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ABSTRACT

Fixed Effects and Causal Inference®

Across many disciplines, the fixed effects estimator of linear panel data models is the default
method to estimate causal effects with nonexperimental data that are not confounded
by time-invariant, unit-specific heterogeneity. One feature of the fixed effects estimator,
however, is often overlooked in practice: With data over time t € {1,...,T} for each unit of
observationi € {1,...,N}, the amount of unobserved heterogeneity the researcher can remove
with unit fixed effects is weakly decreasing in T. Put differently, the set of attributes that are
time-invariant is not invariant to the length of the panel. We consider several alternatives to
the fixed effects estimator with T > 2 when relevant unit-specific heterogeneity is not time-
invariant, including existing estimators such as the first-difference, twice first-differenced,
and interactive fixed effects estimators. We also introduce several novel algorithms based
on rolling estimators. In the situations considered here, there is little to be gained and much
to lose by using the fixed effects estimator. We recommend reporting the results from
multiple linear panel data estimators in applied research.
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You keep using that word. I do not think it means what you think it means.

— Inigo Montoya, The Princess Bride (1987)

1 Introduction

Ever since Mundlak (1961) tried to explain agricultural productivity differentials by including a separate
dummy variable for each farmer in the data to control for “management bias,” the fixed effects estimator (FE)
has been used by researchers to control for time-invariant, unit-specific heterogeneity (see, e.g., Balestra
and Nerlove, 1966; Hsiao, 2007). Researchers continue to rely on FE for causal inference in panel data
settings (Angrist and Pischke, 2009; Imai and Kim, 2019). Imai and Kim (2021, p. 405), for instance, refer
to FE as the “default methodology for estimating causal effects with panel data,” while Hill et al. (2020, p.
367) state that “fixed-effects models for panel data are now widely recognized as powerful analytic tools for
longitudinal data analysis.”

From a causal inference perspective, the advantage of the FE estimator over pooled ordinary least
squares (POLS) is that the FE estimator, by removing both observed and unobserved time-invariant unit-
specific heterogeneity, requires an arguably more palatable assumption to be unbiased. Unbiasedness of
the FE estimator requires strict exogeneity with respect to the time-varying error, whereas POLS requires
exogeneity with respect to a composite error that includes more than just the time-varying error, as we
discuss below.

One important limitation of the FE estimator seems to be rarely acknowledged in practice, however:
Unobserved heterogeneity that is time-invariant is not invariant to the length of the panel. In this paper, we
explore the consequences of ignoring this limitation in empirical research and provide guidance for applied
researchers.

The notion that time-invariant, unobserved heterogeneity depends crucially on the length of the panel
is made explicit in Mundlak (1961, p. 44)

“Instead of beginning by conceptualizing what we mean by management we shall assume that
whatever management is, it does not change considerably over time; and for short periods, say

a few years, it can be assumed to remain constant.”
and in Mundlak (1978, p. 82)

“|IJt would be unrealistic to assume that the individuals do not change in a differential way as
the model assumes ... [I]t is more realistic to assume that individuals do change differentially

but at a pace that can be ignored for short time intervals.”

Yet, Mundlak’s point has become lost over time.
With data over time ¢t € {1,...,T} for each unit i € {1,..., N}, researchers eagerly take advantage of

increased data availability and use longer and longer panels (Backhouse and Cherrier, 2017).12 McKenzie

'We focus here on balanced panels, but our core point also applies to unbalanced panels.

*While it is possible for T — oo because the researcher uses higher-frequency data for the same length of time (e.g., T
goes from 5 to 10 because data over a five-year period are collected semi-annually rather than annually), these are not the
situations we have in mind. Rather, we consider here only those cases where T increases because additional rounds of data
are collected, but for which the frequency remains the same (e.g., T’ goes from 5 to 10 because the data cover a 10-year period
instead of a five-year period).



(2012) even advocates for longer T' when researchers collect their own experimental data. The fact that
some or all of what is time-invariant when, say, 7' = 5 may no longer be time-invariant when 7" = 10 is
consistently overlooked.

For example, individual preferences—long considered to be exogenous and fixed—are increasingly viewed
by economists as endogenous, being influenced by shocks, individual circumstances, groups, and institutions
(e.g., Becker and Mulligan, 1997; Bowles, 1998; Fershtman and Segal, 2018; Liebenehm, Degener and Strobl,
forthcoming). Similarly, in empirical analyses of individual labor market or educational outcomes, a worker’s
“innate ability, perseverance, motivation, and industriousness,” are unlikely to be constant over the life cycle
(Bai, 2009, p. 1233). Ding and Lehrer (2014, p. 69) state that “researchers often implicitly assume that
both the impact and stock of unobserved ability are constant over time” but this “appears inconsistent with
a rapidly growing body of scientific evidence which indicates that the impacts and development of these
unobserved factors vary substantially over the life cycle.” Likewise, in cross-country regressions, there is
likely little that remains fixed over time for a given country as borders, climate, institutions, and even
topography are all time-varying.

Nevertheless, researchers typically neither alter their interpretation of the fixed effects nor acknowledge

the ever-stronger assumption required for unbiasedness as T' grows. Hill et al. (2020, p. 363) state:

“|W]e often assume (without direct confirmation) that certain characteristics (e.g., biology, per-
sonality, or culture) do not change over time ... [I|t is often unclear whether some characteristics
are actually fixed or variable. So what exactly are fixed-effects models controlling? ... [T]he
answer to this question is often ambiguous. Uncertainty along these lines could introduce a host

of theoretical and empirical problems.”

Moreover, the issue also arises even when relevant attributes remain time-invariant as T grows if the effects

of these attributes are time-varying.® Hill et al. (2020, p. 364) continue:

“Researchers typically state and restate how fixed-effects models control for time-invariant char-
acteristics, but this is only true if those variables have the same effects at each point in time. If
the coefficients for supposed time-invariant characteristics vary with time, they become equiv-

alent to time-varying characteristics.”

As such, there is an important trade-off that needs to be reckoned with. That is, though the variance of
the FE estimator will shrink as T' grows, the estimator will be biased and inconsistent if the fixed effects
remove less unobserved heterogeneity and this invalidates the required strict exogeneity assumption. In
the limit, the FE and POLS estimators may even coincide as T' — oo if there is no relevant unit-specific
unobserved heterogeneity that is time-invariant and has a constant effect across all time periods.?

We assess this bias-variance trade-off by extending the standard linear panel data model to include what
we refer to as regime-specific heterogeneity in the unit fixed effects. Here, a regime represents a group of

consecutive time periods S, with S < T', over which relevant unobserved heterogeneity for a particular unit

3Through the paper, we use the term relevant to refer to unobserved heterogeneity that is not independent of the covariates.

4We are not referring to T — oo in the usual asymptotic sense where the underlying data-generating process is fixed as T
grows. Rather, we are referring here to a situation where the data-generating process itself changes as T' grows because the
definition of the fixed effect changes.



is constant. > Our setup is analogous to structural breaks in the unit fixed effects, but with unknown break
dates that may vary across units. It is also similar to the hierarchical structure considered in Papke and
Wooldridge (forthcoming), except that we are considering aggregation of unit-specific heterogeneity over
regimes rather than groups of units.

When relevant unobserved differences across units are constant across regimes, but not the entire sample,
the strict exogeneity assumption will fail and FE will be biased and inconsistent. We discuss several
estimators that not only improve on the FE estimator in this situation, but are also easy to implement
in applied research. These include the well-known first-difference (FD) and twice first-differenced (TFD)
estimators, as well as a novel estimator which we dub the rolling first-differences (RFD) estimator. We also
discuss several extensions to RFD including rolling twice first-differenced (RTFD) and rolling fixed effects
(RFE). RFD proceeds by estimating a series of rolling regressions by FD where only two time periods
are retained at each step and then aggregating the estimates into a final estimate using minimum-distance
estimation (MDE). The RTFD estimator proceeds by estimating a series of rolling regressions by TFD where
only three time periods are retained at each step. The RFE estimator is identical to RFD except that more
than two time periods are retained at each step and the FE estimator is employed. Our consideration of
rolling estimators is analogous to the proposed use of rolling regressions for time series models in Cai and
Juhl (forthcoming).

