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ABSTRACT

Adaptive Maximization of Social Welfare”

We consider the problem of repeatedly choosing policies to maximize social welfare.
Welfare is a weighted sum of private utility and public revenue. Earlier outcomes inform
later policies. Utility is not observed, but indirectly inferred. Response functions are learned
through experimentation.

We derive a lower bound on regret, and a matching adversarial upper bound for a variant
of the Exp3 algorithm. Cumulative regret grows at a rate of T#3. This implies that (i) welfare
maximization is harder than the multi-armed bandit problem (with a rate of T"2 for finite
policy sets), and (ii) our algorithm achieves the optimal rate. For the stochastic setting, if
social welfare is concave, we can achieve a rate of T"2 (for continuous policy sets), using a
dyadic search algorithm.

We analyze an extension to nonlinear income taxation, and sketch an extension to
commodity taxation. We compare our setting to monopoly pricing (which is easier), and
price setting for bilateral trade (which is harder).
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1 Introduction

Consider a policymaker who aims to maximize social welfare, defined as a weighted sum
of utility across individuals. The policymaker can choose a policy parameter such as a
sales tax rate, an unemployment benefit level, a health-insurance copay rate, etc. The
policymaker does not directly observe the welfare resulting from their policy choices.
They do, however, observe behavioral outcomes such as consumption of the taxed good,
labor market participation, or health care expenditures. They can revise their policy
choices over time in light of observed outcomes. How should such a policymaker act?
This is the question that we study. To address this question, we bring together insights
from welfare economics (in particular optimal taxation, Ramsey [1927; [Mirrlees 1971;
Baily|[1978; [Saez 2001; (Chetty |2009) with insights from machine learning (in particular
online learning and multi-armed bandits, see Slivkins|/|2019; Lattimore and Szepesvari
2020 for recent reviews, and Thompson (1933); Lai and Robbins (1985) for classic
contributions).

In our baseline model, individuals arrive sequentially and make a single binary de-
cision. In each period the policymaker chooses a tax rate that applies to this binary
decision, and then observes the individual’s response. They do not observe the indi-
vidual’s private utility. Social welfare is given by a weighted sum of private utility and
public revenue. Later, we extend our model to nonlinear income taxation, where wel-
fare weights vary as a function of individual earnings capacity, and sketch an extension
to commodity taxation, where individual decisions involve a continuous consumption
vector.

Our goal is to give guidance to the policymaker. We propose algorithms to maximize
cumulative social welfare, and we provide (adversarial and stochastic) guarantees for the
performance of these algorithms. In doing so, we also show that welfare maximization is
a harder learning problem than reward maximization in the multi-armed bandit setting.
Private utility in our baseline model is equal to consumer surplus, which is given by
the integral of demand. In order to learn this integral, we need to learn demand for

counterfactual, suboptimal tax rates. This drives the difficulty of the learning problem.

Why welfare, why adversarial guarantees? Our algorithms are designed to max-
imize social welfare, which is not directly observable, rather than maximizing outcomes
that are directly observable. The definition of social welfare as an aggregation of indi-

vidual utilities is at the heart of welfare economics in general, and of optimal tax theory



in particular. The distinction between utility and observable outcomes is important in
practice. To illustrate, consider the example of a policymaker who chooses the level
of unemployment benefits, where the observable outcome is employment. The policy-
maker could use an algorithm that adaptively maximizes employment. The problem
with this approach is that employment might be maximized by making the unemployed
as miserable as possible. This is not normatively appealing. Such an algorithm would
minimize the utility of the unemployed, rather than maximizing social welfare. Similar
examples can be given for many domains of public policy, including health, education,
and criminal justice. In contrast to observable outcomes such as employment, welfare
is improved by increasing the choice sets of those affected, not by reducing these choice
sets.

Our theoretical analysis provides not only stochastic but also adversarial guarantees,
which hold for arbitrary sequences of preference parameters. Adversarial guarantees
for algorithms promise robustness against deviations from the assumption that het-
erogeneity is independently and identically distributed over time. Possible deviations
from this assumption include autocorrelation, trends, heteroskedasticity, more general
non-stationarity, and other concerns of time-series econometrics. In the employment
example, such deviations might for instance be due to the business cycle. One might
fear that adversarial robustness is achieved at the price of worsened performance for
the i.i.d. setting, relative to less robust algorithms. That this is not the case follows

from our theoretical characterizations.

Lower and upper bounds on regret Our main theorems provide lower and upper
bounds on cumulative regret. Cumulative regret is defined as the difference in welfare
between the chosen sequence of policies and the best possible constant policy. We
consider both stochastic and adversarial regret. A lower bound on stochastic regret
satisfies that, for any algorithm, there exists some stationary distribution of preference
parameters for which the algorithm has to suffer at least a certain amount of regret. An
upper bound on adversarial regret has to hold for a given algorithm and any sequence
of preference parameters.

For a given algorithm, stochastic regret, averaged over i.i.d. sequences of preference
parameters, is always less or equal than adversarial regret, for the worst-case sequence.
A lower bound on stochastic regret (for any algorithm) therefore implies a corresponding
lower bound on adversarial regret, and an upper bound on adversarial regret (for a

given algorithm) immediately implies an upper bound on stochastic regret. When an



adversarial upper bound coincides with a stochastic lower bound, in terms of rates of
regret, it follows that the proposed algorithm is rate efficient, for both stochastic and

adversarial regret. It follows, furthermore, that the bounds are sharp.

A lower bound on stochastic regret We first prove a stochastic (and thus also
adversarial) lower bound on regret, for any possible algorithm in the welfare maximiza-
tion problem. Our proof of this bound constructs a family of possible distributions for
preferences. This family is such that there are two candidate policies which are po-
tentially optimal. The difference in welfare between these two policies depends on the
integral of demand over intermediate policy values. In order to learn which of the two
candidate policies is optimal, we need to learn behavioral responses for intermediate
policies, which are strictly suboptimal. Because of the need to probe these suboptimal
policies sufficiently often, we obtain a lower bound on regret which grows at a rate of
T?/3, even if we restrict our attention to settings with finite, known support for prefer-

ence parameters and policies. This rate is worse than the worst-case rate for bandits of
T2,

A matching upper bound on adversarial regret for modified Exp3 We next
propose an algorithm for the adaptive maximization of social welfare. Our algorithm
is a modification of the Exp3 algorithm (Auer et al.. |2002b). Exp3 is based on an
unbiased estimate of cumulative welfare for each policy. The probability of choosing a
given policy is proportional to the exponential of this estimate of cumulative welfare,
times some rate parameter. Relative to Exp3, we require two modifications for our
setting. First, we need to discretize the continuous policy space. Second, and more
interestingly, we need additional exploration of counterfactual policies, including some
policies that are clearly sub-optimal, in order to learn welfare for the policies which are
contenders for the optimum. This need for additional exploration again arises because of
the dependence of welfare on the integral of demand over counterfactual policy choices.
For our modified Exp3 algorithm, we prove an adversarial (and thus also stochastic)
upper bound on regret. We show that, for an appropriate choice of tuning parameters,
worst case cumulative regret over all possible sequences of preference parameters grows
at a rate of T%%, up to a logarithmic term. The algorithm thus achieves the best
possible rate. Since the rates for our stochastic lower and adversarial upper bound
coincide, up to a logarithmic term, we have a complete characterization of learning

rates for the welfare maximization problem.



Improved stochastic bounds for concave social welfare The proof of our lower
bound on regret is based on the construction of a distribution of preferences which
delivers a non-concave social welfare function. If we restrict attention to the stochastic
setting, where preferences are i.i.d. over time, and if we assume that social welfare is
concave, then we can improve upon this bound on regret. We prove a lower bound on
stochastic regret, under the assumption of concavity, which grows at the rate of 7/2.
We then propose a dyadic search algorithm which achieves this rate, up to logarithmic
terms. This dyadic search algorithm maintains an “active interval,” containing the
optimal policy with high probability, which is narrowed down over time. Only policies

within the active interval are sampled.

Extensions to non-linear income taxation and to commodity taxation Our
discussion up to this point focuses on a minimal, stylized case of an optimal tax prob-
lem, where individual actions are binary, and the policy imposes a tax on this binary
action. Our arguments generalize, however, to more complicated and practically rele-
vant settings. This includes optimal nonlinear income taxation, as in Mirrlees (1971)
and [Saez (2001), and commodity taxation for a bundle of goods, as in Ramsey (1927).
For nonlinear income taxation, different tax rates apply at different income levels, and
welfare weights depend on individual earnings capacity. In Section [5] we discuss an ex-
tension of our tempered Exp3 algorithm to nonlinear income taxation, and characterize
its regret. For commodity taxation, different tax rates apply to different goods, and
consumption decisions are continuous vectors. In Section [6] we sketch an extension of

our algorithm to commodity taxation, but leave its characterization for future research.

Roadmap The rest of this paper proceeds as follows. We conclude this introduction
with a discussion of some related work and relevant references. Section [2 introduces our
setup, formally defines the adversarial and stochastic settings, and compares our setup
to related learning problems. Section |3| provides lower and upper bounds on regret in
the adversarial and stochastic settings. Section W restricts attention to the stochastic
setting with concave social welfare, and provides improved regret bounds for this setting.
Section [5] discusses an extension of our baseline model to non-linear income taxation.
Section [6] sketches another extension of our baseline model to commodity taxation.
Section [7| concludes, and discusses some possible applications of our algorithm, as well
as an alternative Bayesian approach to adaptive welfare maximization. The proofs of
Theorem [1| and Theorem [2| can be found in Appendix |[Al The proofs of our remaining



theorems and proofs of technical lemmas are discussed in the Online Appendix.

1.1 Background and literature

To put our work in context, it is useful to contrast our framework with the standard
approach in public finance and optimal tax theory, and with the frameworks considered

in machine learning and the multi-armed bandit literature.

Optimal taxation Optimal tax theory, and optimal policy theory more generally, is
concerned with the maximization of social welfare, where social welfare is understood
as a (weighted) sum of subjective utility across individuals (Ramsey, 1927; Mirrlees,
1971; Bailyl, [1978; [Saez, 2001; (Chetty, 2009). A key tradeoff in such models is between,
first, redistribution to those with higher welfare weights, and second, the efficiency cost
of behavioral responses to tax increases. Such behavioral responses might reduce the
tax base.

Optimal tax problems are defined by normative parameters (such as welfare weights
for different individuals), as well as empirical parameters (such as the elasticity of the
tax base with respect to tax rates). The typical approach in public finance uses historical
or experimental variation to estimate the relevant empirical parameters (causal effects,
elasticities). These estimated parameters are then plugged into formulas for optimal
policy choice, which are derived from theoretical models. The implied optimal policies

are finally implemented, without further experimental variation.

Multi-armed bandits The standard approach of public finance, which separates
elasticity estimation from policy choice, contrasts with the adaptive approach that
characterizes decision-making in many branches of Al, including online learning, multi-
armed bandits, and reinforcement learning. Multi-armed bandit algorithms, in partic-
ular, trade off exploration and ezploitation over time (Bubeck and Cesa-Bianchil 2012;
Slivkins| 2019; [Lattimore and Szepesvari, 2020). Exploration here refers to the acqui-
sition of information for better future policy decisions, while exploitation refers to the
use of currently available information for optimal policy decisions at the present mo-
ment. The goal of bandit algorithms is to maximize a stream of rewards, which requires
an optimal balance between exploration and exploitation. Bandit algorithms for the
stochastic setting are characterized by optimism in the face of uncertainty: Policies

with uncertain payoff should be tried until their expected payoff is clearly suboptimal.



Bandit algorithms (and similarly, adaptive experimental designs for informing policy

choice, as in |Russo 2020; Kasy and Sautmann|2021) are not directly applicable to social

welfare maximization problems, such as those of optimal tax theory. The reason is that
bandit algorithms maximize a stream of observed rewards. By contrast, social welfare

as conceived in welfare economics is based on unobserved subjective utility.

Adversarial decision-making Adversarial models for sequential decision-making

find their roots in repeated game theory (Hannan, 1957), while related settings were
independently studied in information theory (Cover, and computer science (Vovk,
11990; Littlestone and Warmuth) [1994; Cesa-Bianchi et al., [1997). Regret minimization,
also in a bandit setting, was investigated as a tool to prove convergence of uncoupled
dynamics to equilibria in N-person games (Hart and Mas-Colell, 2000, 2001) — the
exponential weighting scheme used by Exp3 is also known as smooth fictitious play
in the game-theoretic literature (Fudenberg and Levine, [1995). Recent works (Seldin
and Slivkins, 2014; |Zimmert and Seldin| [2021) show that simple variants of Exp3 si-

multaneously achieve essentially optimal regret bounds in adversarial, stochastic, and

contaminated settings, without prior knowledge of the actual regime. This suggests
that algorithms designed for adversarial environments can behave well in more benign

settings, whereas the opposite is provably not true.

