult to estimate
the truncation error a priori. Nevertheless, if one can expect the function to be somewhat
smooth and periodic, Fourier spectral methods are often a good choice, delivering the same
accuracy with fewer degrees of freedom than other discretizations.

The expansion of a periodic signal in a Fourier series can be obtained via Fourier
transform, which involves an integral over the entire domain. On grids with finite spacing,
we use the discrete Fourier transform (DFT), a weighted sum over all data. The DFT
can efficiently be computed via an algorithm aptly named Fast Fourier Transform (FFT),
which traces its history to Gauß, has been rediscovered countless times since [76] and was
finally popularized by Cooley and Tukey [39].

2.5.2 Fast Fourier Transform

The DFT of a vector of data u⃗ = (u0, u1, ..., uN−1) can be written as

ûm =

N−1∑︂
k=0

uke
−2πimk/N , m = 0, 1, ..., N − 1, (2.62)

where i =
√
−1. Note that in this section we require many indices and therefore use

different notation than commonly used in the literature and outside this section, where
usually n is the space index, which we call k here and k is the wave number, which we call m
here. Bluntly executing these weighted sums of N uk for each of the N ûm requires O(N2)
operations. The FFT algorithm instead achieves the result with O(N logN) operations
by a divide-and-conquer approach. The following is a brief summary from the analysis by
Cooley and Tukey [39].

The domain is split into n1 smaller domains of size n2, such that n1n2 = N . Indices
are then split accordingly as

m = m1n1 +m0, m0 = 0, 1, ..., n1 − 1, m1 = 0, 1, ..., n2 − 1,

k = k1n2 + k0, k0 = 0, 1, ..., n2 − 1, k1 = 0, 1, ..., n1 − 1,

allowing to rewrite Equation 2.62 as

ûm1,m0 =

n2−1∑︂
k0=0

n1−1∑︂
k1=0

uk1,k0e
−2πimk1n2/Ne−2πimk0/N . (2.63)

Recall now that e2πix is periodic, specifically e2πix = 1 for x ∈ Z, which means

e−2πimk1n2/N = e−2πim1k1

1⏟ ⏞⏞ ⏟
n1n2/N⏞ ⏟⏟ ⏞

1

e−2πim0k1n2/N = e−2πim0k1n2/N ,

which can be used to simplify to

ûm1,m0 =

n2−1∑︂
k0=0

⎛⎝n1−1∑︂
k1=0

uk1,k0e
−2πim0k1n2/N

⎞⎠ e−2πimk0/N , (2.64)
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where the inner sum depends only on m0 and k0. Remember that there are n1 choices of
m0 and n2 choices of k0, for a combined total of N . As each of the N inner sums goes up
to n1, we need Nn1 operations. Then, the outer sum is evaluated, similarly requiring Nn2

operations for a total of N(n1 + n2) operations.
Of course, this procedure can be applied successively, splitting the domain into N =∏︁J

j=1 nj to compute the DFT in N
∑︁J

j=1 nj operations. Choosing all nj = n equal, the
cost is nN lognN , as claimed. n is often called radix in this context, meaning a radix-2
FFT algorithm will accept N equals to some power of 2. In general, the algorithm requires
N to be a somewhat composite number, but Bluestein has developed a method to extend
this to arbitrary amounts of data [17].

2.5.3 N-dimensional discretizations

The matrices for one-dimensional discretizations are easy to adapt to more dimensions by
means of tensor (Kronecker) product. For instance, a two-dimensional derivative matrix
along x, D[2]

x is constructed from the one-dimensional one D
[1]
x by taking the tensor product

with the one-dimensional identity matrix I
[1]
y in y-direction

D[2]
x = D[1]

x ⊗ I [1]y . (2.65)

Similarly, one would construct a three dimensional derivative matrix along y by using two
Kronecker products

D[3]
y = I [1]x ⊗D[1]

y ⊗ I [1]z . (2.66)

Note that the bases in each direction need not be the same. For instance, one can use
Fourier base in all directions where the boundary conditions are periodic and other bases
in other directions. We will give an example of such a discretization in section 2.6.4.

2.5.4 Parallelizing Fourier-spectral methods

As mentioned in section 2.1, we need to distribute the computational work in order to
cater to modern HPC systems. As the differentiation matrix is diagonal in Fourier spectral
methods, we can evaluate and invert derivatives for each mode independently. We split
the global differentiation matrix into local ones as

Dglobal = −
2πi

L

⎛⎜⎜⎜⎝
0 0 . . . 0
0 1 . . . 0

0 0
. . . 0

0 0 . . . N

⎞⎟⎟⎟⎠ ,

Di
local = −

2πi

L

⎛⎜⎝iNlocal . . . 0

0
. . . 0

0 . . . (i+ 1)Nlocal

⎞⎟⎠ , i = 0, ..., Ntasks − 1,

(2.67)

where Nlocal is the number of degrees of freedom per task and Ntasks is the number of
parallel tasks, such that N = NlocalNtasks.

The computationally expensive part in Fourier spectral methods are typically the trans-
forms. When using d > 1 dimensions, these can be distributed as well, which is another key
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Figure 2.9: Illustration of distributed FFT via a 2-dimensional example with four processors. Each
processor has access to the data of one color only. One-dimensional transforms can be performed
in parallel after the data is aligned in the respective direction. In between transforms the data
may need to be redistributed, requiring all-to-all communication.

reason for the popularity of FFTs. The d-dimensional FFT can be expressed as successive
one-dimensional transforms

ûj1,...,jd =

N1−1∑︂
k1=0

· · ·
Nd−1∑︂
kd=0

uk1,...,kde
−2πij1k1/N1 . . . e−2πijdkd/Nd , (2.68)

where the one-dimensional transforms can be performed concurrently. In order to execute
the sums in the transforms in parallel, the data to be summed must be available to a single
task. In practice, this means the data is distributed along one or more axes, all transforms
for non-distributed axes are performed, and then the data is redistributed along axes that
are already transformed. This is iterated until the data is transformed along all axes. The
procedure is illustrated with a two dimensional example in Figure 2.9.

The redistributions require all-to-all communication, which is very costly and may
increase run-time more than it is reduced by parallelism. Therefore, it usually does not
make sense to choose a distribution that fully exploits the available amount of concurrency.
Instead, single tasks often perform multiple 1D FFTs, where shared memory parallelization
may be used for further parallelism. Note, however, that the redistribution steps are the
only additional steps compared to serial computation of the entire Fourier spectral method.

The amount of concurrency is dictated by the size and distribution of the data. Com-
mon distribution styles in three dimensions are “slab” decomposition, where one axis is
distributed or “pencil” decomposition where two axes are distributed [9, Fig. 2]. Slab
decomposition should be used until the number of tasks exceeds the size of the smallest
axis, at which point one has to switch to pencils, which offers additional concurrency at
the cost of one more redistribution.

2.5.5 Real valued data.

Consider the following definition of the inverse DFT

un =

k=N
2
−1∑︂

k=−N
2

ûke
2πink/N , n = 0, 1, . . . , N − 1, (2.69)
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where we switched to the more common notation with wave number k = −N/2,−N/2 +
1, . . . , N/2−1 and space index n. If we are dealing with real valued data in physical space,
that is un ∈ R, the complex part of the sum must vanish. Looking at a single summand
in detail and decomposing into real and complex part

2ûke
2πink/N = (ak + ibk)(cos(2πnk/N) + i sin(2πnk/N))

= ak cos(2πnk/N)− bk sin(2πnk/N) + i (bk cos(2πnk/N)ak sin(2πnk/N)) ,

we can infer that we require a−k = ak and b−k = −bk, that is û−k must be the complex
conjugate of ûk due to the symmetry properties of the trigonometric functions [95].

Many FFT libraries utilize this property and return only half as many points (plus û0)
in spectral space as in physical space. Note that the information content is the same as in
physical space because ûk ∈ C. This is simply a way of eliminating redundant information.
We stress this here, because this has an impact on distributed FFTs. The length of the
axis that is distributed is halved for real data, which reduces concurrency in many FFT
libraries including mpi4py-fft, which we discuss later in section 2.8.3.

Note that for N even, the Fourier mode with wave number −N/2, the so called Nyquist
mode, does not have a positive counter part. When the data is real, the accompanying
coefficient must vanish û−N/2 = 0. Therefore, when dealing with real data and N even,
the result is the same whether one uses N or N − 1 degrees of freedom. In practice, it is
nevertheless common to use N a power of two in order to use radix-2 FFTs.

2.5.6 The Chebychev base for spectral methods

As mentioned above, Fourier spectral methods are restricted to periodic boundary condi-
tions. For non-periodic boundary conditions, other bases, such as Chebychev polynomials,
converge faster. We now introduce this basis and discuss how to enforce boundary condi-
tions in section 2.5.10.

Chebychev polynomials have the useful and defining property that they relate to cosine
series

Tn(cos θ) = cos(nθ), (2.70)

with Tn the nth Chebychev polynomial. The expansion of a function in Chebychev polyno-
mials can therefore be expressed as a cosine expansion, when using variable transformation
x = cos θ

u(x) =

∞∑︂
n=0

ûnTn(x)
x=cos θ
=

∞∑︂
n=0

ûn cos(nθ). (2.71)

As the cosine transform is closely related to the Fourier transform, the expansion in Cheby-
chev polynomials can be computed with similar ease and speed as Fourier based methods
via the discrete cosine transform (DCT).

Because the Chebychev method is essentially a Fourier method with a change of vari-
able, it has the same attractive convergence properties as the Fourier spectral method
discussed in section 2.5.1. In particular, the basis functions are bounded by one and the
expansion converges exponentially fast to infinitely smooth functions.

To understand why the Chebychev base is better suited to problems with non-periodic
boundary conditions than Fourier base, consider the example ux = −1 and u(−1) = 1 with
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exact solution u∗(x) = −x. When solving this problem with Fourier base on the interval
[−1, 1), one gets a periodic “sawtooth” solution. While this function is smooth within the
interval, it is discontinuous at the boundary and slow convergence is to be expected. The
Chebychev base does not have this issue due to the change of variable as u∗(cos θ) = − cos θ
is smooth and continuous at the boundary. In this example, the Fourier series coefficients
decrease slowly with O(1/n) [18, example one], while the Chebychev series is exact after
including T1.

The desire to use DCT defines the grid via the transformation xj = cos(θj), with
θj = 2πj

N , j = 0, . . . , N − 1 evenly spaced. The result is a grid from −1 to 1 with points
clustered at the boundaries. It is possible to use different grids by transforming to this
grid before the DCT.

The derivative in the Chebychev base is dense

∂xTn(x) =

n−1∑︂
i=0

2n((n− i) mod 2)

1 + δi0
Ti(x), (2.72)

which makes the algebraic operations, particularly inverting derivatives, expensive. For
this reason, the Chebychev base is rarely used by itself, but usually combined with other
bases. For instance, the first derivative of the Chebychev polynomials of the first kind (T )
is sparse in the Chebychev polynomials of the second kind (U) with the relation

∂xTn(x) = nUn−1(x). (2.73)

Conversion from T to U is also sparse with 2Tn(x) = Un(x) − Un−2(x), but its inverse is
dense.

Recovering the derivative in the T base requires multiplication by the dense inverse
conversion operator. However, the advantage is in inverting the derivative, where the
conversion operator can be used as a left preconditioner, rendering the system sparse.

2.5.7 Discrete cosine transform

Recalling Euler’s equation eiϕ = (cos(ϕ)+ i sin(ϕ))/2, it is easy to see that DCT and FFT
are closely related. In fact, the DCT can be computed using FFTs. We now introduce
a particular example of such a method from Makhoul [109] that computes the DCT of a
real-valued N -point sequence using a single N -point FFT, and which we will use later in
section 6.4.

The DCT of a vector of data u⃗ = (u0, u1, . . . , uN−1) can be written as

ûk = 2

N−1∑︂
n=0

un cos

(︃
π(2n+ 1)k

2N

)︃
, m = 0, 1, . . . , N − 1. (2.74)

The general idea behind computing this using FFT, is to reorder the values on the grid to
be periodic, rotate the data in the complex plane and then perform the FFT.

The reordered version vn of data un, n = 0, . . . , N is defined by

vn =

{︄
u2n, 0 ≤ n ≤ (N − 1)/2,

u2N−2n−1, (N + 1)/2 ≤ n ≤ N − 1.
(2.75)
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Figure 2.10: Reordering of data for computing the DCT via FFT. The left panel shows the original
non-periodic data. The middle panel shows the same data, but mirrored, which makes it periodic.
The right panel shows every other data point from the mirrored sequence. This is a periodic
sequence of the same length as the original data set. In the middle panel, we use two different
marker styles, where both the left- and the right-looking triangles contain the entire data.

This is a periodic reordered version of the same length as the original dataset, as visualized
in Figure 2.10. We first write the FFT of the mirrored data set w (middle panel in
Figure 2.10) of length 2N

wn =

{︄
un, 0 ≤ n ≤ N − 1,

uN−n−1, N − 1 ≤ n ≤ 2N − 1,
(2.76)

as

Fwk =

2N−1∑︂
n=0

wn exp
−nk2πi
2N

(2.77)

=

N−1∑︂
n=0

(︃
wn exp

−nk2πi
2N

+ w2N−n−1 exp
−(2N − n− 1)k2πi

2N

)︃
(2.78)

=

N−1∑︂
n=0

un

(︃
exp
−nk2πi
2N

+ exp
−2Nk2πi

2N
exp
−(−n− 1)k2πi

2N

)︃
(2.79)

=

N−1∑︂
n=0

un exp
kπi

2N

(︃
exp
−(2n+ 1)kπi

2N
+ exp

+(2n+ 1)kπi

2N

)︃
(2.80)

= 2 exp
kπi

2N

N=1∑︂
n=0

un cos
(2n+ 1)kπ

2N
(2.81)

= exp
kπi

2N
ûk, (2.82)

where F denotes the FFT and ûk are the coefficients in the cosine expansion. We have
computed the DCT, up to a rotation in the complex plane by an FFT of double the length
of the data set.

Realising that vn = w2n and vn = w2N−2n−1, for n = 0, ..., N , we get with very similar
computations,

Fwk =

2N−1∑︂
n=0

wn exp
−nk2πi
2N

(2.83)
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=

N−1∑︂
n=0

(︃
vn exp

−2nk2πi
2N

+ vn exp
−(2N − 2n− 1)k2πi

2N

)︃
(2.84)

=

N−1∑︂
n=0

(︃
vn exp

−nk2πi
N

+ vn exp
k2πi

2N
exp

nk2πi

N

)︃
(2.85)

= Fvk + exp
k2πi

2N

N−1∑︂
n=0

vn exp
nk2πi

N
. (2.86)

Notice, recalling Euler’s formula, that the real part of the complex exponential is symmet-
ric. Therefore, we have

Re

(︄
N−1∑︂
n=0

vn exp
nk2πi

N

)︄
= Re

(︄
N−1∑︂
n=0

vn exp
−nk2πi

N

)︄
= Re(Fvk), (2.87)

where Re isolates the real part, and which we use to obtain

Re

(︃(︃
1 + exp

k2πi

2N

)︃
Fvk

)︃
= Re(Fwk) = Re

(︃
exp

kπi

2N
ûk

)︃
, (2.88)

which we rearrange to

Re(ûk) = Re

(︃
2 exp

k2πi

4N
Fvk

)︃
. (2.89)

This allows to compute the DCT of N real valued data via an FFT of a reordered and
rotated sequence of the same length N . However, because the complex part has to be
dropped, this cannot be used on complex data. The inverse DCT can be expressed entirely
analogously via the inverse FFT.

2.5.8 The ultraspherical method

The ultraspherical method [123] is an extension of the Chebychev base, for constructing
sparse derivative operators for orders higher than one. It uses ultraspherical polynomials
C

(λ)
n , which are normalized Gegenbauer polynomials. The λth derivative of the Chebychev

T polynomials is sparse in C
(λ)
n

∂λ
xTn(x) = 2λ−1(λ− 1)!(λ+ n)C

(λ)
n−λ(x), λ > 0, (2.90)

and sparse operators exist to move from one base of ultraspherical polynomials C(λ)
n to the

next C
(λ+1)
n . The families of polynomials are related via

C(λ)
n =

λ

λ+ n
C(λ+1)
n − λ

λ+ 2 + n
C

(λ+1)
n−2 , λ > 0, (2.91)

which can be written as a matrix Sλ, with entries on the main diagonal and one off-diagonal.
S0 is obtained via the Chebychev-T to Chebychev-U conversion described above.

The method can be understood as a preconditioned Chebychev method. Note that
this implies that it has the same convergence properties as the Chebychev method. The
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ultraspherical method is equivalent to constructing the matrices in Chebychev base and
then left-multiplying by the operator that converts from T = C(0) to C(λ)

Bλ = Sλ−1Sλ−2...S0. (2.92)

The preconditioner is then chosen according to the highest occurring derivative in the
equation. For instance, if the equation u + ∂xu + ∂2

xu = 0 is to be solved, the system
should be preconditioned with B2. B2 is banded with non-zero values on three diagonals.
The term u will have the same structure, while the term ∂2

xu will have only one non-zero
diagonal. The term ∂xu will have non-zero values on two diagonals because S2 has two
non-zero diagonals and the term has only one after multiplication by S1S0.

A system of equations is preconditioned using multiple Bλ. For instance, a system of
equations ∂2

xu+ ∂2
xv = a and ∂xv = b would be preconditioned with(︃

B2 0
0 B1

)︃(︃
D2 D2

0 D

)︃(︃
u
v

)︃
=

(︃
B2 0
0 B1

)︃(︃
a
b

)︃
,

where D is the first derivative matrix in Chebychev base (Equation 2.72). The matrix that
needs to be inverted to solve this system has blocks which have non-zero values on at most
one diagonal.

We do not give an explicit form of the C(λ), because it is never needed in practice.
The series expansion is computed in Chebychev-T and the result of the left-preconditioned
matrix inversions is also in Chebychev-T . When we evaluate derivatives, we multiply by
the inverse preconditioner in order to return to Chebychev-T base. While the inverse of
the preconditioner is expensive to compute, we do this only once and blockwise before the
simulation starts and can then use the inverse DCT to return to physical space efficiently.

2.5.9 Parallelizing Chebychev and ultraspherical spectral methods

Because the derivative matrices are not diagonal, the Chebychev and ultraspherical bases
offer no way to parallelize the evaluation and inversion of derivatives. The DCT, on the
other hand, can also be distributed just like the FFT.

As discussed in section 2.5.3, d-dimensional discretizations are set up via Kronecker
products of one-dimensional bases. When combining Chebychev or ultraspherical basis in
one direction with Fourier basis in other directions, the d-dimensional derivative matrices
can be constructed from local derivative matrices in directions discretized with Fourier
basis. Therefore, we retain the ability to distribute evaluation and inversion of derivatives
along directions discretized with Fourier base, but we need to solve linear systems involving
all points in directions discretized with Chebychev or ultraspherical base locally.

2.5.10 Boundary conditions in spectral methods

We discuss two approaches for dealing with boundary conditions in spectral methods here,
although this discussion is not exhaustive. One approach is to choose a basis where any
linear combination of elements satisfy the boundary conditions. This is the case with the
Fourier base and periodic boundary conditions, for instance.

The second approach is usually referred to as boundary bordering or τ -method. Here,
the equation is perturbed by adding a polynomial, thus ensuring a polynomial solution
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exists, and the boundary condition is explicitly added to the matrix to be solved. Consider
the problem

Lu⃗ = a⃗, L ∈ RN×N ,

Bu⃗ = b⃗, B ∈ Rn×n,
(2.93)

with L the discretization of the PDE with N degrees of freedom and B the discretization
of n boundary conditions.

In the τ -method, the equation is perturbed with so called τ -terms:(︃
L In
B 0

)︃(︃
u⃗
τ⃗

)︃
=

(︃
a⃗

b⃗

)︃
, (2.94)

with In the n× n identity.
The τ -terms are not part of the solution to the perturbed problem and it is possible to

forego computing them by replacing the last n lines of L with B and the last n lines of a⃗
with b⃗:

L̃u⃗ = ˜⃗a, L̃ ∈ RNxN , (2.95)

L̃ij =

{︄
Lij , i < N − n,

Bij , i ≥ N − n,
(2.96)

ãi =

{︄
ai, i < N − n,

bi, i ≥ N − n.
(2.97)

The boundary condition operator B is formed by evaluating the basis elements at the
boundary. For instance, the Chebychev-T polynomials satisfy

Ti(±1) = (±1)i, (2.98)

which easily allows to implement Dirichlet boundary conditions at x = ±1. Note that in
the ultraspherical method, the boundary conditions are also implemented in the ingoing
base of Chebychev-T .

The boundary conditions impact the sparsity of the matrix because they add densely
populated lines. We implement a technique known as Dirichlet preconditioning or basis
recombination [22], which is another change of base to Dirichlet polynomials where only
the first two elements are non-zero at the boundary x = ±1. This is a right preconditioner,
because it changes the incoming base. Note that this can be used as an alternative method
for enforcing boundary conditions for Poisson-type problems. The homogeneous problem
can be solved on all but the first two degrees of freedom, which are defined by the boundary
conditions.

We give an example of the τ -method in the simple polynomial base, solving ux = −1
with boundary condition u(−1) = 1. Since we know the solution to be u∗(x) = −x with
trivial expansion, we limit this example to N = 3. The system including τ -terms is⎛⎜⎜⎝

0 1 0 0
0 0 2 0
0 0 0 1

1 −1 1 0

⎞⎟⎟⎠
⎛⎜⎜⎝
û0
û1
û2
τ

⎞⎟⎟⎠ =

⎛⎜⎜⎝
−1
0
0

1

⎞⎟⎟⎠ , (2.99)
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where we inserted lines for distinguishing between the differentiation matrix in the top left,
the τ -term on the right and the boundary condition on the bottom left. In practice, the
τ -term can be removed from the computation and the system simplified to⎛⎝0 1 0

0 0 2

1 −1 1

⎞⎠ ˆ⃗u =

⎛⎝−10
1

⎞⎠ . (2.100)

Solving both systems gives ˆ⃗u = (0,−1, 0)T , which is the exact solution. Solving the first
system additionally gives τ = 0.

2.5.11 τ-Method and SDC

The perturbations introduced by the τ -terms are small if the problem is sufficiently re-
solved. For instance, in the above example, we can solve Equation 2.99 to find τ = 0.
However, when the resolution is too low, the τ -terms start to grow and impact the SDC
residual.

To illustrate, we give another example in regular polynomials. We search for the
solution of the Poisson problem ∆u = 12x2 with boundary conditions u(−1) = −1 and
u(1) = 1 and N = 5 elements. The system we need to solve is⎛⎜⎜⎜⎜⎝

0 0 2 0 0
0 0 0 6 0
0 0 0 0 12
1 1 1 1 1
1 −1 1 −1 1

⎞⎟⎟⎟⎟⎠ ˆ⃗u5 =

⎛⎜⎜⎜⎜⎝
0
0
12
1
−1

⎞⎟⎟⎟⎟⎠ , (2.101)

where the first three lines are the non-zero entries from the second derivative matrix and
the bottom two lines are the boundary conditions. The exact solution is u∗ = x4 + x− 1,
which we indeed recover from solving the system. However, consider now the case of N = 4
modes: ⎛⎜⎜⎝

0 0 2 0
0 0 0 6
1 1 1 1
1 −1 1 −1

⎞⎟⎟⎠ ˆ⃗u4 =

⎛⎜⎜⎝
0
0
1
−1

⎞⎟⎟⎠ , (2.102)

which has solution u4 = x. This is the solution of the homogeneous Poisson problem
because the source term has been replaced by the boundary conditions. Computing the
τ -terms, we find τ3 = 12 and τ4 = 0. Clearly, four modes is not enough to resolve this
problem, which will become apparent in the residual:

∥∆u5 − 12x2∥ = ∥∆(x4 + x− 1)− 12x2∥ = 0 (2.103)

∥∆u4 − 12x2∥ = ∥∆x− 12x2∥ = ∥12x2∥. (2.104)

In this case, the τ -terms remain, because they are not accounted for in the residual.
The same issue appears in SDC. When the perturbation due to the τ -terms is non-

negligible, the SDC residual cannot be reduced to arbitrarily small values without account-
ing for the τ -terms. Note that SDC will still converge to a valid, albeit under-resolved,
solution to the discretized problem. If the SDC residual is to be used for stopping the
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SDC iteration regardless of the spatial truncation error, the SDC residual has to be mod-
ified. Since we avoid computation of the τ -terms in practice, we did not pursue such a
modification and leave this for future work.

2.5.12 Pseudo-spectral methods

Issues arise with spectral methods when the problems are non-linear. For instance, multi-
plication in Fourier space corresponds to convolution in real space and vice versa. Conse-
quently, if the problem contains a multiplication, it has to be computed using convolution
in spectral space, which is a very expensive operation involving all data points.

Pseudo-spectral methods avoid this by treating non-linear terms in physical space,
where they are easy to evaluate, and treating only linear terms in spectral space. We
illustrate the procedure in Algorithm 1 and later give an example in section 2.6.3 of a
reaction-diffusion equation, where the stiff diffusion term is inverted and evaluated in
spectral space and the non-linear reaction term is handled explicitly in physical space.