Through simulations and replications of Rose (2004), Tomz, Goldstein and Rivers (2007), and James
(2015), we show that FD and RFD both outperform FE when the standard linear panel data model is
misspecified, but generally not when it is correctly specified. Thus, the estimators we discuss sacrifice
(some) efficiency for (much) robustness. This is also the case in Aquaro and Cizek (2013) when dealing
with outliers, and in Pesaran and Zhou (2018) when considering the asymptotic efficiency of POLS relative
to FE in the presence of sparse unit fixed effects. Moreover, we find that the RFD estimator outperforms
the FD estimator in some settings. Finally, we find that other existing estimators—namely, TFD, RTFD,
and the interactive fixed effects (IFE) estimator from Bai (2009)—work well in certain situations. Overall,
we recommend that researchers report FD, RFD, TFD, and IFE estimates in addition to FE when using
panel data with more than two time periods, particularly when the sample spans several periods. The RFE
estimator should prove useful when relevant unobserved heterogeneity is likely to be time-invariant over
regimes with 2 < § < T.

While we are not the first to introduce relevant heterogeneity into the standard linear panel data
specification, as we discuss in Section 2, our analysis makes three important contributions. First, we clarify
the trade-off involved with ever-longer panel data when using the standard FE estimator—a trade-off that
pits the efficiency gain from more data against unbiasedness and consistency. Second, we provide guidance
to empirical researchers regarding simple alternatives to the rote application of the FE estimator in static
two-way fixed effects (TWFE) models. Third, we replicate articles by Rose (2004) as well the comment
on Rose (2004) by Tomz, Goldstein and Rivers (2007), and by James (2015) and find that using the FD,
TFD, RFD, RFE, and IFE estimators lead to conclusions that are qualitatively different from those authors’
reported FE results. Moreover, in the former replication, we empirically resolve a puzzle in the international
trade literature.

Prior to continuing, a few remarks are warranted. We recognize that not only might there be temporal

Of course, if S = 1, then each period corresponds to a new regime, implying that no relevant unit-specific unobserved
heterogeneity is time-invariant.



heterogeneity in the unit fixed effects, but the slope coefficients as well. We mostly abstract from this
for two reasons. First, as we discuss in Section 2, there is a fairly large literature that already addresses
heterogeneity in the slope coefficients while ignoring temporal heterogeneity in the unit fixed effects. As
such, we complement that literature. Second, while it is a context-specific empirical question, temporal
heterogeneity in the unit fixed effects strikes us as a potentially more important concern as T grows. Each
slope coefficient in a linear panel data model represents the effect of a well-defined observed characteristic
of units. Thus, it is possible to use institutional knowledge to garner some insights into the possibility that
the coefficient is heterogeneous across space and/or time. In contrast, the unit fixed effect is a composite
of many unobserved attributes that are left entirely unspecified by the researcher. Consequently, there
is little basis upon which to justify the assumption that this composite of unobserved attributes and the
effect of this composite are time-invariant. Finally, our novel RFD, RTFD, and RFE estimators make it
possible to allow for temporal heterogeneity in both the slope coefficients and the unit fixed effects. Each
entails a series of rolling regressions, estimating separate parameters over a short time interval. Rather
than assuming common parameters over time and aggregating using MDE, one can examine the various
regime-specific coefficient estimates and simply not aggregate.

The remainder of this paper is organized as follows. Section 2 discusses the relevant econometric
literature. Section 3 introduces the static linear panel data setup, clarifies what is at stake as T' increases,
and compares the FE, FD, RFD estimators, as well as others. In section 4, we illustrate these estimators

via simulation and two replications. Section 5 concludes.

2 Literature Review

As stated previously, we are not the first to introduce greater heterogeneity into the standard linear panel
data specification. A growing econometric literature extends the FE estimator by relaxing the assumption
that relevant unit-specific heterogeneity is time-invariant. But models in this literature—referred to as time-
varying individual effects—impose restrictions on how the unit fixed effects vary over time. Moreover, these
models have yet to gain popularity among applied researchers. Mundlak (1978), for his part, introduces
unit-specific time trends into the standard panel data model—a practice that is now widespread (see, e.g.,
Autor, 2003). More recently, IFE models allow for common time-varying factor loadings on the unit-specific
fixed effects (e.g., Ahn, Hoon Lee and Schmidt, 2001, 2013; Han, Orea and Schmidt, 2005; Bai, 2009). This
setup allows for time-invariant unit-specific heterogeneity to have homogeneous but time-varying effects as
well as time-invariant, unit-specific responses to common period-specific shocks. Thus, IFE models relax
the traditional FE estimator, but in a fairly rigid manner.

Another class of models extends the standard specification by allowing for (unknown) group membership
or structural breaks (e.g., Bonhomme and Manresa, 2015; Boldea, Drepper and Gan, 2020; Lumsdaine, Okui
and Wang, forthcoming; Kaddoura and Westerlund, forthcoming). Bonhomme and Manresa (2015) allows
for group-specific time effects. Boldea, Drepper and Gan (2020) examine a model with multiple structural
breaks where each regime has unique values of the slope parameters and the unit fixed effects. Going one
step further, Lumsdaine, Okui and Wang (forthcoming) also allow for multiple structural breaks, but each
regime is partitioned into groups with common slope coefficient and group-specific fixed effects. Their setup
also permits units to change groups at the structural break as well. Kaddoura and Westerlund (forthcoming)

consider the IFE model where the slope coefficients are allowed to experience structural breaks.



As with IFE, these studies make great strides in moving beyond the traditional FE estimator, but
they have some practical limitations. First, models based on structural breaks assume a common break
date for all units.® Second, models permitting multiple structural breaks with or without groups become
computationally intensive as the number of breaks or groups increase since estimation typically involves
searching over all possible break dates as well as possible group assignments.

The bias—efficiency trade-off that emerges as T' increases when unit fixed effects capture less unobserved
heterogeneity also relates to several other literatures exploring failures of the standard linear panel data
framework. For example, Bramati and Croux (2007) and Aquaro and Cizek (2013) discuss the bias of the FE
estimator in the presence of outliers and consider robust alternatives, particularly ones utilizing temporal
differencing rather than mean-differencing. Our allowance for changes in the unit fixed effects across regimes,
where regimes of time-invariant heterogeneity may differ across units, may behave similarly to the outliers
considered in this literature. Bonhomme and Manresa (2015), Papke and Wooldridge (forthcoming), and
Lewis et al. (2022) consider the optimal choice of fixed effects with or without slope heterogeneity in a
static linear panel framework where units are clustered into groups. Additionally, many studies examine
heterogeneity of various forms in the slope coefficients. Sarafidis and Weber (2015) and Gibbons, Serrato
and Urbancic (2019) consider a panel data model with group-specific slope coefficients estimated using the
traditional FE estimator that ignores this slope heterogeneity. Cai and Juhl (forthcoming) consider a time
series model with time-varying slope coefficients. The authors develop correct inference when comparing
estimates across rolling regressions to test for the presence of such heterogeneity. Keane and Neal (2020)
allow for spatial and temporal slope heterogeneity and propose a new estimation algorithm referred to as
the mean observation OLS procedure. See also Su and Chen (2013), Ando and Bai (2016), Baltagi, Feng
and Kao (2016), Su, Shi and Phillips (2016), Liu et al. (2020), Mehrabani (forthcoming), among others.”

We contribute to this literature by clarifying the trade-off involved with ever-longer panel data when us-
ing the standard FE estimator for applied researchers, as well as providing guidance to empirical researchers

concerning simple alternatives to the FE estimator.

3 Panel Data Estimation

We first present the general FE setup and explain how the FE estimator’s usefulness for causal identification
decreases as T' grows. We then discuss solutions to this problem: FD, TFD, RFD, and RFE estimators.

Finally, we discuss other existing estimators that may prove useful in certain situations.

3.1 Setup

In the standard static panel data model, the assumed data-generating process (DGP) is given by
Yie =Tub+o;+ei, 1=1,..,N;t=1,...,T (1)

where x;; is a 1 X K vector of time-varying observed attributes (which may include period fixed effects),

«; is a unit-specific fixed effect, and e; is a mean-zero error. Researchers describe «; as capturing all

Jiang and Kurozumi (forthcoming) develop a test of the common break date assumption.
"Sun and Shapiro (2022) discusses slope heterogeneity in the context of linear panel data models assessing treatment
exposure and connects this to the recent literature on difference-in-differences with staggered adoption.



time-invariant attributes of unit ¢, whether observed or unobserved, whereas &;; captures all time-varying,
unobserved determinants of y (that are not constant across all units if  includes period fixed effects). Our
focus here is on what exactly is meant by “time-invariant” and “time-varying” in this context—terms that
are often casually invoked by researchers when justifying the unbiased estimation of causal parameters.
Estimation of Equation (1) is most often accomplished using the FE estimator, also known as the within
estimator and equivalent to the least squares dummy variables (LSDV) estimator for all ' (Mundlak, 1961).