Bandit approaches for economic problems Bandit-type approaches have been

applied to a number of other economic and financial scenarios in the literature where

rewards are observable. These include monopoly pricing (Kleinberg and Leighton, 2003)

(see also the survey |den Boer|2015), second-price auctions (Cesa-Bianchi et al., [2015;
Weed et al., [2016; [Cesa-Bianchi et al., [2017), first-price auctions (Han et al.| [2020bla}
‘Achddou et al., 2021; Cesa-Bianchi et al., 2024b))—see also (Kolumbus and Nisan| |2022;
Feng et al., 2018, 2021), and combinatorial auctions (Daskalakis and Syrgkanis, 2022).
Bandit-type approaches have also been applied to some settings where rewards are not
directly observable, including bilateral trading Cesa-Bianchi et al. (2021, 2023, |2024a),
and the newsvendor problem (Lugosi et al., 2023).

Bandit algorithms are widely used in online advertising and recommendation. On-

line learning methods are successfully used for tuning the bids made by autobidders (a

service provided by advertising platforms) (Lucier et al.,[2024). While these algorithms

are analyzed in adversarial environments, the extent to which they are deployed in

commercial products remains unclear.



2 Setup

At each time i = 1,2,...,T, one individual arrives who is characterized by an unknown
willingness to pay v; € [0,1]. This individual is exposed to a tax rate x;, and makes
a binary decision y; = 1(z; < v;). The implied public revenue is z; - y;. The implied
private welfare is max(v; — x;,0). We define social welfare as a weighted sum of public
revenue and private welfare, with a weight A € (0,1) for the latter. Social welfare for

time period ¢ is therefore given by

Ui(x;)) =x; - L(x; <wv;))  +  A-max(v; — x;,0). (1)

-~
Public revenue Private welfare

After period i, we observe y; and the tax rate x;, but nothing else. In particular, we do
not observe welfare U;(z;).

We can rewrite social welfare U;(x) as follows. Denote G;(x) = 1(v; > x), so that

; = G,(x;). This is the individual demand function. Then private welfare can be

written as max(v; — f G;(x")da’. That is, private welfare is given by integrated

demandE] This representatlon of private welfare implies

Ui(x) = :(:'Gi:v + )\/G (2)

Pubhc revenue
Private Welfare

We consider algorithms for the choice of x; which might depend on the observable

history (z;, yj) as well as possibly a randomization device.

=D

Notation For the adversarial setting, we will consider cumulative demand and wel-

fare, denoted by blackboard bold letters, summing across j = 1,...,%. In particular,
=> Gi(x), Ui(z) = > Ui(x), Ui =) Uj(x).
j<i J<i J<i

G;(x) and U;(x) are cumulative demand and welfare for a counterfactual, fixed policy x.
U;, without an argument, is the cumulative welfare for the policies x; actually chosen.
For the stochastic setting, we will analogously consider expected demand and ex-

pected welfare, denoted by boldface letters. The expectation is taken across some

I This reflects the absence of income effects in our model, which implies that private utility, consumer
surplus, compensating variation, and equivalent variation all coincide.



stationary distribution p of v;, where v; is statistically independent of z;, and of v; for

j # 1. In particular,

2.1 Regret

The adversarial case Following the literature, we consider regret for both the ad-
versarial and the stochastic setting. In the adversarial setting, we allow for arbitrary
sequences of willingness to pay, {v;}_,. We compare the expected performance of any
given algorithm for choosing {z;}7_, to the performance of the best possible constant

policy x. This comparison yields cumulative expected regret, which is given by
Re({vi}L)) = sup B [Ur(z) - Ur[{v} L, ] (3)

The expectation in this expression is taken over any possible randomness in the tax

rates x; chosen by the algorithm; there is no other source of randomness.

The stochastic case We also consider the stochastic setting. In this setting, we add
structure by assuming that the v; are i.i.d. draws from some distribution u on [0, 1],
with implied demand function G(x) = P(v; > x). This demand function is identified
by the regression

G(z) = Elyi|z; = z).

The expectation in this expression is taken over the distribution of v;, which is presumed
to be statistically independent of the tax rate x;. Expected welfare for this distribution

of v; is given by

U(z)=x G(z)+ )\/ G(z')dz’.

Cumulative expected regret in the stochastic case equals

Ra(G) = sup E[Ur(z) —Ur] =T supU(z) — £

YU (wi)] : (4)

i<T

The expectation in this expression is taken over both any possible randomness in the

tax rates x;, and the i.i.d. draws v;.



2.2 Comparison to related learning problems

Before proceeding with our analysis of regret, we take a step back, and compare our
learning problem to two related problems that have received some attention in the
literature. The first of these is the adaptive monopoly pricing problem; see for
instance |[Kleinberg and Leighton (2003). This problem is equivalent to our setting
when we set A\ = 0, interpret z as a price, and UMY as monopolist profits (neglecting

production costs):

UMY () =2 - 1(z; <) = o Gi(w). (5)

Monopolist revenue

As in our adaptive taxation setting, the feedback received at the end of period i is
yi = Gi(x;) = 1(x; < ).

Another related problem is price setting for bilateral trade, see for instance Cesa-
Bianchi et al.| (2024a). In this problem, welfare UPT(z) is given by the sum of seller
and buyer welfare. Trade happens if and only if both sides agree to transact at the
proposed price. Buyer willingness to pay is given by v?, while the seller is willing to

trade at prices above v;.

UBT(z) = 1(x? > x) max(m —v$,0) + 1(vi <) max(v? —x,0)
1
_ G / G L) [ @ (6)
N
Seller welfare Buyer welfare

Feedback in this case is a little richer: We observe both whether the buyer b would have

accepted the posted price, and whether the seller would have accepted this price,

= Gf(xz) =1(x; < vf) and y: = G (x;) = 1(x; > 03).

Lipschitzness and information requirements The difficulty of the learning prob-
lem in each of these models critically depends on (i) the Lipschitz properties of the
welfare function, and (ii) the information required to evaluate welfare at a point.

We say that a generic welfare function W : [0,1] — R is one-sided Lipschitz if
W(x+e) <W(z)+eforall 0 <z <1andall 0 <e<1—x One-sided Lipschitzness

10



Table 1: Regret rates for different learning problems

Model Policy space Objective function
Discrete Continuous Pointwise Omne-sided Lipschitz
Monopoly price setting 7"/2 T2/3 Yes Yes
Optimal taxation T%/3 T%/3 No Yes
Bilateral trade %3 T No No

Notes: This table shows the efficient rates of regret for different learning problems. Rates are up to
logarithmic terms, and apply to both the stochastic and the adversarial setting. Regret rates are shown
for the discrete case, where the space of policies x is restricted to a finite set, and the continuous case,
where z can take any value in [0, 1]. The columns on the right describe the properties of the objective
function in each problem, which drive the differences in regret rates.

Rates for the optimal taxation case are proven in this paper. Rates for the continuous monopoly
price setting case are from Kleinberg and Leighton| (2003)); the discrete case reduces to a standard
bandit problem. Rates for the continuous bilateral trade case are from |Cesa-Bianchi et al.| (2024al);
the discrete case can be deduced by adapting the arguments in the same paper (for the stochastic i.i.d.
case with independent sellers’ and buyers’ valuations), or by adapting the techniques in |Cesa-Bianchi
et al. (2023) (for the adversarial case, allowing the learner to use weakly budget balanced mechanisms).

allows us to bound the approximation error of a learning algorithm operating on a
finite subset of the set of policies. One-sided Lipschitzness is an intrinsic property of
both the monopoly pricing and the optimal taxation problem; it is not an assumption
that is additionally imposed. To see this for monopoly pricing, note that, for ¢ > 0,
UMP(z4¢) = (z+e) 1z +e <v;) <a-1(x < v;)+¢e = UMP(z) +e. For social welfare,

Ui(z) = (mz—i—g) 1(zi+e < v)+Amax(v;—z;—¢,0) < z-1(z < v;)+e+Amax(v;—z;,0) =

Ui(x) +

We say that learning W (-) requires only pointwise information if W (z) is a function
of G(z), and does not depend on G(-) otherwise. Pointwise information allows us to
avoid exploring policies that are clearly suboptimal, when we aim to learn the optimal
policy.

[Table 1 summarizes the Lipschitz properties and information requirements in each
of the three models; the following justifies the claims made in [Table 1:

1. For monopoly pricing, welfare UMP () is one-sided Lipschitz and only depends

on G;(x) pointwise.

2. For optimal taxation, welfare U;(z) is one-sided Lipschitz and depends on both
Gi(x) at the given x (pointwise), and on an integral of G;(z’) for a range of values

of 2/ (non-pointwise).

11



3. For bilateral trade, welfare UPT(z) is not one-sided Lipschitz and depends on
both G?(x) and G¢(x) (pointwise), as well as the integrals of G?(z') and G$(x')

(non-pointwise).

These properties suggest a ranking in terms of the difficulty of the corresponding learn-
ing problems, and in particular in terms of the rates of divergence of cumulative regret:
The information requirements of optimal taxation are stronger than those of monopoly
pricing, but its continuity properties are more favorable than those of bilateral trade.
This intuition is correct, as shown by [Table 1. The rates for monopoly pricing and for
bilateral trade are known (or can be easily adapted) from the literature. In this paper
we prove corresponding rates for optimal taxation.

In comparing optimal taxation and monopoly pricing to conventional multi-armed
bandits, it is worth emphasizing that there are two distinct reasons for the slower rate of
convergence. First, the continuous support of x, as opposed to a finite number of arms,
which is shared by optimal taxation and monopoly pricing. Second, the requirement of
additional exploration of sub-optimal policies for the optimal tax problem. As shown
in [Table 1, the continuous support alone is enough to slow down convergence, with
no extra penalty for the additional exploration requirement, in terms of rates. If,
however, we restrict our attention to a discrete set of feasible policies x, then monopoly
pricing reduces to a multi-armed bandit problem, with a minimax regret rate of T/2.
The optimal tax problem, by contrast, still has a rate of T3, even if we restrict our
attention to the case of finite known support for v and x, as shown by the proof of
Theorem [l below.

Hannan consistency The cumulative regret of any non-adaptive algorithm neces-
sarily grows at a rate of T'. This includes, in particular, randomized experiments where
the policy is chosen uniformly at random, from a fixed policy set, in every period. Al-
gorithms for which adversarial regret (and thus also stochastic regret) grows at a rate
less than 7', so that per-period regret goes to 0 as 7' increases, are known as Hannan
consistent. Non-adaptive algorithms are not Hannan consistent. Table [1| implies that
Hannan consistent algorithms exist in all settings considered, with the exception of

Bilateral trade and continuous policy spaces.

12



3 Stochastic and adversarial regret bounds

We now turn to our main theoretical results, lower and upper bounds on stochastic and
adversarial regret for the problem of social welfare maximization. We first prove a lower
bound on stochastic regret, which applies to any algorithm, and which immediately
implies a lower bound on adversarial regret. We then introduce the algorithm Tempered
Exp3 for Social Welfare. We show that, for an appropriate choice of tuning parameters,

this algorithm achieves the rates of the lower bound on regret, up to a logarithmic term.

Formal proofs of these bounds can be found in

3.1 Lower bound

Theorem 1 (Lower bound on regret). Consider the setup of Section @ There exists
a constant C' > 0 such that, for any randomized algorithm for the choice of x1, o, ...

and any time horizon T € N, the following holds.

1. There exists a distribution pu on [0, 1] with associated demand function G for which

the stochastic cumulative expected regret Ry (QG) is at least C - T?/3.

2. There exists a sequence (v, ...,vr) for which the adversarial cumulative expected
regret Re({v;},) is at least C - T?/3.

The proof of Theorem [I] can be found in[Appendix A. The adversarial lower bound
follows immediately from the stochastic lower bound, since worst case regret (over
possible sequences of v;) is bounded below by average regret (over i.i.d. draws of v;),

for any distribution of v;.

Sketch of proof To prove the stochastic lower bound we construct a family of dis-
tributions {4}ecj—1,1] for v;, indexed by a parameter ¢ € [—1,1]. The distributions in
this family have four points of support, (1/4,1/2,3/4,1). The probability of these points
is given by

(a,(1+€)b,(1—€)b,1—a—2b).

The values of a and b are chosen such that (i) the two middle points 1/2,3/4 are far
from optimal, for any value of €, and (ii) learning which of the two end points (1/4,1) is

optimal requires sampling from the middle. For each € € [—1,1], denote the demand

2Specifically, a = %, and b = 2(2411%1\7/\) These two constants are strictly greater

than zero, and satisfy 1 —a —2-b > 0.

13



Figure 1: Construction for proving the lower bound on regret

Social welfare Demand
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Parameters: lambda = 0.95, a = 0.116, b = 0.003.

Notes: This figure illustrates our construction for proving the lower bound on regret. The relative
social welfare of policies 1 and .25 depends on the sign of €. The bright line corresponds to € = —1,
the dark, dashed line to € = 1. In order to distinguish between these two, we must learn demand in
the intermediate interval [.5,.75].

function associated to u¢ by G°, and the expected social welfare associated to G by
U*. Property (ii) holds because of the integral term [ 1 G*(«')da’, which shows up in
U(1) —U*(Y/4). This construction is illustrated in . This figure shows plots of
G° and of U* for A = .95 and € € {£1}.