Algorithm 1 Evaluation of the right hand side in pseudo-spectral methods
ˆ⃗u← Solution in spectral space
u⃗← Inverse transform of ˆ⃗u

▷ Transform here refers to the operation for transferring from physical to spectral
space, such as FFT for Fourier methods or DCT for Chebychev methods.
ˆ⃗
flinear ← Linear terms evaluated at ˆ⃗u in spectral space
f⃗nonlinear ← Nonlinear terms evaluated at u⃗ in physical space
ˆ⃗
fnonlinear ← Transform of f⃗nonlinear
ˆ⃗
f ← ˆ⃗

flinear +
ˆ⃗
fnonlinear

2.6 Benchmark problems

We will now introduce four non-linear test problems that we use to demonstrate various
results. Two ODE toy problems are used to illustrate individual properties of the schemes.
Two PDE examples will show that they can be employed in a practically useful setting.

2.6.1 Van der Pol oscillator

The van der Pol equation

utt − µ
(︁
1− u2

)︁
ut + u = 0,

u(t = 0) = u0, ut(t = 0) = u′0,
(2.105)

is named after a Dutch electrical engineer who used the equation to study the behavior of
vacuum tubes in radios [128]. Here, µ is a parameter controlling the non-linearity and u
is the solution. In our implementation, we introduce v(t) = ut(t), rewrite the van der Pol
equation as a first order system and use a Newton scheme to solve the nonlinear systems
within the SDC sweeps.
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Figure 2.11: Solution of a van der Pol problem for µ = 1000 over time. The solution is oscillating
on two time-scales. In order not to over-resolve the slow parts, the resolution has to be adjusted
during runtime. In numerical tests for computational efficiency in chapter 4, we solve only the
shaded transition at t ≈ 800 as this is already very expensive with fixed step size schemes. Note
that at this high value of µ, the problem is extremely stiff. Figure reproduced from [11, Fig. 2]
under CC BY 4.0 licence.

For µ = 0, we recover the harmonic oscillator, but with increasing µ the problem be-
comes increasingly stiff. Van der Pol describes the problem with ∥µ∥ ≪ 1 as modelling
free oscillations of a triode oscillator, whereas ∥µ∥ ≫ 1 models a free relaxation oscilla-
tion [129]. This is a useful test problem for adaptive step size control as the nonlinear
damping introduces a second time-scale to the oscillation. See Figure 2.11 for an illustra-
tion of the solution over time with the configuration used in chapter 4. We will describe
the problem configurations we use in tests in the respective chapters.

We use the SciPy [157] method solve_ivp from the integrate package with an
explicit embedded Runge-Kutta method of orders 5 and 4 (RK5(4)) [46] with tolerances
close to machine precision to obtain reference solutions.

2.6.2 Lorenz attractor

Lorenz introduced this problem as a simplified system modelling phenomena that cause
difficulty in numerical weather prediction [107]. Lorenz played a key role in the development
of chaos theory when he attempted to demonstrate advantages of dynamical physics based
weather prediction over statistics based prediction efforts.

Lorenz’s experiment entailed reproducing contrived and unusual weather that the sta-
tistical methods would not be able to cope with. To his surprise, he could not reproduce
the results using the dynamical model either, even though it is deterministic. He discovered
that the problem lay in roundoff errors in the fourth decimal place that appeared when he
fed simulation results back into his machine for starting the next simulation.

In this experiment, he discovered that numerical weather prediction exhibits chaotic
behaviour, which means that small perturbations grow over time and eventually have
a large impact on the solution. This makes it impossible to make accurate long time
weather forecasts because the measurements that form the initial conditions have only
finite accuracy. To some extent, this was already figured out by Lewis Fry Richardson,
one of the pioneers in numerical weather prediction, who computed weather hindcasts by
hand during the first world war. His computations were significantly off, but he correctly
blamed it on the initial conditions rather than the computations themselves [48].
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Figure 2.12: Solution of the Lorenz attractor problem over time with the parameters from Equa-
tion 2.107. Shown are projections in the x-z plane (left) and x-y plane (right). The trajectory
oscillates around two attractors in a chaotic manner. Figure reproduced from [12, Fig. 9]

The Lorenz attractor is the result of Lorenz’s efforts to find the simplest set of equations
that exhibit the chaotic behavior found in numerical weather prediction. It is a nonlinear
coupled system of ODEs, which can be written as

xt = σ (y − x) ,

yt = ρx− y − xz,

zt = xy − βz.

(2.106)

We use parameters, initial conditions and time domain

σ = 10, ρ = 28, β = 8/3,

x(t = 0) = y(t = 0) = z(t = 0) = 1,

t ∈ [0, 20].

(2.107)

We solve the problem implicitly with a self-constructed Newton solver and obtain reference
solutions with the same SciPy implementation of explicit RK5(4) we used for the van der
Pol problem.

The chaotic behavior is manifest in that the trajectory will never repeat itself. The
name attractor comes from the fact that there are two positions that the solution will
oscillate about, flipping between the two attractors often, but unpredictably. Examples of
such attractors in weather and climate are, for instance, ice ages. The sensitivity of this
problem to perturbations allows to test the robustness of the adaptive procedure as small
irregularities readily propagate to the final solution. See Figure 2.12 for a visualization of
the solution over time.

2.6.3 Gray-Scott

The Gray-Scott equation is a reaction-diffusion equation modelling cubic autocatalytic
reactions [62]. This means one of the reactants is a catalyst for the reaction and three
molecules are involved. We write the involved reactions as

U + 2V → 3V, (2.108)
V → P, (2.109)
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Figure 2.13: Solution of the v component in the Gray-Scott problem with “U-Skate World” [115]
configuration with F = 0.062 and k = 0.0609 on a N = 1282 grid. Left: random rectangles as
initial conditions. Right: solution after t = 2000. See [10, GrayScott2D.mp4] for a video of the
solution over time.

where the first reaction with the reactants U and V is the cubic autocatalytic part and the
second reaction results in an inert product P [101]. The reactions can be modelled with
spatial extent as a PDE

ut = νu∆u− uv2 + F (1− u),

vt = νv∆v + uv2 − (F + k)v,
(2.110)

with u and v the concentration of U and V , F the feed rate and k the kill rate.
The Laplacians model diffusion of the concentrations in space. The terms ±uv2 model

the cubic autocatalytic reaction in Equation 2.108. The term +F (1− u) adds U based on
the current concentration and the term −(F +k)v models the reaction from V to the inert
product in Equation 2.109.

Like reaction diffusion equations can be used to model various natural phenomena rang-
ing from solid-gas interactions [3] to the spread of diseases [20]. This particular equation
is known for producing highly complex patterns for particular choices of F and k [127] due
to so called Turing instability [156].

We discretize the equation using a Fourier pseudo-spectral method with periodic bound-
ary conditions and IMEX splitting. We evaluate and invert the Laplacians in spectral space
and evaluate the nonlinear reaction terms explicitly in physical space. See Figure 2.13 of a
two-dimensional example similar to the one used in chapter 4 and chapter 5. We compute
reference solutions with our own implementation in pySDC (see section 2.8.2) by choosing
very tight ϵTOL = 10−8 with ∆t-adaptivity (see section 3.1).

2.6.4 Rayleigh-Benard convection

Rayleigh-Benard convection (RBC) describes the dynamics that occur in a fluid that is
heated from below, cooled from above and subject to gravity. The governing equations
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can be written as

ut − ν(uxx + uzz) + px = −uux − vuz,

vt − ν(vxx + vzz) + pz − T = −uvx − vvz,

Tt − κ(Txx + Tzz) = −uTx − vTz,

ux + vz = 0,

(2.111)

with u the velocity in x-direction, v the velocity in z-direction, T the temperature, p
the pressure and κ the thermal diffusivity and ν the kinematic viscosity [106, Equations
(1)-(3)].

The temperature profile generates buoyancy through thermal expansion of the fluid that
is heated near the bottom. The upward force due to the reduced density is proportional
to the temperature gradient ∆T , the thermal expansion coefficient of the fluid α and the
gravitational acceleration g. However, friction in the form of fluid viscosity and stabilizing
thermal conduction act against the movement, which are proportional to the kinematic
viscosity, the thermal diffusivity and the separation between the plates Lz. The Rayleigh
number

Ra =
αg∆TL3

z

κν
(2.112)

is a non-dimensionalized quantity describing the balance between between the forces. At
low Rayleigh number the flow is dominated by diffusion, whereas convection becomes more
and more prominent with increasing Rayleigh number. At a Rayleigh number greater than
approximately 1708, turbulence develops [106]. The Prandtl number

Pr =
ν

κ
(2.113)

is an inherent property of the fluid and the flow patterns are further determined by the
aspect ratio of the domain Lx/Lz [37].

In Equation 2.111, the third equation describes the evolution of the temperature dis-
tribution. The term κ(Txx + Tzz) describes diffusion or thermal conduction, while the
term uTx models horizontal convection with the fluid velocity and vTz models vertical
convection. The first two equations model the evolution of the horizontal and vertical
fluid velocities. Due to the viscous damping, there is again a diffusion term and there are
convection terms just like in the temperature component. There is, however, an additional
term influencing the fluid velocity based on the pressure gradient. Note that the absolute
pressure never appears in the equations, which means a constant offset is to be chosen
which has no impact on the simulation. This is called the pressure gauge and is completely
arbitrary. In the second equation, the vertical velocity has a term proportional to the
temperature, which is absent in the horizontal velocity because the direction of gravity is
defined in z-direction. Finally, the fourth equation ux + vz = 0 is the incompressibility
constraint. Intuitively, it means that if there is vertical inflow into a cell in space, there
has to be a compensating horizontal outflow and vice versa.

In all simulations, we use Pr = 1 and a spatial domain of size Ω = [0, 8) × (−1,+1)
(Lx/Lz = 4), with periodic boundary conditions in x-direction and the following Dirichlet
boundary conditions in z-direction:

u(z = −1) = u(z = 1) = v(z = −1) = v(z = 1) = T (z = 1) = 0 (2.114)
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T (z = −1) = 2. (2.115)

We choose
∫︁
Ω p = 0 for the pressure gauge.

The incompressibility constraint makes RBC a differential algebraic equation (DAE).
Applying SDC to DAEs [77] is its own research topic by itself, but the simple nature of
this algebraic constraint allows to use stiffly accurate RKM or quadrature rules where the
nodes include the right end-point without modification [6]. This is because the solution to
the step in these methods is not obtained by linear combination of intermediate solutions,
but is one of the intermediate solutions itself. In methods where this is not the case,
the pressure is not correctly computed in the collocation update and instead needs to be
computed in a separate step [33]. We do not implement such schemes here and, therefore,
restrict to Gauß-Radau nodes or stiffly accurate RKM.

We use a pseudo-spectral method for discretization, where we use Fourier base hori-
zontally and ultraspherical base vertically and IMEX splitting. We already put the linear
terms on the left hand side of Equation 2.111, which we will treat implicitly in spectral
space while treating the convection terms on the right hand side explicitly in physical
space. We rewrite the equation as

Mu⃗t + Lu⃗ = fnonlin(u⃗)

u⃗ = (u, v, T, p)T

M =

⎡⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎤⎥⎥⎦

L =

⎡⎢⎢⎣
−∂2

x − ∂2
z 0 0 ∂x

0 −∂2
x − ∂2

z −1 ∂z
0 0 −∂2

x − ∂2
z 0

∂x ∂z 0 0

⎤⎥⎥⎦
fnonlin(u⃗) = −(uux + vuz, uvx + vvz, uTx + vTz, 0)

T .

(2.116)

The resulting IMEX Euler solver that can be used in the SDC iterations is

(M +∆tL) u⃗ = Mu⃗0 +∆tfnonlin(u⃗0). (2.117)

Note that while the mass matrix M is not invertible, as is characteristic of DAEs, M+∆tL
is invertible, for nonzero step size.

We insert 2 × nx τ terms for the vertical boundary conditions on u, v and T in the
equations for ut, vt and Tt. Note that incompressibility requires the z-derivative of v to
vanish on the 0 mode in x because the x-derivative of the constant 0 mode in x is zero.
Therefore, we need to remove one of the boundary conditions of v in this mode in order
not to overdetermine v. We insert the pressure gauge in the constant horizontal and last
vertical mode in the incompressibility equation, which is required to close the system in
this discretization.

We show an example of a simulation in Figure 2.14. Similarly as in the Gray-Scott
example, we compute reference solutions with our implementation within pySDC by choos-
ing very tight ϵTOL = 10−8 with ∆t-adaptivity. We verified the reference solution by
confirming the order of accuracy of the converged collocation problem up to order five.
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Figure 2.14: Example of an RBC simulation with Ra = 2 × 104 and N = 256 × 128. Shown is
the temperature profile at different times. Top panel: Initial temperature profile, consisting of a
linear gradient and perturbations on the the order of 10−3. Middle panel: Buoyancy has led to
upwelling, but when the plumes reach the top, they cannot keep rising. Instead, they are pushed
to the side and back down by continued upwelling. Bottom panel: After a while, the situation has
settled into multiple pseudo-stationary circular flow patterns. See [10, RBCLowRayleigh.mp4] for
a video of the solution over time.
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Recall from section 2.5.11 that insufficient resolution in combination with τ -methods
can lead to the SDC residual not reaching small values even if SDC converges to the
collocation solution. Since very large gradients appear at the boundaries in RBC, quite
large resolution is needed to achieve small SDC residuals.

2.7 GPUs

Most modern HPC systems are made up of a combination of central processing units
(CPUs) and graphics processing units (GPUs). The majority of the compute power in-
creasingly comes from the GPU part, however. We give a brief summary of the design
differences between the two following [158]. CPUs have few but powerful cores that are
designed to execute individual operations as quickly as possible. GPUs, on the other hand,
have many cores, which are individually less powerful, but can result in very high through-
put for operations that can be spread across the different cores. GPUs, therefore, are
built around concurrency on device. Another difference is that CPUs try to keep memory
latency to a minimum, whereas GPUs aim to hide memory latency by overlapping with
computation.

We now discuss how parallelism is implemented on NVIDIA GPUs as we will employ in
chapter 6 and chapter 7 following [121]. The cores on a GPU are referred to as streaming
multiprocessors (SMs). Each SM can concurrently execute blocks of threads, which, in
turn, can execute individual threads in parallel. This is managed with the so called single-
instruction, multiple-thread (SIMT) architecture, where threads are scheduled in groups
of 32, called warps. This allows for very fine-grained concurrency of tasks with many
independent operations [81]. As an example, consider two-dimensional FFTs. As discussed
in section 2.5.2, these entail one-dimensional FFTs that can be executed concurrently.
When doing so on a single GPU, they can be distributed among the SMs and then further
parallelised on each SM by scheduling individual operations within FFTs in individual
threads.

2.7.1 CUDA-specific programming

Harnessing the compute power of GPUs requires a different programming model compared
to CPUs. We will give a brief overview here of the central concepts we rely on when porting
code to GPU in chapter 6. As we specialize on NVIDIA GPUs, which use the CUDA API,
this section is limited to CUDA and not GPUs in general. See the CUDA programming
guide [121] for more extensive information.

Kernels. Kernels are similar to functions, but add the interface for thread parallelism.
A kernel can be launched N times simultaneously on N threads. Within the kernel, the
thread index can be used to execute different commands. For instance, when the same
operation is to be performed on an array of length N , a suitable kernel would be launched
with N tasks, and the thread index would be used as an index for the array within the
kernel.

Launching a kernel comes with its own cost on the order of micro seconds [61], inde-
pendently of what the kernel does. For very small kernels, the launch cost can therefore
dominate the overall time taken by the kernel.
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Streams. The mode of operation of GPUs is fundamentally different from CPUs. On
CPUs, when the interpreter encounters an instruction, it is executed, the interpreter waits
for completion, and then moves on to the next instruction. GPUs, on the other hand, rely
on their host CPUs to submit operations to queues, called “streams” on the devices. When
the interpreter on the CPU encounters a GPU instruction, it is launched on the GPU and
typically returns right after, meaning the interpreter on the CPU moves on to the next
instruction while the GPU executes it asynchronously from the host.

Concurrency within single GPUs can be facilitated by submitting independent opera-
tions to separate streams, which then proceed asynchronously and are scheduled concur-
rently. Arbitrarily complex patterns of concurrency can be designed in a simple fashion
by multiple streams and the use of so called CUDA events to synchronize between the
streams. The CUDA runtime will automatically translate the concurrency to parallelism
by distributing the operations among the available SM, provided the resources suffice.

For using GPUs efficiently, the queue should always be filled in order to avoid idleness.
Hence, care should be taken to avoid synchronization between CPU and GPU, since once
the GPU has caught up to the CPU, the CPU needs time to submit new operations.
Synchronization happens implicitly during memory operations copying between the two,
for instance, and needs to be done explicitly when the CPU accesses data residing on GPU.

CUDA graphs. A CUDA graph is a collection of nodes and edges, with the nodes
representing operations and the edges representing dependencies between the operations.
After a graph is created, all encompassed operations are launched as a single kernel with
the CUDA system automatically scheduling independent operations concurrently on a low
level.

This enables efficient use of the device even when using many very small kernels. As
mentioned, launching kernels incurs overhead by itself and launching the graph as a single
kernel reduces this overhead compared to individually launching the kernels that make up
the graph.

CUDA graphs provide an interface for the programmer to optimize concurrency with
very little effort, simply by recording the operations issued to a stream. After the record-
ing process, the graph is created during its first execution, which incurs some overhead.
Subsequent executions, on the other hand, are very efficient.

2.7.2 NCCL

The NVIDIA Collective Communication Library (NCCL) is specifically developed for com-
munication across multiple NVIDIA GPUs. While there are implementations of the es-
tablished MPI standard that work with GPUs, there are a couple of shortcomings of these
libraries that are addressed by NCCL. We will first detail these differences in functionality
and then briefly mention differences in the interface.

CUDA-aware MPI. The aforementioned MPI implementations that are compatible
with NVIDIA GPUs are called CUDA-aware and are capable of communicating data di-
rectly between GPUs with the fastest available interconnect. However, the implementations
are held back by a philosophical decision in the MPI standard.
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Algorithm 2 Using CUDA-aware MPI. Before data residing on GPU can be communi-
cated, the host needs to be synchronized to the GPU in order to make sure all operations
on the data have completed.
x← some data on CPU
y ← some data on GPU
Perform some operations on x
Submit some operations on y to stream s on GPU
x2 ← Communicate x with MPI
Synchronize host to stream s on GPU
y2 ← Communicate y with MPI

The MPI standard was first released in 1994 by the MPI forum, stating the following
as their mission [111]:

The goal of the Message-Passing Interface, simply stated, is to develop a
widely used standard for writing message-passing programs. As such the inter-
face should establish a practical, portable, efficient, and flexible standard for
message-passing.

A portable interface, however, is counter to vendor-specific programming models. While
proper use of GPUs requires to submit operations to streams, the interface does not have
this option and in fact the latest version of the standard at the time of writing [111] does
not even mention GPUs at all.

While individual MPI implementations have the freedom to support vendor specific
features, they have to adhere to the standard and the interface that it defines. A common
approach to reconcile the standard interface with GPUs is to simply use a unified address
space for CPU and GPU memory and to initiate the communication on CPU. If the MPI
implementation treats GPU memory the same as CPU memory rather than submitting the
communication operation to a stream on GPU, however, the communication may execute
before the GPU has finished all prior operations. Hence, explicit synchronisation by the
programmer is required as shown in Algorithm 2. This often leads to reduced utilisation
of GPUs because they may run idle while the host handles the communication instead of
submitting further kernels [81].

The second major drawback of current MPI implementations regarding GPUs is that
they typically perform all reduce operations on the host. When a reduce operation is called
on data residing on GPU, it is copied back to host, the operation is computed on host,
and then the data is copied back to GPU, which is an overall very inefficient method.

These issues are not insurmountable for MPI implementations. For instance, UCC, a
communications framework behind MPI, can be set up to use NCCL as backend for reduce
operations [85]. This way, the programmer interacts with MPI with no special concern
for GPUs, but the communication is submitted as a kernel to the default stream and is
handled entirely on GPU.

Differences between CUDA-aware MPI and NCCL. The most striking difference
between NCCL and current CUDA-aware MPI implementations is that NCCL runs on
the GPUs. The host submits NCCL communication operations to a stream on GPU just
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Algorithm 3 Ring-send with non-blocking communication in MPI and with NCCL groups.
NCCL does not have the concept of non-blocking communication as in MPI. Instead,
deadlocks are avoided by posting multiple point-to-point communications within a NCCL
group, with are automatically overlapped.
r ← rank in the communicator
s← size of the communicator

x← some data on CPU
req← MPI non-blocking send of x to (r + 1)%s
x2 ← MPI receive from (r − 1 + s)%s
MPI wait for req to complete

y ← some data on GPU
NCCL group start
NCCL send of y to (r + 1)%s
y2 ← NCCL receive from (r − 1 + s)%s
NCCL group end

like any other kernel and they run no sooner than all previous kernels in the same stream
have completed. No explicit synchronization is necessary, allowing for better utilization of
GPUs. Similarly, reduce operations are tackled completely on GPU.

NCCL also promises to be more optimised than MPI in routing the data. While
both libraries utilise the same cables, NCCL automatically detects the topology [120] for
selecting possibly more efficient paths.

While NCCL addresses the most critical shortcoming of MPI regarding GPUs by being
stream-aware, it is less mature and lacks some features. For instance, it does not officially
support complex numbers. An easy workaround is to select the real datatype of the same
precision and increase the buffer-size by a factor of two, but working with NCCL can be
less streamlined compared to MPI. A more severe restriction is that NCCL supports only
a single task per GPU. NVIDIA develop MPS (Multi-Process Service) for using multiple
MPI tasks on a single GPU, but this tool is not compatible with NCCL.

Differences in the interface between NCCL and MPI. The interface is generally
similar, making porting from MPI to NCCL relatively straightforward. The main dif-
ference is that NCCL does not have non-blocking versions of communication functions.
Instead, the concept of NCCL groups is used to overlap point-to-point communication.
See Algorithm 3 for an illustration of a ring-send implementation in NCCL. When mul-
tiple communication operations are posted within a NCCL group, they are automatically
overlapped and merged. This has the purpose of preventing deadlocks on the one hand,
but also to speed-up communication by submitting it as a single kernel with efficiently
routed data.

Another difference is that NCCL supports only the collectives reduce, all-reduce, broad-
cast, all-gather and reduce-scatter. All other collectives in the MPI standard, such as all-
to-all, have to be implemented manually. Many collectives can be implemented efficiently
and easily without explicit optimisation by the user with NCCL groups.
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2.7.3 NVSHMEM

We have introduced NCCL as an alternative to MPI for NVIDIA GPUs that promises much
better performance by running on the GPU as opposed to the CPU in the previous sec-
tion. Similarly, NVIDIA develop NVSHMEM [81] as a library for Symmetric Hierarchical
MEMory (SHMEM) [30] that efficiently utilizes their hardware.

SHMEM is a communication framework that is fundamentally different from MPI in
that communication is not handled by communicators and does not involve all tasks par-
ticipating in the communication. Instead, a global address space is defined across multiple
tasks and communication is then handled by individual tasks. Where point-to-point com-
munication in MPI requires a send on one task and a receive on another task (two-sided
communication), in SHMEM, the receiving task executes a get operation on the global
address space and the sending task is not explicitly involved (one-sided communication).

The advantage of one-sided communication is that synchronization overhead can be
reduced, in particular when initiating the communication directly on GPU, e.g. [164].
This is a major advantage when communicating small messages, where synchronization
overhead makes up a significant fraction of the communication cost. On the other hand,
when the message size is larger, the network bandwidth is the limiting factor, reducing the
benefit from one-sided communication.

We mention SHMEM-based communication only briefly here because we have not found
a way to use it in Python, which is the programming language that we will use exclusively
in this thesis and which we will introduce in the next section. For this simple reason we
use only MPI and NCCL for communication in parallel implementations later on.

2.8 Codes used in experiments

We briefly introduce the Python language, which we use for all experiments later on, as
well as the codes that we work with or modify later.

2.8.1 Python for HPC

Python often gets the reputation of being suitable for toy problems on laptops only, while
being incapable of running on HPC systems at scale [99]. We briefly tackle the issues that
this rumour originates from and describe how to avoid them. In fact, the experiments we
do in chapter 6 and chapter 7 show that code developed in Python can indeed be HPC
capable.

The philosophy of Python. Python is an interpreted language. When a Python script
is run, the interpreter translates the code into machine instructions at runtime, one line
at a time. This is in contrast to compiled languages where the compiler reads in the
entire code and translates to an optimised machine-executable before runtime. Interpreted
languages allow for greater convenience to the programmer, but usually at a substantial
cost to overall performance.

It is true that the same code written as pure Python code is not competitive with a
compiled version. However, the philosophy of Python is to run actually very little pure
Python code and use the language for interfacing wrapped compiled code instead [157].
The community maintains a wide array of Python modules that provide such wrappers
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Listing 2.1: Example for porting NumPy and SciPy code to GPU using CuPy. In many cases,
swapping the modules is sufficient.

import numpy
import cupy
import s c ipy
import cupyx . s c ipy as cupy_scipy

# genera te data con ta in ing 0 , 1 , . . . , 7
data_CPU = numpy . arange (8 )
data_GPU = cupy . arange (8 )

# bas i c l i n e a r a l g e b ra : add 1 e lementwise
data_CPU += numpy . ones (8 )
data_GPU += cupy . ones (8 )

# d i s c r e t e cos ine transform
dct_CPU = sc ipy . f f t . dct (data_CPU)
dct_GPU = cupy_scipy . f f t . dct (data_GPU)

for functionality such as basic linear algebra and sparse linear solvers. Python is some-
times dubbed a “glue language” [43], as typical Python code assembles complex structures
of compiled code with only the interface between the compiled modules written in pure
Python.