This entails using POLS after mean-differencing to estimate the model given by

Yir =Yy = (zit —T3) B+ (est — i) (2)
i)it = ziB + i,

where two dots over a variable indicate deviation from its unit-specific mean. Given a random sample,
{y,-t,:c,-t}z-:Lm’N;t:LMT, the estimate of 3, BFE, requires E [g;]|x;, ;] = 0 for all ¢ for unbiasedness, where
x; is a T' x K matrix of covariates for unit . This condition, known as strict exogeneity, implies that x;; is
independent of the time-varying error term, e;,, in every period s = 1, ..., T conditional on «;.®

Our interest is in the role played by 1. The presumption often made by applied researchers is that larger
T is better than smaller T'. In studies with N >> T, which is typically the case in applied microeconomics,
asymptotic results rely on N — oo with T fixed. As such, the only advantage of increasing T is efficiency;
sample size grows by N with each additional time period assuming a balanced panel, yet only one degree of
freedom is lost if time effects are included (Hsiao, 2007).° While efficiency is important, when the objective
is causal inference, unbiasedness and consistency are equally, if not more, salient (Angrist and Pischke,
2009).

Despite this, an overlooked consequence of larger T is how it impacts the strict exogeneity assumption.
Specifically, the unit fixed effect, a;, captures all unobserved attributes of unit ¢ that are time-invariant
over the sample period. Similarly, the time-varying error component, ;;, captures all unobserved attributes
of unit ¢ that are not time-invariant over the sample period. Thus, as T increases, it is plausible that some
previously unobserved, time-invariant attributes now become time-varying. Alternatively, it is possible that
there is no change in these attributes, but the effects of these attributes change over the sample period. In
either case, the strict exogeneity assumption is less likely to hold as T increases since conditioning on «; is
less impactful and more unobserved heterogeneity is relegated to €. In this sense, the claim in Thombs
(2022, p. 1) is quite prophetic: “As interest in big data increases and the temporal depth of widely used data
sets expands, large N, large T data are becoming more ubiquitous, making it paramount that researchers
have the appropriate tools to analyze these data.”

To formalize the role of T, we introduce some notation. Define oz,f’tl as unobserved attributes of unit 4
that are time-invariant over the regime spanning ¢ to ¢/, where t > 1, ¢ < T, and t < t. Now, suppose a

researcher obtains access to additional periods of data such that T increases from T to T’. As a result of

8In contrast, estimation of Equation (1) by POLS requires (contemporaneous) exogeneity, given by E [a; + €;¢|2::] = 0 for
all ¢.

°In dynamic panels, there are gains to larger T beyond efficiency as the bias of FE estimates diminishes with T (Nickell,
1981).



the longer panel, the DGP in Equation (1), where a; = ail’T, becomes

Yie = xS —i—a;’T/ +oi e, i=1,..,N;t=1,..,T (3)
= zuf+ar’ + i,

where «;; are unobserved attributes of unit ¢ that are not time-invariant over the regime spanning periods

1 to T”, but are time-invariant over the regime spanning periods 1 to T or T+ 1 to T”. Thus, the attributes

captured by oz%’T/ are at best the same attributes captured by ai’T, such that a%’T/ - ail T Similarly,
1,1’ T+1,T
o Ca .

If the FE estimator is used to estimate Equation (3), the strict exogeneity assumption is given by

E [mtlii, a}’T,} =0,t=1,..,7’, where X; is a T" x K matrix of covariates for unit 7. This is a stronger
condition than that required in the original sample given by E [Eit|Xi, a}’T} =0,t=1,...,7T, as the former

requires E [ait\ii, a% ’Tl} =0,t=1,...,7”. This makes it clear that researchers must balance the efficiency
gain from larger 1" against the stronger strict exogeneity assumption needed for unbiasedness. This trade-off
is typically overlooked by researchers.'”
The stronger strict exogeneity assumption required in the augmented sample is testable using a Hausman
i
the other standard assumptions required by FE hold), then BFE(LT ) and EFE(L T") are both unbiased

and consistent estimates of 5. The former, however, is inefficient. If this assumption does not hold,

test. Define EFE(S, s') as the FE estimate of § using only periods t = s,...,s. If E [ait\ii, al’T/} =0 (and

then the former remains unbiased and consistent while the latter does not. Thus, the null hypothesis,
Hy : E [ait|§i,ai1 ’T/} = 0, can be tested against the alternative that this expectation is not zero using a
standard Hausman test. If the null is not rejected, then the benefit from increasing the length of the panel
arguably outweighs the cost, under the usual caveats associated with a failure to reject the null hypothesis.

In practice, however, this Hausman test is not implementable as described because the researcher simply
has access to panel data with 7" periods and does not know the period T at which to break the sample.
This is similar to a Hausman and McFadden (1984) test of the independence of irrelevant alternatives
assumption in a multinomial logit model, in which case the test involves comparing estimates from the full
sample with the complete choice set to estimates based on a restricted choice set but test results are not
invariant to the choice of the restricted set.

Another means of assessing the role of T in FE estimation of the linear panel data model borrows from
the setup in Kaddoura and Westerlund (forthcoming). The authors consider a static linear panel data
model with time-varying slope heterogeneity but with constant slopes over unknown sub-periods. Here, we

do the same, but for a; rather than . Formally, we replace a; with «;; and write the model as

Yyt =Tub taop+eq, t=1,...,.N;t=1,....T (4)

10The same potentially holds for changes in N. Increasing N implies that period fixed effects, if they are included in the
model as they are in the popular TWFE model, may control for fewer period-specific attributes. There is a distinction between
increasing N versus increasing T', however, as the former entails drawing additional observations from the same underlying
population while the latter entails expanding the population to include additional time periods. We leave this discussion for
future research.



where «;; takes on M; + 1 distinct values for unit 7, where
Qi = Qj(4) (5)

for t = jy(i),l, 71}(1) - 1, ] = 1, 7]\4Z + 17Mi S [O,T - 1], TO = 1, and TMi-i-l = T. The notation ](Z)
indicates the j*® regime for unit ¢. Thus, unit 4 has M; + 1 regimes over which a;; is constant, with regimes

starting in periods To, T1(), -, Tags)- If M; = 0 for all 4, then a;j;) = a; and the model reverts to the

ij(i
standard linear panel data model. Conversely, if M; =T — 1, then ei/ery period contains a unique value of
a;¢. This specification allows each unit to have a different numbers of regimes over which «;; is constant,
as well as for a different set of time periods spanned by each regime. For example, if 7' =5, one unit may
experience two regimes where, say, «a;; takes on one value for ¢ = 1,2 and a different value for t = 3,4, 5,
whereas another unit experiences three regimes where, say, a;; takes on one value for t = 1, another value
for t = 2,3, and yet another value for t = 4, 5.

With this setup, B rp is obtained by applying POLS to the following estimating equation

M;+1
Yir = Tt + | o — Z wijouj | + €it, (6)
j=1
where T
T
wy = L—I— T =,

is the share of sample periods where oy = ;. Equation (6) makes it clear that mean-differencing does not
fully remove ay; if M; > 1. It only removes the part of a;; that is constant over the entire sample, a}’T. As

. . . 1.7 . .
such, unbiasedness of the FE estimator requires E [ait + eit]xi, a;” ] = 0. In words, we now require strict
1,T

exogeneity of x with respect to both a;; and €5 conditional on o

When B re(1,T) is biased due to a failure of the strict exogeneity assumption in the presence of time-
varying, unit-specific unobserved heterogeneity, alternative estimators may perform better. We consider
several possibilities. In Section 3.2 we discuss the existing FD and TFD estimators. In Section 3.3 we
present several novel estimation algorithms based on rolling regressions. In Section 3.4 we discuss a few

other existing estimators.

3.2 First-Differences and Twice First-Differenced Estimators

The FE estimator is identical to the FD estimator when T' = 2. Moreover, irrespective of T'; Wooldridge
(2010) and others state that the strict exogeneity assumption is also identical across the estimators.!!
Technically, however, the strict exogeneity assumption required by FD is weaker: For the model in Equation
(1), FD requires E [gi¢|@it—1, Tit, Ti 41, 4] = 0 for all ¢.