The difference in welfare U¢(1) — U(Y/4) of the two candidates optimal policies 1/4
and 1 depends on the sign of €. In order not to suffer expected regret that grows as
le| - T, any learning algorithm needs to sample policies from points that are informative
about the sign of €. The only points that are informative are those in the region (1/2,3/4],
where welfare is bounded away from optimal welfare.

More specifically, the learning algorithm has to sample on the order of |¢|~2 times
from the region (1/2,3/4], to be able to detect the sign of €, incurring regret on the order
of |¢|™2 in the process. Any learning algorithm therefore incurs regret on the order of

min(|e| =2, || - T), which, for € oc T71/3), leads to the conclusion.

3.2 An algorithm that achieves the lower bound

We next introduce Algorithm (1} which allows us to essentially achieve the lower

bound on regret, in terms of rates.
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Algorithm 1 Tempered Exp3 for Social Welfare
Require: Tuning parameters K, v and 7.
1: Calculate evenly spaced grld—pomts T = (k— 1) /K,
and initialize le =0 and Ulk =0fork=1,..., K+1.
2: for individual i =1,2,...,7T do
3: Forallk=1,2,..., K +1, set {Assignment probabilities}

T,
eXp(U ﬁ) + Y _ (7)
Swexp(n Up) K +1

4:  Choose k; at random according to the probability distribution (p;1,...,pix+1)-
Set x; = y,, and query y; accordingly.

pix=(1—7)"

5. Forallk=1,2,..., K +1, set {Estimated demand}
o -~ 1 k'l - k'
Givip =G+ yi - ( ) (8)
Pik
6: Forallk=1,2,...,K+1, set {Estimated welfare}
ﬁi—i-l,k: = Ty, - @z’+1,k + 2. Z @i-l—l,k’- 9)
K>k

7. end for

Conventional Exp3 Algorithm [1|is a modification of the Exp3 algorithm. Conven-
tional Exp3 (Auer et al., 2002b) is designed to maximize the standard bandit objective,

> <7 ¥i- Exp3 maintains an unbiased running estimate of the cumulative payoff of each
N  1(ki=k)

arm k, calculated using inverse probability weighting, @@k =5 ji Vit = . In period

exp(n-Gi)

i, arm k is chosen with probability py, = (1—7)- = om0 eut
k! ex !

where 77 and v are

tuning parameters. p;. is thus increasing in the estimated average performance % of
arm k in prior periods. Because @Zk is not normalized by the number of time periods k,
more weight is given to the best-performing arms over time, as estimation uncertainty
for average performance decreases. In both these aspects, Exp3 is similar to the pop-
ular Upper Confidence Bound algorithm (UCB) for stochastic bandit problems (Lai,
1987; Agrawall [1995; |Auer et al., 2002a). In contrast to UCB, Exp3 is a randomized
algorithm. Randomization is required for adversarial performance guarantees. This is

analogous to the necessity of mixed strategies in Nash equilibrium for zero-sum games.
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Modifications relative to conventional Exp3 Relative to this algorithm, we re-
quire three modifications. First, we discretize the continuous support [0, 1] of x, re-
stricting attention to the grid of policy values T = (k — 1)/K. Second, since welfare
Ui(x) is not directly observed for the chosen policy x, we need to estimate it indi-
rectly. In particular, we first form an estimate @,k of cumulative demand for each of
the policy values Zj, using inverse probability weighting. We then use this estimated
demand, interpolated using a step-function, to form estimates of cumulative social wel-
fare, ﬁzk = Ty - @m + % > sk @ik/. Third, we require additional exploration, relative
to Exp3. Since social welfare depends on demand for counterfactual policy choices, we
need to explore policies that are away from the optimum, in order to learn the relative
welfare of approximately optimal policy choices. The mixing weight ~, which deter-
mines the share of policies sampled from the uniform distribution, needs to be larger

relative to conventional Exp3, to ensure sufficient exploration away from the optimum.

Theorem 2 (Adversarial upper bound on regret of Tempered Exp3 for Social Welfare).
Consider the setup of Section[3, and Algorithm [l Assume that (K + 1)n < 7.

Then for any sequence (v, ... ,vr) expected regret Ry ({v;}1 ) is bounded above by
K+1 2K+1 A2 A log(K+1)
(747 (=28t (2 2) g 2) o sl (10)

Suppose additionally that c¢q,co,c3 > 0 are constants. Then, there exists a constant cy

log(T)
T

1/3
such that, if we set v = ¢ - ( ) ,m=co-7?, and K = |c3/7], the expected regret

Rr({vi}yL,) is bounded above by
¢y - log(T)V3T?/3, (11)

Corollary 1 (Stochastic upper bound on regret of Tempered Exp3 for Social Welfare).
Under the assumptions of Theorem |9, suppose additionally that v; is drawn i.i.d. from
some distribution with associated demand function G. Then expected regret Rp(G) is

bounded above by the same expressions as in Theorem 9

The proof of Theorem [2| can again be found in

Tuning The statement of the theorem leaves the constants ¢y, o, ¢3 in the definition
of the tuning parameters unspecified. Suppose we wish to choose the tuning parameters

so as to optimize the upper bound obtained in Theorem [2| Ignoring the rounding of
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K, an approximate solution to this problem is given by

n=1/a- (log(T)/T)**
7 =A(e—2)/a- (log(T)/T)"?

K = \/3xa/(e — 2) - (T/log(T))"3

where
a=(9(e—2))"° (VAB+ N2

This solution is obtained by taking the upper bound in Equation , approximating
(K+1)/K ~ 1 and (2K + 1)/6 ~ K/3, and solving the first order conditions with
respect to the three tuning parameters. This approximation, and the tuning parameters

specified above, yield an approximate upper bound on regret of 6 - log(T')'/372/3,

Unknown time horizon Note that the proposed tuning depends crucially on knowl-
edge of the time horizon T' at which regret is to be evaluated. In order to extend our
rate results to the case of unknown time horizons, we can use the so-called doubling
trick; cf. Section 2.3 of (Cesa-Bianchi and Lugosi (2006): Consider a sequence of epochs
(intervals of time-periods) of exponentially increasing length, and re-run Algorithm
for each time-period separately, tuning the parameters over the current epoch length.
This construction converts Algorithm (1| into an “anytime algorithm” which enjoys the
same regret guarantees of Theorem [2, up to a multiplicative constant factor. Another
more efficient strategy to achieve the same goal is to modify Algorithm |1} allowing the
parameters 77 and v to change at each iteration, and splitting each bin associated with

the discretization parameter K whenever more precision is required.

The extra log(T )1/ 3 term There is a rate discrepancy between our our upper and
lower bounds on regret, corresponding to the log(7T)'/3 term in our upper bound. We
conjecture the existence of an alternative algorithm that can eliminate this extra log-
arithmic term, albeit at the cost of reduced computational efficiency and a less trans-
parent theoretical analysis. Our conjecture is based on known results for the standard
multi-armed bandit problem with K arms. The Exp3 algorithm achieves an upper
bound of order \/W(K)T for this problem, which includes an extra logarithmic
term compared to the known lower bound of order vKT. Exp3 is an instance of the
Follow-The-Regularized-Leader (FTRL) algorithm with importance weighting and the
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Figure 2: Tempered Exp3 for Social Welfare- Numerical example
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Notes: This figure illustrates the performance of our algorithm for the stochastic case, where v; is
drawn uniformly at random from [0,1] for all ¢, the weight A\ equals .7, and the tuning parameters
are K = 20, n = .025, v = .1. The left plot shows the cumulative average regret of our algorithm,
averaged across 4000 simulations. The right plot shows expected social welfare U(x) as a function of
the policy x.

negative entropy as the regularizer. It is known that using the %—Tsallis entropy as the
regularizer in the FTRL algorithm with importance weighting results in regret guaran-
tees of order v/ KT for the bandit problem (Lattimore and Szepesvari, [2020). However,
unlike Exp3, the FTRL with Tsallis entropy involves a more complex proof and requires
solving an optimization problem in each period. Analogous statements might be true

for our setting.

Numerical example For illustration, Figure [2| plots the cumulative average regret
of Tempered Exp3 for Social Welfare for the case where v; is sampled uniformly at
random from [0, 1] each time period. Initially, the performance of our algorithm is, by
construction, equal to the performance of choosing a policy uniformly at random. Over
time, however, the average regret of our algorithm drops by more than half, in this
numerical example. Note that the rate at which cumulative regret declines in Figure
(for i.i.d. sampling from a fixed distribution) is unrelated to the regret rate of Theorem

(for the worst case sequence of v;, for each time horizon T').
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4 Stochastic regret bounds for concave social wel-

fare

Theorem [1| in Section [3| provides a lower bound proportional to T%? for adversarial
and stochastic regret in social welfare maximization. The proof of this lower bound
constructs a distribution for the v;. This distribution is such that expected social
welfare U (x) is non-concave, as a function of z; two global optima are separated by
a region of lower welfare. In order to learn which of two candidates for the globally
optimal policy is actually optimal, it is necessary to sample policies in between. These
intermediate policies yield lower welfare, and sampling them contributes to cumulative
regret. This construction is illustrated in [Figure 1]

Given that the construction relies on non-concavity of expected social welfare, could
we achieve lower regret if we knew that social welfare is actually concave? The answer
turns out to be yes, for the stochastic setting (in the adversarial setting, cumulative
welfare is necessarily non-concave). One reason is that concavity ensures that the
function is unimodal. To estimate the difference in social welfare between two policies
it therefore suffices to sample policies that lie in the interval between them. These
in-between policies yield social welfare exceeding the minimum of the two boundary
policies. A second reason is that concavity prevents unexpected spikes in social welfare.
This property allows us to test carefully chosen triples of points for extended periods,
to ensure that one of them is suboptimal, without incurring significant regret.

For the stochastic setting with concave social welfare, we present an algorithm that
achieves a bound on regret of order T2, up to logarithmic terms. Before describing
our proposed algorithm, Dyadic Search for Social Welfare, let us formally state the
improved regret bounds. The proofs of these lower and upper bounds can be found in
Online Appendix [B.

Theorem 3 (Lower bound on regret for the concave case). Consider the setup of
Section[3. There exists a constant C > 0 such that, for any randomized algorithm for
the choice of x1,xo,... and any time horizon T € N, the following holds:

There exists a distribution p on [0, 1] with associated demand function G and con-
cave social welfare function U, for which the stochastic cumulative expected regret

Rr(G) is at least C - T2,

Theorem 4 (Stochastic upper bound on regret of Dyadic Search for Social Welfare).
Consider the stochastic setup of Section [q and time horizon T € N. If Algorithm 9 is
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Algorithm 2 Dyadic Search for Social Welfare
Require: A confidence parameter § € (0, 1).
1. 1 =10,1,t%=0,k=0
2: for epochs 7=1,2,... do
3 Let ¢ = (supl, +infI;)/2, and d = sup I, —inf I,. {Subinterval for sampling}

4:  if 7 is odd then

5: Letl:c—}ld,T:c—F;lld.

6: else

T. Let l=c—id, r=c+ id.

8  end if

9 fort=t, 1 +1,t,1+2,... do

10: Select w € argmax e v (1.0), ()} L t—1(W'), {Sampling}

breaking ties following the order [, ¢, r, (I, ¢), (¢, r)

11: if we {l,c,r} then

12: Set x; = w.

13: else

14: Set x; = wy + (wy —wy) - #ﬁm, and k = (k+1) mod ny_;(wy, wy)+ 1.

15: end if

16: Calculate Ji(l,c), Ji(c,r), and Jy(I,7), as in Equations and ((16)).
{Inference}

17: if inf(J;({,¢)) > 0 or inf(J,(I,7)) > 0 then

18: let I,4+1 =1,N[l,1] and ¢, =t and break {Shrinking the active interval}

19: else if sup(Ji(c,)) <0 or sup(Ji(l,r)) <0 then

20: let I,11 = I, N[0,7] and t, =t and break

21: end if

22:  end for

23: end for

run with confidence parameter § = #, and if the social welfare function U is concave,

then, the expected regret R(G) is of order at most T"/?, up to logarithmic terms.

Dyadic search Our algorithm is based on a modification of dyadic search, as dis-
cussed in (Bachoc et al., 2022a.b). At any point in time, this algorithm maintains an
active interval I, which contains the optimal policy with high probability. Only policies
within this interval are sampled going forward. As evidence accumulates, this interval
is trimmed down, by excluding policies that are sub-optimal with high probability.
The algorithm proceeds in epochs 7. At the start of each epoch, a sub-interval
[l,r] C I is formed, with mid-point ¢ = ({+7)/2. The points [, ¢,r are in a dyadic grid,

that is, they are of the form k/2™. After sampling from [I, 7], we calculate confidence
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intervals Ji(l,c), Ji(c,r), and Ji(l,r) for the welfare differences A(l,c), A(c,r), and
A(l,r), where A(z,2") =U(2') — U(x).

If the confidence interval Ji(I,c) or Ji(I,7) lies above 0, concavity implies that the
optimal policy cannot lie to the left of [; we can thus trim the active interval I, by
dropping all points to the left of [. Symmetrically, if the confidence interval J;(c,r) or
Ji(1,7) lies below 0, we can trim I by dropping all points to the right of r.