CPU computing The cornerstone of linear algebra in Python consists of NumPy [75]
for array manipulation and SciPy [157] for algorithms and sparse matrices. Performing
complex operations is as simple as wrapping the data with the class numpy.ndarray,
and then passing the wrapped data to various functions. NumPy is so ubiquitous that many
Python modules accept numpy.ndarray as input. However, these libraries are explicitly
limited to non-distributed computing on CPUs.

Distributed computing. The Python interpreter uses a global interpreter lock (GIL),
which prevents multiple threads from executing Python bytecodes simultaneously [2]. This
essentially prohibits thread-parallelism in pure Python code. This does not mean that
Python code cannot run in parallel, however. A way around the GIL is to use mpi4py [43].
The concept of MPI-parallelization is to launch the program multiple times on separate
tasks and communicate messages between tasks (see section 2.1.3).

GPU computing. While some Python libraries support both CPUs and GPUs, NumPy
and SciPy functionality is achieved on GPU by replacing both libraries with CuPy [122].
This is developed as a drop-in replacement, designed to require little change except for
the import path. We show an example in Listing 2.1. This simple porting with no further
optimisation by the user can already result in more than 100× speedup, depending on the
operation [51]. Note that CuPy not only replicates NumPy and SciPy, but also provides
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access to many GPU specific tools and features such as stream manipulation, NCCL or
CUDA graphs (section 2.7).

2.8.2 pySDC

pySDC [142] is a Python prototyping code, built for rapid translation of any SDC related
research question into suitable code. Its structure is highly modular and object oriented
in order to facilitate separation of concerns. The goal is for potential users of the library
to assemble preexisting modules into a simulation and swap out individual modules for
custom implementations in order to do research on SDC.

The modules that are typically changed in SDC research are the sweeper, determining
the precise nature of the SDC iterations, the problem, the inadequately named convergence
controllers, which allow to modify the solution or simulation parameters at any point
throughout the simulation, or hooks which are used for gathering output. For instance,
new preconditioners or novel splitting schemes would be implemented as a sweeper. Our
adaptive step size selection algorithms from chapter 3 are implemented as convergence
controllers. These have an interface for defining dependencies, which we used to implement
the error estimates and step size updates as separate convergence controllers, which are
both loaded when the user selects an adaptivity algorithm.

One crucial functionality of pySDC that we do not explore here is multi-level SDC [145].
Here, multiple levels of accuracy, for instance using different numbers of collocation nodes
or different problem resolution, are set up to solve the collocation problem in a multi-
grid fashion. For this purpose, transfer modules exist, which may need modification by
researchers interested in multi-level SDC.

Once the user has assembled a simulation from a combination of preexisting and cus-
tom modules, they have access to PFASST and various SDC methods as special cases of
PFASST. For instance, BGSSDC is single-level PFASST and standard SDC is single-level
and single-step PFASST. Even some RKMs are implemented as single-iteration SDC with
the Butcher tableau taking the place of the quadrature rule defined by a collocation prob-
lem. Any collocation problem can be setup via integration of qmat [108], which allows to
generate the nodes pertaining to various spectral quadrature rules, the quadrature matrices
via integrals of the associated Lagrange polynomials, and various popular preconditioners.
When pySDC is used to investigate new time-stepping schemes, it can be tested with various
already implemented problems spanning a wide range of properties and discretizations.

The code is publicly hosted on GitHub1, thoroughly documented, and extensively tested
using continuous integration.

2.8.3 mpi4py-fft

mpi4py-fft [42] is a library for distributed fast Fourier transforms (FFTs) (see section 2.5.2)
in Python. Its main function is to provide an interface between NumPy and libraries for
computing the FFTs with communication infrastructure required for distributed FFTs.
While multiple FFT backends are supported, the default choice is FFTW (Fastest Fourier
Transform in the West) [54], which is a very mature and performant library for FFTs.

Many implementations of the FFT algorithm exist, which differ, for instance, in mem-
ory access patterns or radix. FFTW separates the transforms into two stages. First, the

1https://github.com/Parallel-in-Time/pySDC

https://github.com/Parallel-in-Time/pySDC
https://github.com/Parallel-in-Time/pySDC
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transforms are planned, which means the fastest FFT implementations are selected for
the input data on the current machine. Once this is done, the plan is used an arbitrary
number of times to compute the actual transforms very efficiently. The planning stage
is expensive because it involves benchmarking different implementations and selecting the
fastest one at runtime. Since the planning stage allows to automatically select optimized
implementations for different machines, FFTW is often competitive with vendor optimized
implementations.

What separates mpi4py-fft algorithmically from other distributed FFT libraries is the
use of MPI alltoallw over Alltoallv (see section 2.1.3). Recall that distributed FFTs
perform concurrent FFTs over a subset of axes, then “transpose” the data and then perform
the remaining FFTs. The transpose step involves all-to-all communication and typically
results in a different data layout (see Figure 2.9). As alltoall would only allow to use the
same amount of data on each task, many distributed FFT libraries, such as heFFTe [9], use
the next more elaborate function alltoallv. However, additional local copy operations
are needed with alltoallv, which can be forgone when making use of MPI datatypes
and alltoallw. Recall that implementations of alltoallv can be significantly more
performant than implementations for alltoallw, such that is not a priori clear whether
alltoallv with the additional memory operations or alltoallw are faster on a given
machine.

2.9 Supercomputers used in tests

We will later showcase the practical benefit of the methods developed here by means of
extensive numerical experiments on massively parallel machines. The supercomputers we
use here are all hosted at Forschungszentrum Jülich. We list here the key metrics of each
machine as relevant for our discussion.

2.9.1 JUSUF

JUSUF [159] is in the petaflop range and was deployed in 2020 as predominantly a CPU
cluster. There are 138 standard compute nodes which are equipped with two AMD EPYC
7742 with 64 cores each and 256 GB of DDR4 memory. The interconnect uses InfiniBand
HDR100. While the machine also has GPU accelerated compute nodes equipped with
NVIDIA V100, we use exclusively the CPU partitions of JUSUF. See Figure 2.15 for an
image of the system.

2.9.2 JURECA

JURECA is a modular system that started operation in 2015. It consists of multiple
modules, targeting different types of codes. The module that we use here is JURECA-
DC [152], which is a multi-petaflop cluster that was deployed in late 2020. We use the
standard CPU partition, which has 480 compute nodes, equipped with two AMD EPYC
7742 processors with 64 cores each and 512 GB of DDR4 memory. The interconnect uses
InfiniBand HDR100. See Figure 2.16 for an image of the machine.
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Figure 2.15: The JUSUF supercomputer at Jülich Supercomputing Centre. Image taken from [Fig-
ure 1][159] under CC BY 4.0 licence. Copyright: Forschungszentrum Jülich GmbH.

Figure 2.16: The JURECA-DC module at Jülich Supercomputing Centre. Image taken from [Fig-
ure 1][152] under CC BY 4.0 licence. Copyright: Forschungszentrum Jülich GmbH / Ralf-Uwe
Limbach.
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Figure 2.17: The JUWELS booster module (left) and cluster module (right) at Jülich Supercom-
puting Centre. Image taken from [Figure 1][4] under CC BY 4.0 licence. Copyright: Forschungszen-
trum Jülich GmbH.

2.9.3 JUWELS

JUWELS [92] is a multi-petaflop CPU machine that was deployed in 2018. The 2271
standard compute nodes are equipped with two Intel Xeon Platinum 8168 CPUs with 24
cores each and 96 GB of DDR4 memory. The interconnect uses two InfiniBand EDR per
node.

2.9.4 JUWELS Booster

JUWELS Booster [90] was added as a GPU-centric module to the JUWELS infrastructure
in 2020. It entered the world-wide ranking of the Top500 list [153] in place seven in
November of 2020. At the time of writing (November 2024), it is in place 33 but still one
of the most powerful public machines in Europe. The compute power of the 936 nodes
stems predominantly from four 40 GB NVIDIA A100 GPUs per node and is supplemented
by two AMD EPIC Rome 7402 CPUs with 24 cores each. Each node is equipped with
512 GB of memory and the interconnect uses two InfiniBand HDR per node. Note that the
GPUs within each node are connected by NVLink3, which allows for significantly faster
intra-node communication than inter-node. The peak bandwidth per cable is rated at
200 Gbit/s for the InfiniBand and 600 GB/s for the NVLink. See Figure 2.17 for an image
of the JUWELS supercomputer.
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Adaptivity in SDC

In this chapter, we develop generic step-size adaptivity algorithms for SDC. They work
analogously to embedded RKM (section 2.4.1), using the same step size update equation
but error estimates that are tailored to SDC. We first present an error estimate for fixed
iteration number and then an error estimate for converged collocation problems where both
step size and iteration number are chosen adaptively. This chapter closely follows [11].

3.1 ∆t-adaptivity

We start with a simple algorithm that keeps iteration number k fixed, but chooses step
size ∆t adaptively. The idea is based on the fact that the order of SDC is usually increased
by one in each iteration up to the order of the underlying collocation problem [29], as
discussed in section 2.3.4. The increment is therefore the difference between two solutions
of different order, which can be used for adaptive step size selection just like in embedded
RKM. We show the resulting algorithm including the step size update in Algorithm 4.

Algorithm 4 SDC with ∆t-adaptivity

u0 ← u0
k ← 1
while k ≤ kmax do

uk ← SDC iteration applied to uk−1

k ← k + 1
end while
ϵ← ∥ukmax − ukmax−1∥
∆t← β∆t

(︁
ϵTOL
ϵ

)︁1/kmax

if ϵ > ϵTOL then
Restart current step with u0

else
Move on to next step with ukmax

end if

We also use the increment as an error estimate within the PinT algorithms diagonal
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SDC and BGSSDC from section 2.3.5. Because most diagonal preconditioners show an
increase in the order by one per iteration in practice, the error estimate works exactly the
same as in serial SDC.

In BGSSDC, the error estimate also works without modification, but it behaves slightly
differently. Recall that the order of accuracy is the same for any number of parallel steps
in BGSSDC [57], while the error is increased with increasing number of steps. BGSSDC
essentially amounts to solving the entire block of steps with a first order method, then
with a second order method, and so on. As the errors of the individual steps accumulate,
the increment at the last step gives something akin to a global error within the block.
Therefore, we expect that the actual local error of the second to last iteration of the last
step within the block is smaller than indicated by the error estimate. The error estimate
can be used for adaptive step size selection, nevertheless. One can view the time domain
as separated into blocks rather than steps and view the error estimate as the local error of
a block within the larger time domain.

Notice that the accumulation of errors of individual steps in the BGSSDC error estimate
is actually an advantage. As mentioned, inexactness in the initial conditions increases the
error by a problem dependent amount. As this additional error is captured by the error
estimate, ∆t-adaptivity can be used to make sure that the inexactness does not get out of
hand with fixed number of SDC iterations. Since the solution to an individual step will
be closer to the initial value if the step size is reduced, the error due to inexactness will
decrease with smaller step size, but also increase with larger step size. As the relationship
between the step size and this error is not precisely known, we have not found a good way
to incorporate it into the step size update equation and resort to using Equation 2.55 also
in BGSSDC.

When we find the error estimate to exceed the prescribed tolerance and we need to
restart, the rigorous way is to restart from the first step in the block. However, we found
heuristically that restarting from the first step in the block where the increment exceeded
the tolerance often yields better performance. We outline the restarting procedure using
MPI in Algorithm 5.

Algorithm 5 Restarting in BGSSDC

ukmax ← Local solution after convergence has been declared
ukmax−1 ← Local solution one iteration before convergence has been declared
restart_local ← ∥ukmax − ukmax−1∥∞ > ϵTOL

restart_global ← MPI allgather of restart_local
if any(restart_global) then

restart_from ← Index of first true element in restart_global
u0 ← MPI broadcast of u0 from restart_from

else
u0 ← MPI broadcast of ukmax from last step in the block

end if

Note that the order of accuracy of a particular SDC method for a particular problem
is best verified numerically when employing ∆t-adaptivity, regardless of parallelisation in
time. Recall from section 2.3.4 that the order of accuracy after each iteration can often
be proven only asymptotically for arbitrary preconditioner. Some preconditioners have
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been observed to be unreliable in increasing the order by exactly one per iteration in some
situations, e.g. the MIN-SR-NS preconditioner for the Lorenz attractor [25, Fig. 11]. Very
stiff problems may suffer from order reduction and require some extra care [82, 98]. The
sensitivity of ∆t-adaptivity on the order after each iteration also restricts the use of inexact
solvers, which have proven useful in SDC [147].

As mentioned in section 2.4, essentially the same adaptive step size selection algorithm
has been proposed by van der Houwen and Sommeijer in the context of parallel iterated
Runge-Kutta methods [78, 80], which have been shown to be closely related to SDC. Our
contribution is to apply this method within the SDC framework, which allows to harness
the extensive research on preconditioners and splitting methods, and to use the method
within BGSSDC.

3.2 ∆t-k-adaptivity

We now turn to a slightly more involved algorithm that removes the requirement to know
the order after every iteration. Instead, we iterate until the collocation problem is con-
verged. Because we choose both ∆t and k adaptively in this algorithm, we call it ∆t-k-
adaptivity.

The order of the converged collocation problem is known by the polynomial approx-
imation that defines it. In particular, the order does not depend on how the solution
to the collocation problem was obtained, which allows to use inexactness and other SDC
variants that are not easily used with ∆t-adaptivity. For error estimation, we construct a
supplementary solution of lower order by a different polynomial approximation.

The M + 1 solutions u0, u1, . . . , uM at the collocation points τ = {τi : i = 0, . . . ,M}
define an order M polynomial on [0,∆t] that can be evaluated anywhere. Recall that
the collocation problem is obtained precisely by integrating the corresponding polynomial
approximation of the right hand side evaluations f0, f1, . . . , fM .

Evaluating the polynomial at time t is easily done via barycentric Lagrange interpo-
lation [16], which entails computing an interpolation matrix by computing and evaluating
Lagrange polynomials (see Equation 2.24) at t and multiplying by the vector of solutions
u⃗ = (u0, ..., uM )T .

To obtain a lower order solution for error estimation, we remove the collocation point
τM−1 from the interpolation and use the set of nodes

τ∗ = {τi : i = 0, . . . ,M − 2,M}. (3.1)

The resulting polynomial is of degree M − 1 and we evaluate it at τM−1 to produce an
M−1-st order accurate approximation of the solution at the removed point. Assuming the
ukm form a valid polynomial approximation to the continuous solution, i.e. the collocation
problem is converged in iteration k, we get

u
(M−1)
M−1 =

M−2∑︂
i=0

uki l
τ∗
i (τM−1) + ukM lτ

∗
M−1(τM−1). (3.2)

Here, lτ∗i are the Lagrange polynomials of the i-th node in the set τ∗. Note that lτ
∗

M−1 is
associated with with τM in the sense that lτ

∗
M−1(τM ) = 1. We can then use the difference

ϵ = ∥u(M−1)
M−1 − ukM−1∥∞, (3.3)
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as an error estimate of order M , which requires only one interpolation. Since the Lagrange
polynomials can be rescaled to the step size easily, we can precompute the interpolation
matrix IτM−1 for the interval [0, 1] and simply multiply it by ∆t when estimating the error
as in the following equation

e = ∥∆tIτM−1 u⃗
k − ukM−1∥∞, (3.4)

IτM−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

l
τ∗/∆t
1 (τM−1/∆t)

l
τ∗/∆t
2 (τM−1/∆t)

...
l
τ∗/∆t
M−2 (τM−1/∆t)

0

l
τ∗/∆t
M−1 (τM−1/∆t)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ R1×M . (3.5)

As SDC is not unconditionally stable for arbitrary preconditioner, in particular when
using explicit or IMEX methods, we introduce a relative limit γ = 4 on how much the
step size is allowed to increase and set kmax = 16, so that we can return to the last step
size that allowed convergence if the desired residual tolerance was not achieved after kmax

iterations. Also, we detect instability by an upper limit on the residual and by measuring if
the residual increases between iterations. The entire procedure is sketched in Algorithm 6.

Note that we now require adaptive tolerances for both ∆t and k. The error estimate for
selecting ∆t hinges on the um forming a useful polynomial approximation to the continuous
solution. The quality of this approximation is measured by the residual, but it is also
possible to use the increment as an indicator of convergence when viewing SDC as a fixed-
point iteration. In practice, one decides ϵTOL first and then chooses residual or increment
tolerance low enough to support the error estimate by solving the collocation problem to
sufficient accuracy, but not much lower, which would require additional resources with no
benefit to the result. In the experiments in the following chapters, we set the residual
tolerance a few orders of magnitude smaller than ϵTOL.

We selected node τM−1 for the interpolation in the error estimate, but, in tests not
documented here, we found the node at which to compute the error can be chosen somewhat
arbitrarily. We choose τM−1 because it consistently worked well for various problems and
numbers of collocation nodes and leave a more detailed mathematical investigation for
future work. Note that for spectral quadrature rules where the last collocation node is
not the end point of the interval, we can get an order M + 1 error estimate at the end
point as opposed to an order M estimate within the interval. We can obtain the order M
approximation by extrapolating the um to the end point and a higher order approximation
by using the collocation update Equation 2.29.

We discussed in section 3.1 that error estimate via the increment has a slightly different
interpretation in BGSSDC. The error estimate employed here works entirely the same in
BGSSDC as in single-step SDC, on the other hand. This stems from the fact that the
solution to the collocation problem remains the same, no matter how many parallel steps
are used. Keep in mind that more iterations may be required to achieve an adequately
converged solution compared single-step SDC, such that perfect speedup is not necessarily
to be expected, even if the error estimate works the same.
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Algorithm 6 SDC with ∆t-k-adaptivity

u⃗0 ← u⃗0
k ← 1
r ← ∥u⃗0 +∆tQF (u⃗0)− u⃗0∥∞
rprev ←∞
rmax ← 109

no_convergence← False
while r > rtol and not no_convergence do

u⃗k ← (inexact) SDC iteration applied to u⃗k−1

r ← ∥u⃗0 +∆tQF (u⃗k)− u⃗k∥∞
if r > rmax or r > rprev or k = kmax then

no_convergence← True
end if
rprev ← r
k ← k + 1

end while
if no_convergence then

∆t← ∆t/γ
Restart current step with u0

else
τ∗ ← {τi, i ̸= M − 1}
ϵ← ∥

∑︁M−2
i=0 uki l

τ∗
i (τM−1) + ukM lτ

∗
M−1(τM−1)− ukM−1∥∞

∆t← max
(︂
γ, β

(︁
ϵTOL
ϵ

)︁1/M)︂
∆t

if ϵ > ϵTOL then
Restart current step with u0

else
Move on to next step with uk

end if
end if
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3.3 Mitigating the cost of restarts

Restarting steps that do not meet the accuracy requirements is expensive, but the dense
output property of SDC can be used to reduce the cost. Dense output refers to the ability to
construct a high-order solution anywhere within the interval after the solution to the step
has been obtained. In SDC, this is achieved via barycentric interpolation of the solutions
at the collocation nodes, as discussed in section 3.2.

Following a restart, the new step size is smaller than the previous one, ∆topt < ∆t, such
that the new collocation nodes all fall within the interval that was just solved, i.e. ∆toptτi ∈
[t, t+∆t) ∀i = 1, . . . ,M , with normalized collocation nodes 0 ≤ τi ≤ 1. Using barycentric
interpolation, an initial guess for solving the new interval (t, t + ∆topt] can be generated
with

u0m =

M∑︂
j=1

lτ∆t
j (∆toptτm)u−1

j , (3.6)

where u−1
m is the iterate at collocation node m when the restart was triggered. If the u−1

m

are close to the desired solution, this will provide a very good initial guess, which can lead
to convergence in few iterations following the restart. This may be the case, for instance,
in ∆t-k-adaptivity when a restart was triggered despite having reached convergence of the
collocation problem. If a restart was triggered in ∆t-k-adaptivity because convergence was
not reached, there is no indication that the u−1

m are closer to the desired solution than an
initial guess generated from the initial conditions such as u0m = u0 and Equation 3.6 should
not be used.

In ∆t-adaptivity, the number of SDC iterations is constant, such that only the number
of iterations of inner solvers, such as a Newton or iterative linear solver, can be reduced
by an improved initial guess. On the other hand, the solution to the step after the restart
will likely be more accurate than needed due to the good initial guess paired with the
normal amount of iterations. The result will be an optimal step size under the assumption
that the next step will have access to a similarly good initial guess, which is not available.
Therefore, we refrain from using this technique in ∆t-adaptivity



4
Improving computational efficiency via adaptivity

Adaptivity is first and foremost a method for boosting computational efficiency. We will
demonstrate the capability of the step size selection algorithms in this regard very similarly
to [11], with experiments involving the van der Pol problem taken directly from there.
We will first verify that the step size selection and error estimate work as expected and
then show that this translates to reduced time-to-solution via wall-time measurements.
Experiments are performed on JUSUF (section 2.9.1).

4.1 SDC strategies

We benchmark the same four strategies for running SDC against each other as in [11]. We
briefly outline them here and collect parameters that we use across all test problems in
Table 4.1.

Fixed strategy. SDC can be run with no adaptivity at all, meaning fixed iteration
number k and step size ∆t, which we call the “fixed” strategy. In all experiments, we select
three Gauß-Radau collocation nodes, and kmax = 5 iterations, which results in a fifth-order
accurate method.

k-adaptivity strategy. We call the scheme of letting ∆t fixed, but choosing k adaptively
via residual- or increment-based stopping criterion for SDC “k-adaptivity”. We use the

# nodes node type kmax accuracy controlling parameter
fixed 3 Gauß-Radau 5 ∆t

k-adaptivity 3 Gauß-Radau 99 ∆t
∆t-adaptivity 3 Gauß-Radau 5 εTOL

∆t-k-adaptivity 3 Gauß-Radau 16 εTOL

Table 4.1: Parameters for SDC that are shared among all problems in computational efficiency
experiments for a given strategy. After selection of suitable preconditioner and residual tolerance
rTOL, the SDC schemes are all fifth order accurate. We vary the accuracy controlling parameter
to record work-precision diagrams in subsequent experiments in this chapter.
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Van der Pol Lorenz Gray-Scott RBC
k-adaptivity 10−9 1.6× 10−6 10−9 10−2 (10−5)

∆t-k-adaptivity 10−5ϵTOL 10−4ϵTOL 10−4ϵTOL 10−4ϵTOL (10−5) [10−2ϵTOL]

Table 4.2: Residual tolerances for strategies with adaptive iteration number used in experiments
on computational efficiency. The values in round braces denote the increment tolerance, if any
is used, and the values in angular braces denote the residual tolerance used in experiments with
BGSSDC, if different from the value used in single step SDC.

same collocation problem as in the fixed strategy, thus also expecting order five for all
experiments. We control the accuracy in experiments by selecting different fixed step size.

We use exclusively the residual as stopping criterion for all problems except RBC. As
discussed in section 2.5.11, the treatment of the boundary conditions in RBC can prevent
the SDC residual from reaching arbitrarily small values at finite resolution. We find that
a combination of increment and residual based stopping criterion works more reliably for
RBC.

∆t-adaptivity strategy. This strategy uses the ∆t-adaptivity algorithm (Algorithm 4).
Like in the fixed strategy, we use kmax = 5 with three Gauß-Radau collocation nodes. We
control accuracy in experiments with ϵTOL.

∆t-k-adaptivity strategy. This strategy uses the ∆t-k-adaptivity algorithm from Algo-
rithm 6. Like in the k-adaptivity strategy, we use three Gauß-Radau collocation nodes and
terminate using a residual or increment based stopping criterion for RBC and a residual-
only based stopping criterion for all other problems. Accuracy is controlled with ϵTOL.

4.2 Problem setups

We denote the setups for the different problems that we use in experiments on compu-
tational efficiency here. Refer to section 2.6 for details on the problems. Note that we
select the residual tolerance rTOL depending on the step size, which means a fixed value
for k-adaptivity and a value relative to ϵTOL for ∆t-k-adaptivity. We gather the residual
tolerances in Table 4.2.

Van der Pol. Here, we set u0 = 1.1 and u′0 = 0, µ = 1000 and solve up to t = 20. See
Figure 2.11 for an illustration of the solution over time. When using ∆t-k-adaptivity, we
select rTOL = 10−5ϵTOL, and stop the Newton scheme at a tolerance of 10−5r, with r the
current SDC residual, or after a maximum of 9 iterations. When using k-adaptivity, we
choose rTOL = 1× 10−9.

Lorenz attractor. The solution oscillates around two attractors, as illustrated in Fig-
ure 2.12. When using ∆t-k-adaptivity, we use rTOL = 10−4ϵTOL. When using k-adaptivity,
we choose rTOL = 1.6× 10−6.