But a more substantive difference arises as 1" increases. Consider the following DGP
yitzxitﬁ—kaf’sl—ksit, i=1,..N;t=s,..5s (7)

where s < . This is the standard linear panel data model except defined over a generic period defined

1 Assumption FD.1 is “Same as Assumption FE.1” (Wooldridge, 2010, p. 316).



by s and s’. Given the definition of ozf’sl, the unit fixed effect will capture fewer attributes and e;; more
attributes as s’ — s — oo. Thus, setting s’ = s + 1 yields an unbiased estimate of 8 under the weakest
possible strict exogeneity condition. Specifically, retaining only periods s and s + 1, the FD estimator is
obtained by estimating

Ay s+1 = Axj o108+ Agj s41 (8)

using OLS, where A is the first-difference operator. Unbiasedness requires E |&; s|%; 5, Tj s+1, O] ’SH} =0
f’SH = 0. By focusing on only two consecutive periods, the strict exogeneity
s,5+1

)

and E |:5i,s+1|$i,57$i,s+la a
assumption is the weakest possible because « removes the most unobserved heterogeneity possible.

Given a panel of length T, stacking (8) using s = 1,...,7 — 1 and estimating the model using POLS
yields the FD estimator. When there is unobserved heterogeneity that is not time-invariant over the full
sample period, but is time-invariant over different regimes, FD is likely to be superior to FE. This arises
because each first-difference removes all unit-specific attributes that are constant over the regime spanning
any two consecutive periods.

The stronger strict exogeneity assumption required for FE can be tested. Following Laporte and Wind-
meijer (2005), a test for the for the failure of these additional restrictions is given by a test of equality of

BrEe and Brpp. This can be accomplished by estimating the following stacked regression via POLS

y'it _ i'”it 0 )
(Ayit>_<Axit>6+<A$it>(p+un )

and testing H, : ¢ = 0 using a two-sided alternative and a cluster-robust estimator of the covariance
matrix (Papke and Wooldridge, forthcoming; Spierdijk, 2023). Of course, rejection of the null may also
occur under other sources of mis-specification that differentially affect FE and FD. Moreover, choosing
an estimator on the basis of this test risks introducing problems associated with pre-testing (Papke and
Wooldridge, forthcoming).

Let us consider a few examples. First, we assess the impact of an increase in the length of the panel
from T to T” as in Section 3.1. When T increases, the model changes from Equation (1) to Equation (3),

where «;; is given by

ail’T — ail’T, ift<T (10)
At = / ’
o aZTH’T — ozil’T ift>T
Recalling that n;: = «;: + €44, the strict exogeneity assumption required for FE is
E [ait + 5it‘§i7 ai’T/ =0 Vt. (11)
In comparison, first-differencing the model specified in Equations (3) and (10) yields
Ay = Az S + Ang. (12)
But since
Acgiy if ¢ 75 T+1
A it — / 13
it { AEit+&?+17T —O[Z'LT ft=T+1 (13)



it follows that for FD to be unbiased only requires

1,7 T+1,17 1,1
E [Eit‘mi,t—l-l, Tit, Tjt—1,0, O, e =0 Vta and

(14)

(2

! !
E [a-T“’T — a2y, migo1, a7 } —0 =T +1.

We can relax the second requirement in Equation (14) by including an intercept in the first-differenced
specification in Equation (12). This alters the requirement to

E [a.T“’T/ — OZZLT|1‘it7 Lit—1, ail’T/} =c ift=T+1 (15)

(2

for some unknown c.12

Comparing Equations (11) with (14) and (15) reveals a second difference in the requirements for FE and
FD to be unbiased: Whereas FE requires x; to be conditionally stochastically independent of all values of
aj¢, FD requires only x; 7 and x; 741 to be conditionally stochastically independent of values of ;7 and
a; 7+1. This weaker requirement on the FD estimator makes it an attractive estimator relative to the FE
estimator when the goal is one of causal inference.

The distinction between the requirements for FE versus FD are more than a mere technicality. For
a second example, we return to the setup in Equations (4) and (5) which is borrowed from Kaddoura
and Westerlund (forthcoming). In this case, a;; changes more frequently than just in period 7. Yet, FD
purges all unit-specific attributes that are constant over the regime spanning any two consecutive periods.

Specifically, first-differencing the model in Equations (4) and (5) yields Equation (12) except the error term

Ag; if t #£ T
Amyg =4 it # Ty (16)
Ae + QG j4+1 — QG ift = Tj(z‘)

is now

for j =1,..., M;, where T};) are the regime “seams” during the sample period for unit 4 (i.e., they denote
the initial period of each regime). Here, unbiasedness of FD requires T, Ty ) —1 and Ti T, O be con-
ditionally stochastically independent only from unobserved attributes that are time-varying across seam
i, 7 =1,...,M;, but FE requires z;; to be conditionally stochastically independent from all unobserved
attributes that vary at any point in the sample period.

As a third example, we consider a the situation where «;; follows a random walk. The DGP is
yit:$itﬁ+ait+€it, 22177N7 t:277T (17)
where «;; is given by
Qi = Qi t—1 + Pit (18)

and @ is a mean zero error term. This case is interesting for two reasons. First, «a;; is never constant
from one period to the next if Var(p) > 0. Second, the model becomes the standard linear panel model as

Var(y) — 0.

2Tncluding an intercept in the first-differenced equation is likely to be preferred since in the standard linear panel model it
is not assumed that E[a;] = 0. As such, we do not wish to assume that E[Aas¢] = 0.
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First-differencing Equation (17) yields
Ayit = Az + it + Acqy. (19)

POLS estimation of Equation (19) yields unbiased estimates if E [¢; + Aeji|Axi] = 0 (or ¢ if an intercept is
included, in which case a;; is allowed to follow a common deterministic trend). The FE estimator, however,

requires E [nzt|xlt} = 0, where

N = it + it (20)
= Qi1+ Qi+ Eit -

Thus, FE requires x;; to be conditionally stochastically independent of all values of «;; and €;, which
implies the full history of ¢;;. In contrast, FD requires independence from only the contemporaneous and
lead values of ;; and the lagged, contemporaneous, and lead values of &;.

Finally, consider another case where «;; is never constant across time periods, but now follows a unit-
specific time trend as in Mundlak (1978). The DGP is given by Equation (17) where «;; is

it = o) + ajt. (21)

In this case, the model becomes the standard linear panel model when ) = 0 for all i.13
First-differencing yields
Ayit = Az + of + Aeiy. (22)

POLS estimation of Equation (22) yields unbiased estimates if E [o] + Aejt|Azis] = 0 (or ¢ if an intercept

is included). The FE estimator, however, requires E {mtmzt} = 0, where

My = ot + € (23)

Thus, FE requires x;; to be conditionally stochastically independent of az-l and all values of ;. In contrast,
FD requires independence from the ail and the lagged, contemporaneous, and lead values of ;.

Of course, it is well-known that estimating the model with unit-specific fixed effects and time trends by
POLS after twice first-differencing is unbiased under what, technically, is still a weaker strict exogeneity
assumption than estimating Equation (22) by FE as both a? and azl are removed from the estimating
equation. This suggests that even in the prior cases, the TFD estimator may outperform both FE and FD
in some practical situations if «;; follows and approximately linear time trend. For this reason, we also
consider the TFD estimator.

In sum, given a panel of length T', FE requires strict exogeneity of x;; with respect to oy (and e;)
conditional on ai ’T, whereas FD requires strict exogeneity of z;; with respect to only the change in oy (and
the lagged, contemporaneous, and lead values of €;;). By removing the part of «;; that is persistent from
one period to the next, the strict exogeneity assumption required by FD and TFD is at worst equivalent to

that required by FE and at best (and more likely) much weaker. Moreover, the difference in the strengths

13The model also reduces to the standard linear panel data model if the model includes time fixed effects and o} = a for all
i and some constant a.
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of the respective strict exogeneity assumptions is likely to increase with T". This is consistent with the quote
from Mundlak (1978) mentioned in Section 1, which points to a fundamental difference between linear panel
data models over short versus long time intervals.