Confidence intervals for welfare differences This procedure requires the con-

struction of confidence intervals for welfare differences of the form
Az, 2")=U@")—-U(x)=12"-G') —x- G(z) — )\/ G(z")dx". (12)

At time ¢, we estimate demand G(z), for policies = chosen in previous periods, a

ni’t) Z?Jz -1(z; = x), ny(x) = Z 1(z; = ).

1<t

ét(x) =

We similarly estimate integrated demand fxx/ G(2")dz” by (2 — x) times the average
of realized demand y; for observations z; in the open interval (z,z’). We have to be
careful, however, to use a sample of x; that is (approximately) uniformly distributed
over this interval. This can be achieved for our dyadic search procedure, as specified in

Algorithm |2 by truncating the time index used to estimate this average.ﬁ Let

s(z, 2’ t) = max{s <t: log, (1 +Zl(mi < (:L’,;E’))) € N}.

1<s
We define
2 / 1 / A ) /
Gy(v,2") = W Z yi - Lz € (z,27)), n(z,2") = Z 1(z; € (z,2')).

i<s(z,z’t) i1<s(w,z’,t)

At each round, Algorithm [2| maintains estimates for welfare differences among three

points [, ¢,r (for left, center and right, respectively). The estimate of the welfare dif-

3We use the convention 0/0 = 0 and a/0 = +oc whenever a > 0. Furthermore, every summation
over an empty set of indices is understood to have value 0.

4The sampling procedure in Algorithm [2 samples sequentially from the dyadic grid in the active
interval, refining the grid in subsequent iterations. s(z,a’,t) provides a truncation of the time index
such that one round of such dyadic sampling has been completed.
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ference between 2’ = ¢ and x = [ (or between 2’ = r and = = ¢) is given by

~ ~

Az, 2) =2 Gy(@') — - Gy(z) — A (2 — 2) - Gy(z, 7). (13)
while the estimate of the welfare difference between r and [ is given by
Aty = A(l¢) + Dyle,r). (14)

To construct confidence intervals for A(x,z’), we also need to quantify the uncertainty
of our demand estimates. We use the following interval half-lengths for confidence

intervals for tax revenue at x, and for the private welfare difference between z’ and x:

Li@) =2/ log (5), Tulwa)=A (' —2)- (\/2(nt<x,1x/)+1) log (3) + mmas 1) |
Using the shorthand a &b = [a — b, a + b, our confidence interval for A(x,z’), where

' =cand x =1 (or 2’ =r and x = ¢) is given by

o~

Ji(z,2") = Ay(x,2") £ (Tp(2') + Ty(x) + Ty(x, 2)) (15)
while our confidence interval for A(l,r) is given by
Ju(l, 1) = Dy(L7) £ (Ty(r) + Ty(l) + Ty(l, ¢) + Tyle, 7)) (16)

With these preliminaries, we are now ready to state our algorithm, Dyadic Search for
Social Welfare, in Algorithm [2]

Before concluding this section, we highlight two features of Algorithm [2| First,
two of the three points [, c,r, and the corresponding estimates of demand, are kept
from each epoch to the next. Second, estimation of the integral term is performed by
querying points following a fixed and balanced design on the dyadic grid — instead of,
for example, using a randomized Monte Carlo procedure which may lead to unbalanced
exploration. This implies that the points queried to estimate the integral terms can
be easily reused to obtain other integral estimates from each epoch to the next. These
two features combined ensure that Algorithm [2| recycles information very efficiently to

prune the active interval as quickly as possible, which leads to better regret.
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5 Income taxation

We discuss two extensions of the baseline model of optimal taxation that we introduced
in Section |2, These extensions incorporate features that are important in more realistic
models of optimal taxation. For both of these extensions, we propose a properly modi-
fied version of Algorithm 1} The first extension, discussed in this section, is a variant of
the Mirrlees model of optimal income taxation (Mirrlees, 1971; Saez, 2001, |2002). The
second extension, discussed in Section [6]is a variant of the Ramsey model of commodity
taxation (Ramsey, 1927).

Our model of income taxation generalizes our baseline model by allowing for het-
erogeneous wages w;, welfare weights w(w;), extensive-margin labor supply responses
determined by the cost of participation v;, and non-linear income taxes z; = x(w;).
Two simplifications are maintained in this model, relative to a more general model of
income taxation. First, only extensive margin responses (participation decisions) by
individuals are allowed; there are no intensive margin responses (hours adjustments).
Second, as in the baseline model of Section [2] there are no income effects. In imposing
these assumptions, our model mirrors the model of optimal income taxation discussed
in Section II.2 of [Saez (2002).

Setup At each time ¢ = 1,2,...,T, one individual arrives who is characterized by
(i) a potential wage w; € [0,1], and (ii) an unknown cost of participation v; € [0, 1].
This individual makes a binary labor supply decision y;. If they participate in the labor
market (y; = 1), they earn w;, but pay a tax according to the tax rate x; = x(w;) on
their earnings w;. They furthermore incur a non-monetary cost of participation v;.

Their optimal labor supply decision is therefore given by y; = 1(v; < w; - (1 — z)),
and private welfare equals max(w; - (1 —z;) —v;,0). The implied public revenue is equal
to the tax on earnings x; - w; if y; = 1, and 0 otherwise.

We define social welfare as a weighted sum of public revenue and private welfare,
with a weight w(w;) for the latter. Typically, w is a decreasing function of w, reflecting
a preference for redistribution towards those with lower earnings potential, cf. [Saez and
Stantcheval (2016). Social welfare for time period i, as a function of the tax schedule

x(+), is therefore given by

Ui(x(+)) = g(wz) cwi - Loy <w; - (1 —x(wy)))  + w(wi)-znax(wi (1 —x(w;)) — vy, Ol.

Vv Vv
Public revenue Private welfare

(17)

23



After period i, we observe y; and the tax schedule x;(-). If y; = 1, we also observe w;.

Nothing else is observed ]

Piecewise constant tax schedules We next construct a generalization of Algorithm
based on piecewise constant tax schedules, with tax rates changing at the grid-points
W, where 0 € W C [0,1]. Formally, define |w| = max{w’ € W : w' < w}, rounding
the wage w down to the nearest grid-point in Wﬁ Denote H = [W)|, and let

X ={x(") : Yw €0,1], x(w) =x(|w])}.
For w € W and any x € |0, 1], denote
Gi(w,z) =w; - 1(v; <w; - (1 —x)) - 1(|w; ] = w),

so that y; - w; = Gi(w;, x;(w;)). G;(w,x) is the individual labor supply function, in
monetary units, interacted with an indicator for whether the wage w; falls into the tax

bracket starting at w. With this notation, we can rewrite

max(wi~(1—x)—vi,0):/ Gillwi] ,2)da.

For piecewise constant tax rates x(-) we get

1

Gx) = X [xw) Gt xtw) + (- [

SOPY R

(w)

Cumulative social welfare is given by U; = >, Ui(x;()), and we correspondingly

define cumulative expected regret, in the adversarial setting, as

Rr= sup B [Ur(x() - Ur|{o} s, (w1

x(-)€Xw

5Tt should be noted that in this model we take the transfer g for individuals without other income
as given. The effective tax owed by an employed individual equals x(w;) - w; — xg. The “unconditional
basic income” g does not affect labor supply, given our assumption that there are no income effects,
and it enters social welfare additively. It is therefore without loss of generality to omit ¢ from our
model.

SHere we use slightly non-standard notation, where |-] denotes rounding down to the nearest grid-
point, rather than the nearest integer.
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The supremum here is taken over all tax schedules x(-) that are piecewise constant

between the gridpoints w € W.

Algorithm Algorithm [3] generalizes Algorithm [I] to this setting. As before, we form
an unbiased estimate @Z of GG; using inverse probability weighting, map this estimate
into a corresponding estimate (71 of U;, based on Equation , and cumulate across
time periods to obtain [[AJZ Note that w; is observed whenever y; = 1. This implies that
the estimate @ is in fact a function of observables, and the same holds for (72
Algorithm (3| keeps track of estimated demand and social welfare for each bin (“tax
bracket”), as defined by the gridpoints w € W. The algorithm then constructs a
distribution p;(z|w) over tax rates x € X given w, using the tempered Exp3 distribution.
The tax schedule x(-) is sampled according to these (marginal) distributions of tax
rates for each bracket. Though immaterial for the following theorem, we choose the
perfectly correlated coupling, across brackets, of these marginal distributions, which is

implemented using the random variable A; in Algorithm

Theorem 5 (Adversarial upper bound on regret of Tempered Exp3 for Optimal Income
Taxation). Consider the setup of Section[d], and Algorithm|[3 Assume that (K+1)n < 7,
and that w(w) < 1 for all w.

Then for any sequence (v, ... ,vr) expected regret Ry({v;}1 ) is bounded above by
(v+n~(e—2)%-<ﬂ%1+§) +%> T Mol (23)

Suppose additionalbfl] that K = ¢, - (T/H)Y3, v = ¢3/(K + 1), and n = c3/(K + 1)?,

for some constants cy,cq, c3. Then expected regret Re({v;}_,) is bounded above by
¢y - H'? - og(T)'PT?°, (24)

for some constant cy.

6 Commodity taxation

In this section, we generalize our baseline model of optimal taxation to a model of com-

modity taxation with multiple goods j € {1,...,k} and continuous demand functions

"for simplicity, we assume that in the following tuning K is an integer. If not, round K to the
closest integer.
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Algorithm 3 Tempered Exp3 for Optimal Income Taxation
Require: Tuning parameters K, v and 7, and set of gridpoints W C [0, 1].
1. Calculate evenly spaced grid-points X = {0, %, %, 1)
2: Initialize @1(10, x) =0 and [[AJl(w,x) =0 forallw € X and all x € X.
3: for individual i =1,2,...,7T do
4:  For all z,w € X, set |w| = max{w € W: v < w}, and
{Assignment probabilities}

exp(n - Uiz, [w))) v
Svevexp(n Ui, |w]) K +1

5. Draw A; ~ U|0,1]. For all w € [0, 1], set

pirlw) = (1 =7)- (19)

X;(w) = max {x eX: Z pi(x'|w) < AZ} , (20)

' eX ' <x

and query y; accordingly.

6: Forallwe W and z € X, set {Estimated labor supply}
A L(|wi] = w,x;(w;) = x)
Gz, w) =y, - w; - ) 21
=y en 2y
7. Forallw e Wand z € X, set {Estimated welfare}
Ourlew) = D) 42 Gy + 290 5™ Gww). (22)
r'eX x’'>x

8: end for

yi(z) € [0, 1]%, where = € [0, 1]* is a vector of tax rates. We again assume that there are
no income effects. Our setup is a version of the classic Ramsey model (Ramsey, [1927).
We propose a generalization of Tempered Exp3 for Social Welfare to this setting. In

the following, we use (x,y) to denote the Euclidean inner product between z and y.

Setup At each time ¢ = 1,2,...,T, one individual arrives who is characterized by a
utility function w; : [0, 1]* — R. This individual is exposed to a tax vector z; € [0, 1]*,
and makes a continuous consumption decision y;. Public revenue is given by (z;,v;).
Private utility is given by u;(y;) plus their consumption of a numeraire good, which has
price normalized to 1 and enters utility additively. The individual consumption choice

y; costs (x; + p,y), where p is the (exogenously given) vector of pre-tax prices. This
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cost of purchasing y; reduces the consumption of the numeraire good. The optimal

individual decision is therefore given by

yi = Gi(x;) = argmax [u;(y) — (2 +p,y)] .- (25)
ye(0,1]*

The implied private welfare is

vi) = vo + max fui(y) — (z+p,y)l
where we have added a constant vy, chosen such that v;(0) = 0; this is just a normal-
ization to simplify notation below.
We define social welfare as a weighted sum of public revenue and private welfare,
with a weight A for the latter. Social welfare for time period 7, as a function of the tax

vector z, is therefore given by

Ui(zi) = (w1,91) + A () . (26)

Public revenue Private welfare

After period 7, we observe y; and the tax vector x;. Nothing else is observed.

Mapping demand to welfare By the envelope theorem (Milgrom and Segal, [2002),
V.i(z) = Gi(z).

Let V be the set of differentiable functions v on [0, 1]¥ such that V,v € L? and such
that v(0) = 0. Consider the following operator, mapping the demand function G into

the corresponding indirect utility function v.

I(G()) € argmin / IV.0(z) — G()]* de (27)
v()ev  Jp]k

We can think of the operator II as combining two operators. First, the function G is

projected on the subspace of functions on [0, 1]* which can be written as the gradient

of some function v. Second, the projected G is then integrated to get v(z) for any x.

Integration here is along some curve in [0, 1]* from 0 to x. Given the first projection,

the choice of curve does not matter for the resulting function v. A formal analysis of

Tempered Exp3 for Commodity Taxation would need to prove existence of the projec-
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Algorithm 4 Tempered Exp3 for Commodity Taxation
Require: Tuning parameters K, v and 7.