Gray-Scott. We choose parameters F = 0.062 and k = 0.0609, which results in a pattern
called “U-Skate World” [115]. Here, random rectangles evolve to tube-shaped blobs that
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Figure 4.1: Solution of the v component in the Gray-Scott problem with “U-Skate World” con-
figuration used in experiments on computational efficiency. Left: random rectangles as initial
conditions. Right: solution after t = 500. When the simulation is run for longer, tube-shaped
objects will form and travel across the domain. See [10, GrayScott2D.mp4] for a video of the
solution over time.

travel across the domain and interact with other blobs. We use resolution of N = 1282,
insert 48 rectangles randomly as initial conditions and stop at time t = 500. See Figure 4.1
for the initial conditions and the solution at the end of the interval. When using ∆t-k-
adaptivity, we use rTOL = 10−4ϵTOL. When using k-adaptivity, we choose rTOL = 1×10−9.

Rayleigh Benard convection. We use a resolution of 256× 128, a Rayleigh number of
Ra = 3.2 × 105 and Prandtl number Pr = 1. At this Rayleigh number, slight turbulence
develops, but the resolution is sufficient for the SDC residual to converge to reasonable
values. We start the simulation at t = 10, right before macroscopic perturbations emerge
due to the random initial perturbation and run until t = 16, right before turbulence sets
in. See Figure 4.2 for the temperature profile at the beginning and end of the experiments.
When using ∆t-k-adaptivity, we use rTOL = 10−4ϵTOL except when running with BGSSDC,
where we use rTOL = 10−2ϵTOL and increment tolerance of 10−5. When using k-adaptivity,
we use rTOL = 10−6 or increment tolerance of 10−7.

4.3 Numerical experiments on computational efficiency

We now perform various experiments to showcase the ability to reduce run time by adaptive
step size selection while maintaining accuracy. In this section, we use the preconditioners
denoted in Table 4.3. They are selected by trial and error, using the ones that perform
best for the given example. As of yet, there is no way to know which preconditioner will
perform best beforehand.

To start off, we use the van der Pol oscillator as a toy problem to illustrate the benefits
of adaptive step size selection in general. This experiment is taken directly from [11].
Figure 4.3 shows the solution (upper panel), local error (middle panel) and computational
work, measured in total number of required Newton iterations (lower panel) to solve a van



4.3. Numerical experiments on computational efficiency 64

−1

0

1

z

0 1 2 3 4 5 6 7

x

−1

0

1

z

0.5

1.0

1.5

T
(t

=
1
0
)

0.5

1.0

1.5

T
(t

=
1
6
)

Figure 4.2: Temperature in the Rayleigh-Benard configuration at the beginning and end of experi-
ments for computational efficiency. We start the simulation at t = 10, right before the perturbations
grow sufficiently to become visible by the naked eye and run until the first plumes start to reach
the top of the domain, after which turbulence develops. We chose this time frame because it shows
dramatic changes in time-scale throughout the simulation. See [10, RBCLowRayleigh.mp4] for a
video of the solution over time.

Van der Pol Lorenz Gray-Scott RBC
fixed LU implicit Euler MIN-SR-S + Picard LU + Picard

k-adaptivity LU implicit Euler MIN-SR-S + Picard LU + Picard
∆t-adaptivity LU implicit Euler MIN-SR-S + Picard LU + Picard
∆t-k-adaptivity MIN-SR-S MIN-SR-NS MIN-SR-S + Picard MIN-SR-S + Picard

Table 4.3: Preconditioners used in serial experiments. We selected these because they performed
best in our experiments. There is, as of now, no good scheme to choose preconditioners a priori.
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total Newton iterations relative work maximum local error
fixed 648,189 71.0 2.027× 10−05

k-adaptivity 632,499 69.3 2.010× 10−05

∆t-k-adaptivity 12,146 1.3 2.508× 10−05

∆t-adaptivity 9,124 1.0 2.639× 10−05

Table 4.4: Results from Figure 4.3 in aggregate numbers. The relative work is denoted relative to
∆t-adaptivity, which is the most efficient strategy here.

expected Van der Pol Lorenz Gray-Scott RBC
fixed 5 4.7 4.3 4.7 4.4

k-adaptivity 5 4.3 4.8 4.3 3.2
∆t-adaptivity 1 1.1 1.0 1.0 1.3
∆t-k-adaptivity 1.25 1.0 1.6 1.1 1.6

Table 4.5: Exponent of the scaling between the parameter controlling the accuracy (∆t or ϵTOL)
and observed accuracy in terms of global error. The values are obtained from the experiments
shown in Figure 4.4 by fitting a power law f(x) ∝ x−p, where the table contains the values inferred
for p and x is either ∆t or ϵTOL. Note that the values are not particularly accurate due to small
sample size, which also prevents reasonable statistical analysis.

der Pol problem with very large value of µ = 1000, which leads to very fast transitions
followed by long periods of slow change. See Table 4.4 for the total number of Newton
iterations and maximal local error obtained when solving the interval with the different
strategies. Resolving the transitions requires a very small step size due to the high stiffness
of the problem, while a much larger step size suffices in between transitions. We select
parameters such that the maximal local error during the transition is on the order of 10−5.
For fixed step size schemes, the resulting step size is so small, that we solve to machine
precision outside of the transition. The associated computational effort to cover this short
simulation time is approximately 70 times of what is required by either of the step size
adaptive strategies to meet the same accuracy requirements. Solving an entire period of the
oscillator with fixed step size is prohibitively expensive, even when choosing k adaptively.
In tests not shown here, we found similar, although less pronounced, trends for smaller
values of µ.

This experiment shows that the step size can be tuned to the requirements of the
problem in a much broader range and more precisely compared to the iteration number.
Note that the accuracy of the converged collocation problem is still determined by the step
size. Also, the step size can be continuously adjusted in the floating point range, whereas
the iteration number is an integer.

Confirming efficacy of error estimate and step size update. We now test that error
estimates and step size update equations work as expected for all problems by measuring
how the global error responds to changing ϵTOL. We show the result, including how fixed
step size schemes react to changing ∆t in Figure 4.4 and Table 4.5.

All methods we use here are fifth order accurate, which is the expected scaling with
the step size for strategies with fixed step size. With adaptive step size, we select the
step size by controlling the local error of a lower order method, see Equation 2.54 and
Equation 2.55. The resulting scaling for the global error is e ∝ ϵ

q/p+1
TOL , with p and q as in
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Figure 4.3: SDC for the van der Pol problem with µ = 1000, solved with four different strategies.
The top panel shows the solution, the middle panel shows the resolution via the local error compared
to a reference solution and the bottom panel shows how many Newton iterations are needed to
reach the respective time, which is a good indicator of computational cost. Only one fast transition
is shown, which requires very small step sizes due to extreme stiffness. The solution is periodic
with the next transition appearing at around t = 600 (see Figure 2.11). Each marker represents
a single step for methods with adaptive ∆t or 10000 for the fixed or k-adaptive methods. See
Table 4.4 for the total number of Newton iterations and maximum local error obtained with all
strategies in this experiment. Figure is reproduced from [11, Fig. 6] under CC BY 4.0 licence.
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Figure 4.4: Plot of the parameter controlling the accuracy versus the achieved accuracy. The
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adaptivity. The collocation problem is fifth order accurate in all cases and we expect this scaling
for fixed and k-adaptivity strategies. For ∆t-adaptivity, we expect linear dependence between
parameter and error, while we expect e ∝ ϵ

5/4
TOL for ∆t-k-adaptivity. We observe the expected

scaling to a reasonable degree for all problems. The top left panel is reproduced from [11, Fig. 8]
under CC BY 4.0 licence.
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Figure 4.5: Number of expensive operations over simulation time for a run of RBC with three step
size controllers. Left is number of LU decompositions in the implicit solves and right is the number
of right hand side evaluations. “fixed” is with fixed step size, where factorizations are required only
in the beginning and in the end, when the step size is adjusted to reach the final time. The step size
is chosen as the minimum of what the “basic” controller uses, which is ∆t-adaptivity with the step
size update from Equation 2.55. “min slope” only changes the step size when ∥∆topt/∆t− 1∥ > 1
or when the step is restarted and has safety factor β = 0.5. Note that in other experiments in this
chapter we only solve the interval from t = 10 to t = 16.

Equation 2.54. That means we expect a linear dependence of global error on step size for
∆t-adaptivity for any q, since we always have q = p+1. For ∆t-k-adaptivity, on the other
hand, the scaling depends on the choice of quadrature; in our case the result is e ∝ ϵ

5/4
TOL,

as q = 5 and p = 3.
We observe this scaling in practice to a reasonable degree. Some deviations due to

stiffness or stability restrictions are not unexpected and occur also in embedded RKM. In
RBC with k-adaptivity, we have to select very small step sizes due to stability restrictions,
which means we cannot observe the order for reasonable residual tolerance.

Step size controller for Rayleigh-Benard convection. As mentioned in section 2.4.3,
selecting the largest possible step size is not necessarily the most efficient strategy. In the
RBC problem, we solve the linear systems using LU factorizations, which can be reused
in subsequent time steps, provided the step size did not change. As the factorizations are
usually the most computationally expensive part, these should be kept to a minimum and
it may pay off to keep a smaller step size rather than increase it. This comes at the cost
of more right hand side evaluations, however. Therefore, we aim to balance factorizations
and right hand side evaluations by employing a bespoke step size controller.

The step size controller we use in RBC only changes the step size when ∥∆topt/∆t−1∥ >
1, or if the step is restarted, and we use safety factor β = 0.5 when computing ∆topt. The
step size is therefore only reduced if the step is restarted and only increased when the
optimal step size is more than twice as large as the current one. This, together with the
small safety factor helps prevent restarts when operating close to the stability limit of the
IMEX scheme.

The resulting computational work with this step size controller compared to the basic
one (Equation 2.55) in an example using ∆t-adaptivity is shown in Figure 4.5. Keeping the
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matrix factorizations right hand side evaluations wall time / s
basic 72 432 126

min slope 12 504 79
fixed 3 5400 664

Table 4.6: Number of operations and wall time needed to simulate the interval t ∈ [10, 16] with
RBC with the step size controllers from Figure 4.5. This is the interval that we cover in subsequent
experiments on computational efficiency with RBC. The “min slope” step size controller requires
marginally more right hand side evaluations than the basic controller, but significantly fewer matrix
factorizations. It requires a few more matrix factorizations than the fixed step size controller, but
dramatically fewer right hand side evaluations. This makes the min slope step size controller the
most efficient one we considered.

step size constant at a small value requires the least possible amount of matrix factoriza-
tions, but a lot of right hand side evaluations. Changing the step size between every step
with the basic controller, on the other hand, requires a lot of factorizations, but the least
possible amount of right hand side evaluations, given the accuracy requirements. The step
size controller that we use is a compromise between the two that uses much fewer matrix
factorizations than the basic controller, but also much fewer right hand side evaluations
than with using fixed step size, and is the fastest to run as shown in Table 4.6. Because the
step size controller avoids many restarts when the step size is close to the stability limit
compared to the basic controller, it needs only marginally more right hand side evaluations
than the basic controller up to t ≈ 20. From then on, the step size controller does not
increase the step size, leading to more right hand side evaluations compared to the basic
controller.

Note that the optimal step size controller depends on the cost of matrix factorizations
and right hand side evaluations, as well as the dynamics of the problem. Generally speak-
ing, the more expensive the matrix factorizations are compared to using the factorizations
and evaluating the right hand side, the larger the threshold for changing the step size
should be and vice versa. Limiting step size changes via step size controllers based on
low-pass filters or PID controllers [140] is common practice, e.g. [38, 84, 131]. These could
provide even more efficient schemes for the RBC example and should be explored in future
research.

For the other problems, we use the basic step size controller that simply updates
∆t = ∆topt and therefore selects the largest possible step size that fulfills the accuracy
requirements. In the Gray-Scott example, this is sensible as the computational cost of the
linear solves is independent of the step size. While more elaborate step size controllers
may be able to reduce the number of Newton iterations in the ODE examples slightly, the
difference in computational cost between implicit solves and right hand side evaluations is
much less pronounced compared to RBC. Therefore, we do not expect significant reduction
in computational work by custom step size controller.

Work-precision diagrams. Next, we present work-precision diagrams for all problems
showing that adaptive step size selection results in actually decreased wall-time for a range
of parameters in Figure 4.6. We see that it is entirely unpractical to solve problems like
the van der Pol example with such stark contrast in time-scales with fixed step size. For
the other problems, the benefits are less pronounced, but adaptive step size selection is
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Figure 4.6: Work precision diagram with the four SDC strategies for all problems from section 2.6.
With the van der Pol oscillator at µ = 1000, the benefit from adaptive step size selection is
especially pronounced, but all problems benefit from adaptive step size selection. Even RBC,
where additional matrix factorizations are performed when the step size is changed, is solved more
efficiently with adaptive step size selection. The top left panel is reproduced from [11, Fig. 7] under
CC BY 4.0 licence.
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Van der Pol Lorenz Gray-Scott RBC
∆t-adapt. N=4x1 implicit Euler implicit Euler IMEX Euler LU + Picard
∆t-adapt. N=1x3 MIN-SR-S MIN-SR-S MIN-SR-S + Pic MIN-SR-S + Pic
∆t-adapt. N=4x3 MIN-SR-S MIN-SR-S MIN-SR-S + Pic MIN-SR-S + Pic
∆t-k-adapt. N=4x1 MIN-SR-S MIN-SR-NS - MIN-SR-S + Pic
∆t-k-adapt. N=1x3 MIN-SR-S MIN-SR-NS MIN-SR-S + Pic MIN-SR-S + Pic
∆t-k-adapt. N=4x3 MIN-SR-S MIN-SR-S - MIN-SR-S + Pic

Table 4.7: Preconditioners used in parallel experiments. They were again selected by trial and
error. “Pic” is short for Picard here.

always the most efficient scheme.
A reduction in the accuracy controlling parameter (∆t or ϵTOL) leads to a fairly pre-

dictable increase in computational cost with all strategies except ∆t-k-adaptivity. This is
because the collocation problem generally converges faster for smaller step size, meaning
that the work per step is often reduced at the same time that the number of steps is
increased. This makes ∆t-k-adaptivity especially suitable when high accuracy is desired.
Similar effects with Newton solvers converging faster for smaller step size have led to the
design of special step size controllers [49].

We do not find that k-adaptivity is always better than the fixed scheme. In the case of
the Lorenz attractor, the computation of the residual adds substantial computational cost
that outweighs any savings by adaptivity. In the RBC example, we have to select a very
small step size to prevent instability in the IMEX solver, but we cannot select a very small
residual tolerance because the perturbations due to the boundary conditions are non-zero
(see section 2.5.11).

4.4 Parallel-in-time speedup

We now attempt to accelerate adaptive SDC by the parallel-in-time methods discussed in
section 2.3.5, namely the parallel-across-the-method algorithm diagonal SDC, the parallel-
across-the-steps algorithm Block Gauß-Seidel SDC (BGSSDC) and a combination of both.
Note that we cannot compute speedup as a number because the accuracy changes as the
number of steps is increased in BGSSDC or the preconditioner is changed for diagonal
SDC. Instead, speedup is inferred from comparing lines in work-precision diagrams.

The efficiency of SDC relies crucially on the preconditioners, and this is only exacer-
bated with BGSSDC. See Table 4.7 for the preconditioners we selected for parallel exper-
iments. Like in the single-step case, the optimal preconditioner is unknown beforehand
and intuitions from single-step SDC may not hold. For instance, one may expect LU to
work well for stiff problems, but Gray-Scott is a counter example that worked significantly
better with the IMEX Euler combination. In particular, the combination of BGSSDC
and diagonal SDC, which requires a diagonal preconditioner, did not converge within a
reasonable time frame relative to the other methods at all for Gray-Scott.

Note that, as PFASST (see section 2.3.5) also shows order k after k iterations [57], if
it converges at all and up to the order of the underlying collocation problem, and as the
algorithmic structure is comparable to BGSSDC, it is conceivable to use the adaptive step
size selection algorithms also in PFASST. We did not make experiments with step size
adaptive PFASST, since this exceeds the scope of this thesis, but this would certainly be
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Van der Pol Lorenz Gray-Scott RBC
speedup 1.43 1.27 1.83 2.79

parallel efficiency / % 48 42 61 93

Table 4.8: Speedup and parallel efficiency for ∆t-k-adaptivity accelerated by diagonal SDC. We
can compute speedup as a number here because the serial and parallel methods have exactly the
same result.

interesting for future work.

PinT extensions with ∆t-adaptivity. See Figure 4.7 for a work-precision diagram
with the different modes of parallelism added on top of the ∆t-adaptivity strategy.

We find decent speedup with BGSSDC for the van der Pol and Gray-Scott problems
and modest speedup for the Lorenz example. In RBC, however, we are unable to obtain
speedup with BGSSDC. How much speedup one gets depends on how much the added
inaccuracy in the initial conditions in early iterations impacts convergence. If the added
inaccuracy is still present in later iterations, the error will be estimated larger and the step
size selected smaller, leading to additional work for similar accuracy compared to single
step SDC.

We find good speedup with diagonal SDC in ∆t-adaptivity for all problems except van
der Pol. Here, it seems the LU preconditioner performs significantly better than diagonal
ones.

The only problem where the combination of both PinT methods performs well and
better than serial is Lorenz. For van der Pol and Gray-Scott, it performed worse than
the serial run and for RBC it performed about the same as the serial run. Given that it
requires twelve ranks in time, parallel efficiency is low.

PinT extensions with ∆t-k-adaptivity. We show a work-precision diagram with PinT
versions of SDC and ∆t-k-adaptivity in Figure 4.8. Because the diagonal preconditioners
performed well in serial in this strategy, we obtain the same result with diagonal SDC as
in serial. This enables the computation of speedup and parallel efficiency, which we show
in Table 4.8. The largest speedup of approximately 2.8 is achieved with RBC, which is
a parallel efficiency of 93 %. With Gray-Scott, we also get decent parallel efficiency with
speedup of 1.8, while the ODE examples profit relatively less and gain only mild speedup.
Diagonal SDC parallelizes the implicit solves and the right hand side evaluations, but adds
some communication, mainly in computing the residual and the solution at the end of the
step. The greater the share of the implicit solves and right hand side evaluations of the
overall runtime, the better the parallel efficiency with diagonal SDC.

With ∆t-k-adaptivity, we find no speedup with BGSSDC with any problem. The com-
posite collocation problem requires more iterations to converge than each single collocation
problem, to the point that the added work negates any benefit from parallelization.

The combination of BGSSDC and diagonal SDC was not competitive for any problem
we tested. Note that for the Lorenz example, we found best performance with the MIN-
SR-S preconditioner with BGSSDC, and MIN-SR-NS without, further highlighting the
mystery around preconditioners in BGSSDC.
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Figure 4.7: Work-precision diagram for parallel-in-time extensions with ∆t-adaptivity. If more
than one processor is used, it is indicated as N=<processes across the steps>x<processes
across the method>, meaning N = 4x1 is BGSSDC with four parallel steps, N = 1x3 is diag-
onal SDC with three processes and N = 4x3 is a combination of both. We find good speedup for
all problems with diagonal SDC except van der Pol and good speedup for all problems but RBC
with BGSSDC. The combination of both, on the other hand, does not work well for any problem
except the Lorenz attractor. We do not show the combination of diagonal SDC and BGSSDC for
Gray-Scott because it did not reach the final time for any tolerance within 100 s.
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Figure 4.8: Work-precision diagram for parallel-in-time extensions with ∆t-k-adaptivity. The
legend is analogous to Figure 4.7. Diagonal SDC gives excellent speedup for the PDEs and decent
speedup for the ODEs. BGSSDC does not work well for any problem, except for Lorenz when it
is combined with diagonal SDC and even then delivers poor parallel efficiency. Gray-Scott with
BGSSDC did not finish within 100 s for any tolerance.
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4.5 Comparison against embedded Runge-Kutta methods

We compare against state-of-the-art embedded RKM here. The problems and their dis-
cretizations differ enough to require different reference RKM for each. We start by noting
the reference methods we used, which we believe to be among the closest competitors to
the SDC schemes from the pool of RKM that are readily available in the literature.

Reference methods. Because Lorenz is not very stiff, an explicit RKM is actually most
efficient. We use Cash-Karp’s method [28], which is a six-stage embedded explicit method
of orders five and four. We refer to this method as CK5(4). We do not show this method
for the other problems because it did not give results within a reasonable time frame and
was not competitive at all. We also test a singly diagonally implicit embedded method
with explicit first stage of orders five and three [88], which we call ESDIRK5(3), on Lorenz
and van der Pol.

For Gray-Scott, we need an additive RKM, specifically an IMEX RKM, in order to
employ the same IMEX solver as in SDC. Recall that IMEX RKM are a pair of explicit
and implicit methods. Since embedded RKM are also pairs of RKM, IMEX embedded
RKM are four distinct coupled methods. The method we use is an additive pair of a singly
diagonally implicit stiffly accurate L-stable embedded method of orders five and four and
an explicit embedded method of orders five and four [89, 5(4)8L[2]SA2], which we call
ARK5(4).

RBC poses additional challenges for RKM because of the algebraic incompressibility
constraint, which is solved in place of an evolution equation for the pressure. The solu-
tions corresponding to all of the stages satisfy the algebraic constraint because the IMEX
solver (Equation 2.117) respects it, but the correct pressure cannot be obtained by linear
combination of the stages, as in the collocation update. The simplest solution is to use
methods where the solution is used in one of the stages, as is the case in stiffly accurate
RKM and SDC with quadrature rules that include the right endpoint [6]. Recall that stiff
accuracy means the last line in the matrix is equal to the weights Asi = bi.

While stiff accuracy is a common property in RKM, we require an IMEX RKM for our
RBC implementation. There are already few IMEX RKM of high order available [89] and
we were unable to procure a method of order higher than four where both implicit and
explicit methods are stiffly accurate. Recall that when using the same weights for implicit
and explicit methods, the number of IMEX coupling conditions reduces significantly [126],
but an SDIRK and an explicit RKM cannot both be stiffly accurate and share the weights.
Instead, we tested a four-stage third order method [7, Section 2.8], where the implicit
method is singly diagonally implicit and has explicit first stage, and a seven-stage fourth
order method [105, RK.4.A.2], where the implicit method has two distinct non-zero values
on the diagonal.

The number of distinct non-zero values on the diagonal dictates how many matrix fac-
torizations are required per step. In particular, singly diagonally implicit methods, where
all non-zero values on the diagonal are the same, necessitate only a single factorization per
step. The number of stages dictates how often the right hand side needs to be evaluated
during a single step. In tests not shown here, we found the third order method to be more
computationally efficient than the fourth order method because it needs half the number
of matrix factorizations and little more than half the number of right hand side evaluations
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per step. Therefore, we compare third order accurate settings of SDC against the third
order accurate RKM for RBC.

Note that none of the stiffly accurate IMEX RKM methods we found are embedded
methods. Therefore, we use an alternative adaptive step size selection mechanism based
on the CFL limit [40]

∆t = cmin(
u

∆x
,
v

∆z
), (4.1)

where ∆x and ∆z are the grid spacing in x and z direction respectively and 0 < c ≤ 1 is
called the CFL number. The CFL limit is a stability criterion for explicit and IMEX meth-
ods. In our experiments, the CFL number also takes the role of the accuracy parameter,
which is to say we select smaller c when we desire higher accuracy and vice versa.

Computing the CFL limit is rather expensive because the ratio of velocity to grid
spacing has to be computed locally, i.e. in physical space, thus requiring an extra pair of
transforms. As shown in Figure 4.5, a step size controller that prevents small step size
changes is critical for performance. With the CFL limit, we are not as free to ignore step
size reduction because there is no mechanism to check the accuracy and restart. Therefore,
we change the step size already when it changes by more than 20%.

Numerical results. We show work-precision diagrams comparing step size adaptive
SDC against the reference RKM in Figure 4.9. We use parallel-in-time SDC as suitable,
selecting the best performing method from Figure 4.7 and Figure 4.8. Note that we found
time-serial SDC with LU preconditioner to outperform diagonal SDC with MIN-SR-S pre-
conditioner for RBC with ∆t-adaptivity for the third order configuration here.

We find that SDC is more efficient than the reference RKM for all problems but the
Lorenz attractor, where the explicit RKM performs best. We find the largest differences for
the PDE examples with high accuracy, where ∆t-k-adaptivity is very efficient. In RBC, we
find lower global error with SDC at the same average step size compared to the RKM. Note
that with diagonal SDC, only one matrix factorization is required per step per process,
giving similar advantages as singly diagonally implicit RKM.