In light of the foregoing, one might wonder why the FE estimator is the default in empirical studies.
We believe the answer lies in the fact that the FE estimator is more efficient than the FD estimator when
g4 is conditionally homoskedastic and not serially correlated (Aquaro and Cizek, 2013). In fact, it is the
asymptotically efficient estimator among the class of estimators relying on strict exogeneity under these
conditions (Wooldridge, 2010, Section 10.6). The focus on efficiency, however, both comes at the neglect
of the potential for bias and inconsistency and is at odds with the goal of causal inference that is often the
object of applied work following the Credibility Revolution (Angrist and Pischke, 2010).

3.3 Rolling Estimators

Building on the logic in Sections 3.1 and 3.2, we introduce a new estimation algorithm which we refer to
as the rolling first-differences (RFD) estimator, can be obtained by separately estimating Equation (7) for
s=1,...,T—1 with s’ = s+ 1. This yields T'— 1 estimates of (3, B\FD(S, s+ 1) (which are identical to T'— 1
FE estimates). If an intercept is included in the FD equations, then T — 1 estimates of ¢ are also obtained.

A final estimate can be obtained via model averaging

T-1

Brrp = Z vsBrp(s,s + 1), (24)
s=1

where v is the weight given to B rp(s,s+ 1), as shown in the last line of Algorithm 1, and the weights sum
to one (and similarly for c).

The preferred approach to combining the T'— 1 estimates is by MDE using the optimal weight matrix
(Wooldridge, 2010, Section 14.5). In this case, v4 is a function of the variances and covariances of the
individual estimates. In Algorithm 1 we simplify this computation by ignoring the covariances (see, e.g.
Mullahy, 2016).'* Note, it is trivial to alter Algorithm 1 to obtain a rolling twice first-differenced (RTFD)
estimator (with or without an intercept), where T'— 2 TFD estimates, B\TFD(S, s+ 2), are averaged.

There are two question at this point. First, is there an advantage to RFD over FD (or RTFD over
TFD), since the RFD and FD estimators eliminate the same unobserved attributes? As mentioned in
Section 3.2, FE is asymptotically efficient among the class of estimators relying on strict exogeneity when
€t is conditionally homoskedastic and not serially correlated. RFD is based on separate FD estimates over
two time periods rather than a single FD estimate, where FD and FE are equivalent when T = 2. This
suggests a possible efficiency gain when using RFD instead of FD. Offsetting this is the inefficiency that
likely results from the use of rolling regressions if the unit fixed effects are constant for all units over the
full sample periods (Cai and Juhl, forthcoming). We explore this possibility in Section 4.

Another advantage of RFD relative to FD, however, arises with parameter heterogeneity. As discussed
in Section 2, there is reason to suspect in many empirical applications that not only might a; not be time-
invariant as T grows, but 8 as well. If one suspects this to be the case, the separate estimates, B\ rp(s,s+1),

can be examined and equality of the parameters can be tested by estimating the following stacked regression

14 Alternatively, one might use a clustered bootstrap to obtain the empirical variances and covariances of the estimates.
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via POLS

Brp(1,2)) BRFD(1,2) 00 -0 0
2.3 01 - 0
/BFD.( ) _ /BRFI.)(LQ) o o s0'2 L (25)
Bep(T —1,T) BrED(12) 00 -+ 1]\ ¢ra

weighted by the inverse of the standard errors and testing H, : ¢ = 0 using a two-sided alternative. If one
suspects cross-sectional (with or without temporal) heterogeneity in 3, where B¢ is the vector of parameters
for group ¢ at time ¢, this can also be incorporated into the RFD estimator by applying the various group
estimators at each FD step. This accomplishes the same result as in Boldea, Drepper and Gan (2020)
without have to test for the temporal structural breaks.'®

A final advantage of RFD relative to FD is that RFD precludes the need to contemplate the use
of clustered standard errors. As discussed in Abadie et al. (2022), decisions over clustering when using
longitudinal data are not clear. Since RFD reduces the estimation to 7" — 1 cross-sectional regressions,

however, this obviates the need to cluster.

Algorithm 1 Rolling First Differences (RFD) Estimator
1: whiles=1,...,T —1do
2: Apply the FD estimator (with or without an intercept in the differenced equation) using data from

two periods, {yita xit}i:l,...,N;t:s,s+1'

3: Collect the coeflicient estimates and robust ariance-covariance matrix: B rp(s,s+ 1),

i@FD (s,s + 1), where (s,s + 1) refers to the sample periods used in the estimation.
4: end while
5: Test equality of Spp(s,s+ 1) Vs (if desired)

6: Estimate $ using the minimum distance estimator (if desired)

Brrp = al“gmﬁin (5 - 5>/ w! (ﬁ - 5) ;

where . _
~ Sgp(1,2) 0 - 0
Brp(1,2) FDO .
B= : ;W=
—~ : . . 0
Brp(T —1,T) .
0 e 0 S (T—-1,T) |

Or, alternatively, estimate via OLS

Brp(s,s+1) = Brrp + Cs

weighted by the inverse of \/Var (BFD(S, s+ 1))

5 A more formal comparison with Boldea, Drepper and Gan (2020) we leave for future research.
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Second, is there an efficiency gain by rolling over periods spanning more than two periods? Algorithm
2 outlines a rolling fixed effects (RFE) estimator that generalizes RFD to the case where one rolls through
FE estimates applied to j consecutive periods, 7 > 2. The additional restrictions that are required for RFE
with 7 > 2 can be tested using a stacked regression as above. Specifically, a test for the for the failure of
these additional restrictions is given by a test of equality of Srpg(;) and Brrg(;) for any 2 < j < j', where
BrrE(;) refers to the estimator obtained using Algorithm 2 for a particular choice of j, can be accomplished

by estimating the following stacked regression via POLS

Bre(s,s+(j—1)) _ ([ Prreg) 0
( Bre(s,s+ (7' — 1)) ) ( BrrE() ) ! ( 1 )SOJFCS .

weighted by the inverse of the standard errors and testing H, : ¢ = 0 using a two-sided alternative. Failure
to reject the null suggests an efficiency gain from setting j to j’ in Algorithm 2 (subject to the usual caveats
concerning pre-testing). Moreover, we can stack more than two values of j (as in Spierdijk (2023)) and

perform several different tests of equality using

Brr(s,s+ (1 — 1)) BRFEG) 0 0

s,8+ (jo —1 . 01 --- 0 )
BrE( . (2 —1)) _ BRF.E(gl) e o 90.]2 ve (27)
Bre(s, s+ (js— 1)) BRFEG) 00 -1 iy

as above. One could also include the standard FE estimator based on the full sample period in the stacked

regression as well. In the interest of brevity, we do not consider the RFE estimator in Section 4.
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Algorithm 2 Rolling Fixed Effects (RFE) Estimator
1: Choose the number of periods to be pooled, j, where j € [3,T]
2: while s=1,....T—(j—1) do
3: Apply the FE estimator using data from j periods, {y, xit}izl,...,N;t:s,er(jfl)'
4

Collect the coefficient estimates and robust variance-covariance matrix: Srg(s,s+ (j — 1)),
iBFE (s,s+(j—1)), where (s,s+ (7 — 1)) refers to the sample periods used in the estimation.
5: end while

6: Estimate 3 using the minimum distance estimator (MDE)

BrrE() = arg mﬁin (/@ - 5)/W_1 (B - 5) ;

where
5 [ Sop(Lg) 0 0 1
Bre(l,7) FEO
B= : ;W= ,
_ , : 0
Bre(T —(j —1),T) _
i 0 e 00 X, (T—-(0G-1),T) |

Or, alternatively, estimate via OLS

Bre(s,s+ (j — 1)) = BrrE() t Cs

weighted by the inverse of \/Var (BFE(S, s+ (j— 1)))

3.4 Alternative Estimators

Prior to turning to empirics, discussion of a few alternative estimators is warranted. First, as mentioned
above, when «;; changes only occasionally, an example of which is given in Equation (10), the model is
one with a structural break in the unit fixed effects. Thus, one might consider applying tests of (partial)
structural breaks with unknown break dates. This is potentially more efficient than FD, RFD, and RTFD
since it entails using FE over each regime around the break dates, and potentially more efficient than RFE
if the “true” break dates can be estimated. We do not consider this approach here beyond what we already
propose with RFE, however, since it requires the regimes over which relevant unobserved heterogeneity
to be identical for all units for computational reasons and even then feasibility is a concern. In contrast,
FD, RFD, and RTFD remove all unobserved heterogeneity that is constant across any pair of consecutive
periods. As such, relevant unobserved heterogeneity need not be constant over the same regime for all
units.