1: Calculate the set of evenly spaced grid-points X = {0, +,...,1}*
and initialize G (z) = 0 for all grid points.
2: for individual 1 =1,2,...,7T do
3:  Forall z € X, set {Estimated welfare}
Ui(z) = (21, Gy) + X - 0 (). (28)
4:  For all x € X, set {Assignment probabilities}
exp(n - Us(x ¥
p= (1) R TlD) (20)

S exp(n - Ui(a')) * (K + 1)~

5. Choose z; at random according to the probability distribution p;, and query y;

accordingly.
6:  For all x € [0,1]%, set {Estimated demand}
~ -~ 1(z; = |x
Bun(o) = Gule) + - 1) (30)
Vi1 () = H<@i+1) (31)
Giy1(r) = Vi () (32)
7: end for

tion. We leave such a formal analysis, including lower and upper regret bounds, for

future research.

7 Conclusion

Possible applications The setup introduced in Section [2| was deliberately stylized,
to allow for a clear exposition of the conceptual issues that arise when adaptively
maximizing social welfare. The algorithm that we proposed for this setup, and the
generalizations discussed later in the paper, are nonetheless directly practically relevant.
They remain appropriate in economic settings that are considerably more general than
the setting described by our model.

The reasons for this generality have been elucidated by the public finance literature,
cf. |Chetty (2009), building on the generality of the envelope theorem, cf. Milgrom
and Segal| (2002); Sinander| (2022). By the envelope theorem, the welfare impact of
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a marginal tax change on private welfare can be calculated ignoring any behavioral
responses to the tax change. This holds in generalizations of our setup that allow for
almost arbitrary action spaces (including discrete and continuous, multi-dimensional,
and dynamic actions), and for arbitrary preference heterogeneity. The expressions for
social welfare that justify our algorithms remain unchanged under such generalizations.
That said, the validity of these expressions does require the absence of income effects
and of externalities. If there are income effects or externalities, the algorithms need to
be modified.

Our approach is motivated by applications of algorithmic decisionmaking for public
policy, where a policymaker cares about welfare, but also faces a government budget
constraint. Possible application domains of our algorithm include the following. In
public health and development economics, field experiments such as |(Cohen and Dupas
(2010) vary the level of a subsidy for goods such as insecticide-treated bed nets (ITNs),
estimating the impact on demand. Our algorithm could be used to find the optimal
subsidy level quickly and apply it to experimental participants. A term capturing
positive externalities of the use of I'TNs could be added to social welfare, leaving the
algorithm otherwise unchanged. In educational economics, many studies evaluate the
impact of financial aid on college enrollment (Dynarski et al., |2023). An adaptive
experiment might vary the level of aid provided, where aid is conditional on college
attendance and conditional on pre-determined criteria of need or merit. In such an
experiment, a variant of our algorithm for optimal income taxation might be used,
where the welfare weights w are a function of need or merit, and the outcome y is
college attendance. In environmental economics, many experiments (e.g., Lee et al.
2020) study the impact of electricity pricing on household electricity consumption.
Once again, our baseline algorithm (for binary household decisions about connecting to
the grid) or our algorithm for commodity taxation (for continuous household decisions
about consumption levels) could be applied, to learn optimal prices, taking into account
both distributional considerations and externalities.

These examples are all drawn from public policy, where there is an intrinsic concern
for social welfare. This contrasts with commercial applications, where the goal is typi-
cally to maximize (directly observable) profits by monopolist pricing (den Boer, [2015),
or more generally by reserve price setting in auctions (Nedelec et al.| [2022). Adaptive
pricing algorithms are used in applications such as online ad auctions. A concern for
welfare might enter in such commercial settings if there is a participation constraint

that needs to be satisfied for consumers. Suppose for example that consumers or service
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providers need to first sign up for a platform, say for e-commerce or for gig work, and
then repeatedly engage in transactions on this platform. To sign up in the first place,
their expected welfare needs to exceed their outside option. This constraint might then
enter the platform provider’s objective, in Lagrangian form, adding a term for welfare,

and leading to objectives such as those maximized by our algorithms.

An alternative approach: Thompson sampling The main algorithm proposed
in this paper, Tempered Exp3 for Social Welfare, is designed to perform well in the
adversarial setting. In the construction of this algorithm, no probabilistic assumptions
were made about the distribution of v;. In the stochastic framework, a sampling distri-
bution is assumed, for instance that the v; be i.i.d. over time. The Bayesian framework
completes this by assuming a prior distribution over the parameters which govern the
sampling distribution.

One popular heuristic for adaptive policy choice in the Bayesian framework is
Thompson sampling (Thompson, |1933; [Russo et al., 2018)), also know as probability
matching, which assigns a policy with probability equal to the posterior probabil-
ity that this policy is optimal. In our setting, Thompson sampling could be imple-
mented as follows. First, form a posterior for the demand function G(z) = E[y|z],
based on all the data available from previous periods j < i. Sample one draw é()
from this posterior. Map this draw into a draw U(-) from the posterior for U(-) via
Uz) =z G(x)+ A- fwl G(z')d2’. Find the maximizer z; = argmax , U(z). This is
the policy recommended by Thompson sampling. We conjecture that this algorithm
will outperform random assignment, but will under-explore relative to the optimal algo-
rithm. Adding further forced exploration to this algorithm might improve cumulative
welfare. A formal analysis of algorithms of this type is left for future research.

A natural class of priors for G are Gaussian process priors (Williams and Rasmussen,
2006). If outcomes y are conditionally normal (rather than binary, as in our baseline
model), then the posterior for demand is available in closed form, and the posterior
mean is equal to the best linear predictor given past outcomes y;. Furthermore, since
social welfare is a linear transformation of demand, the posterior for U is then also

linear and available in closed form. For details, see |Kasy| (2018).
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A Proofs

A.1 Theorem [l (Lower bound on regret)

Defining a family of distributions for v Recall that, for each € € [—1, 1], the prob-
ability distribution p€ is defined as the probability measure supported on (1/4,1/2,3/4, 1)
with masses (a,(1+¢€)-b,(1 —€)-b,1—a—2-b), where

(1—A)- (136 — 99 - )) 1- A

C2-(4—3-N)-(24—17-)) 224170
Furthermore, for each € € [—1,1], recall that G and U are respectively the demand
function and the expected social welfare associated to u¢ (see Figure |1 for an illus-
tration). Let vy,vq,--- € [0,1] be the sequence of individual valuations. For each
e € [—1,1], consider a distribution P¢ such that the individual valuations vy, vs,. ..
form a P¢ii.d. sequence (independent of the randomization used by the algorithm)

with common distribution p°.

Explicit lower bound on regret that will be proven Define

b ¢ -_1 i ca = b 2
TR 43 7T a-(1—a—2-b)"

We will prove that, for any randomized algorithm and any time horizon T' € N, there
exists € € [—1, 1] such that
Rr(G) > C-T*?

where
22 ey 1 ey
C = mj 1°%3 =2 =+ 3/% 33
mm( w2716\ & (33)
. A (4-3-))?° A7 (1= N)3 - (136 — 99 - N\)Y3 - (26 — 19 - \)/® -
= min
8-(136 —99-)\) - (26 —19-\)’ 128-(4—3-X)- (24 —17-\)"/3
Fix a randomized algorithm to choose the policies x1, s, ..., and fix a time horizon
T e N.

36



Number of mistakes and lower bound on regret We need to count the random
number of times the algorithm has played in the regions (1/2,3/4], [0,1/2] and (3/4,1] up

to time T'. This can be done relying on the following random variables:

T T T
mo= ) epya(@), nei= Y Lp(e) . ns= ) La(e)
=1 =1 =1

Notice that since the intervals (1/2,3/4],[0,1/2] and (3/4,1] form a partition of [0, 1], we
have that
n1+n2+n3:T (34)

For each € € [—1,1], denote by E° the expectation taken with respect to the distri-
bution P¢. Notice that, for each € € [—1, 1], the expected regret when the underlying

distribution is P¢ equals

Rp(G) =T - sup U(z) — ZEE(UG(@)) . (35)

z€[0,1]

Algebraic calculations show that, for each € € [—1,1]

max U(z) =U(3/4), max U (zx)=U(/4), max U (x)=U(1), (36)

2€(1/2,%/4] z€[0,1/2] o€ (%4,1]
and U(1) —U(Y4) =c; - €. (37)

Further calculations show also that

min min(U*(Y4),U(1)) =U'(Ys), max max U<(z)=U"'(3/s), (38)

e€[—1,1] e€[—1,1] z€(1/2,3/4]
and U'(Ya) —U(3/4) =c, . (39)
Equations , , , and imply that

sup U(z) =U“(1) , if e € [0,1] . (40)

z€[0,1]
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It follows that, if € € [0, 1],

Re(G) B T sup U ZEE (U())

z€[0,1]

T
. T- (J‘€ Z E° (l]6 l‘l 1/273/4] (ZL}) + 1[071/2]<l’i> + 1(3/471](5(72‘)))

S Z E€<U€ 3/4) - Lo aga) (1) + U(Y2) - Loy (23) + U(1) - 1(3/471}(%))
D (U(1) — U @) - E(m) + (U(1) = U(a)) - E(na)

S (U - U ) - o) + (US() = U“(12)) - B(n)

D ) B () + (U (1) = U(1a)) - E<(ny)

€D ca - E(ny) +¢1 - € E(ny) (41)

Notice that inequality quantifies how much regret the algorithm is going to suffer in
terms of the expected number of times it plays in the wrong regions, when the demand
function is G° and € > 0.

In the same way inequality was proven, we can prove that, if € € [0, 1],
Rr(G ) >co-E “(n1)+ci-e-E“(n3) >c¢y-e- B (ng), (42)

which again quantifies how much regret the algorithm is going to suffer in terms of the
expected number of times it plays in the wrong regions, when the demand function is
G “and € > 0.

Intuition for the remainder of the proof At high level, inequalities and
tell us that, if |e| is not negligible, the algorithm has to play a substantially different
number of times in the region (3/4, 1], depending on the sign of €, not to suffer significant
regret when the demand function is G°. The crucial idea is that the only way for the
algorithm to present this different behavior is by playing in the only informative region
about the sign of €, i.e., the region (1/2,3/4]. However, as shown in (41), selecting policies
in this region comes at a cost in terms of regret. To relate quantitatively the number of
times the algorithm has to play in this costly region with the difference in the expected

number of times the algorithm selects policies in the region (3/4,1] is the last missing
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ingredient that we can obtain relying on information theoretic techniques: It can be
proved (and a formal proof is provided in the online appendix, in Section [B.1]) that, for
each € € [0, 1],

E™(n3) > E(n3) —c3-e-T -/ E(ny) . (43)

Now, if the algorithm is going to suffer low regret when € > 0, then by we have an
upper bound on the number of times the algorithm plays in the region (1/2,3/4] and a
lower bound on the number of times it plays in the region (3/4, 1], whenever € > 0. In
turn, by , this gives a lower bound on the number of times the algorithm plays in
the sub-optimal region (3/4,1] when ¢ < 0. Then, relying on , we have an explicit
lower bound on how much regret the algorithm is going to suffer when ¢ < 0. We will

now carry out this plan —and prove the theorem— as follows.

Low regret cannot be achieved for both positive and negative ¢ To get a

contradiction, suppose that
Vee [-1,1]  Rp(G)<C-T*3. (44)

It follows from that, for each e € [0, 1],

(1) ) (44) (41) ) (44)
PRI s, ) PRI D

: T3 (45)
Co Co C1-€ C1-€

€
Em

This implies, relying also on and (43), that for each € € [0, 1] we have

(43)

c1-e-E(ng) > c1-e€- (Ee(ng) —c3-€-T- \/Ef(nl))
e (T = B(m) = E*(ng) = ey - T - /E¥(un)

IVE]

Rr(G~

IE

@3) C C C
> ¢ e-(T T3 - — T8 ¢y T —~T2/3)
Co C1 € Co
C C C
—cl-e-(1——-T_l/g——-T_1/3—03-6-T1/3- —)-T. (46)
Co C1-€ Co
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rom .
Pick € :== T1/3. chz First, note that since 0 < C' < % we have that € € (0, 1].

C1

Plugging this value of € in leads to

C-TP S Rp(G™)
C3 Co Cc - \/6
Q1L |VCaa (1—4 % 03/4> T2/3
2 C3 C1 Co
i' Coezia o, (47)
C3

where the second to last inequality follows from C' < 2, while the last inequality follows

from C' < ¢/ Cl . Rearranging inequality (47) leads to the contradiction
4/3

1i 1 c1 v /C2 :l. 201 02 - Co
4 C3 8

Since leads to a contradiction, it follows that there exists € € [—1,1] such that
Rr(G*) > C- T2/3. Given that the time horizon T and the randomized algorithm were

arbitrarily fixed, the theorem is proved.

|v.

A.2 Theorem E (Adversarial upper bound on regret)

The proof of this theorem builds upon the proof of Theorem 6.5 in |Cesa-Bianchi and
Lugosi (2006). Relative to this theorem, we need to additionally consider the discretiza-
tion error introduced by Algorithm [1} and explicitly control the variance of estimated
welfare.