As discussed above, we selected the ARK3 method as a reference RKM for the RBC
problem because it was the best performing RKM that satisfied our requirements. While
third order adaptive SDC already outperforms this method in Figure 4.9, we compare
separately against the best performing fifth order adaptive SDC methods from Figure 4.7
and Figure 4.8 in Figure 4.10. We find that fifth order adaptive SDC performs significantly
better than the third order RKM, even serially in time. When using diagonal SDC with
three processes and ∆t-k-adaptivity, we find up to five orders of magnitude smaller error
at the same run-time. Recall that the easy tuning of the order, and the ease with which
high order solutions can be obtained in general, is one of the major advantages of SDC. In
this case, we increase the order simply by adding one collocation node in ∆t-k-adaptivity
or adding one node and increasing the number of iterations by two in ∆t-adaptivity. While
we did not find a suitable stiffly-accurate reference RKM, this does not mean RKM cannot
be used to obtain fifth-order solutions. The ARK5(4) method we use for Gray-Scott can
be used, if the pressure is computed separately after the differential equations have been
integrated, e.g. using a projection scheme [33]. We leave comparison of high order SDC
to high order RKM with a projection scheme for future work. Finally, we note that this
is a good example for a problem where high-order solutions are easily obtained with SDC
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Figure 4.9: Comparison of step size adaptive time-parallel SDC against reference RKM. As the
Lorenz attractor problem is only mildly stiff, the explicit Cash-Karp’s method (CK5(4)) is most
efficient. For all other problems, SDC outperforms the RKM. Note that we use step size adaptive,
fifth order methods for all problems but RBC, where all methods are third order accurate and
the step size for the RKM is determined via CFL limit. For third order ∆t-adaptivity with RBC,
time-serial SDC with LU preconditioner performed better than either parallelization strategy. See
Figure 4.10 for comparison of ARK3 against fifth order SDC for the RBC example. The top left
panel is reproduced from [11, Fig. 10] under CC BY 4.0 licence.
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Figure 4.10: Comparison of third order additive RKM versus fifth order SDC methods for the RBC
problem. In Figure 4.9, we compared the same RKM against third order SDC methods. Here,
we show that the easy tuning of the order in SDC can give even larger performance benefits over
RKM.

while substantially more effort is required for implementing a high-order RKM.



5
Resilience against soft faults by means of adaptivity

After having shown that adaptive step size selection can be employed for boosting compu-
tational efficiency in chapter 4, we now show that it improves resilience against soft faults
as well. This chapter closely follows [12], with experiments involving the Lorenz and RBC
problems taken directly from there.

5.1 Resilience strategies

We test the resilience capabilities of all SDC strategies from section 4.1, as well as the
dedicated resilience strategy Hot Rod, for which we develop an SDC specific version. We
discuss only properties with respect to resilience here and refer to section 4.1 for more in-
formation. We again use fifth order accurate methods throughout. See Table 4.1, Table 4.2
and Table 4.3 for simulation parameters.

fixed strategy. The fixed strategy has no particular mechanism for mitigating faults.
It serves as a baseline for determining the impact of faults in absence of any resilience
strategy.

k-adaptivity strategy. We expect the SDC residual to reflect faults, which means k-
adaptivity will automatically attempt to correct the fault by continued iteration. The range
of faults that SDC with k-adaptivity can recover from thusly depends on the preconditioner
and the problem. A plain Newton solver in a non-linear problem, for instance, may not
converge from a faulty initial guess. Similarly, convergence is not always guaranteed in
SDC. Still, for a wide range of faults, k-adaptive SDC has been shown to provide an
adequate solution in the presence of faults [63].

∆t-adaptivity strategy. In ∆t-adaptivity, we expect to detect the fault in the estimate
of the local error that is part of the adaptive step size selection algorithm. Recovery
happens by rejection of steps with local error exceeding the target. This has already been
shown to be an effective resilience strategy for the embedded RKM [13] that this algorithm
is based on.

79
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∆t-k-adaptivity strategy. In ∆t-k-adaptivity, we combine the resilience capabilities of
∆t-adaptivity and k-adaptivity. Faults can be detected in the residual as well as the local
estimate and corrected by continued iteration as well as restarts.

Hot Rod. Hot Rod [65] is a dedicated resilience strategy that we use for reference. It
works by estimating a quantity derived from the local error and restarting if it is unex-
pectedly large. It was developed for explicit Runge-Kutta methods, but we present an
adaptation that can be used with implicit and explicit SDC at any order in the following.
In our experiments, we add Hot Rod on top of the fixed strategy with identical SDC pa-
rameters, except that we perform one extra SDC iteration with no gain in accuracy, as
discussed later.

5.2 Adapting Hot Rod to SDC

We start by describing the method for the explicit Cash-Karp’s method [28] of orders four
and five for which it was developed in [65] and then discuss the modifications needed to
use it with SDC.

Hot Rod for explicit RKM. The local error is estimated by subtracting two separate
error estimates to obtain one estimate of higher accuracy. The first error estimate is the
same as used in embedded RKM, that is to say the stages of the RKM are assembled
with two different weights to obtain solutions of different order. The difference is an error
estimate of the lower order method, which is order four in the case of Cash-Karp’s method.
See section 2.4.1 for more details on embedded RKM.

The second estimate is based on Radau’s quadrature and Taylor expansion. Similarly
as in embedded methods, a secondary solution is computed and compared to the solution
of the integrator. In this case, the secondary solution is obtained by extrapolation from
solutions and right hand side evaluations at previous time steps. The specific formula used
in [65] for orders p ≤ 5 is

R =
∆t

10
[3f (tn−2, un−2) + 6f (tn−1, un−1) + f (tn, un)]

+
1

30
[un−3 + 18un−2 − 9un−1 − 10un] ,

(5.1)

where the index n marks the current time step and n − j indicates that the quantity is
associated with j steps prior. Note that, in order for the two error estimates to be of
the same order, we have to use the fourth order solutions in Equation 5.1. Even though
Cash-Karp’s method is order five accurate, we have to advance in time with the fourth
order accurate secondary solution.

The error estimate used for fault detection is then obtained as

∆ = ϵembedded −R, (5.2)

with ϵembedded the error estimate from the embedded method. Faults are detected if

∆ > ∆TOL, (5.3)

with ∆TOL the user defined threshold for error detection. Detection of a fault then triggers
a restart of the step.
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Hot Rod in SDC. To use Hot Rod in SDC, we need to adapt both error estimates. For
ϵembedded we use the increment, which behaves analogously, as discussed in section 3.1. The
second estimate is slightly more involved. In principle, Equation 5.1 can be used directly
for orders lower than five. However, as one of the virtues of SDC is the easy tuning of the
order, we compute coefficients for comparable error estimates at runtime to the desired
order.

The Taylor expansion of the solution around t with step h is

u(t− h) = u(t)− hu′(t) +
h2

2
u′′(t) + ... =

k∑︂
i=0

(−h)i

i!
u(i)(t) +O(hk+1). (5.4)

For autonomous problems ut = f(u), we also have the Taylor expansion of −hf(t)

−hf(t− h) = −hu′(t) + h2u′′(t) + ... =

k∑︂
i=1

(−h)i

(i− 1)!
u(i)(t) +O(hk+1). (5.5)

We now seek a linear combination of n solutions and right hand side evaluations at previous
time steps t− hj that cancel all terms but the solution at the current time to order q

u(t) =

n∑︂
j=1

aju(t− hj) + bjhjf (u (t− hj)) +O(h̄q+1), (5.6)

where h̄ should be understood as the average step size. To this end, we solve the (q+1)×
(2n+ 1) system of equations(︄

1 0
(−h)ij

i!

(−h)ij
(i−1)!

)︄(︃
aj
bj

)︃
=

(︃
δj0a0
0

)︃
, (5.7)

where i should be understood as a row index, j as a column index and δ is the Kronecker
delta. In order for the system to be invertible, we require n = q/2.

The coefficients resulting from solving Equation 5.7 essentially define a linear multi-
step method (LMM) [72, Chapter III.1] for obtaining the secondary solution. However,
the solutions entered into the extrapolation, Equation 5.6, carry local truncation errors,
which accumulate within the LMM.

In order to compare to ϵembedded, we need to extract only one times the local truncation
error from the error estimate R. To this end, we linearize and make the approximation
that u(t− hn) is exact and the local error accumulates linearly with u(t− hn+i) carrying
i times the local truncation error of the method. We then compute the local truncation
error estimate as

R(q) = P

⃓⃓⃓⃓
⃓⃓ n∑︂
j=0

aju(t− hj) + bjhjf (u (t− hj))

⃓⃓⃓⃓
⃓⃓
∞

+O(h̄k+1),

P = 1/

⃓⃓⃓⃓
⃓⃓n−1∑︂
j=0

(n− j) aj

⃓⃓⃓⃓
⃓⃓ ,

(5.8)
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which assumes the step size to be constant, i.e. hj = j∆t. The more general prefactor for
adaptive step sizes is

Padaptive = 1/∥
n−1∑︂
j=0

(︄
n−j−1∑︂
i=0

(︃
∆ti
∆t0

)︃k+1
)︄
aj∥, (5.9)

but we use Hot Rod only with fixed step size here.
Note that Hot Rod requires a startup period. R(q) can only be computed after q/2

time steps have been completed. Before that, Hot Rod cannot detect faults.

Overhead. There are two sources of overhead in Hot Rod. First, additional computation
is needed because the error estimates need to have the same order. As mentioned before,
this requires to advance in time with a solution of the same accuracy as the one we estimate
the accuracy of in the embedded method / increment. In the SDC version, this means we
perform one extra iteration with no gain in accuracy.

Second, Hot Rod increases the memory requirements immensely. For an order q method
in SDC, we require at least q solution size objects in memory made up of solutions at
collocation nodes and right hand side evaluations. Computing the extrapolated solution in
R(q) requires q additional solution size objects in memory, doubling the memory footprint.

Detection thresholds. Hot Rod requires the user to set a tolerance for error detection
∆TOL. When considering adaptivity as a resilience scheme, the tolerance that controls
accuracy is a natural choice for controlling resilience as well. Note that there are no false
positives with adaptive methods because steps are restarted or additional iterations are
performed only whenever the accuracy is not sufficient for any reason, including faults.

In Hot Rod, on the other hand, the tolerance for resilience is not tied to the accuracy of
the problem. The user must choose a threshold that balances sufficiently low false negative
rate against sufficiently low false positive rate. In [65], methods for choosing thresholds
during runtime based on machine learning are proposed. We resort to choosing the lowest
threshold that yields 0% false positive rate in our tests for all examples but van der Pol.
Due to larger changes in time-scale, we select a threshold in van der Pol that balances false
positives with false negatives.

If a false positive is triggered in Hot Rod because the accuracy of the SDC scheme
was insufficient to satisfy the tolerance, restarting the step will yield the same result and
another false positive will be triggered. In order to break this circle, we attempt to correct
faults in Hot Rod via restart only once and simply ignore the fault detector in the second
try of the same step. In practice, allowing multiple restarts could be needed if the fault
rate is sufficiently high.

5.3 Fault insertion methodology

While a realistic fault insertion simulation would consider faults in instructions at the
lowest level, we only insert faults by flipping bits in the solution. We do this by converting
to binary IEEE 754 representation, flipping the bit and then converting back to floating
point representation. Evidence suggests that this is a sensible strategy to investigate
silent data corruption, while lower level fault injection mainly increases the probability of
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Van der Pol Lorenz Gray-Scott RBC
∆t (fixed) 0.045 10−3 0.4 0.05

∆t (k-adaptivity) 0.04 8× 10−3 1.0 0.07
rTOL (k-adaptivity) 10−7 10−9 10−9 10−6 (10−7)
ϵTOL (∆t-adaptivity) 2× 10−7 10−7 2× 10−6 10−4

ϵTOL (∆t-k-adaptivity) 5× 10−4 2× 10−4 10−4 5× 10−7 (10−5)
rTOL (∆t-k-adaptivity) 4× 10−8 10−11 4× 10−7 5× 10−3

tfault 5.25 10 100 20.2

Table 5.1: Parameters specific to resilience experiments. Values in braces in the rTOL rows denote
increment tolerances, which we use only with the RBC problem. The values were chosen by trial
and error to obtain similar accuracy with all strategies. tfault is the simulation time at which we
insert faults.

termination of the program by the operating system [160]. Also, we restrict the discussion
to transient bit flips. This means we assume that the fault does not occur again if we
repeat the operation.

A fault can be inserted in a variety of ways. We can insert in any iteration, at any
collocation node, in any space position, bit, and at any time. We pick a single time for fault
insertion up front in order to limit the number of options. We then insert faults at random
in solution variables in up to 4000 experiments for the Gray-Scott and RBC examples. For
the van der Pol and Lorenz attractor problems, there are only 2560 and 3840 combinations
for inserting faults at a fixed time because there are 5 options for iteration number, 4
choices for collocation node (including initial conditions), 2 and 3 solution components,
each with 64 bits.

Since we want the same faults for all strategies, we restrict the random insertion to
faults that would target the fixed strategy in the same way. That is, when we perform a
fixed number of kmax iterations in the fixed and ∆t-adaptivity strategies, we insert faults
only in the first kmax iterations in all strategies, even if the k- and ∆t-k-adaptivity strategies
may perform more iterations in this step.

5.4 Problem setups

Here, we note the setups for the problems from section 2.6 that we use in experiments
regarding resilience. As we perform thousands of experiments here, some configurations
from experiments on computational efficiency are not viable. We denote only the differences
to the configurations from section 4.2 and refer there (Table 4.1, Table 4.2, and Table 4.3)
for more details. We collect SDC parameters specific to resilience experiments in Table 5.1.

Van der Pol oscillator. The van der Pol configuration used in experiments on com-
putational efficiency is entirely unsuitable for fixed step size schemes due to the extreme
changes in time scales. We therefore choose a less stiff configuration with µ = 5 for tests
on resilience. We use initial conditions u0 = 2 and u′0 = 0 and solve up to t = 11.5, which
covers one full oscillation, as shown in Figure 5.1. We insert faults at t = 5.25.
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Figure 5.1: Solution of the van der Pol configuration used in tests on resilience over time. We solve
only the first oscillation, shown shaded here, in experiments.
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Figure 5.2: Temperature profile at the beginning and end of a Rayleigh-Benard resilience experi-
ment. Here, we consider the interval between t = 20, where turbulence is already under way and
t = 21, when the simulation is still in the same regime. See [10, RBCLowRayleigh.mp4] for a video
of the solution over time. The bottom panel is reproduced from [12, Fig. 12].

Lorenz attractor. We use exactly the same configuration as in experiments on com-
putational efficiency (chapter 4) here. See section 4.2 for details. We insert faults at
t = 10.

Gray-Scott. We use exactly the same configuration as in experiments on computational
efficiency (chapter 4) here. See section 4.2 for details. We insert faults at t = 100.

Rayleigh-Benard. Here, we only change the time domain of the simulation. We start
at t = 20, when turbulence has just emerged and continue to t = 21. See Figure 5.2 for
the temperature profile at the beginning and end of the experiments. We insert faults at
t = 20.2.
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Figure 5.3: Horizontal coordinate of the solution of the Lorenz problem with bit 0 flipped in x. The
dashed line is the solution in absence of faults, while the solid line shows the response of the fixed
strategy to the fault. Bit 0 stores the sign, which is flipped following the fault. This dramatically
changes the dynamics. Figure reproduced from [12, Fig. 1].

5.5 Numerical results

We now investigate the response to faults of the SDC strategies from section 5.1. Before
presenting how the strategies perform for all problems from section 2.6, we investigate
them in detail with the Lorenz attractor problem. Because of its chaotic behaviour, this
problem is ideally suited to put resilience strategies to the test. The impact of faults is
very significant, as demonstrated in Figure 5.3 and Figure 5.4. In the former, a significant
fault is inserted, which leads to an entirely different trajectory afterwards. In the latter,
the solution is perturbed invisibly to the naked eye, but the perturbation grows over time
to eventually lead to a vastly different outcome.

Determining recovery rate. We select a recovery threshold that controls how much
the global error is allowed to be increased relative to a fault-free run and compute the
recovery rate as the ratio of experiments where the global error did not increase beyond
the threshold to total number of experiments. The threshold should be set according to
the requirements on the simulation and there is no one-size-fits-all solution. We show the
recovery rate across all faults for different thresholds in Figure 5.5 and settle on a value
of 1.1, which means we count successful recovery if the increase of the global error is no
greater than 10%. That is to say, we accept a fault as recovered if the global error is not
increased by more than 10 %.

Recovery rate by node. Figure 5.6 shows recovery rates dependent on the collocation
node that is targeted by the fault. In the pySDC implementation, collocation node 0
stores the initial conditions. This means faults that occur in collocation node 0 cannot be
recovered by restarting, since the initial conditions will continue to include the fault. This
causes significantly lower recovery rate for faults in node 0 than in other nodes.

We also find that the fixed strategy has slightly lower recovery rate in node 3 than
in nodes 1 and 2. After SDC has converged, the solution to the step is computed as a
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Figure 5.4: Horizontal coordinate of the solution of the Lorenz problem with bit 20 flipped in x.
The legend is shared with Figure 5.3. Bit 20 is the eighth bit in the mantissa, meaning it changes
the solution only a little. The impact of the fault is invisible to the naked eye in the beginning, but
the chaotic nature of the problem amplifies it, such that the solutions are significantly different at
the end of the interval. Figure reproduced from [12, Fig. 2].
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Figure 5.5: Recovery rate for the Lorenz attractor problem depending on the acceptance threshold.
The threshold is shown as the ratio of the global error to the global error of a fault-free run, meaning
a value of one requires fault correction to deliver the same or lower error as a simulation without
faults. A value of two would count twice the error as without faults as recovered. Any threshold
larger than one leads to high recovery rates for all recovery strategies. We choose a threshold of
1.1 for computing recovery rates in subsequent figures. Figure reproduced from [12, Fig. 3].
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Figure 5.6: Recovery rate for the Lorenz attractor problem depending on the collocation node that
was hit by a fault. As node 0 stores the initial conditions in the pySDC implementation, faults
targeting it can not be recovered by restarting, which leads to decreased recovery rate compared
to other nodes. Figure reproduced from [12, Fig. 4].

weighted sum of the um during the collocation update. With the Gauß-Radau quadrature
rule with three nodes that we use here, the last node is the end point of the interval and
the collocation update amounts to simply copying u3. Hence, when a fault targets any but
the last node in the last iteration, it has no impact on the solution to the step.

Recovery rate by iteration. Figure 5.7 shows recovery rates depending on the itera-
tion in which the fault occurs. Since faults in the last iteration and any but the last node
do not affect the collocation update, the fixed and ∆t-adaptivity strategies have the high-
est recovery rate in the last iteration. Because the fault nevertheless impacts the residual,
strategies with adaptive k may continue to iterate and propagate the fault into the collo-
cation update. Keep in mind that Hot Rod performs one extra iteration, but advances in
time with the solution of the fifth iteration. If a fault occurs in the initial conditions in the
fifth iteration, Hot Rod will trigger a restart and the fault ends up affecting the solution.
Otherwise, the recovery rate of the fixed strategy decreases with iteration number. The
earlier the fault occurs, the more iterations are available to smooth out the perturbation.

Recovery rate by bit. Finally, we look at the recovery rate depending on which bit
was flipped in Figure 5.8. In IEEE 754 double representation, bit 0 stores the sign, bits 1
to 12 store the exponent and the remaining bits store the mantissa. We find that flipping
bits beyond 35 perturbs the solution too little to be noticeable in this problem.

When flipping bits 2, 3, or 4, overflow errors in the Newton solver crash the code,
resulting in 0 % recovery rate for all strategies. For k-adaptivity, ∆t-k-adaptivity and Hot
Rod strategies, we observe that 75 % of faults to bits 0, 1, and 9 to 28 are fixed. This is
because all faults that target these bits and not the initial conditions are fixed, while all
faults that target these bits and the initial conditions are not fixed. At 80 %, the recovery
rate for ∆t-adaptivity is slightly higher in these bits because also faults that occur in the
initial conditions and in the last iteration are fixed.

After having identified the faults that cannot be recovered by these strategies as faults
that target the initial conditions and faults that cause overflows, we can exclude these



5.5. Numerical results 88

1 2 3 4 5

iteration

0.0

0.2

0.4

0.6

0.8

1.0

re
co

v
er

y
ra

te

fixed

∆t-adaptivity

k-adaptivity

Hot Rod

∆t-k-adaptivity

Figure 5.7: Recovery rate for the Lorenz attractor problem depending on the iteration in which
the fault occurred. With the fixed strategy, the earlier the fault happens, the more likely it is to
be smoothed out. This causes the recovery rate to decrease with iteration number. The exception
to this rule is the last iteration, where only faults to the last node have an impact on the solution.
As virtually all faults that do not target node 0 are fixed with all other strategies, we find no
dependence of recovery rate on the iteration in which it occurs. Again, the last iteration is an
exception for ∆t-adaptivity, because faults that target the initial condition have no impact with
fixed iteration number. Figure reproduced from [12, Fig. 5].
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Figure 5.8: Recovery rate for the Lorenz attractor depending on the bit that is flipped by the fault.
In this IEEE 754 64 bit floating point representation, bit 0 stores the sign, bits 1 through 12 store
the exponent and the remaining bits store the mantissa. Flipping some bits in the exponent leads
to overflow errors in the Newton solver and crash the code, resulting in 0% recovery rate for any
strategy. Flipping bits beyond 35 has insignificant impact on this simulation and does not require
any recovery strategy. Figure reproduced from [12, Fig. 6].
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Figure 5.9: Recovery rate for the Lorenz attractor per bit. The left panel shows the recovery rate
across all experiments, while the right panel shows only ones with faults that can be recovered.
This means we exclude faults to the initial conditions and also faults that crash the code due to
overflow errors in the Newton solver. Figure reproduced from [12, Fig. 7].

to compare the capabilities of the strategies amongst each other. The recovery rate per
bit with all faults and with only the ones that can be recovered is shown in Figure 5.9.
All resilience strategies perform very well and correct nearly 100 % of the faults that they
are theoretically able to. Only k-adaptivity struggles with some faults to exponent bits
because the Newton solver does not converge for arbitrary initial guess. Strategies that
include restarts are better equipped to deal with this type of fault.

Recovery rate for all problems. The resilience properties we identified for the Lorenz
problem carry over to the other problems from section 2.6 as well. We show the recovery
rate for recoverable faults only in Figure 5.10. We again accept faults as recovered if
the global error is no more than 10 % larger than in a fault free reference run. For the
Gray-Scott problem, we find perfect recovery rates with all resilience strategies. Since
this problem is solved using an IMEX scheme, which does not contain a Newton solver,
k-adaptivity does not struggle with faults to exponent bits as is the case in the Lorenz
attractor problem. For van der Pol and RBC, we find a few faults in intermediate bits and
late iterations that we cannot recover with ∆t-adaptivity. They do not trigger a restart,
but end up noticeably changing the final solution.

There are also a few faults to intermediate bits in the van der Pol example that Hot Rod
cannot correct. This is because of the detection threshold that we selected by balancing
false positives and false negatives. Because the changes in time-scale are quite pronounced
in this example, we had to accept a certain amount of false positives in order to correct a
majority of the faults. By selecting a tighter threshold, all faults can be corrected, at the
cost of more false positives. Note that combining Hot Rod with adaptivity would likely
alleviate this issue, but we do not show this here as adaptivity by itself appears to be
resilient enough.

Balancing resilience and overhead. The previous experiments show that the fixed
strategy is rather susceptible to soft faults for all problems. Therefore, if the outcome of
the simulation is to be trusted, a resilience strategy should be employed.
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the same per bit regardless of whether the complex or the real part is targeted. The right panels
are reproduced from [12, Fig. 8].
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In the experiments, we found that all resilience strategies perform well, with only minor
differences in their capabilities to correct faults. We found that restarts can be a more
effective tool for correcting faults than continued iteration, as convergence is not guaranteed
from faulty data. This leaves the k-adaptivity strategy slightly less resilient than the other
strategies.

When choosing amongst the step size adaptive schemes and Hot Rod, one should
consider that each represents a different balance between resilience and computational effi-
ciency. We have shown in chapter 4 that adaptivity can substantially boost computational
efficiency. The Hot Rod strategy, on the other hand, adds substantial overhead in both
computation and memory. Recall from section 5.2 that the computational overhead comes
in the form of an extra SDC iteration and the memory overhead stems from requiring dou-
ble the number of solution size objects in memory for the extrapolation method. This can
be unpractical and suggests to prefer step-size adaptive strategies over Hot Rod in a wide
range of scenarios. Consider that the chance of a fault occurring scales with the physical
size of the hardware and the wall time. The added overhead thus increases the likelihood
of a fault in the first place. Furthermore, memory is often a limiting factor on GPUs. We
will show simulations in chapter 6 and chapter 7 that are distributed across GPUs while
operating close to the memory limit of each individual GPU. Dramatically increasing the
memory requirement to facilitate resilience would mean similarly increasing the number of
GPUs, which likely leads to reduced parallel efficiency and increased use of computational
resources.

That being said, Hot Rod is, in principle, capable of detecting faults more accurately,
provided the detection threshold is tuned accordingly. Certain very critical applications
may therefore still profit from Hot Rod. On the other hand, in order to keep false positives
at a minimum, it should then be combined with adaptive step size selection such that the
fault detection threshold is tied to the accuracy of the problem.

Additional resilience strategies. Finally, we want to address the faults we deemed
uncorrectable by the strategies in section 5.1. The first class of such faults are faults
that result in overflows or prevent convergence of the Newton solver. Such faults can be
simply corrected by restarting a step whenever this occurs. Only if the issue persists in the
restarted step, should the code be crashed. However, this is not specific to SDC, which is
why we do not examine this simple resilience strategy here.

Second, we found that restarting does not help in correcting faults when the fault is
in the initial conditions, as it will be carried over to the next attempt at the same step.
A possible remedy would be to apply replication-based resilience strategies to the initial
conditions only. This could take the form of hardware error correction codes or software
replication. At the same time, the other solution size objects need not be similarly treated.
They can be stored in regions of memory not protected by error correction codes at all,
for instance, which would increase the amount of memory per area and per unit of energy.