Allowing for structural breaks in the unit fixed effects at different times across units has parallels to the
block-concentrated outliers considered in Bramati and Croux (2007), where the authors consider outliers
to be more common in some units than others. In our case, relevant unobserved heterogeneity may be

time-invariant over the full sample period for some units, but highly volatile for a few units. FD and RFD
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are likely more robust in this situation than estimators that impose common break dates.

A second alternative is the interactive fixed effects (IFE) estimator proposed in Bai (2009), given by
yit:l'itﬂ—l-)\;ai—}—&t, izl,...,N; tzl,...,T (28)

where \; is a vector of common factors. This specification allows for unit-specific responses to common
temporal shocks as well as time-varying effects of time-invariant unit-specific unobserved heterogeneity. The
additional flexibility of the IFE estimator may offer advantages over the traditional FE or FD estimators
in certain situations such as the inclusion of unit-specific time trends in Mundlak (1978). In a more general
setting with unknown, unit-specific structural breaks in the fixed effects, however, IFE imposes a common
factor structure for all units and is therefore generally less robust than FD, RFD, and RTFD. That said,
the estimator can accommodate more than one factor )s, and thus we consider one- and two-factor IFE
estimators in Section 4.

Finally, other alternatives include panel estimators that are robust to outliers, such as the MM-estimator
(Yohai, 1987) and the S-estimator (Rousseeuw and Yohai, 1984). We consider both these estimators and
the least trimmed squares (LTS) estimator discussed in Aquaro and Cizek (2013) as a structural break in
the unit fixed effects may mimic outliers as typically defined based on the covariates. As all three perform

poorly in the simulations we consider, results from these estimators are omitted for brevity.

3.5 Asymptotic Comparisons

Before turning to simulations and replications, Pesaran and Zhou (2018) offer an interesting framework
that is useful for thinking about the issue in this paper from a different perspective. The authors compare
the asymptotic efficiency of POLS and FE (as N — oo for fixed T') depending on the fraction of sample
units with a unit fixed effect. Specifically, their model is given by

yir =Tl +a;+ey, i=1,...,.N; t=1,..,T (29)
where
a = a+¢, 1=1,...N (30)
o - G ifi=1,.., [N?]
' 0 ifi=[N]+1,..,N
d € [0,1], and {Ez,z =1,..., [N 5]} is a sequence of random variables with mean zero and finite variance.

Equation (30) permits unit-specific fixed effects for only [N 5} units in the sample; the remainder have a
common intercept.

Under a certain assumptions, the authors show that BPOLS is consistent for § if § < 1 and is asymp-
totically normal if § < 0.5. Moreover, POLS is asymptotically more efficient than FE if § < 0.5. In
this case, the fraction of the sample with unit fixed effects goes to zero as N — oo for fixed T' such that
PlimN_moBPOLS — [ and AsyVar (B\p()Ls) < AsyVar <§FE)

While our discussion to this point has focused solely on the finite sample requirements of FE, FD, TFD,

and our rolling estimators, we are also interested in the asymptotic efficiency of these estimators (as N — oo
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for fixed T') as the fraction of units in the sample with time-varying unit fixed effects changes. The model

is given by
yit:xit/8+ait+€it7 1= 17)N7 t:177T (31)
where
Qi = O + gih 1= 17 vy (32)
G = G ifi=1,..,[N’]
Tl 0 ifi= [N+ 1., N

and everything else is defined analogously to the above. Equation (32) permits time-varying unit-specific
fixed effects for only [N 5] units in the sample; the remainder have a time-invariant unit fixed effect. As in
Pesaran and Zhou (2018), it is likely that B rE and B\ rp are both consistent, but B rE is more efficient, for
sufficiently small § as N — oo for fixed T. We explore this in Section 4.

4 Examples

We begin by briefly discussing the results of Monte Carlo simulations that illustrate the foregoing. We then

discuss the results of two replications.

4.1 Monte Carlo Study

Details and full results from our Monte Carlo study are relegated to Appendix A. We compare several
estimators: (i) FE, (ii) FD, (iii) TFD, (iv) RFD, (iv) RTFD, and (v) IFE (with one and two factors).!6
All FD and TFD estimators are used with and without an intercept. To start, we use four experimental
designs. The first two designs are based on Equation (10). In both designs we allow for two structural
breaks in «;;. In the first design, the break dates are common to all units. In the second design, the
break dates are unit-specific. The next two designs are based on Equations (18) and (21), where the former
allows the relevant unobserved heterogeneity to follow a random walk and the latter allows for the relevant
unobserved heterogeneity to follow unit-specific time trends. In simulations allowing for unit-specific time
trends, we also consider an additional estimator, twice FD, since this estimator is unbiased in this case.

In these four designs, we set N = 500 and consider three panel lengths, " = 5,10,20. We also vary
the standard deviation of the temporal heterogeneity, o, in «;; from zero (such that a; = «;) to 0.5.
We evaluate the estimators in terms of the bias and root mean squared error (RMSE) of the estimated
coefficient on a single, unit- and time-varying covariate, where the true parameter value is § = 1, from 200
replications for each experimental design and configuration.

We obtain a several interesting results from these designs. First, when a;; = «; for all time periods,
the performance of all estimators is essentially the same. The lone exception is in the case of unit-specific
time trends (DGP3), where the IFE estimators have similar bias but a much larger RMSE. Second, the
performance of the FE estimator (and IFE1 and IFE2) worsens as temporal heterogeneity in the unit fixed

effects increases. When T = 5, the deterioration starts when the standard deviation of «;; is 0.2 or higher.

16We also consider robust estimators from the literature on outliers in fixed effect models such as the MM-estimator and
S-estimator. The results were not encouraging and thus we omit them here.
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When T = 10 or 20, the deterioration starts when the standard deviation of «a;; is 0.1 or higher. Thus, for
panel lengths that are now the norm in empirical research, the assumption of time-invariant unobserved
heterogeneity is crucial.

Third, as temporal heterogeneity in the unit fixed effects increases, a clear ranking in terms of perfor-
mance emerges. In all experimental designs, FE and IFE1 perform the worst. The performances of FD,
TFD, RFD, and RTFD are comparable until the standard deviation of a;; exceeds 0.2. When the standard
deviation exceeds this level, TFD and RTFD perform marginally better than FD and RFD. Thus, when
the time-varying fixed effects vary significantly over time, TFD performs better due to its removal of all
unit-specific heterogeneity that is constant across two consecutive periods, as well as all unit-specific hetero-
geneity that is constant across two consecutive first-differences. The performance of IFE2 varies across the
experimental designs. When a;; arises due to structural breaks (DGP1 and DGP2) or it follows a random
walk (DGP4), IFE2 does better than FE and IFE1, but noticeably worse than the remaining estimators.
When «y; follows a unit-specific time trend, IFE2 achieves comparable performance to TFD and RTFD
until the standard deviation of a;; reaches 0.5. Even at this level of temporal heterogeneity, IFE2 still
outperforms FD and RFD.

Next, we re-do the previous four experimental designs except now mirroring the setup in Pesaran
and Zhou (2018). In all cases, we set T = 10 and o = 0.5, but we vary the proportion of the units
with variable ag. Specifically, 0N units have «;; # «;, where § = 0.45,0.475,0.50,0.525,0.55,0.60 and
N =100, 500, 5000. Two main results emerge. First, in the two designs allowing for structural breaks in o
for those units with time-varying fixed effects, FE performs best in terms of RMSE for sufficiently for all NV
when § < 0.5. When N = 100 FE has the smallest RMSE when 6 = 0.55. However, FE performs poorly in
terms of bias. Thus, when only a few units have time-varying fixed effects, FE is much more efficient than
the alternatives considered.

Second, in the other two designs—unit-specific time trends and time-varying fixed effects following a
random walk—both FE and IFE1 perform very poorly in terms of bias and RMSE for all N. In the case
of unit-specific time trends, the performance of all other estimators have essentially identical RMSE. In
the random walk case, IFE2, FD, and RFD perform the best, especially with smaller §. TFD and RTFD
perform marginally worse, but still much better than FE and IFE1.