Recall our notation U and U(z) for realized cumulative welfare, and for cumulative
welfare for the counterfactual, fixed policy . We further abbreviate U, = U(Zy).
Throughout this proof, the sequence {v;}; is given and conditioned on in any expec-

tations.

1. Discretization
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Recall that U;(z) = x - 1(x < v;) + A - max(v; — x,0). Let
U = m]?x{jk cx <}
(this is v; rounded down to the next gridpoint Zj), and denote

() =z 1(x <v;) + A max(0; — z,0),

as well as Uy, = U;(Z). Then it is immediate that Uz(x) < Uj(x),

~ A
Ui(z) = Ui(z)| < —,

sup 0i(2) — Uila)| < 2

and argmax , U;(z) € {#1,...,2x41}, and therefore

~ A
> . —i.
max U > sgp Ui(z) —1 7

. Unbiasedness
At the end of period i, Gy is an unbiased estimator of > j<i L@k < wy) for all .

Therefore, [@k} = [[lek for all 7 and k.

. Upper bound on optimal welfare
Define W; =), exp(n - T[/jzk), and ¢ = exp(n - I/[\Jlk)/Wl

It is immediate that,
EllogWr] >n - E[mkax @Tk] >n- max E[@Tk} = 1) - max Uy

Furthermore

EllogWr] = Y E {log (M;V“)} + log(Wp).

0<i<T i
Given our initialization of the algorithm, log(W,) = log(K + 1).
. Lower bound on estimated welfare

Denote ﬁzk = Ty, - PA[k + % DT PA[kf, where f[k = % -1k = k),
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so that Uy, = > i ﬁjk, and E[ﬁ]k] = U;(Zy).

By definition of W,

log <W’+1) log (Z Gir - exp(7) ))

Since py, > /(K + 1) for all k, Uy, € [0, (K +1)/4] for all i and k, and therefore
n-Up < (K +1)-n/v <1 (where the last inequality holds by assumption). Using
exp(a) <1+ a+ (e —2)a® for any a < 1 yields

~ ~ —~ 2
exp (n%) <1+n-Up+(e—2): <77'Uik> :
Therefore,

log (m&/"'l) <log (Z%k (1+77‘[7¢k+(€—2) . (Wﬁlk>2>)
<n- Z%k Uzk—|‘ 6—2 Z%k U

The second inequality follows from log(1 + z) < x

5. Connecting the first order term to welfare
Note that, by definition, ¢;, = (pik K+1) /(1 — 7). Therefore

Zqzk zk——zpzk mzﬁm
k
and thus

k

where we have used the fact that 0 < (7k < 1 for all k, given our definition of U ,
and the fact that k; is distributed according to p;z, by construction.

6. Bounding the second moment of estimated welfare
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It remains to bound the term E [Zk Qik - (712,4 . As in the preceding item, we have

qu 2k =~ 1 szk: U

We can rewrite

~

U = (k- 1(k; = k) +

le

Bounding y; < 1 immediately gives

B [0A] < o G0 X

and therefore

BN pa Ui <@+ (2) ) 2
B % K kok Pik
SHIE) @)Y oy K
A % Kk
_ K(K+1)(2K+1) + A2 K+1
= 6K? 5K
=K (e y).

. Collecting inequalities

Combining the preceding items, we get

UK (sng(:v) -T- %)

<n- max Upp, < Ellog Wr]

=Y E [log <M;V+1>} +log(K +1)

1 [pzk: ] + log(K +1)
-7 TS ®

SL.EMHe—z) U T- K+1-<2K6+1+A72>+10g(K+1).

I—x
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(Item 1)

(Item 3)

(Item 4 and 5)

(Item 6)



Multiplying by (1 —~) and dividing by 7, adding v sup, U(z) + T% to both sides
and subtracting F [[[NJ}, bounding sup, U(z) < T, and £ [@} < E[U] (from Item
1), yields

sup U(z) — F [U]

< (v (-8 (2o 4 22) )y sl (48)

This proves the first claim of the theorem.

. Optimizing tuning parameters

Suppose now that we choose the tuning parameters as follows:

. 1/3
7:01.<%> , 7]:@2.727 K:C3/’Y.
Plugging in we get
sup U(z) — E'[U]

<(vHe P (e—2) et (Bl L 20) 4y y) T 4 KD

c2y?

log(T'/31og(T) " 3c3/cy + 1)

=TT (e 4 = D cre (5 4004 3) + 02 4
1

— log(T) T2 ( Fle=2) erc (4 X0) + AL + 2y o<1>) |
1

The second claim of the theorem follows.
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B.1 Claim (Relating choice probabilities for positive and

negative )

Proof of Claim .
Let wy,wy, -+ € [0,1] be the randomization seeds to be used by the algorithm. In the
light of the Skorokhod representation theorem (Williams, 1991, Section 17.3), we may

assume without (much) loss of generality that, for each € € [—1, 1], these seeds form a

sequence of P¢ii.d. [0, 1]-valued uniform random variables. In particular, this implies,

(wisen = Plag)ien Ve € [0,1] . (49)
Recall that a sequence of functions « := (;);en is called a randomized algorithm if
a1:[0,1] = [0,1],  VieN, apq:[0,1]7 x {0,1} — [0,1] .

The feedback function associated to our problem is

©: [0,1] x {V/a,1/2,3/4,1} — {0,1}, (x,v) — Lz <v).
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Now, a randomized algorithm o« generates a sequence of choices x1,xs,... using the
randomization seeds wy,ws, ... and the received feedback zq,z,--- € {0,1} in the

following inductive way on 7 € N

1 = oy (wy) 21 = @(x1,01) ,
Tir1 = Qi1 (W1, e o Wig1, 21, -5 24) Zit1 = @(Tit1, vig1) -
For each a € [0, 1], fix a binary representation 0.ajasas . . . and define {(a) :== 0.ajazas . . .
and ((a) := 0.aga4as. ... Notice that &, (: [0,1] — [0, 1] are independent with respect
to the Lebesgue measure on [0, 1] and that their (common) distribution is a uniform
on [0,1]. For each z € [0,1], define ¢,: [0,1] — {0,1},u — Lp/q(z) + Lajuy () -
Lj0,1—q] (@) + L(3/4,1) () - 110,1—q—2.4(v). Define by induction on i € N the following process

1= an(C(wr))
5= (1, 0 (E(0)) |
Fipr = i (C(wr), o, C(wiga), 21, - -, Z),
(Zit1, Vig1), Tit1 € (/2,%/4]

¢ <fz’+1 s Vi <§(wi+1))> , otherwise.

Zitl =

Since, for each € € [—1,1] and each i € N,

(

1 z; € [0, 1]
1—a T; € l,l
Pz =1|2;) = <‘1* z],
l—a—(1+¢€-b z€(5, Y
3
(1-a-2-b 7 € (3,1]
1 Z; € [0, 4]
1—a T; € l,l
Pz =1]%) = ) (‘1* 2]
1—&—(1+6)~b xi€<§,z]
~ 3
\1—(1—2'6 Z'ZE(Z,l]

it follows that, for each ¢ € [—1,1] and each ¢ € N, the random variable Z; has the
same distribution as the random choice x; made by the randomized algorithm « at time

¢ when the underlying distribution is P, i.e.,
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P =P, . (50)

As with the process x1,zs,..., we have to count the number of times the process
Ty, Tg,... lands in the regions (1/2,3/4], [0,1/2] and (3/4,1] up to the time 7. This can

be done relying on the following random variables

T T T
=Y Lapag(E) o e i= Y (@), e =Y Lan(E)
=1 =1 =1

Since, for each € € [—1,1] and each j € {1, 2, 3},

T

Eiy) = 3 P (072, 3/1) !Z ((/2,304]) = E<(ny) ,

i=1

to prove the claim , it is enough to prove that, for each € € [—1, 1],

E_e(flg) Z Ee(ﬁg) — C3 - €- T- AV Ee(’fll) .

We first prove the result when the sequence of randomization seeds is fixed, i.e., we
suppose first that wq,ws,... are such that w; = wy,ws = Wy,.... For each ¢ €
[—1, 1], we consider the associated probability distribution @€, defined as the conditional
probability distribution P¢(- | w; = wy,wy = Wy, ...). For each t € N, let I; = {z €
{1,...,t} | & € (Y2,3/4]}, and for each s € {1,...,t}, let

@ ifS%It,

Zt,s =
12 <wy) ifsel;.

Notice that for each t;,t, € N and each s € {1,...,min(¢;,t2)}, we have that Z;, ; =
Zt,s- Then, for each s € N, it is well defined the random variable Z; = Z; ;, where
t € Nis any number ¢ > s. Define, for each t € N, the random vector Z; := (Z,,..., Z;).
Notice that, given that the sequence of randomization seeds is fixed and that, for each
s € N, we have that v, € {1/4,1/2,3/4,1} (hence, for each = € (1/2,3/4], it holds that
1(Y/2 < vs) = 1(x = v;)), the random vector (Zy,...,Zr) is measurable with respect to

the o-algebra generated by Zr_;. Hence, for each € € [0,1] and each i € {1,...,T}, we
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can deduce from Pinsker’s inequality (see, e.g., (Tsybakov, [2008, Lemma 2.5)) that

Q“ (3 € (¥1,1]) < Q(3 € (¥, 1)) + @pm( o Q7 ), ()

where Dk, is the Kullback-Leibler divergence. Now, for each ¢t € N and each € € [0, 1],
by the chain rule for Kullback-Leibler divergence (see, e.g., (Cover and Thomas, [2006,
Theorem 2.5.3)), we have

DKL(QEZH_l I QZH) = DKL(QEZ,ZHI) I Q(_Zehztﬂ))

(=22 =% _
:DKL(QGZt ||Q§:)+ Z log (g_f(zt+1 _Z||Zt _;)) 'QE<Zt:ZﬂZt+1:Z) )
(2,2)€{0,0,1}tx{0,0,1} t+1 = . =

(52)

Notice that, for each t € N and each € € [0, 1] we have

€ Z =z Z — 2 7
Z 10g(§_5(zt+1 — ||Zf _)))'QE(Zt:ZmZt-H:Z)
(2,2)€{0,0,1}¢x{0,0,1} 11 =2 | Ly =2Z

(=2 |2, =% _
> log(g-f(zm —Z|IZ_t —z)>> Q% =202 =)
2)e{0,0,1}tx{0,0,1} L= t=

t+1€li4q

_ f (1/2 <
(ZERIEDIRT ( o o = ) (1012 < ) = 2)
zE{@Ol}t 2{0,1} /2<Ut+1) z)

t+1€[t+1

= Q (Fn € (/2 4) - > 1og(Q6 UR = te) )> (102 < via) = 2).

2€{0,1} (102 < vp41) = 2)
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Algebraic calculations show that, for each ¢ € N and each € € [0, 1],

Z log ( QE 1/2 < Ut+1 ) > (1/2 < Ut+1) _ Z)

et (1(Y2 < vpr) = 2)

_ Q (5 < vi41) . Q (3 >
() o) e

:log(i Z Eitg:g)-(1—a—(1+e)-b)+log(W)-(a+(1+e)-b)

. 4.02. ¢2 _ 4-0%- ¢ _ 5
“(l-a-(1-¢€-b)-(a+(1—€)-b) ~a-(1—a—2b)

Putting , and together, we obtain that, for each ¢t € N and each € € [0, 1],

DKL(QZt+1 | QZM) <D (QF, || Q) +2-¢5- € iQe(i‘s-&-l € (Y2,%4]) . (55)
s=1
With the same technique used above, for each € € [0, 1], we can prove that
D(Q7, Il Q7)) <2-c5- € - Q (71 € (12, %4]) . (56)
For each t € {1,...,T}, putting and together, we obtain

Dk (QF, || Q%) ; 2-¢5 € ZQG s € (Y2,3/])

S 2-c§-62-E€(7~L1|w1:u_11,w2:w2,...). (57)

Now, and imply that, for each € € [0,1] and each i € {1,...,T},

Qﬁ(i’z < (3/47 1]) S Qie(i’i S (3/4, 1]) + C3 - €- \/Ee(ﬁl | w, = U_Jl,U)Q == IDQ, . ) . (58)
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Taking the sum of over i € {1,...,T}, we obtain that for each € € [0, 1],

E_6<77L3 | w1 :wl,’LUQ :wg,...)

ZEG(flg‘wlzwl,U)g:’wg,...)—Cg'E'T'\/Ee(ﬁ1|w1:ﬂ)1,w2:w2,...> .

(59)

Now, since the sequence w1, ws, ... of randomization seeds has been arbitrarily chosen,

for each e € [0,1], using the fact that Pf =P*° and Jensen’s inequality, we
(wt)ren (we)een

have that

E_G(ﬁg) = / E_6<77L3 | wy, = 7IJ1,’LU2 = ’Lf)g,. . .)CUD_6 (’Lz}l,’LDQ, .. )

(wi)ten

(@9) —efn _ _ . _

/ FE (n3 |w1:wl,w2:wg,...)dP(wt)tEN(wl,wg,...)
[0,1]%

> / ) Eg(ng | wy = Wy, wy = Wy, ... )dP(ewt)teN(wl,wz, o)
(0,1]

— C3 - €~ T/ \/E€(’Fl1 | w1, = U_)l,wg = ’(I]Q, .. .)dP(Ewt)teN(u_)l,’U_]Q,. ..
[0,1]%

(by Jensen) > ) EE(’ﬁ,g | wy = Wy, we = Wo, ... )dP(iUt)teN(wl, Wa, .. .)
[0,1]

— C3 ce-T- \// E€<’FL1 ‘ w1 = U_)l,UJQ = U_J2’"')dP(sz)teN(U_)l’w2""
[0,1]"

= Ee(fbg) — C3*€- Ee(ﬁl) .