6
Extending the PDE implementations to GPUs and HPC

In chapter 4, we showed that adaptive step size selection can speed up simulations on an
algorithmic level and that PinT extensions of SDC can further speed up simulations via
parallelism. In chapter 5, we showed that adaptive SDC is well equipped to recover from
faults that are expected on large HPC machines. In this chapter, we turn to running the
Gray-Scott and RBC examples on actual HPC machines, parallelizing in both space and
time, and discuss necessary modifications in the code. For time parallelism, we will use
diagonal SDC, which performed particularly well in chapter 4 and parallelize the spatial
discretizations as discussed in section 2.5.4 and section 2.5.9.

The machines at our disposal (see section 2.9) conform to the larger trend that most
of the compute power is provided in the form of GPUs rather than CPUs. If we want to
harness the approximately 44× 1015 FLOPS of the JUWELS Booster machine rather than
just the approximately 9× 1015 FLOPS of the most powerful CPU machine that we have
access to, JURECA-DC, we have to port the code to GPUs as described in section 2.8.1.

A crucial ingredient for parallelising spectral methods is a library for distributed FFTs,
where we use mpi4py-fft in the pySDC implementations of Gray-Scott and RBC. Therefore,
we start by porting this library to GPU and afterwards discuss porting the remainder of
the PDE implementations within pySDC as well as the infrastructure required for diagonal
SDC. We assess performance by comparing strong and weak scaling against CPU versions.

6.1 Porting mpi4py-fft to GPU

As discussed in section 2.8.3, mpi4py-fft [42] is an easy to use Python library for dis-
tributed FFTs. It relies on MPI alltoallw for communication and uses FFTW [54] to
compute the transforms. Following the steps outlined in section 2.8.1, we extend the in-
terface of mpi4py-fft to CuPy. Then, we add NVIDIA’s cuFFT as GPU capable FFT
backend and add a NCCL communication backend to achieve better strong scaling com-
pared to MPI (see section 2.7.2). We opened a pull request1 to add the GPU port into the
main repository of mpi4py-fft, which has not been merged at the time of writing.

As CuPy is intended to be a drop-in replacement for NumPy, adapting the interface is
very straightforward. CuPy ships with very efficient functions to compute FFTs. The only

1https://github.com/mpi4py/mpi4py-fft/pull/37
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Listing 6.1: Example for deriving a class from NumPy arrays. In the __new__ method, a
communicator is added. The function for computing the absolute value is overloaded to compute
the maximum absolute across all instances of the class that share the same communicator.
import numpy as np

class my_array (np . ndarray ) :
def __new__( c l s , communicator , ∗∗kwargs ) :

obj = np . ndarray .__new__( c l s , ∗∗kwargs )
obj . communicator = communicator
return obj

def __abs__( s e l f ) :
return s e l f . communicator . a l l r e du c e (np . l i n a l g . norm(

s e l f , np . i n f ) )

part requiring more attention is the communication. We will start by describing the layout
of the code and detail where changes need to be made for the GPU port and then discuss
communication in more detail.

Layout of the library and changes needed for GPU port. mpi4py-fft is neatly
separated into front-end and back-end, which consist of two modules each. The modules
in the front-end are distarray, which inherits from NumPy array and adds an interface for
distribution functionality, and pfft, which is the interface for the distributed transforms.

Regarding distarray, we refactor the code slightly, adding an abstract base class con-
taining only the distribution interface and add two classes that are derived from this base
class as well as NumPy and CuPy array respectively. The main difference between the derived
classes is in the __new__ methods, which have a different signature in NumPy and CuPy.
In Python, object instantiation is split between the static method __new__ and the
instance method __init__, where __new__ is called first and can return any object.
By overloading __new__ instead of __init__ in subclassing of NumPy and CuPy ar-
rays, one can make use of the universal function interface [119] for efficiently performing
elementwise operations on the arrays in compiled code [100]. We provide an example of a
simple subclass of the NumPy array class with an added attribute and overloaded function
for computing the absolute value in Listing 6.1. The only meaningful change we do to
pfft is to add an argument for the user to select a communication back-end.

The back-end of mpi4py-fft is split into libfft, which provides wrappers for various
FFT back-ends and pencil, which takes care of communication. In libfft, we add a
wrapper for the FFT functions in CuPy, which are themselves wrappers for cuFFT. cuFFT
is a library developed by NVIDIA to provide the same functionality and similar interface
as FFTW, but on GPUs. It also plans the FFTs first, which means it selects the fastest
implementation among a few candidates at runtime. In CuPy, the plans are generated
when an FFT of a certain type and shape is first computed, and then the plan is cached
and reused in subsequent calls of the FFT functions. This allows for very efficient FFT
computations without explicit optimization by the user.

The pencil module is named after the common distribution style “pencil decomposi-
tion,” referring to distributing three-dimensional data along two dimensions [9, Fig. 2]. It
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is capable of arbitrary decomposition styles that can be set by the user when instantiating
a pfft object.

Internally, the module is split into transfer, which performs the data redistributions
given input and output layouts with MPI alltoallw, and pencil, which computes layouts
for the data with alignment along a given axis. pencil also acts as an interface between
the actual communication and the higher level transforms. The only change we make to
pencil are again adding the communication back-end as a parameter. The main change
to the library overall is to add a NCCL communication back-end to the transfer class,
which we will discuss now.

The NCCL communication back-end. The MPI installations on JUWELS Booster
are CUDA aware, which means they are capable of communicating data directly between
GPUs while leveraging the fast NVLINK interconnect. However, two issues arise.

First of all, alltoallw remains a niche communication routine and the implementa-
tion on GPU is still very immature at the time of writing. In general, the cost of each
individual point-to-point communication is a function of the network’s latency and band-
width. When the data to be communicated is small, latency dominates the cost, whereas
the cost of communicating large chunks of data is bound by the bandwidth. For all-to-all
communication, there is a multitude of algorithms that are split in two groups. There
are algorithms where the number of communication steps scales linearly with number of
involved tasks, and there are algorithms where the number of communication steps scales
logarithmicaly [21, 96]. A communication step here means a round of concurrent point-to-
point communications among all tasks. The former optimises the amount of data travers-
ing the networks, whereas the latter optimises the number of communication steps. MPI
implementations attempt to select algorithms that minimise the communication cost by
choosing among these algorithms based on the size and number of individual point-to-point
communications.

We compare the time taken for communication of the same data across four GPUs with
different all-to-all versions and MPI implementations (OpenMPI and ParaStationMPI) in
Figure 6.1. It becomes apparent that alltoallv is the most robust routine and that
alltoallw performs extremely poorly in both implementations. For large data with
OpenMPI, there is up to almost three orders of magnitude difference between alltoallw
and alltoallv.

Most distributed FFT libraries use alltoallv and it would be possible to implement
alltoallv also in mpi4py-fft. However, the second issue is that MPI runs on the host
and is not stream aware. This means communication is not submitted as a kernel to the
GPUs, but requires explicit synchronization of GPU to host before communication. NCCL,
on the other hand, is stream aware and available to Python users via CuPy, making it an
attractive alternative. See section 2.7.2 for an overview of MPI on GPUs and NCCL as a
GPU specific alternative.

On the other hand, NCCL is much less mature than MPI and is missing many routines
including any of the all-to-all versions. Instead, they can be implemented using multiple
calls to point-to-point communication within NCCL groups. Recall that NCCL groups are
used to efficiently launch multiple overlapping point-to-point communications in a single
kernel.

alltoallw is replicated here via a series of ring-sends. In each iteration, contiguous
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Figure 6.1: Time required for all-to-all communication between all GPUs on a single node on
JUWELS booster using different MPI routines of two MPI implementations. We start by generating
N ×NS random double-precision floating point numbers on each task in a contiguous array, where
we vary N to determine the size of the communicated data and S = 4 is the number of MPI ranks
involved in the communication. Because the shape of the distributed data is divisible by the number
of MPI ranks, all all-to-all versions can be used and yield the same result after communication.
Due to the use of different communication algorithms, alltoallv performs better than other
routines, while alltoallw performs extremely poorly. See section 2.1.3 for more information
on the different all-to-all communication routines. Note that this experiment is not necessarily
representative of communication cost with larger number of tasks.

buffers are prepared for the data to be sent and received on all ranks. Then, the ring-send
is launched via point-to-point communication in a NCCL group. Finally, the received data
is unpacked from the buffer to a potentially non-contiguous part of the result array. The
procedure is sketched in pseudocode in Algorithm 7.

While the advantage of MPI alltoallw over alltoallv is that the steps of copying
to and from buffers can be omitted and is quoted in [42] as the reason for using alltoallw
in mpi4py-fft, the additional overhead can be mitigated on GPUs by using CUDA graphs
(see section 2.7.1). In this alltoallw implementation, all iterations of the ring-sends,
including copy as well as send operations, are recorded to a single graph during the first
execution, and then launched as a single kernel in subsequent calls.

We compare performance of our NCCL alltoallw implementation to what is avail-
able to us with MPI in Figure 6.2. We significantly outperform the alltoallw imple-
mentations that are the basis for the original transfer classes in mpi4py-fft. We find
that MPI alltoallv performs even better than our NCCL implementation purely con-
cerning communication in the experiment with four tasks. However, because MPI is not
stream aware, we expect the NCCL implementation to exhibit better strong scaling and
note that alltoallv requires additional copy operations that are not captured here. We
leave implementation of MPI alltoallv in mpi4py-fft and comparison to the NCCL
communication back-end for future work.

Our NCCL all-to-all algorithm scales linearly in the number of communication steps
with the number of tasks. We note that this may not be the most efficient algorithm for any
combination of data sizes and numbers of tasks. As discussed above, MPI implementations
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Algorithm 7 Custom Alltoallw implementation in NCCL. The entire procedure is
recorded to a CUDA graph during the first execution, and dispatched as a single kernel in
subsequent executions.
N, r ← Number of GPUs, MPI rank ▷ Initialize variables
sendbufs, recvbufs ← {}, {}

NCCL group start ▷ Launch all communications in a single kernel
for i in 0, 1, . . . , N do

send_to ← (r + i) % N
recv_from ← (r - i + N) % N
sendbufs[i] ← contiguous copy of data to send
recvbufs[i] ← contiguous empty array
NCCL receive from recv_from
NCCL send to send_to

end for
NCCL group end ▷ Wait for all communication to finish before unpacking

copy recvbufs to destination array
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Figure 6.2: Communication cost with mpi4py-fft transfer classes analogous to Figure 6.1. The
line labeled “Transfer (NCCL)” is using our newly implemented transfer class with NCCL as com-
munication back-end. For reference, we show the original transfer class that uses MPI alltoallw
(“Transfer (ParaStationMPI)”) and MPI alltoallv, which we found to perform best out of the
MPI all-to-all patterns. The NCCL back-end performs substantially better than the original trans-
fer class. While alltoallv appears to be better optimized for large data, the stream-awareness
of NCCL is an advantage for small data.
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Figure 6.3: Single GPU potential for parallelism in FFTs. By submitting a single kernel with
M 1D (left) or 2D (right) FFTs of size N or N2, we can investigate a single GPU’s potential
for parallelism. We find below a certain size or number of transforms, the cost is dominated by
the kernel launch cost. Only after parallelism is saturated, does the wall time scale linearly with
M , providing potential for speedup by distributing along this axis. In particular, we see that
small sizes up to 10242 offer no potential for speedup by distributed computing at all on this
hardware and that strong scaling with sizes of 81922 saturates at 64 GPUs, before even factoring
in communication cost. In 3D, on the other hand, potential for speedup by distributing the FFTs
is already given at N = 5123. We show only transforms that fit in the 40GB of memory of a single
GPU. In 3D, distribution along the third axis is needed already from 10243.

select logarithmically scaling algorithms for many tasks and small message size. We leave
optimization of the NCCL communication back-end by exploring other communication
algorithms for future work.

On-device concurrency. Before considering distributed FFTs among multiple devices,
we explore the capabilities for single-device concurrency of the A100 GPUs. To this end, we
generate random double precision floating point data of size N ×M and measure the time
it takes to compute M one-dimensional FFTs of length N along the first axis, submitted
as a single call to cuFFT. The GPU then automatically schedules the concurrent FFTs to
efficiently utilize all available SMs. We show the result of this experiment and an analogous
experiment with M concurrent two-dimensional FFTs of size N ×N in Figure 6.3.

We observe that FFTs of small data are efficiently parallelized to the point that ex-
ecution time of the kernel is dominated by kernel launch time. Run-time starts to rise
linearly with the number of transforms submitted in the same kernel only once on-device
parallelism is saturated. Only then is speedup by distributing the FFTs at all possible,
which we will investigate next.

Achieved speedup and comparison with cuFFTMp. We now assess the perfor-
mance of the GPU port by comparing to the original CPU version, as well as the highly
optimized CUDA library developed by NVIDIA, cuFFTMp. At the time of writing, cuFFTMp
is still not fully released and has no interface to CuPy arrays, which motivated the GPU
port of mpi4py-fft.
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Figure 6.4: Scaling the GPU-ported version of mpi4py-fft compared to the CPU version and
cuFFTMp, the non-Python competition from NVIDIA. The size was chosen to be 9243 because larger
sizes exceed the memory of four GPUs during the transform when using double precision. The
x-axis is in nodes on JUWELS Booster, which have four GPUs and 48 CPUs each. Consequently,
twelve times as many CPUs as GPUs are used, which means slab decomposition (distribution
along a single axis) is saturated for strong scaling already at 19 nodes with CPUs, but only at 231
nodes on GPUs. Strong scaling stops much earlier at 64 nodes (256 GPUs) because compute-times
are limited by kernel launches from below and communication cost increases with the number of
involved processes.

The major advantage that cuFFTMp has, is access to NVSHMEM (see section 2.7.3).
At the time of writing, this is the most efficient way of communicating small data between
GPUs and is not easily accessible to Python developers. This gives cuFFTMp an edge in
strong scaling. Otherwise, cuFFTMp also relies on cuFFT for the actual transforms.

A comparison of 3D distributed FFTs using the CPU version of mpi4py-fft, the GPU
port and cuFFTMp can be found in Figure 6.4. Both GPU based libraries outperform the
CPU library by a factor of nine for the same number of compute nodes on JUWELS
booster. When maximizing strong scaling, we find mpi4py-fft on GPUs to be 22 times
faster than on CPUs. In strong scaling, the GPU-port of mpi4py-fft is competitive with
cuFFTMp up to 32 nodes or 128 GPUs, after which the Python code does not continue to
strong-scale well. On 32 nodes, we get a speedup of 10.2 with parallel efficiency of 32 %,
and on 64 nodes, we get a speedup of 14.7 with parallel efficiency of 23%. cuFFTMp on the
other hand was demonstrated by NVIDIA to strong scale beyond that [26]. Weak scaling
is competitive with cuFFTMp up to the maximum of 256 GPUs that were tested here.

Note that in both modes of scaling, we find the communication cost to increase sig-
nificantly when moving from one to multiple nodes because the GPUs on each node are
connected with the fast NVLINK, but with the slower Infiniband between nodes. We also
note that this experiment shows the capabilities of Python in the HPC context. Python
code can be MPI parallelized and when it is used to interface compiled code, it can run
very efficiently on modern HPC machines. With this GPU port of mpi4py-fft we have
laid the groundwork for parallel-in-space spectral methods in Python on GPUs. We now
turn to the remaining parts of pySDC that require attention in order to perform large-scale
space-time-parallel simulations on JUWELS Booster.
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6.2 Porting pySDC to GPU

pySDC is primarily concerned with timestepping methods, but it also includes implementa-
tions of problems for testing SDC related methods on. See section 2.8.2 for more informa-
tion on pySDC in general. We begin by illustrating how problem classes are implemented
in pySDC and subsequently ported to GPU via a simple example and the discuss how to
use the sweeper classes on GPUs.

6.2.1 Porting pySDC problem classes to GPU

The equation we implement in the example is ut = −u+sin(t). We employ IMEX splitting
(see Equation 2.52), treating the term f I = −u implicitly and the term fE = sin(t)
explicitly. Therefore, we need a function that can evaluate the individual terms called
eval_f and a function called solve_system that inverts only the implicit part, given
some right hand side. The sweeper modules in pySDC then call these functions to assemble
the right hand side and solves in the SDC iterations.

In pySDC, we use a mesh datatype for the solution values that is derived from NumPy
array and adds a communicator as well as infrastructure for initializing empty arrays and
an imex_mesh datatype to store right hand side evaluations. The latter is essentially a
larger mesh that has attributes imex_mesh.impl and imex_mesh.expl to access f I and
fE respectively. See Listing 6.2 for Python code implementing the above.

Next, we want to port this problem to GPU. Note that we define three class attributes
in Listing 6.2, namely the datatype for the solution, the datatype for the right hand side
evaluations and the numerical library we want to use to evaluate sin(t). The datatypes
are derived from NumPy array and the numerical library is NumPy itself. As described in
section 2.8.1, porting to GPU is done by swapping NumPy for CuPy. CuPy array derived
datatypes for pySDC were developed in [100] and porting the example from Listing 6.2 to
GPU is as simple as swapping the three class attributes, as shown in Listing 6.3.

6.2.2 Using pySDC sweepers on GPUs

As the sweeper classes use an abstract interface to the problem classes, the same classes
can be employed on both CPU and GPU. However, when using diagonal SDC, reduce
operations are needed for summing up the distributed f I and fE in the right hand side
of Equation 2.52, as illustrated in Algorithm 8. Recall from section 2.7.2 that using an
MPI communicator on GPUs without modification from the CPU implementation does
not work because CPU and GPU run asynchronously. To address this issue, and in order
to write GPU agnostic code, we implement a wrapper for MPI communicators that uses
NCCL under the hood if the data resides on GPU, but maintains the interface of the MPI
communicator. When the code is run on GPUs, the user can simply pass a wrapped MPI
communicator instead of a regular MPI communicator.

6.3 Parallel Gray-Scott implementation on GPUs

As discussed in section 2.6.3, we use a Fourier-pseudospectral method with IMEX splitting
for this problem. We first discuss spatial parallelism, then porting to GPU and then show
performance measurements.
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Listing 6.2: Example of a simple problem class implementation in pySDC for integrating ut = −u+
sin(t) with IMEX splitting. The problem class needs to define how to initialize data in __init__,
a function for evaluating the right hand side called eval_f, and a function for an Euler step of
the implicit part called solve_system. We illustrate here how to pass a communicator to the
pySDC datatype, even though it is hardly useful in this scalar problem.
import numpy as np
from pySDC. core . problem import Problem
from pySDC. implementat ions . datatype_c las se s . mesh import mesh , \

imex_mesh

class my_problem( Problem ) :
# Simple pySDC problem c l a s s f o r u_t = −u + s in ( t )
# with IMEX s p l i t t i n g .
dtype_u = mesh
dtype_f = imex_mesh
xp = np

def __init__( s e l f , communicator ) :
i n i t = (1 , communicator , np . dtype ( ’ f l o a t 6 4 ’ ) )
super ( ) . __init__( i n i t )

def eval_f ( s e l f , u , t ) :
# eva l ua t e r i g h t hand s i d e
f = s e l f . f_ i n i t
f . exp l [ : ] = s e l f . xp . s i n ( t )
f . impl [ : ] = −u
return f

def solve_system ( s e l f , rhs , dt , ∗ args , ∗∗kwargs ) :
# imp l i c i t Euler s t ep f o r l i n e a r par t
s o l = s e l f . u_init
s o l [ : ] = rhs / (1 + dt )
return s o l

Listing 6.3: GPU port of the problem class from Listing 6.2. We only need to change class attributes
here, swapping NumPy for CuPy, because we set up the CPU implementation sufficiently abstractly.
import cupy as cp
from pySDC. implementat ions . datatype_c las se s . cupy_mesh import \

cupy_mesh , imex_cupy_mesh

class my_problem_GPU(my_problem ) :
dtype_u = cupy_mesh
dtype_f = imex_cupy_mesh
xp = cp
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Algorithm 8 Iteration of parallel diagonal IMEX SDC. The first step is to compute the
right hand side from Equation 2.52. Note that some terms are absent when the precon-
ditioners are diagonal. Communication using MPI or NCCL reduce is needed when com-
puting the integral using the full quadrature rule. Every task stores the initial conditions
to the current step u0 and the solution and right hand side evaluation at one collocation
node. Note that the right hand side evaluations are computed only once per iteration and
in parallel in practice.
r ← MPI or NCCL rank in communicator of size M
y ← empty solution size array ▷ Assemble right hand side for implicit solves into y
for m in 1, ...,M do

if m is r then
recvBuf ← y

else
recvBuf ← None

end if
sendBuf ← ∆tqm,r(f

I(ukr ) + fE(ukr ))
Reduce(sendBuf, recvBuf, root=m, op=MPI.SUM)

end for
y ← y + u0 −∆tq̃Ir,rf

I(ukr )

uk+1
r ← (1−∆tq̃Ir,rf

I)−1y ▷ Perform implicit solves in parallel

6.3.1 Parallelizing the Gray-Scott implementation in space

When evaluating the right hand side of Equation 2.110, we need to multiply by the deriva-
tive matrix in spectral space and evaluate the non-linear terms in physical space. To
run in parallel, we need to construct local derivative matrices and use distributed FFTs,
as discussed in section 2.5.4. Because the nonlinear parts only include local terms, they
parallelize trivially and do not require any communication.

In the IMEX SDC iteration only the linear diffusion part is inverted. Spelling out the
left hand side of the iteration, Equation 2.52, for the Gray-Scott equation we obtain(︃(︃

I 0
0 I

)︃
−∆tq̃Im+1,m+1

(︃
νu∆ 0
0 νv∆

)︃)︃(︃
u
v

)︃k+1

m+1

= y⃗, (6.1)

where we use y⃗ short for the right hand side in the solves, which is a sum of various right
hand side evaluations and the initial conditions.

Recall from section 2.5.1 that, in Fourier base, the (local) derivative and the iden-
tity matrices are diagonal at the same time. Therefore, the matrix we need to invert in
Equation 6.1 is diagonal and we can invert simply by dividing the right hand side by the
diagonal entries of the local matrix in parallel.

6.3.2 Porting the Gray-Scott implementation to GPU

To port to GPU, we proceed analogously to section 6.2.1, changing class attributes to
swap NumPy for CuPy. In order to perform the FFTs on GPU, we employ the GPU port of
mpi4py-fft that we developed in section 6.1. Again, we use class attributes to configure
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Figure 6.5: Combined strong and weak scaling plot for the 3D Gray-Scott example with serial SDC
on CPUs and GPUs showing wall time for a single SDC step versus the number of nodes used. The
numbers in the legend indicate the spatial resolution. Lines start when the problem fits in memory
and end when further scaling became poor or impossible. We find the CPU implementation to
take approximately 10 times as long as the GPU implementation for the same resolution at most
node counts.

mpi4py-fft to either run on CPUs or GPUs, by setting the communication and FFT
back-ends.

6.3.3 Parallel scaling

We now investigate the parallel scaling of the Gray-Scott implementation on both CPUs
and GPUs, using serial and diagonal SDC. We choose four Gauß-Radau nodes and perform
four iterations, which yields a fourth order method that can be distributed in time on four
tasks. For each experiment, we run 15 steps of fixed step size and record the average time
for a full time-step. As the computations required for adaptivity are not expensive and
the computational cost of the IMEX solver does not depend on the step size, we assume
the results to be applicable to SDC with adaptive step size selection as well.

CPU times are recorded on JUWELS (section 2.9.3), where we found that limiting
the number of tasks to 16 per node significantly increased performance. The reason that
using fewer tasks per node than available yields better performance is likely rooted in
saturation of the on-node memory bandwidth. GPU times are recorded on JUWELS
booster (section 2.9.4), with four tasks per node and one task per GPU.

Comparing CPU to GPU. We show wall-time measurements of various configurations,
showing both strong and weak scaling of both CPU and GPU implementations of serial
SDC in Figure 6.5. We find the GPU implementation to massively outperform the CPU
implementation by a factor of more than 10 at most node counts. The contrast is so stark
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that we record on CPU only up to resolutions of N = 10243. For further scaling results
with larger resolution, we pick the resolution to be a multiple of the number of available
tasks to avoid load balancing issues. During normal operation of JUWELS booster, up to
384 nodes (2304 = 6×384) can be reserved by individual jobs. On request, the system can
be reserved for larger jobs up to all 926 nodes. However, they are not usually all online at
the same time, such that we use 896 nodes (4480 = 5× 896) as representative of the entire
machine.

For lower resolution experiments, we find excellent strong scaling on both CPUs and
GPUs. With N = 23043, we find strong scaling to saturate quickly, as the number of
involved tasks is large and so is the communication cost. At N = 4480, we were able to
record only a single data point for space-only and diagonal SDC on GPUs each, because
fewer GPUs would not have enough memory and the system does not have more GPUs.

We only use slab decomposition, which sets an upper limit to the number of tasks that
we can employ for a given resolution. Since the data in physical space is real, mpi4py-fft
returns half as many complex numbers in spectral space (see section 2.5.5), and mpi4py-fft
requires to have at least one data in each dimension per task, we can only use up to N/2
tasks for a resolution of N3 with slab decomposition. Using pencil decomposition, we
could extend the scaling to up to N/2 × N tasks for the same resolution, at the cost of
one additional all-to-all communication. With GPUs, we find strong scaling to saturate
before reaching the limits of slab decomposition and as CPUs are not competitive in slab
decomposition, it is unlikely that they could compete with the GPU port with more tasks
and also more all-to-all communications.