Overall, the simulation results suggest that reliance on the FE estimator offers small efficiency gains
when the model is correctly specified: all relevant unit-specific unobserved heterogeneity is time invariant.
In some cases, FE continues to perform well in terms of RMSE when the number of units with time-varying
unit fixed effects is small. However, in other cases, FE performs quite poorly even when the majority of
units have time invariant fixed effects. Alternative estimators such as FD, RFD, TFD, and RTFD perform
nearly as well in the cases where FE performs best, yet are much more robust to the presence of time-varying
unit-specific heterogeneity for all units or even just some. As such, researchers should avoid relying on FE

because they believe that unobserved heterogeneity is time invariant for “most” units.

4.2 Replications

To illustrate the foregoing using real-world applications, we conduct two replication exercises. We first
follow Imai and Kim (2019) by replicating Rose (2004), who look at the relationship between country-
level participation in the General Agreement on Tariffs and Trade (GATT, which became the World Trade

18



Organization in 1995) and the extent of participation in international trade, as well as the subsequent
comment on Rose (2004) by Tomz, Goldstein and Rivers (2007). We then replicate the results in James
(2015), who looks at the relationship between state-level resource-based government revenue on the one
hand and taxation, spending, and savings at the state level on the other hand. In both replications, we
show that the choice of estimator—FE versus FD or RFD—can have important consequences not just for
the magnitude of the coefficients of interest, but also for their sign and significance. We further present the
results of iterated FE estimators with one (IFE1) or two factors (IFE2).

4.2.1 Imai and Kim (2019)

Table I replicates results in Imai and Kim (2019), who in turn replicate the analysis in Rose (2004) and
Tomz, Goldstein and Rivers (2007) that look at the relationship between country-level GATT participation
and bilateral trade. The results in Table I use a sample of 175 countries over the period 1948-1994. The
estimates here rely on dyad-specific fixed effects (i.e., fixed effects at the level of trading country pairs) in
a standard “gravity” model specification; Rose (2004) and Tomz, Goldstein and Rivers (2007) also consider
separate country-specific fixed effects. In Tomz, Goldstein and Rivers (2007) and many other studies
estimating gravity models justify the inclusion of country fixed effects following the theoretical model in
Anderson and van Wincoop (2003), which “implies the presence of a ‘multilateral resistance’ term that
can be approximated using country and time fixed effects.” The model in Anderson and van Wincoop
(2003), however, indicates that the multilateral resistance terms, which are functions of underlying prices,
are country- and time-specific. Thus, country- or dyad-specific fixed effects cannot control for multilateral
resistance.

Each column in Table I denotes a different estimator and each panel denotes a different specification. In
Panels A and B the variable of interest (or treatment variable) is formal GATT membership, where Panel
B includes year FEs. In Panels C and D, the variable of interest is informal GATT membership, where
Panel D includes year FEs. In each panel, we show the estimated coefficient on GATT membership as well
as the result of a Laporte and Windmeijer (2005) test of equality of coefficients between the FE and FD
specifications.

The results are striking. First, the FE and FD estimates are statistically different at the p < 0.01 level
in all four panels. In Panels A and B, however, the difference in the point estimates is small in magnitude.
This is not the case in Panels C and D. Now, the FD point estimates are roughly 2.5 to 4.5 times smaller.
Thus, the choice between FE and FD fundamentally alters the conclusions. Second, the twice-differenced
estimator, the various RFD estimators, and the IFE2 estimator are in line with the FD estimates. The
IFE1 estimates are most similar to FE.

Finally, whereas the FE estimates are economically different in Panels A and B versus Panels C and D,
the FD estimates are qualitatively the same across all four panels. This is a critical finding as it resolves
a puzzle from these earlier papers. Tomz, Goldstein and Rivers (2007, p. 2011) write: “It is difficult to
explain why the effect should be larger for nonmember participants than formal members, given that both
had essentially the same rights and obligations.” Chang and Lee (2011) similarly report larger effects for
nonmbember participants using matching estimators. FD does not find any such difference in the effects.
This is consistent with Eicher and Henn (2011), who also find no difference when accounting for more

commonly omitted attributes.
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4.2.2 James (2015)

Tables IT and III replicate results in James (2015), who looks at the relationship between state-level resource-
based government revenue on the one hand and taxation, spending, and savings at the state-level on the
other hand using annual data from 1958-2008. The goal is to test a theoretical model that predicts that a
benevolent government will reduce taxes and increase both spending and savings in response to an exogenous
increase in resource-based government revenue. Despite the sample covering 51 years, James (2015, p.
243) claims that “time-invariant, state-specific characteristics such as average population density, political
preferences, wealth, unemployment, culture, and institutional quality are captured by state fixed effects.”
Clearly, this is not the case. For example, Caughey and Warshaw (2016) shows that political preferences
as measured by state policy liberalism varies tremendously over the past century, at least for select states.
Frank (2009) documents the intrastate temporal variation in income inequality. The unemployment rate in
California varied from a low of 4.8% to a high of 11.1% between 1976 and 2008.17

The results in Table IT use the full sample of all 50 states. The results in Table IIT omit Alaska but
are otherwise identical. Each column in Tables II and III denotes a different estimator, and each panel
denotes a different dependent variable. In each panel, we show the estimated coefficient on resource-based
government revenue as well as the result of a Laporte and Windmeijer (2005) test of equality of coefficients
between the FE and FD specifications.

Our analysis leads to a few salient findings. First, the FE and FD estimates in Table II are statistically
different at the p < 0.05 level in three out of five cases. The estimates are even of opposite sign for education
expenditures (Panel D). Moreover, while statistically different at only the p < 0.11 level, the FE and FD
estimates are also of opposite sign for nonresource revenue (Panel A), only the FD estimate is statistically
significant (at the p < 0.01 level), and the FD estimate is more than three times as large in absolute value.
Second, the divergence between the FE and FD estimates is even more pronounced in Table IIT when Alaska
is omitted. While the FE estimates are statistically significant at the p < 0.05 level for all outcomes, the
FE and FD estimates continue to be statistically different at the p < 0.05 level in three out of five cases.
Moreover, the FD estimates are statistically indistinguishable from zero in three out of five cases. Thus,
the choice between FE and FD fundamentally alters the conclusions.

Third, the twice-differenced estimator and the various RFD estimators are much more similar to the
FD estimates than the FE estimates. In Table II, in particular, FE is a clear outlier among this group of
estimators. Fourth, the IFE estimates are a mixed bag, but they tend to look closer to the FE estimates
than the FD or RFD estimates, at least in the case of the IFE1 estimate. The IFE2 estimates often differ
in magnitude from the IFE1 estimate.

Finally, a striking pattern emerges when examining the instrumental variable (IV) estimates in James
(2015). Omitting the details, the author worries about the endogeneity of resource revenues even with
the inclusion of state FEs and thus combines IV with FE (IV-FE) in the specifications omitting Alaska.
Interestingly, in four of five cases the FD estimates are much closer to the IV-FE estimates than the FE
estimates. This is consistent with FD removing more relevant unobserved heterogeneity than FE (but not
accounting for as much unobserved heterogeneity as IV-FE). While certainly not a general result, in this case
FD, twice-differencing, and the RFD estimators isolate much of the same (or similar) exogenous variation

in resource-based government revenue as does the instrument. For example, for total expenditures (Panel

17See https://fred.stlouisfed.org/series/CAUR.
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C), the point estimates change from 0.43 (FE) to 0.19 (FD) to -0.03 (IV-FE). For education expenditures
(Panel D), the point estimates change from 0.15 (FE) to 0.02 (FD) to -0.03 (IV-FE). Finally, for public
savings (Panel E), the point estimates change from 0.32 (FE) to 0.55 (FD) to 0.76 (IV-FE).

5 Conclusion

More data is clearly “better” when everything else is held constant. But rarely is everything else held
constant. In this paper, we document the consequences for causal identification of increasing the number of
time periods T when using the FE estimator in the presence of time-varying unit fixed effects. Specifically,
we highlight the oft-overlooked fact that as T — oo, the FE estimator is of decreasing usefulness for causal
inference because the amount of time-invariant heterogeneity is decreasing in 7T'.

To remedy this, we have explored several solutions. The first is the well-known FD estimator, which is
identical to the FE estimator when T" = 2 but differs from it then T" > 2. The second is the TFD estimator.
Finally, we propose novel estimation algorithms—dubbed RFD and RTFD—based on the concept of rolling
regressions. RFD conducts a series of two-period regressions and aggregates the results. RTFD aggregates
the results from a series of three-period regressions.