B.2 Theorem [3 (Lower bound on regret for the concave case)

Defining a family of distributions for v Define h = 1= 21_)‘ and notice that

0<h <3 Definen:=(h-(1—h)" (1- )\))_1 and € := £ -min(7, 3 - 27*). For each
€ € (—€,€) and each x € [0, 1], define

_ 1
f(z) =¢ ((22_A —~8-h-€)-x- Lio,1(@) + poa Lgop(x) + (1 +¢€)- 1(1_h,1]($)) :

where ¢ is such that fol f%(x)dz = 1. For each € € (—¢,€), note that f€ is a density
function on [0, 1], i.e., a non-negative function whose integral is 1. For each € € (—¢€, ),

let ;€ be the probability measure whose density is f¢, and define G and U° as the
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Figure 3: Construction for proving the lower bound on regret for the concave case
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demand function and the expected social welfare associated to p¢, respectively (see
Figure [3| for an illustration).

Properties of U Definealsoz == 1-(3 + (1 — h)) = %—% and m = X2 (1-4)3/2,

Notice that, for all € € (—€, €), we have:

e U° is continuous and concave.

, 3], linear in [, 1 — h] with slope (1 —\) - h ¢, and

strictly decreasing on [1 — h, 1], which in particular implies that the maximum of
Uisat 1 —hife> 0, and at § if € < 0.

e U° is strictly increasing in [0

o If e >0, then U(1—h) —max,ejoz U(z) = m-|e| = U (%) —max,ez1) U ().
Now, consider the sequence of individual valuations vy, vs, - -+ € [0, 1], and assume that,
for each € € (—€,€), when the underlying distribution is P¢, this sequence is i.i.d.
(independent of the randomization used by the algorithm) with common distribution
p€. The previous list of properties implies that, for each € € (0,¢€) (resp., € € (—€,0)),
when the underlying distribution is P¢, the expected instantaneous regret at time ¢ is at
least 7 - || if the learner plays in the region I == [0, Z] (resp., in the region J == (z, 1]).
It follows that, in order not to suffer linear regret, the learner has to discriminate the
sign of e.
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Intuition for the proof Now, the high-level idea is that in order to discriminate the
sign of €, the learner needs on the order of }2 observations. Therefore, for a number of
periods on the order of 6%, the algorithm is playing “in the dark,” and thus suffers an
expected regret on the order of € - T, or, equivalently, on the order of v/7T', when the

underlying distribution is between P€¢ or P~¢.

Defining constants We now formalize this idea. Let

1/2

. </01/2 (%)Zf—e(m)dx+/llﬁ (ni€>2f5(a7)dx> >0

Let M > 0 such that 2 - \g% =1. Let M € (0, M) such that

From now on, fix a time horizon 7' € N and let € = \% In the following we use

the notation E° (resp., E~¢) to denote the expectation with respect to the probability
measure P¢ (resp., P~°). Let x1,2,... be the policies chosen by the algorithm. Note
that, since the algorithm bases its decision at time ¢ only on the (partial) knowledge of
v1,...,v,1 and some independent randomization, there exists a (measurable) function
¢ [0,1]71 — [0, 1] such that

Es(l(a:t el | Ul,...,vt_l) = @i(vg, ..., v1) = E_e(l(xt el | Ul,...,vt_l) .

Then, for each time ¢, it holds

t—1 t—1
< ® pe = ® vl = ()
s=1 s=1 v

Relating choice probabilities for positive and negative ¢ By Pinsker’s inequal-

ity and the fact that the Kullback-Leibler divergence is upper bounded by the Y-
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divergence, it follows that

\/DKL (®.; 1/F€ ®._; 1) \/(t— 1) - Dier (1= 1) _ \/(t— 1)- D2 (pe, p)
; <

t—l fe(z)

—(z)

Now, noticing that

L S V20 16he  \? . Lr2e L

n
/2 16h  \° .. L2\, ,
< /0 (—22_/\ — 87%) f(z)dx + /15 (77 — e> f (x)dx) €

fe(x)
f<(x)

:’}/2'62a
it follows that
t—1
(k) <7+ €y o
2
Summing over t = 1,2,...,T, we obtain
T T
. . V2 V2
E* Wz, €l) | -E° 1z, el || <~y e T2=22n k- T.
(Snen) o (Gecn) s o=

Upper bound on regret for ¢ > 0 implies lower bound on regret for —e.
Now, suppose that in the scenario determined by P¢ the algorithm suffer a regret
R < M -V/T. Then

T T
M-VT >Ry >m-e Y B (1(x € 1)) kT > E(1(x € 1))
t=1

and rearranging
M-
m-k

~

Y E(1(z ) <

23
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It follows that the expected number of times the algorithm plays in the (correct) region

I when the underlying scenario is determined by P~¢ is

T

> E<(1(z, € 1)) (ZE xtel))—XT:Ee(l(xtE[ >+ZE (z: € 1))

t=1
V2 M
< X2 5 k)T
—<3 VR ETE

The last inequality implies that the expected number of times that the algorithm plays
in the (wrong) region J = I° when the underlying scenario is determined by P~¢ is

lower bounded by
;Ee(l(:vt e J)) = ;Ef(l(xt ¢ 1)) > (1 — (\/75 7k+%)> T,

which implies that the regret the algorithm suffers in the scenario determined by P~¢

is lower bounded by

| \/

Z 1(z, € J)) jTZEE (z, € J))

m~%-<1—(%§-7-k+%>>-T:m~k~ 1—2\/% VT .

. . . . _ V2y-M
Putting everything together, any algorithm suffers at least min (M ,m -k <1 — 24/ ﬁ) > .
VT regret, in at least one scenario between the ones determined by P¢ and P~¢. Re-
calling that our choice of M implies 1 — 24/ % > 0, the conclusion follows.

v

B.3 Theorem E (Stochastic upper bound on regret of Dyadic
Search for Social Welfare)

For the sake of simplicity, we assume that U admits a unique maximizer 2* € [0, 1]
(the other cases can be treated similarly and, actually, they ended up having better
constants in the final regret guarantees).

For each epoch 7 = 1,2,..., we refer to the three current [ (left), ¢ (center) and r

(right) points of the corresponding epoch 7 using [,, ¢, and r,, respectively. For any
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time ¢, the epoch to which the time ¢ belongs is denoted 7;. The length of an interval
J is denoted |J|, while the number of elements in a finite set A is denoted #A.

Consider a family (vi)scp0,1],5en of random variables such that, for each z € [0, 1],
the sequence (v, ;);ey is i.1.d. with the same distribution as (v;);en. With these random
variables, we can define the auxiliary family (vs.;)zcp0,1],ien = (l(x < Uﬂﬁvi))ze[o,l],ieN' We
assume that, whenever we select a policy = € [0, 1] at time ¢, we observe 1(z < Vg p,())
(recall that n,(z) = Y'_, 1(z, = x)) instead of 1(z < v;). This does not change
anything in expectation, but will be useful in what follows.

The next lemma states that Algorithm [2| maintains confidence intervals containing
the differences of the welfare function (among left, center and right points) with high

probability.

Lemma 1 (Confidence intervals contain true welfare differences with high probability).
There ezists a constant C' € (0,20] such that, for every time horizon T and any § €
(0,1), if the learner runs Algom'thm@ with confidence parameter §, then the probability
of the event

& = N({U(en) Ul € Jull, )} {U (r2)~Uler) € Jilen, 1) }0{U(r7)~U 1) € Sl 1)}

t=1
is lower bounded by 1 —C -T%-§ .

The proof of this lemma can be found in [B.3.1]
The following lemma establishes the rate of shrinking of the length of the confidence

intervals as the length of an epoch increases.

Lemma 2 (Confidence intervals shrink with epoch length). For any 6 € (0,1), if the

learner runs Algorithm[g with confidence parameter § then, for any time t,

Cs

V t— t’T‘t—l ’

) {Jt(cnv T'r)

el rr)]) < (60)

max (‘ Je(lr,, Crp)

whenever t —t,,_1 > n, where n. =10 and és = 72 - /10 - («/210g(2/5) + 4>.

The proof of this lemma can be found in [B.3.2]
Lemma[l]and Lemma [2] allow us to prove Theorem [4] which closely follows the proof
given in (Bachoc et al.| 2022b)).
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B.3.1 Lemma (1| (Confidence intervals contain true welfare differences with
high probability)

Proof. For each n € N, let D, .= {k-2™" | k € Z}, let D} = {xp1,...,Zn10} C Dy
such that

Tt < < Tpps << xpg <00 < Tyao

and ,, ;41 — T,; < 27", for all j € {1,...,9}. Define D :=J'_, Dz n(0,1). Consider
the following events

t
1 1 2
& = m { ; s — G(l‘n,j) < ?t log <5>}
n,te{l,..., T} s=1
je{1,...,10}
" 1 5= 1 Tnj41 1
ne{o. T} 2m ; yx"’ﬁ?"*m’l Tnj+l = Tng  Ja, (z) 9.9m g
me{L,...,[logy (T)]}
je{l1,...,9}

and note that & C £'NE”, since, in the event £'NE”, Algorithm [2| will query only points
in D*, given that it uses only a subset of the estimates in the definition of £ and &£”
to build its own estimates (in particular, due to the ties breaking rules, to estimate the
integral terms it will only use the first query of the relevant dyadic points). Now, notice
that for each n € {1,...,n}, each m € {1,...,|log,(T)]} and each j € {1,...,9} we

have
()2

9.9m 8\ ) T om

L

22mg }

2m_1

) 1 Tn,j+1

R
9.gm 08 }

2m—1

1 Tn,j+1
5 ST — P
2 el i — Ty S

|
{

2m—1

1 - 1
om Z Yo+ sl — om Z G (xnﬂ 2n+m

e

12 om—_1
2_m Z; yxn,j+ﬁvl 2m Z G ( Qn—i—m

o6



Online Appendix B ADDITIONAL PROOFS

Algorithm 5 Index selection
1: for s=1,2,... do

2:  Let ks = min (argmaxkem fr (mk(s — 1)))
33 mp(s)=myp(s—1)+1

4:  for i e [5]\{k;} do

5: mi(s) =m;(s — 1)

6 end for

7: end for

where the last equality follows from

2m—1

1 i 1 Tt
om Z G (xn,j + 2n+m) - / G(z)dx
i=1 e

Inj+1 = Tng  Ja,

om_q

gt g i 1
< Z/ _ G(I)—G $”7j+2n+m dx—|—2—m
1 7z +

. i
1= 7L7.7+ on+m

2m—1

Z /x _ (G (x"’j+—2n+m> —G(Jln,j+2n+m))dl’+2_m

i=1 ng+ getem
1 2
<

1
< om (G () — G (7p541)) + om S om

IN

By De Morgan’s laws, a union bound and Hoeffding’s inequality, we have P(£¢) <
P((&)°) + P((£")°) <20-T*- 6. O
B.3.2 Lemma [2| (Confidence intervals shrink with epoch length)

We break the proof of Lemma 2| in several steps. Let di, ds, ds3, d4, ds > 0 be constants.
For each k € {1,2,3}, define

fr:4{0,1,2,...} = [0, +o0], n —

L
NG
and for each k € {4,5} define

dy ds

fe:{0,1,2,...} = [0,+00], nr VTR + SlogerD]

with the usual convention that a/0 = +oo, for any a > 0. Suppose that m1(0), m2(0), m3(0),
m4(0),m5(0) € {0,1,2,...} and consider Algorithm [j]
The following lemma holds.
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Lemma 3. Consider Algorithm [3 and the notation defined therein. For each s € N
there exists an indez i € [5] for which m;(s) > [s/5].

Proof. Let s € N and suppose by contradiction that for each k& € [5] it holds that
my(s) < s/5. Then

5
SSka(s)§5-maxmk(s)<5- =5,

o kel5]

which is a contradiction. It follows that there exists k& € [5] for which my(s) > s/5,
which also implies my(s) > [s/5]. Given that s was arbitrarily chosen, the conclusion
follows. [

Notice that, for each n € {0,1,2,...}, we have

dy < dy < 2dy
Vn T 2leg(nt )] 1 T \/n
and y 0
0< —————— <=2
2logy(n+1)] n

which implies that, for each k € [5] and each n € {0,1,2,...}

dy Dy,
N4 NZD

where D1 = dl,DQ = dg,Dg = dg, D4 = D5 = 2(d4 + d5)
The following lemma holds.

< fr(n) <

Lemma 4. Consider Algorithm @ and the notation defined therein. For any i,j € [5]
and any s € N it holds

nmgz(5)QWM@—m.