Diagonal SDC. We show wall-time measurements of various configurations, showing
both strong and weak scaling of the GPU implementation of both serial and parallel di-
agonal SDC in Figure 6.6. We attempted to record another point of space-only scaling at
2240 GPUs. However, an internal NCCL error led the code to fail. The error was raised
within the NCCL group in the all-to-all communication in mpi4py-fft (see Algorithm 7).
We are unable to determine why this error occurs as the code works well for fewer GPUs,
as well as more GPUs, but differently distributed. At the time of writing, we are in contact
with NVIDIA about this issue, but it remains unresolved.

From experiments at lower resolution and node count, however, it can be inferred that
the code is unlikely to scale well in space past the 1494 GPUs that we show in Figure 6.6.
By using only 896 GPUs in space and four tasks in time, we can extend the scaling at
decent parallel efficiency to essentially the whole machine.

The primary lesson that can be learned from Figure 6.6 is that diagonal SDC is an
excellent tool for expanding strong scaling capabilities. Both the distributed FFTs and
diagonal SDC are embarrassingly parallelizable, but the communication differs significantly.
Distributed FFTs require all-to-all communication with nspace tasks, whereas diagonal SDC
requires reduce operations with ntime tasks (see Algorithm 8). As discussed in section 6.1,
the number of communication steps in our all-to-all implementation on GPUs scales linearly
with the number of tasks. The number of communication steps in reduce operations, on
the other hand, scales logarithmically with the number of tasks [15]. We find that using
diagonal SDC shifts the numbers of tasks involved in each communication to patterns
that require less time overall. In particular, this is what allowed us to scale to the entire
JUWELS Booster machine.
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Figure 6.6: Combined strong and weak scaling plot for the 3D Gray-Scott example with serial and
parallel diagonal SDC on GPUs showing wall time for a single SDC step versus the number of
nodes used. “PinT” indicates that parallel diagonal SDC was used and the number denotes the
spatial resolution in the legend. Lines start when the problem fits in memory and end when further
scaling became poor or impossible. Diagonal SDC can extend the scaling capabilities significantly.

Another observation that we made, which is not visible in the figures, however, is that
spatial parallelism is more efficient at reducing the memory demand per task than diagonal
SDC. The memory demand ξ per task in serial SDC, neglecting temporary variables, is

ξserial SDC = ( 1⏞⏟⏟⏞
u0

+ M⏞⏟⏟⏞
u⃗

+ M⏞⏟⏟⏞
F (u⃗)

+ 1⏞⏟⏟⏞
uend

)× ξu/n, (6.2)

with ξu the total non-distributed memory demand of a single solution size object and n the
number of tasks in space and u⃗ here refers to the vector of solutions at collocation nodes
1, . . . ,M . The memory demand for diagonal SDC with the same number of tasks in total,
is

ξdiagonal SDC = ( 1⏞⏟⏟⏞
u0

+ 1⏞⏟⏟⏞
u

+ 1⏞⏟⏟⏞
f(u)

+ 1⏞⏟⏟⏞
uend

)× ξu ×M/n. (6.3)

The factor of M appears because fewer tasks are used in space when adding time-parallelism.
The ratio of the two is

ξdiagonal SDC

ξserial SDC
=

2M

M + 1
. (6.4)

In our case with M = 4, space-time parallel diagonal SDC therefore requires 60 % more
memory before considering temporary variables at a given number of tasks than space-
parallel SDC. As we found the memory that is available on each GPU to be a significant
limitation, this may need to be considered in some scenarios.

Parallel efficiency. In order to better determine the weak scaling capabilities, we in-
vestigate parallel efficiency in more detail. We define parallel efficiency as the throughput
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Figure 6.7: Parallel efficiency of the GPU implementation of the 3D Gray-Scott example with
serial and diagonal SDC. We normalize to the throughput obtained with two nodes and space-only
scaling rather than the troughput on a single GPU because the performance drop sharply when
going from single to multi-node. The data is the same as in Figure 6.6.

in the time taken to solve a single SDC step per number of degrees of freedom per second
per task divided by a reference throughput. Typically, one chooses the serial through-
put as reference, but we do not want to capture the impact of the different intra-node
(NVLINK) and inter-node (Infiniband) interconnects. The result is a sharp drop in par-
allel performance when moving to multi-node, which is purely a hardware feature with
no algorithmic work-around. We show the resulting plot in Figure 6.7 and select values
in Table 6.1. We find a decent 37 % parallel efficiency with space-time parallel SDC on
the entire machine relative to the two-node base-line, compared to 43 % parallel efficiency
with space-only scaling on what is less than half of the machine. This demonstrates the
capability of Python to support GPUs on HPC at scale as well as the capability of diagonal
SDC to extend scaling capabilities at good parallel efficiency. Note that we did not use
any optimization method in pySDC such as CUDA graphs or multiple streams, in order to
make it easy to run the code on both CPU and GPU. The only optimization we did is to
take care to (implicitly) synchronize CPU and GPU as little as possible.

Note that FFTs are most efficient for highly composite numbers. Because we choose
resolution as multiple of the number of available tasks for the larger resolution tests, a
slight reduction in efficiency compared to the power-of-two resolutions should be expected
even before considering added communication cost.

6.3.4 Other reaction diffusion problems

In this Gray-Scott implementation, we treat the diffusion part implicitly and the reaction
part explicitly. Other reaction-diffusion equations can be solved using virtually the same
code for the diffusion part and altering only the reaction terms in the explicit function
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N = 5123 N = 23043 N = 44803

number of nodes 1 2 96 192 374 896
space-parallel 1.38 1 0.64 - 0.43 -

space-time-parallel 2.67 0.95 - 0.62 - 0.37

Table 6.1: Parallel efficiency for the Gray-Scott example on GPUs normalized to throughput per
GPU with space-only parallelism on two nodes. We show select values from Figure 6.7. Namely
single-node, best performing multi-node (two nodes), the point at which efficiency starts to degrade
with 23043 degrees of freedom, and the highest number of nodes we were able to measure with
each parallelization scheme. We find significantly higher efficiency on single node due to the faster
intra-node interconnect compared to inter-node. We observe that diagonal SDC can be employed
to achieve almost the same efficiency at higher node count. These numbers should be taken with a
grain of salt as the efficiency of computation in FFTs is slightly different for the unusual resolutions
we chose here.

evaluations.
In pySDC, we implemented an abstract base class for reaction-diffusion equations with

periodic boundary conditions. By porting this to GPU, we automatically port all derived
classes with specific equations. Next to Gray-Scott, pySDC contains implementations for
nonlinear Schrödinger, Allen-Cahn and Brusselator problems that are derived from this
class. Since the reaction parts require similar computational operations for all problems,
we expect similar parallel performance with all other problems as we measured for Gray-
Scott.

6.4 Parallel implementation of Rayleigh-Benard convection

We now investigate GPU porting and parallel scaling of our Rayleigh-Benard implemen-
tation. While significant parts work analogously as in the Gray-Scott implementation,
certain characteristics of the ultraspherical base in the vertical direction require additional
attention.

6.4.1 Parallelizing the Rayleigh-Benard convection implementation

First, we discuss parallel implementation of the right hand side evaluation and then turn to
the IMEX solves, where we first discuss preconditioning strategies and then linear solvers.

Evaluating the right hand side. Evaluating the right hand side of Equation 2.111
proceeds conceptually similarly to the Gray-Scott equation. We evaluate linear terms by
multiplication with the L matrix from Equation 2.116 in spectral space and evaluate the
nonlinear term fnonlin in Equation 2.116 in physical space. As discussed in section 2.5.9, the
derivative matrices along z-direction, which is discretized with an ultraspherical method,
are not diagonal and we cannot split them in local matrices as in the Fourier base. However,
we can build local matrices in x-direction, which is discretized with Fourier base, and then
build matrices for two-dimensional discretizations via Kronecker products of local in x and
global in z matrices of one-dimensional discretizations.
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u(x, z) ∈ R u†(x, kz) ∈ R û(kx, kz) ∈ C
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FFT along x

Figure 6.8: Illustration of the transforms in the RBC problem. Because our implementation of
the (inverse) DCT only accepts real-valued data, we have to perform the DCT before the FFT
and the inverse FFT before the inverse DCT. We denote the intermediate state where the data is
transformed along z-direction but not x-direction as u†.

In preparation for the GPU port, we use the method by Makhoul [109] detailed in
section 2.5.7 for computing the DCT along z using FFTs with mpi4py-fft. However,
this method only works with real-valued data, which defines an order of the transforms in
x- and z-directions, as illustrated in Figure 6.8. This order is sub-optimal here because it
requires additional redistributions. When evaluating the linear terms in spectral space, the
data needs to be aligned in z-direction and distributed in x-direction because the matrices
are local in x and global in z. However, we have to perform the inverse FFT before the
inverse DCT before we can evaluate the nonlinear part in physical space. Therefore, we
first perform an all-to-all communication to align in x-direction for the inverse FFT and
then perform another all-to-all communication to align in z-direction for the inverse DCT.

A more optimized implementation would utilize a complex-valued DCT, which would
require only one redistribution and substantially reduce communication cost as the inverse
DCT could be performed before the inverse FFT, but we leave this for future work as our
GPU port of mpi4py-fft does not support any DCT as of yet, which is why we compute
it via FFT in the first place.

Preconditioning in the IMEX solver. The system matrix in the IMEX solver, (M +
∆tq̃mmL) (see Equation 2.116 and Equation 2.117) is sparse, but lacks patterns that can be
exploited by solver libraries by default. We follow techniques used in the Dedalus code [22]
to precondition the systems into a form that allows solver libraries to efficiently compute
the LU factorization. Dedalus is an elaborate framework for translating plain-text strings
that describe PDEs into spectral discretizations.

Preconditioning is done in two steps, which we visualize in Figure 6.9 by showing the
matrices at various steps for a problem of size N = 3 × 5. The first step is to render
the boundary conditions sparse. Recall that the boundary conditions are obtained by
evaluating the basis functions of the in-going base at the boundary. In Chebychev base,
we have Tn(±1) = (±1)n, which means the Dirichlet boundary conditions fill nx values
horizontally each. We therefore exchange these for Dirichlet polynomials Dn(x), which are
defined via

Dn(x) =

{︄
Tn(x), n = 0, 1

Tn(x)− Tn−2(x), n ≥ 2.
(6.5)

Notice that Dn(±1) = (±1)n for n ≤ 1 and Dn(±1) = 0 for n ≥ 2. The change from Tn

to Dn is done via a right preconditioner.
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Figure 6.9: Various stages of the system matrix M +∆tL for the Rayleigh-Benard problem with
N = 3 × 5 degrees of freedom. The colors mark the sign of the matrix entries, but this figure is
only meant to convey the sparsity pattern. From left to right, we start with the matrix without
boundary conditions, then we add the boundary conditions, apply Dirichlet preconditioning as
right preconditioner and finally apply a left preconditioner, which reorders by mode rather than
component, to arrive at a sparsity pattern of limited bandwidth that can be solved efficiently
by solver libraries. The final left preconditioner is called “reversing the Kronecker product” in
Dedalus [22].

The second step is called “reversing the Kronecker product” in Dedalus and amounts
to a reordering by modes rather than components. After applying a suitable permutation
matrix as a left preconditioner, the matrix has limited bandwidth and is block-diagonal.
This has two advantages. First, the LU decomposition has the same (one-sided) band-
width as the full matrix [59, Theorem 4.3.1], which means the LU decomposition of the
preconditioned matrix is banded. And second, the nz × nz blocks can be decomposed in
parallel on nx tasks. Note that this is essentially the same concurrency as can be gained
by distributing in x.

Linear solves in the IMEX scheme. We solve the linear systems in the IMEX scheme
directly using LU decomposition. This has two advantages over iterative methods. First,
the decompositions can be stored and reused. Second, we found the matrix to be poorly
conditioned and iterative solvers to require preconditioners in order to obtain reasonable
convergence.

Recall that the matrices we need to invert in the SDC sweeps are M +∆tq̃mmL, with
M and L as defined in Equation 2.116. Note that M here is the mass matrix and not the
number of collocation nodes. We therefore need one factorization per node and only need
to recompute when ∆t changes.

We use SuperLU [102] as wrapped by SciPy to perform the actual decompositions on
CPU. We parallelize by inverting the local system matrices that we use when evaluating
the right hand side. In principle, linear solver libraries can exploit the block diagonal
structure of the system matrix shown in Figure 6.9 and apply shared memory parallelisa-
tion. However, we turn this off because we found it to clash with MPI parallelism and to
substantially increase the runtime.

6.4.2 Porting the Rayleigh-Benard convection implementation to GPU

We start by following the steps for GPU porting of the Gray-Scott equation in section 6.3.2,
which is to say we swap NumPy and SciPy functions for CuPy equivalents by re-configuring
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class attributes and we use the GPU port of mpi4py-fft from section 6.1. However, we
were not able to satisfactorily port the LU decomposition.

Developing sparse solvers on GPU is not straightforward, because a lot of fine-grained
memory access is required. Most approaches offload only certain operations during the
factorization to GPU as opposed to the entire factorization [103, 150]. The CuPy equivalent
of the SciPy function for LU factorization actually does not decompose on GPU at all, but
calls the original SciPy function. Once the factorization is computed on CPU, the linear
systems are solved using two linear solves of the lower and upper triangular parts [59,
Section 3.2.8]. This is done with forward or backward substitution respectively and is run
efficiently on GPU. When using fixed step size, the factorizations can be computed offline
and the GPU-port runs efficiently, but with adaptive step size selection, computing the
factorizations on CPU can mitigate speedup from GPUs.

There are some libraries for linear solvers on GPU, such as NVIDIA’s cuSOLVER and
AMGX. However, we found no straightforward way to implement them into our code because
the former has no Python bindings and the latter lacks support for complex numbers. We
leave implementation of a GPU-based sparse solver for future work.

Iterative solvers such as GMRES are implemented in CuPy and offer significant potential
for GPU acceleration [100]. However, as discussed, the matrix is too poorly conditioned
to use GMRES without preconditioner. Similar to complete LU decomposition, we were
unable to find a GPU version of incomplete LU factorization for preconditioning that can be
easily plugged into the Python code. Employing iterative solvers would likely be worthwhile
as one of the advantages of SDC is that often few linear iterations are required in later
SDC iterations. However, since identifying suitable preconditioners for these problems is
beyond the scope of this thesis, we leave this for future work.

6.4.3 Parallel scaling

We now investigate the parallel scaling of the CPU and GPU implementations for RBC.
We choose a configuration with ∆t-adaptivity, four collocation nodes and four iterations.
The interval under consideration is covered in twelve time steps, where the step size is
changed sufficiently to require new factorizations three times. The factorizations are very
expensive and dominate the run-time. We run experiments with the CPU implementa-
tion on JURECA-DC (section 2.9.2) and experiments with the GPU implementation on
JUWELS booster (section 2.9.4).

Comparing CPU to GPU. We show parallel scaling of the RBC implementation on
CPUs and GPUs in Figure 6.10. We find that the GPU implementation consistently
performs worse than the CPU implementation for a given node count. As discussed in
section 6.4.2, the factorizations are performed on CPU regardless of whether the remaining
computations are performed on CPU or GPU. Therefore, the most expensive part of the
computation is not accelerated by the GPUs. We do, however, employ 12 CPUs per
GPU and allow thread parallelism with twelve CPUs when using GPUs, whereas we found
thread parallelism to clash with the MPI parallelism when running exclusively on CPUs
and therefore disabled it in that case. As shown in Figure 6.9, the matrix is block diagonal,
which allows the solver to exploit concurrency in principle. Nevertheless, at a given node
count, which means 64 CPUs or four GPUs, we find the CPU version to outperform the
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Figure 6.10: Parallel scaling of the RBC implementation on CPUs and GPUs with serial SDC via
the mean time to compute one time step in SDC per node. The numbers in the legend indicate
the resolution. Per node, the CPU implementation is much faster because the LU decompositions
that make up a significant portion of the runtime are not accelerated by GPU.

GPU implementation by a significant amount for all resolutions we tested.
Looking at the scaling per task rather than per node in Figure 6.11, on the other hand,

we find that the GPU implementation is faster than the CPU implementation per task.
The CPU implementation is faster per node because the factorizations are distributed and
parallelized more effectively. At the same number of tasks, the distribution is the same
and the CPU implementation is not faster in the factorizations. On the other hand, other
operations are accelerated on GPU, which result in the lower runtime per task on GPUs.

Next, we show data from the same scaling experiment, but the minimal time taken to
solve a step rather than the average time in Figure 6.12. The time to solve a step varies
greatly, depending on whether the factorizations are reused or computed from scratch.
The minimal time is an example of a step where the factorization is reused and the entire
computation is run on GPU. Here, the transforms are the most expensive operations and
dominate the run time. We find that GPUs can solve time steps much faster than CPUs
if no factorization needs to be computed. However, the space-scaling of non-factorization
computations is very poor on GPUs at the resolutions we tested. This is because the
computations already run in parallel on single GPUs automatically, as illustrated in Fig-
ure 6.3. Notice that the transforms scale rather well on CPU in spite of the extra transposes
introduced by our implementation of DCT as FFT.

The reasons why we did not consider larger resolutions are twofold. First, the LU de-
compositions are already expensive and factorizing the n2

z blocks in the LU decomposition
is a serial operation that requires O(n3

z) FLOPS [59, Algorithm 3.2.1]. Second, storing the
matrices of the problem discretization and the LU decompositions requires a lot of memory.
For instance, when solving on a single GPU at a resolution of N = 1024 × 256 less than
eight matrix decompositions fit into the available 40 GB of memory next to everything else.
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Figure 6.11: The same data as in Figure 6.10 is shown, but in mean time to compute one time
step in SDC per task rather than per node. Per task, the GPU implementation is faster.
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Figure 6.12: Data from the same experiment as in Figure 6.10 is shown, but instead of the average
time to solve a time step with SDC, we show the minimal time over the considered interval per
task. This shows how long it takes to solve a timestep when an LU factorization is reused. We
find that a single GPU is much faster than a single CPU, but the GPU implementation does not
scale well.
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Figure 6.13: Scaling of the CPU RBC implementation with diagonal SDC and without, showing
the mean time to compute one time step in SDC per node. The numbers in the legend indicate
spatial resolution and “PinT” indicates that diagonal SDC was used. Adding diagonal SDC can
extend the scaling capabilities substantially.

As one decomposition is needed per collocation node to do any kind of caching, this is very
restrictive.

There is reason to speculate that if concurrency in the linear solves could be better
exploited, the GPU implementation might outperform the CPU implementation per node
as well. This could be done by splitting the local matrix into sub-problems that are solved
independently and reassembled to the local solution. On CPUs, we were unable to achieve
speedup with libraries mimicking thread parallelism, such as multiprocessing. On GPUs,
on the other hand, single device parallelism is achievable in CuPy via multiple streams, but
parallelizing the solver in this way requires a solver that runs on the device in the first place.
Also, when the step size changes infrequently and the simulation is run for longer, the cost
of computing the factorizations becomes small compared to the overall computational cost
and running on GPUs can be far more efficient.

Diagonal SDC. Next, we investigate the capabilities of diagonal SDC to extend the
scaling capabilities of both CPU and GPU implementations. We start with the CPU
implementation in Figure 6.13. Just like with the Gray-Scott problem in section 6.3.3, we
can extend the scaling capabilities significantly and achieve excellent speedup with space-
time-parallel SDC. We confirm that this is also the case for the GPU implementation in
Figure 6.14.

Recall from Figure 6.12, that the GPU implementation for operations other than the
factorizations scales very poorly in space at the resolutions we tested here. As shown in
Figure 6.15, diagonal SDC can provide speedup here because the operations are distributed
differently. Therefore, diagonal SDC is not only a tool for extending parallelism beyond the
limits of the spatial scheme, but can be beneficial even for serial-in-space implementations.
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Figure 6.14: Scaling of the GPU RBC implementation with diagonal SDC and without analogous
to Figure 6.13. Adding diagonal SDC extends the scaling capabilities just like in the CPU imple-
mentation.
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Figure 6.15: Shown is data from the same experiments as in Figure 6.14, but the minimal time
to solve a step per task in order to exclude factorizations. We find that spatial scaling quickly
saturates on GPUs at this resolution, but diagonal SDC can nevertheless provide speedup.
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6.5 GPU agnostic code

The code we produced was written to be as GPU agnostic as possible. In many places, the
exact same code is executed and the difference between CPU and GPU is purely in which
numerical library is called. There are, however, a few points of note we want to discuss
here.

Each kernel that is submitted to GPU incurs at least the kernel launch cost on the
order of microseconds [61]. When many kernels are submitted, this cost accumulates and
leads to imperfect utilization of the compute resources on the GPU. One way to mitigate
this in Python is the use of CUDA graphs, as we do in section 6.1, where we found them
critical to achieving competitive strong scaling with mpi4py-fft on GPUs. At the same
time, the use of graphs makes it less straightforward to write clean GPU agnostic codes as
there is no counterpart on CPU. The graphs also operate on a fixed portion of memory.
Before the graph is executed, the input has to be copied to the specific part in memory.
While not a large issue, practices like this contribute to cluttering the code in a fashion
that is not typical of Python programming.

It is also noteworthy that the interface of NumPy and CuPy differs in a few ways. For one
thing, copying any amount of data between CPU and GPU synchronizes the two, which
should generally be avoided. Therefore, CuPy operations that return a single number, such
as taking the maximum value of an array, return this number as a CuPy array of size one,
which still resides on GPU. In a couple of places, for instance before writing such a number
to file, we found it necessary to cast the numbers to floating point in order to transfer them
to CPU. Again, this is not an issue per se, but contributes to cluttering of the code.

Another difference in the libraries is that CuPy exposes the pointers to the memory the
data resides in to the user in some places. As memory management, including pointers, is
done only to very limited extent by the programmer in Python, this seems an odd choice.
For instance, NCCL communication functions require the user to pass the pointer. For an
array named “a”, the user needs to pass “a.data.ptr”. This comes at no apparent benefit
compared to the more streamlined way of passing NumPy arrays, which is typically done
simply by passing the variable name. Perhaps we are overly critical here in pointing out
minor details in the interface that do not cause significant issues in practice. However, the
examples we provide are meant to convey that NVIDIA software often does not operate
on the same level of maturity as CPU counterparts, making it hard to write clean, device
agnostic, and fast code.



7
Large scale space-time-parallel simulations

After demonstrating that adaptive SDC as propsed in chapter 3 can be more computa-
tionally efficient than DIRK-type methods for stiff PDEs in chapter 4, can recover from
a wide range of soft faults in chapter 5, and that space-time-parallel implementations of
diagonal SDC can readily cater to modern HPC machines in chapter 6, we close with two
“production runs” of Gray-Scott and RBC. These are meant to mimic the use of space-
time-parallel adaptive diagonal SDC in practical applications, but we do not attempt to
discover new physics here.

7.1 Gray-Scott

While Gray and Scott developed their equations for modelling chemical reactions, Pearson
is credited with discovering the wide array of complex patterns that arise in this model
when F and k are properly tuned [127]. These patterns are called Turing patterns, because
Turing proposed that slight deviations and diffusion in chemical systems can lead to the
formation of patterns observed in biology [156], such as the stripes of a zebra or the spots
of a cheetah.

A wide range of numerical simulations of Turing patterns in the Gray-Scott equation
in two-dimensions is available in the literature, e.g. [115], but we are not aware of similarly
exhaustive work in three dimensions. With our production run, we show that our GPU
port of pySDC is capable of investigating pattern formation in three dimensions at sufficient
resolution by showing one specific example and discussing the observed patterns.

7.1.1 Setup

Problem setup. The initial conditions and parameters we use are a three dimensional
variation of a setup shown in [155]. The parameters are

νu = 2× 10−5, νv = 10−5, F = 0.04, k = 0.06. (7.1)
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See section 2.6.3 for the meaning of the parameters and the full equations. The initial
conditions are made up of a superposition of blobs, each of which is formed as

Bu = − exp
(︁
−80

(︁
(x− px + 0.05sx)

2 + (y − py + 0.02sy)
2 + (z − pz + 0.035sz)

2
)︁)︁

,

Bv = +exp
(︁
−80

(︁
(x− px − 0.05sx)

2 + (y − py − 0.02sy)
2 + (z − pz − 0.035sz)

2
)︁)︁

,

(7.2)

where pi are the positions of the blobs and si ∈ {+1,−1} are randomly determined signs,
Bu is added to the u component and Bv is added to the v component. The background
value is one for u and zero for v. We insert 1296 blobs in a domain of size 363 on a regular
grid in the xy-plane and randomly in z-direction.

SDC setup. The SDC setup closely resembles the one from the scaling tests in sec-
tion 6.3. We use four Gauß-Radau nodes and perform four iterations, which gives a fourth
order method. We use MIN-SR-S for the implicit preconditioner and Picard for the explicit
one. For step size selection, we use ∆t-adaptivity with tolerance ϵTOL = 10−3.

Computational setup. In section 6.3, we showed that the Gray-Scott implementation
gives excellent performance on GPUs. In Figure 6.7, we find excellent parallel efficiency
with diagonal SDC up to 192 nodes or 768 GPUs. While the code scales beyond this at
slightly reduced efficiency, we select this configuration with a resolution of N = 23043 on
192 tasks in space and four tasks in time on JUWELS booster for the production run.

7.1.2 Simulation results

We now discuss how the solution evolves in the production run, the step size selection, and
how the code ran on HPC.