Proof. Let i, j € [5]. Suppose by contradiction that the conclusion does not hold. Then
there exists a smallest s € {0,1,2,...} for which

wM@<(%)am@wwm

J
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which we call sg. Notice that sg # 0. Then, the fact that

i\
mlon =)= () Ol =1 = 1),
D;j
implies that at time sy the algorithm selected kg, = j, which in turn implies that

m;(so — 1) = m;(so) and m;(sg — 1) = m;(sg) — 1. It follows that

(2 myts0 =1 = (2 fmyto0) =) > mton) = matso ),

J

Rearranging, we get
D;\°
mj<80 — 1) > 7 mi(so — 1) .
from which it follows that
Dj dz

= Vmj(so—1) = Vmi(so— 1)

This last inequality implies that at time sy the algorithm should have chosen the index

fi(mj(so = 1)) < filmi(to — 1)) -
¢ and not the index j, which is a contradiction. O
Combining the last two lemmas we can prove the following result.

Lemma 5. Consider Algorithm[3 and the notation defined therein. Then, for any s > 5
it holds that

D
max fu(mels)) < 7=

where D = /5 - (mane[S] Dj) . (maxk€[5} 3_:)'

Proof. Let s > 5. Pick j € [5] such that m;(s) > [s/5] (which does exist by Lemma
3). Then, by Lemma

D D
max fj, (mk(s)) < max —F < max i

kel5) kel \/my(s) kel 2
V(&) it )
D

=D; max | — | ———= < D; -max | — < iy
kels] \ dy m;(s) — 1 kels) \ di ) /[s/5] =1~ V/s—5

We are now ready for the proof of Lemma [2]
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Proof of Lemmal[2 It is enough to notice that Algorithm [2] with confidence parameter
0 € (0,1) relies, inside each epoch, on the same routine given by Algorithm I bl with d; =

Y e Y R - N
with the convention that [ correspond to 1, ¢ corresponds to 2, r corresponds to 3, (I, c)
corresponds to 4 and (¢, r) corresponds to 5, the correspondence between times is given
by s =t—t,, 1, and, for each s € {0,1,2,... }, mi(s) = nsre,,_, (1), ma(s) = ngpy,,_, (c),
ma(s) = Ngrr, (1), ma(s) = Xicgry, L@ € (L), ms(s) = Xogpr, Lz €
(¢,7)). With these conventions, in Lemmawe have that D < 9-v/5- <\/W + 4)

and, for example (the other cases can be proved analogously)

| Je(Lry,rr )| < 2+ (De(r) + To(l) + Tu(l,¢) + Ty(e,r)) < 2 -4 - max fi(my(s))

ke[5]
65 1 55
v = e R = e R o
where in the last inequality we used the fact that t —t,,_; > 10. O

B.3.3 Theorem 4| (Completing the proof)

Proof of Theorem[{]. Define 7 as the last epoch, t; = 0 and (if not already defined)
t,=T.
Due to Lemma [I} we may (and do!) assume that for each ¢t € {1,...,T'} it holds

(U(cTt)—U(th) c Jt(ln,cTt))/\(U(th)—U(cTt) e Jt(cn,ln))/\(U(rn)—U(lﬂ) c Jt(rn,ln)) )

This is because, given our choice § = ﬁ, assuming these conditions costs us in the
expected regret a further additive term which is no greater than 7-C-T2-6 = C'- VT.

Under these assumptions, notice that for each 7 € [rr| we have that * € I.. In
fact, if the confidence intervals are guaranteed to contain the corresponding differences
in the expected welfare, every time Algorithm [2| shrinks the active interval is because
all the discarded points are guaranteed to be suboptimal.

For each epoch 7 € {1,...,7r}, define

BT = (tT — 1) — tT—l .
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Now, for each epoch 7 € {1,...,7r} if B, > n, then

1
) <26 4)—.
acg[}?,}ri](U(m) U(z)) <2-Cs B

In fact, assume that z* > r. (the other cases have similar proofs). Then, leveraging
concavity, and recalling that inf (JtT_l(lT,rT)) < 0 and that z* € I, (which implies

-l: < 9), we have

re—l,
e (U6) ~0) =U6) ~0() = S0 ) 1 U () ~ U
< U(TZ - l(Tf(l Jw* —r) + Ur) ~U(L,) = ";f = Z (Ur) - UWL))

<2. (U(Tr) — U(IT)) < 2-sup(Jy,—1(lryrr) <2+ |y —1(lry7r)|

. 1
SQ‘CJ'\/B_a

where the final inequality follows by Lemma [2]
Let 7 be the first epoch from which it holds z* € [l,,r;]. If 7% > 2, then for each
T €{2,...,7 — 1} it holds that

max (U(z*) — U(x)) < Z - max (U(z")—U(x)).

z€[lr,rr] T€[lr—1,77—1]

In fact, either for all 7 € {1,...,7*—1} it holds that r, < z*, or forallT € {1,...,7"—1}
it holds that I, > z*. In the first case, for all 7 € {1,...,7% — 1}, leveraging concavity

and recalling that z* € I, (which implies xf:lil < %), we have

< AT oy

IA
1w
—~
q
—
8

*
N~—
q
—~
5~
L
~
~—

= —. max (U(x*) - U(@) ’

4 me[lfflﬂnrfl]

while the second case can be deduced analogously.

For each m € N, let A,, == {z € (0,1) : 3k € {1,...,2™ — 1},z = k/2™} be the
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dyadic mesh in (0, 1) of index m. For any epoch 7 € N, let m, := —log,(c, — ;) be the
index of the dyadic mesh in (0,1) at epoch 7 of Algorithm [2| (note that m, > 2 for all
7 € N because Algorithm [2| begins with a step-size of 1/4).

Let m* = min{m e N: #(Am N (O,x*]) > 4 and #(Am N [x*,l)) > 4} be the
smallest index of the dyadic mesh in (0,1) such that there are at least 4 points of
the dyadic mesh in (0,1) to the right and to the left of z*. For each m > m* let
ot <z < af < o)t < z* be the four points of A,, N (0,2*] closest to z* and
o < ol < xgt < a2 <z be the four points of A,, N [2*,1) closest to z*. Observe
that, for all epochs 7 > 7% + 3, Algorithm [2] selects policies only in the closed interval

[z]'", xg'"]. Observe further that, for each m > m* + 1, it holds

max (U(z*) —U(z)) <

z€lay" ag']

3

- max (U(z") - U(z)) .
xe[w;nfl,xgnfl]

In fact, either max,eppm om (U (2*) —U(z)) = U(a*) = U (2}") or maxyepzm om (U (2*) —
U(z)) = U(z*) — U(2"). In the first case, leveraging concavity and observing that

*_pm
x CCl

- < %, we have

*__m
x Ty

max (U(z*) —U(x)) =U(a*) = U(al") =

TE€[zT 2] T* —af

< % - max (U(z") - U(x)) .

The second case can be worked out similarly.

Define 7# := |4 + 2log,,(V'T)| so that

(Z) Ex ) (Z)“4+21°g4/;<m1| _ (é%l)log%(ﬁ):%.

Assume that 7# < 7% and 7 + 2 + 7% < 77 (the other cases can be treated analo-

gously, omitting terms which are not there anymore). Then, the expected regret can
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be decomposed as follows:

(U@ -Ux) =) Z (U@~ Ulxy)) + Z_ Z (U@@*)—U(x,))
—i—Z ZT (U(z*)-U(z))+ Z ZT (U(2*)-U(zy))+ Z ZT (U(a*)-U(x)).

We analyze these five terms individually.

For the first one, we further split the sum into two terms, depending on whether
or not B; =t —1—1t,_1 > n. Recalling that for each 7 € {1,..., 77} and for each
te{t,1+1,...,t;} Algorithm [2[selects the policy z; in the closed interval [l,,r,], we
have that

tr T#
_ < B.+1)- LA
Z Z #)=U(w)) < ) (Br+1) max (U(") —U(a))
T=1 tr—1+1 T=1
B, > B,>h
- log(2/9)
~ og
< B,+1)-2
< Zl( +1)-2-6 B
Bi>i
#
<4:G- Y VB <4G-m* VT
B
On the other hand, we also have that
Z Z U(z,) —1)) (3) =4-(A-1).
t=tr_1+1 7=0

B <(n— )

Thus, the first term is upper bounded by 4 - & - 7# - /T 4+ 4 - (7 — 1).

For the second term, leveraging the definition of 77, we obtain

T*—1 T —1 . TF—1
’T 1
DI Y Y e > Y
T=r#41t=t;_1+1 T=r#1t=tr—1+1 T=r#f1t=tr—1+1
T*—1

3/4 Z Z 1< VT.

T=r#41t=tr—1+1
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For the third term, we further split the sum into two terms, depending on whether or

not B, > n. Proceeding exactly as for the first term, we obtain

T*4+2 tr

S5 (U@ -Uw) <3-4-8-VT+3- (7 —1).

T=T*t=tr_1+1

For the fourth term, we split again the sum into two terms, depending on whether or
not B, > n. If B, > n, proceeding exactly as for the corresponding part of the first

term, we obtain

TH 24T H# tr

oY (U@ -Ulwy) <4-6-7"-VT.

T=T43 t=tr_1+1

Br>n

Instead, if B, < (n — 1), we get

T2 H# T* 2477
Z Z U(zy)) < (R —1)- Z max (U(z*) — U(x))
z€[lr,rr]
T=7*4+3 t=t;_1+1 T=T7"43
BTS(ﬁ_l) BTS(ﬁ_l)
T 24T H#

<(@-1)- Y, max  (U(2*) — U(z))

me[ mr acg”"]

T=T7"43
BTS(ﬁ_l)
<2-(—1)- Y ()
7=0
<Ti-)
For the last term, we have
T tr T tr
> Yo (U -U@) < > Y. max (U’ -U(x)
T=T*4347# t=tr_1+1 T=T*+43+7# t=tr—1+1 xe[ T T]

r (r* +3) 1J

< Y ¥ el

T=T*4347# t=tr_1+1

< (3/4) [T#;J TZT tZT

T=Tr4347# t=tr_1+1

Putting everything together, and recalling the definition of 77, the conclusion follows.
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]

B.4 Theorem E (Upper bound on regret of Tempered Exp3
for Optimal Income Taxation)

We prove this result by reduction to our baseline model, as analyzed in Section

Assume that W = {w!,... wf} with 0 = w! < w? < .-+ < w® < 1. For each tax

bracket [w", wh*1), Tempered Exp3 for Optimal Income Tazation essentially reduces to

a separate instance of Tempered Exp3 for Social Welfare. Denote

U (x() = Ui(x(")) - 1([wi] = w"), U (x() = Y _ U (x()),

J<i
U = U x()), T =2 1w =w"),
i<t 1<T
Ri= sup B[Ux() ~ U | fw) ]
x(-)€Xw

It is immediate that
Rr=> Rh andT =Y T"
h h

Assume for a moment that the upper bound on regret of Theorem [2| (with A
replaced by 1) applies to each instance (tax bracket) h, separately. That is, assume
that

R%S <7+n-(e—2)%.<2ﬁ%1+%>+%> 'Th+log(l77(+1)‘

Then it follows that

Rr < <7+n.(€_2)%.<%+%)+%> .T_'_H~10g7(7K+1)’

and the claims of Theorem [A] are immediate.

It remains to show that indeed the upper bound on regret of Theorem [2| applies to
each instance (tax bracket) h. For any given pair of sequences {v;}2_,, {w;}_,, consider
the subsequence of observations i for which [w;| = w”. Along this subsequence, the
policy choice reduces to the choice of a tax rate z; = x;(w") € X, and the algorithm
Tempered Fxp3 for Optimal Income Tazxation reduces to an instance of the algorithm

Tempered Exp3 for Social Welfare, with the following modifications:
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1. Estimated demand @Z(;E, w™) is multiplied by an additional factor w; € [0, 1].

2. Estimated social welfare T[AL»H(:U, w") is updated with a term for private welfare
that includes a time-varying welfare weight w(w;) < 1, rather than a fixed weight
A

We need to verify that, with these modifications, the following key claims in the proof

of Theorem [2] continue to hold:

1. Unbiasedness: @i(:p,wh) is an unbiased estimator of Us(x,w"), for a suitably
discretized version of cumulative social welfare. (Step 2 of the original proof.)
In the present setting, discretization requires substituting o; for v;, where v; =
min{z € X : w;(1 —x) > v;}.

2. Bounded support: ﬁi(x,wh) < %, where

' eX x>z
(Step 4 of the original proof.)
3. Bounded second moment of (/]\Z(x, wh):
~ z? 1\? 1
E; [Ui(x,wh)ﬂ < —— (—) : Z ST
) \K) " 2o pen)
(Step 6 of the original proof.)

Unbiasedness follows as before. To show bounded support, as well as the bound on the

second moment, note that we can rewrite

~

Uiy = (x A =) + % 1z > :U>> 1%

Recall that z, w(w;), w;, and y; are all bounded above by 1, and that p;(z|w") > 5.
Bounded support and the bound on the second moment follow. The remaining steps of

the proof are as before.
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