Behaviour of the solution. During the course of the simulation, the blobs that make up
the initial conditins expand and split up, leading to very complex formations. We visualize
the initial phase of the simulation in Figure 7.1 and later points in time in Figure 7.2.
For a video of the solution over time see [10, 3DGrayScottProductionRun.mp4].

The zoomed panels in Figure 7.1 and Figure 7.2 show that the initially spherical blobs
grow asymmetrically, which is due to the opposite signs in the u and v components in the
initial conditions. As the spheres expand, they split off into further expanding shells and
inwardly receding blobs, which remain connected via a tube. Over time, these mechanisms
lead to a complex network of tubes, which spreads out over the spatial domain. Eventually,
the blobs interact with neighboring blobs to join their tubes to one huge network. We show
a slice in the yz-plane at the end of the simulation in order to illustrate the complex patterns
that arise in Figure 7.3.

We run the simulation until we see significant interaction between the blobs. If the
simulation were to be continued, the tube network would eventually extend across the
entire domain.

Step size selection. The timescale of the problem does not vary much. However, the
initial conditions lead to rapid reactions between the two components, which requires small
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(a) t = 0

(b) t = 553

(c) t = 1094

Figure 7.1: Evolution of the v component during the initial phase of the Gray-Scott production
run. Shown are three points in time, with the entire spatial domain on the left side and a zoom on
the right side. The zoomed area is indicated by the blue cube in the left panels. The colorscale is
chosen to render all values below v ≈ 0.37 transparent. See [10, 3DGrayScottProductionRun.mp4]
for a video of the solution over time.
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(a) t = 1646

(b) t = 2162

(c) t = 4936

Figure 7.2: Evolution of the v component in the Gray-Scott production run at later times. Shown
are three points in time, with the entire spatial domain on the left side and a zoom on the right
side. The zoomed area is indicated by the blue cube in the left panels. See Figure 7.1 for the
preceding phase of the simulation.
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Figure 7.3: Two-dimensional slice at the end of the Gray-Scott production run. Multiple blobs
interact to form a complex network of tubes.
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Figure 7.4: Step size distribution during the production run of Gray-Scott with ∆t-adaptivity. In
the beginning, step sizes on the order of 10−1 are required for resolving the rapid reactions in the
initial conditions. However, the evolution quickly slows down as the blobs grow and the time-scale
of the problem does not change dramatically from then on.

step size to resolve accurately. After a brief period of such rapid interaction, the evolution
becomes more slow such that the step size is increased by one order of magnitude. We
show the step sizes selected by ∆t-adaptivity in Figure 7.4.

HPC capabilities. We find that pySDC runs similarly when using many GPUs as when
using few GPUs. Loading the modules and starting the job behaves the same, no matter
how many tasks are involved. We did, however, find that storing the simulation data on
disk was a major bottleneck for the simulation. In our implementation, each task stores
individual pickle files with its slice of the solution. Each of these files is approximately
973 MB in size, with the simulation producing a total of 17 TB of data. A parallel file
format, ideally using a more efficient compression algorithm, is needed to properly run
pySDC on HPC at scale. After the simulations were completed, infrastructure for parallel
file formats using MPI was added to pySDC such that subsequent large simulations can run
much more efficiently on HPC systems.

7.2 Rayleigh-Benard convection

While RBC is a rather simple setup, the model can be employed to study many phenomena
occurring in the natural world. For instance, with large Prandl number, the setup can
describe magma oceans during the formation of the Earth [83]. At low Prandl number,
after adding a separate equation for magnetic fields, the equations governing RBC can be
used to model the dynamo in Earth’s core that causes its magnetic fields [110]. As the
boundary layer in the Earth is orders of magnitude smaller than the entire domain, very
large resolution is needed to properly resolve this problem.

It is not just the properties of the environment to be modelled that call for resolving
structures covering multiple scales, however. While large scale features are prominent in
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RBC, much of the heat transport occurs on smaller scales. With increasing amount of
convection, the small scale flows become increasingly important [14]. For instance, in a
three-dimensional simulation at Rayleigh number 108, it has been found that the large
scale flow contributes only up to 30 % of the total heat transport [94]. Consequently, the
resolution has to be increased in concert with the Rayleigh number in order to properly
resolve all contributing flow patterns. Performing similar simulations to the ones we study
here, at high resolution and massively parallel, is therefore relevant to investigating the
high Rayleigh-number regime [106].

While some numerical analysis is done with low order codes, such as second order finite
difference methods [148], there are also high order spectral element codes with semi-implicit
time stepping in use [138]. The high-order codes in particular may benefit from (diagonal)
SDC in the same fashion as our pseudo-spectral discretization.

7.2.1 Setup

We start by describing the setup we used in the production run before discussing the
simulation results. Our experiments will exhibit flow patterns on multiple scales as required
in actual production runs. Note that some of the simulation parameters are dependent on
the behaviour during run-time, such that we already mix in some of the results in the
justification for the parameters.

Problem setup. We largely use the same setup as in previous experiments with domain-
size 8× 2 and the same initial conditions. These are zero in all components except a linear
temperature gradient, perturbed with random noise on the order of 10−3. The only notable
difference to previous setups is that we increase the Rayleigh number to Ra = 3.2× 108.

Since the noise in the initial conditions is non-smooth, the spectral methods struggle
to resolve it properly. Starting out from these initial conditions leads the adaptive step
size selection to choose very small step sizes and perform many restarts until the solution
is sufficiently smooth. To mitigate, we smooth the initial conditions by solving five IMEX
Euler steps with ∆t = 0.1 before starting the time integration with step size adaptive SDC.

SDC setup. We select ∆t-k adaptivity, as this proved to be well suited to combination
with diagonal SDC in chapter 4. We use four Gauß-Radau nodes with up to 16 iterations,
which results in an order seven method. We use ϵTOL = 10−5, rTOL = 5 × 10−6 and
also an increment tolerance of 5 × 10−6 for the SDC iteration stopping criterion. The
preconditioners are MIN-SR-S and Picard.

We find that the IMEX solver is stable only up to ∆t ≈ 10−3 from the point that
turbulence develops. We operate very close to this limit with adaptive step size selection,
as this limit is quite restrictive. We add generous rounding of ∆t to the step size controller
in order to keep the number of factorizations to a minimum. We round by reducing
the number behind the floating point in the step size to 0 or 5. For instance, we round
2.67×10−3 to 2.5×10−3. Otherwise, we employ the same step size controller from chapter 4,
meaning we only change the step size when ∥∆topt/∆t− 1∥ > 1 or if the step is restarted
and use safety factor β = 0.5.

Adding the rounding further decreases the step size. We therefore accept to perform
even more right hand side evaluations than strictly needed in order to keep the number of
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factorizations low. Recall from section 6.4 that the computational cost in the right hand
side evaluations is dominated by the transforms, which scales with O(n log n), whereas the
cost in the factorizations scales with O(n3

z). Hence, the larger the resolution we choose,
the more we should shift the balance towards fewer factorizations and more transforms.

Computational setup. We use a resolution of N = 4096 × 1024 with 4096 tasks on
JURECA-DC (section 2.9.2), where we use four tasks in time and 1024 tasks in space.
This is the largest resolution and most distributed configuration that we tested in the
experiments on parallel scaling on CPUs in Figure 6.13.

7.2.2 Simulation results

We now describe the results from the RBC production run, in terms of the solution, the
step size selection and how the code runs on HPC systems.

Behaviour of the solution. We show plots of the temperature at various points through-
out the simulation in Figure 7.5. For a video of the solution over time see [10, RBCPro-
ductionRun.mp4]. The large scale behaviour is similar to the lower resolution and lower
Rayleigh number setup shown in Figure 2.14. We see that the small perturbations in the
temperature grow to plumes rising to the top from approximately t = 10 to t = 15. When
the plumes reach the top and are pushed back down by further rising plumes, irregular flow
patterns arise. Finally, the flow settles into a pseudo-stationary rolling motion. However,
we stop the simulation before actually reaching the pseudo-stationary regime at t = 26.
In contrast to the earlier example in Figure 2.14, very small scale features and eddies can
be observed at this high resolution and quite complex flow patterns emerge at this high
Rayleigh number.

Step size selection. In the beginning phase, before the plumes develop, we can choose
large step sizes. Later on, when significant convection develops, we require smaller step
size because the solution evolves faster and because of stability restrictions in the IMEX
solver. We show the resulting step size distribution in Figure 7.6, where we can clearly
identify the different stages of the simulation in the step size. We initially select a tolerance
for adaptive step size selection of 10−4, which results in large step sizes on the order of
10−1 up to t ≈ 10. As the plumes develop, the step size is quickly refined until settling
to ∆t ≈ 10−3 when the flow has reached the irregular state. Afterwards, it stays there for
the rest of the simulation.

We note that the stability limit of the IMEX solver is only slightly larger than 10−3. The
adaptive step size selection is not aware of this limit and hence attempted larger step sizes
at ϵTOL = 10−4. Then, SDC did not converge and the step was restarted with a quarter of
the step size. Adaptive SDC with these parameters is still capable of advancing in time,
but the scheme is not efficient. Therefore, we stopped and restarted the simulation with
decreased ϵTOL = 10−5, which results in similar step sizes but fewer restarts. Stability
limits can be easily incorporated into adaptive step size selection, if they are precisely
known, which is not the case here.

We show the resulting work in number of matrix factorizations and right hand side
evaluations in Figure 7.7. Less than 100 factorizations are required to cover the diffusion



7.2. Rayleigh-Benard convection 123

−1

0

1

−1

0

1

−1

0

1

−1

0

1

−1

0

1

0 1 2 3 4 5 6 7

x

−1

0

1

z

0.0

0.5

1.0

1.5

2.0

T
(t

=
0
.0

)

0.0

0.5

1.0

1.5

2.0

T
(t

=
1
3
.6

)

0.0

0.5

1.0

1.5

2.0

T
(t

=
1
6
.0

)

0.0

0.5

1.0

1.5

2.0

T
(t

=
1
7
.8

)

0.0

0.5

1.0

1.5

2.0

T
(t

=
2
3
.7

)

0.0

0.5

1.0

1.5

2.0

T
(t

=
2
6
.0

)

Figure 7.5: Temperature profile in the Rayleigh-Benard convection production run with ∆t-k-
adaptivity over time. With the large resolution of N = 4096× 1024, small eddies are visible in the
turbulent flow. We use diagonal SDC with four tasks in time and 1024 tasks in space for a total of
4096 CPUs on JURECA. See [10, RBCProductionRun.mp4] for a video of the solution over time.



7.2. Rayleigh-Benard convection 124

0 5 10 15 20 25

t

10−3

10−2

10−1

100
∆
t

∆t

Figure 7.6: Step size distribution during the production run of RBC with ∆t-k adaptivity. Step
sizes of restarted steps are not shown. Up to t ≈ 10, the flow is slow and the step sizes are relatively
large. As turbulence develops, the step size is refined by more than two orders of magnitude. When
turbulence is properly under way, the IMEX solver is unstable for ∆t larger than approximately
5× 10−3 for the remainder of the simulation.
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Figure 7.7: Work required to achieve a certain point in time in the RBC production run. After a
few large time steps, the step size is decreased during the development of turbulence. Afterwards,
the stability limit of the IMEX solver keeps the step size within a narrow range, such that the LU
decompositions are efficiently reused.
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Figure 7.8: SDC residual and error estimate used in step size selection throughout the RBC
production run. The large gradients at the boundary prevent the SDC residual from reaching
arbitrarily small values. We reduced the tolerance for adaptive step size selection from 10−4 to
10−5 after the development of turbulence in order to keep the step size below the stability limit
without restarts. The error estimate is significantly below the tolerance due to the step size
controller and safety factor β = 0.5.

dominated initial phase. As turbulence develops, the step size is refined which requires
a lot of LU decompositions. During this phase, approximately 2000 factorizations are
computed. Once the step size reaches the relatively stable regime with ∆t ≈ 10−3 from
t ≈ 15, we require virtually no new factorizations because the step size controller returns
step sizes for which factorizations are already available most of the time. The number of
right hand side evaluations evolves similarly, but it rises continuously in the regime where
the step size has settled.

Finally, we show the error estimate used in step size selection and the residual of the
collocation problem during the run in Figure 7.8. We find error estimates significantly
below the tolerance value due to the elaborate step size controller, which selects smaller
than optimal step sizes in order to keep the number of matrix factorizations at bay. In
particular, we use a small safety factor of β = 0.5 in order to reduce the number of restarts.
Since we only change the step size when the relative change is large, the error estimate
oscillates heavily when the step size does change. While this results in unnecessarily
high resolution in some time steps, we chose to accept this in order to reuse the matrix
factorizations as much as possible, which is crucial to obtaining an efficient scheme.

As discussed in section 2.5.11, the SDC residual does not reach arbitrarily small values
when the perturbations due to the treatment of the boundary conditions are non-negligible.
We verify that the perturbations are small relative to the order of magnitude of the solution
by showing the residual in Figure 7.8. During most of the simulation, the residual oscillates
around 10−4, with only occasional larger values.

HPC capabilities. We showed that our code is capable of high-resolution, massively
parallel simulations. Both large and small scale features are resolved, which is crucial in
actual production runs. However, the simulation is relatively expensive and the code is



7.2. Rayleigh-Benard convection 126

limited in its HPC capabilities.
We have discussed various shortcomings of our implementation in section 6.4, such as

manually expressing the DCT via FFT and performing more transposes than theoretically
needed. The major limitation, however, is solving the linear systems in the ultraspherical
discretization using a direct solver, which requires O(n3

z) floating point operations. This
heavily limits the practicability of Chebychev or ultraspherical discretizations at high res-
olution. It can be resolved, for instance, by transitioning to spectral element methods,
where the domain is split into multiple cells. Then, smaller sub-problems are solved con-
currently with spectral methods and the global solution is obtained by enforcing coupling
conditions in a separate step, which is serial but inexpensive [18, Chapter 22].

Alternatively, iterative solvers may converge quickly if suitably preconditioned, even for
large resolution. As iterative solvers have been successfully accelerated by GPUs within
pySDC for other problems [100], and SDC is known to provide good initial guesses for
iterative solvers between iterations [147], they could likely be used to obtain a very efficient
implementation. We leave implementation of iterative solvers or of a spectral element
discretization for future work. We do expect, however, that the concurrency afforded by
diagonal SDC is useful, regardless of these details of space-discretization.

Note that all previously published demonstrations of PinT or space-time speedup that
we are aware of use only tens of tasks, employ more simple diffusion dominated or linear
problems, or exhibit poor parallel efficiency when scaling in time [37, 53, 116, 117, 124, 165].
Our implementations of diagonal SDC and spectral methods, on the other hand, exhibit
excellent parallel scaling in both space and time for a complex and practically relevant
benchmark problem up to thousands of tasks.
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Conclusion

8.1 Summary

The numerical simulation of time-dependent problems on massively parallel machines will
eventually require parallelisation in the time direction in order to make efficient use of the
ever growing hardware. Spectral deferred correction (SDC) is a time-integration method
that offers multiple routes for time-parallelism, which can make it preferable to the similar
and more common diagonally implicit Runge-Kutta methods (RKM). In this thesis, we
have developed generic adaptive extensions for SDC, implemented complex benchmark
problems parallel in space and time, and measured performance in a range of experiments.
Here, we repeat the key results that we obtained in the process.

Developed step size adaptive extensions for SDC. In chapter 3, we developed
two adaptive extensions for SDC along the lines of embedded RKM. The first we call
∆t-adaptivity, where the iteration number is kept constant, but the step size is adapted
based on an estimate of the local error. The error estimate is obtained by subtracting two
consecutive iterates and requires the order to increase by one with each iteration. This
is typically the case in SDC, but has to be confirmed numerically for a given combina-
tion of preconditioner and problem. The second algorithm, ∆t-k-adaptivity, selects both
the step size and the iteration number adaptively and employs an estimate of the error
of the converged collocation problem. This makes it more flexible with respect to SDC
preconditioners and inexactness.

Demonstrated computational efficiency of adaptive SDC. In chapter 4, we mea-
sured computational efficiency of adaptive SDC via work-precision diagrams, relating wall-
time to achieved accuracy for a range of problems and SDC schemes.

First, we confirmed that both step size adaptive algorithms finely adjust the accu-
racy to the requirements of the problem during runtime and can increase computational
efficiency over fixed step size SDC schemes. Afterwards, we measured parallel-in-time
(PinT) speedup of adaptive SDC with diagonal SDC, Block Gauß-Seidel SDC (BGSSDC)
and a combination of both. We found excellent parallel performance with diagonal SDC
with both ∆t-adaptivity and ∆t-k-adaptivity for the PDE benchmarks Gray-Scott and
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Rayleigh-Benard convection (RBC). BGSSDC also gave good speedup for the Gray-Scott
equation with ∆t-adaptivity, but not with ∆t-k-adaptivity or for RBC.

Then, we compared performance of parallel-in-time adaptive SDC against state-of-
the-art RKM. For the Gray-Scott example, BGSSDC with ∆t-adaptivity was the most
efficient scheme when coarse accuracy is desired, whereas ∆t-k-adaptive diagonal SDC was
the most efficient scheme for achieving high accuracy. Notably, the embedded additive
RKM we compared against was never more efficient than SDC. In RBC, the treatment of
the incompressibility constraint requires RKM to be stiffly accurate. Few suitable stiffly
accurate additive RKM are available in the literature and the best performing method we
could find was a third order additive RKM. Third order SDC outperformed this method,
with ∆t-k-adaptive diagonal SDC giving the best performance for any accuracy that we
tested. However, the flexibility of SDC allows to easily increase the order and fifth order
SDC outperformed the additive RKM by wide margins. On the other hand, for the ODE
benchmarks van der Pol and Lorenz attractor, we found the RKM reference methods to
be more computationally efficient, suggesting that SDC is primarily a good method for
PDEs.

Demonstrated resilience capabilities of adaptive SDC. In chapter 5, we measured
the ability of adaptive SDC to recover from faults in the form of transient bit flips. Adaptive
methods measure the accuracy during runtime and increase the accuracy if needed. If
the accuracy is insufficient due to a fault, adaptive schemes will automatically attempt
to correct the fault by restarting or by continued iteration. We also developed an SDC
specific version of the dedicated resilience strategy Hot Rod for comparison.

We performed experiments where we flipped random bits in the solution variable and
accepted the fault as recovered only if the global error at the end of the simulation was not
increased beyond 10 %. Using the chaotic Lorenz attractor problem, we investigated the
ability of adaptive SDC to correct faults depending on where in the SDC algorithm they
occur. Adaptive SDC could protect against soft faults almost perfectly and on par with
Hot Rod, except for faults targeting the initial conditions, which require further protection.
Unlike Hot Rod, adaptivity does not add overhead, but is actually a mechanism for reducing
computational overhead, making it an attractive resilience strategy.

Measured space-time parallel scaling of adaptive SDC on HPC. In chapter 6,
we discussed space-time-parallel implementations of the Gray-Scott and RBC benchmarks
in Python within the prototyping library pySDC. We focused on GPU implementations as
these account for the majority of compute power in modern HPC machines. For time-
parallelism, we used diagonal SDC, since this performed very well in chapter 4.

We discretized both problems in space using Fourier and ultraspherical spectral meth-
ods, which rely on fast Fourier transforms (FFTs). Therefore, we first ported the library
mpi4py-fft for distributed FFTs to GPUs. In our tests, mpi4py-fft performed signifi-
cantly better on GPUs compared to CPUs and performed almost as well as the compiled
and optimised alternative cuFFTMp on GPUs, which does not have Python bindings.

We then ported the Gray-Scott and RBC implementations within pySDC to GPU. With
Gray-Scott, we found excellent performance on GPUs and were able to scale up to the
entire JUWELS booster machine at 37 % parallel efficiency when combining parallelism
in space and time. Diagonal SDC was crucial in extending scaling beyond the limits of
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space-parallelism. Our RBC implementation relies on a sparse LU decomposition, which
we were unable to efficiently port to GPU. However, we found good parallel scaling and
again used diagonal SDC successfully to scale beyond the limits of spatial parallelism.
Demonstrations of space-time-parallel speedup on this scale for such complex problems is
unprecedented in the literature to the best of our knowledge.

Finally, we showed large space-time-parallel simulations of Gray-Scott and RBC that
resemble production runs in chapter 7. These serve to show that the adaptive extensions
and diagonal SDC are useful in practice and not mere theoretical considerations.

8.2 Future work

In preparing this thesis, many further questions arose which exceed the scope of this work.
We now outline some directions for future research.

Use adaptive SDC in PFASST. The parallel full approximation scheme in space and
time (PFASST) is an algorithm that can run massively parallel by solving blocks of time
steps in parallel. In this thesis, we have used adaptive SDC in Block Gauß-Seidel SDC
(BGSSDC), which is a special case of PFASST. Therefore, we expect the step size selection
mechanisms to work with more elaborate PFASST schemes as well, which may be able to
provide more speedup than BGSSDC.

Furthermore, in our experiments with BGSSDC, we only used the same step size across
all steps in the block. By estimating the local error on all steps in the block, it is possible
to make a guess for the evolution of the ideal step size in the next block as well. However,
it is unclear if this can improve computational efficiency and performance is likely very
problem dependent.

Use adaptive SDC for DAEs. Differential algebraic equations (DAEs) often cause
similar issues for numerical integration as stiff PDEs and order reduction is sometimes
observed [6]. This can pose challenges for the adaptive step size selection we developed in
this thesis, which requires to know the order of accuracy. Therefore, adaptations to the
error estimates may be needed when applying the adaptive algorithms to complex DAEs.

Note that RBC is a DAE, because of the incompressibility constraint. Here, we were
able to treat the algebraic equations simply by using a quadrature rule that includes the
end-point of the interval and we did not observe order reduction. However, problems with
more complicated algebraic constraints can require more elaborate treatment [77].

Use more elaborate step size controllers and real-world applications. For the
RBC problem, we found that always taking the largest possible step size is not necessarily
the most efficient scheme. This is also the case for many real-world problems. It would
be interesting to benchmark the performance of adaptive SDC with PID controllers, for
instance, and within an actual production code.

Combine resilience strategies and use more realistic fault insertion. We found
that adaptive schemes can recover from many types of faults very efficiently while simul-
taneously reducing computational cost, but identified certain classes of faults that they
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cannot correct. Other resilience schemes can protect even against these kinds of faults,
but often often add significant overhead in terms of computation or memory. It would
be interesting to combine various resilience schemes that each selectively protect against
certain types of fault and that add as little overhead as possible.

Ideally, such strategies would be investigated with a more realistic fault insertion mech-
anism as well. We restricted the discussion to transient bit flips in solution variables, but
more realistic experiments would also consider, for instance, bit flips in operators. This
is another type of fault that adaptive SDC cannot protect against. However, SDC, and
particularly BGSSDC, has some redundancy that can be leveraged for resilience, e.g. [144].

Use other space-discretizations in space-time-parallel experiments. The global
spectral methods we used for spatial discretizations of PDEs are not without limitations.
In particular, the linear solves in the RBC example were very restrictive for scaling the
problem. Other discretizations such as finite element or spectral element offer more poten-
tial for parallelization in space. Combining these with time-parallel SDC could enable to
scale to even more tasks than in our experiments.

Also, we found that space-time-parallelism with diagonal SDC can improve parallel
efficiency over space-only-parallelism with global spectral space discretizations because the
communication pattern is shifted. As other methods use different communication patterns,
it would be interesting if similar effects can be observed.

Further GPU optimisation. While performance considerations often take a back seat
in Python programming, codes can be optimised for GPUs to some degree. Most impor-
tantly, synchronisation between GPU and CPU should be avoided as much as possible,
which can be done easily. Also, one should take care to keep the number of individual ker-
nels low, as every kernel incurs a launch cost, which accumulates when many small kernels
are launched. In Python, this is less straightforward to do, but not impossible. We have
discussed the use of CUDA graphs within mpi4py-fft, which can be used to launch multi-
ple operations within the same kernel. However, these make device-agnostic programming
more difficult and cannot be stacked. For instance, we could not have recorded a CUDA
graph for an SDC step that uses the CUDA graph within mpi4py-fft. Users can write
CUDA kernels and use them within CuPy, but this requires to write actual CUDA code,
rather than Python code. For lack of a straightforward way to reduce the number of kernel
launches in a device-agnostic way, we did not substantially optimize pySDC in this regard.
It would be interesting to investigate GPU optimisation and measure further performance
gains, particularly with vendor-portable methods.

8.3 Concluding remarks

SDC remains a niche method for time-integration with other RKM being a lot more com-
mon in production codes. However, this thesis has demonstrated that SDC can outperform
state-of-the-art RKM for some problems. If the problem at hand is a complicated stiff PDE,
SDC should certainly be considered. SDC affords great flexibility and schemes can be tai-
lored to the problem by choosing appropriate splitting, inexactness, or time-parallelization,
for instance. Finding the SDC scheme that is most efficient for a given problem is best done
with numerical experiments, for which the prototyping library pySDC proved to be very
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convenient. We hope this work and our implementations can encourage experimentation
with SDC and aid the development of future space-time-parallel codes.

Reproducing the results. For instructions on how to reproduce the results shown in
this thesis, please consult the project sections in pySDC version 5.6 [143]. Experiments from
chapter 4 and chapter 5 are part of the resilience project at pySDC/projects/Resilience/
README.rst. Experiments from chapter 6 and chapter 7 are part of the GPU project
at pySDC/projects/GPU/README.rst.
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