We then illustrate the performance in practice of various estimators through simulations and by repli-
cating the empirical findings in Rose (2004) and Tomz, Goldstein and Rivers (2007) and in James (2015).
The FE estimator is at best marginally more efficient when the temporal heterogeneity in the unit fixed
effects is very low or nonexistent. This is a well-known result (when the unit fixed effects are time-invariant)
and explains the popularity of FE in empirical research, but the dramatic deterioration in the performance
of FE as temporal heterogeneity in the unit fixed effects increases is perhaps surprising a priori. Moreover,
FD, TFD, and our rolling estimators are generally very similar both in simulations and the replications.
It is FE (and IFE1) that are notable outliers. Finally, when the temporal heterogeneity in the unit fixed
effects is relatively high, TFD and RTFD perform even better than FD and RFD as even more unobserved
heterogeneity is removed.

One the basis of our results, we make the following recommendations for applied researchers interested

in causal inference with panel data where i € {1,..., N} and ¢t € {1,...,T}, with N >> T"

1. When T > 2, report FD, TFD, RFD, and RTFD estimates for sensitivity in addition to standard
FE results. If the estimates are similar across all estimators, then the FE results are likely robust
and more efficient. If they are not similar, investigate the source(s) of the discrepancy. Absent a
compelling justification, the FD, TFD, RFD, and RTFD estimates ought to be given greater weight

given their superior performance in terms of RMSE.

2. While the FD, TFD, RFD, and RTFD estimators are clearly superior to the FE estimator from a
causal inference perspective, in practice FD and RFD and then TFD and RTFD results tend to be
very similar, differing mainly in their standard errors. We thus advocate presenting all estimation

results together.

3. When T = 2, there is no need to report FD and RFE estimates in addition to FE estimates, as all
three estimators are identical. TFD and RTFD require T > 2.
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4. At the data collection stage, seek to assemble higher-frequency data (i.e., more sub-periods within each
period t) rather than (or in addition to) longer (i.e., larger T') panels. This is consistent with McKenzie
(2012), who advocates that researchers conducting field experiments take multiple measurements of
noisy outcomes characterized by a low degree of autocorrelation (e.g., agricultural yields, business

profits, household expenditures).'®

Our analysis brings to light a few questions for future research. First, as we discuss, a RFE estimator
may be worth considering in certain situations. Second, the rolling estimators can be combined with existing
approaches to allow for group heterogeneity in the slope coefficients (and/or time fixed effects) within each
rolling regression. This not only allows for group heterogeneity at every time period, but it also allows the
group structure to change over time. Third, our analysis may have implications for testing for structural
breaks in panel data. In the usual setup where one wishes to perform a Chow test, it makes no difference
whether one splits the sample at the suspected break date or includes a full set of interactions and estimates
a pooled model. But with unit fixed effects in the model, splitting the sample allows the unit fixed effects
to capture unobserved heterogeneity that is time-invariant before the break date as well as after the break
date. Pooling the sample only removes unobserved heterogeneity that is time-invariant within units over
the entire sample period. Fourth, as mentioned in Chan and Méatyas (2022), it may be advantageous to use
machine learning techniques to choose elements of a;; to include in the model under a sparsity assumption.
Finally, given the popularity of two-way fixed effects estimators (TWFE) for causal inference in difference-
in-difference designs, as well as the now well-known issues created by staggered adoption, investigating
the performance of rolling estimators in that context seems warranted (see, e.g., de Chaisemartin and
d’Haultfoeuille, 2020, forthcoming; Wooldridge, 2021).
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A Monte Carlo Study

We simulate data from several experimental designs. The first data-generating process (DGP1) allows for

three regimes and imposes common break dates:
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where T} = int(7'/3) and T» = int(27"/3). This is analogous to Kaddoura and Westerlund (forthcoming)
except it is the unit fixed effects that vary across regimes rather than the slopes. We set N = 1000

and f = 1 in all experiments. We vary T and o. Specifically, we consider T' € {5,10,15} and o €
{0,0.05,0.10,0.20,0.30,0.40,0.50}. Notice when o = 0, the unit fixed effect is again «; for all ¢.
DGP2 allows for three regimes with unit-specific break dates:
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where T7; = int(By;) and Ty; = int(By;) and

By = U(0.33 -T—-1,033-T+ 2)
By, = U(Bh'-i-l,T)

This is identical to DGP1 except now the regimes over which the unit fixed effects are constant are unit-



specific. Values of 3, o, and T are unchanged from DGP1.
DGP3 is from Mundlak (1978) and includes a unit-specific time trend:

Yie = PBratopt+iten, i=1,..,N;t=1..,T (A.3)
i ~ N(ag,1)
ap; ~ N(0,3)
ay; ~ N(0,0)
it = Qo + ot
A o~ N(t 1)
e ~ N(0,1)

Values of 8, o, and T are unchanged from DGP1.
DGP4 allows for the unit FE to follow a random walk:

Yie = Prautopt+Mten, i=1,..,N;t=1..,T (A.4)
i ~ N(ag,1)
a;; ~ N(0,1)
(it—1,0), t>1
A~ N(t 1)
(0,1)

2
2
=

EitNN

Values of 8, o, and T are unchanged from DGP1.
DGP5, DGP6, DGP7, and DGPS8 are identical to DGP1-4 except follow Pesaran and Zhou (2018),

allowing for time-varying FE for only some units. Specifically, the time-varying FE in each design is

. : ~ N(0, =1,...,[N?
it i=[N°]+1,..,N

where 7 equals one except in DGP7 where 7 equals three. We set T' = 10, § = {0.45, 0.475, 0.50, 0.525,
0.55, 0.60}, and N = {100, 500, 5000 }. This implies that between 7 and 15 units have time-varying fixed
effects when NV = 100, 16 and 41 units when N = 500, and 46 and 165 when N = 5000.

For each experiment, we conduct 200 simulations and report the mean bias and the root mean squared
error (RMSE). We display the results graphically, both relative to the FD estimator (except for DGP3

which is relative to twice FD) and in absolute terms.
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Notes: DGP3 in left column. DGP4 in right column.



=+
. A
o
©
. A
N Pl
[e}
g
A o A
o o B>
B>
% B 3 575 o =
o 4
T T T T T T T
0 .05 1 2 . 5
Standard Deviation of Fixed Effects
A e X FD (nocons) <> Roling FO (ne cons)
O ineractveFE1 [ FD cons) &> Roling FD feons)
imeractve FE2 [0 TFD(nocens) <> Reling TFD (no cons)
1 TFD{cons) Roling TFD (cons)
@
A
@4 A
o
o
A
1 o
%
o
P o g
olm = m o B oo o
T T T T T T T
0 .05 1 2 3 4 5
Standard Deviation of Fixed Effects
A X Drocons £ RolingFD{nocons)
O mercwersr [0 FDicons) &> Reing PO feors)
Interactive FE2  [] TFD{nocons) > Roling TFD {no cons]
[ TFD (zens) Rofling TFD (cons)
A
A
©
° ry
o
o
w 1 A o
7]
= [e]
x|
Ay
o
© @0 g
ol @ me = 8 oo oo
0 .05 1 5

.2 3
Standard Deviation of Fixed Effects

X FD (no cons)

<> Rofing FD (e cens)

O D (cons) &> Roling FD (cons)
[ TFDiocons) > Roling TFD fno cons)
[ TFDjeons) Rofing TFD fzons)

RMSE

o A
o
w |
: A
[¢)
%
4 & X
© R
< 40
B B @ B
o4
T T T T T T T
0 .05 1 2 .3 .5
Standard Deviation of Fixed Effects
A e X FDinocons) <> Romng FO (na cons)
O InteactveFE1 [ FDcons) &> Rofing FD fcons)
Ineractve FE2 [0 TFD(ocons) < Reding TFD (no sons)
[] TFD (cons) Roling TFD (cons)
(A)T=5
A
@
o
A
N o
A
o
- 0
" oo oo
B =
- - o
o4
T T T T T T T
0 .05 1 2 3 5
Standard Deviation of Fixed Effects
A e X FDfocons £ RoliagFD(nocons)

©r

O Interactve FE1
Interactive FE2

O Foieens)
O TFD (rocons)
O 77D (eons)

<> Refing FD (cons)
&> Roing T7D o cons)
Foing TFD fezns)

20

O Intersciive FET
Ineractive FEZ

O 0 (cons)
[ TFD (no cens)
[ TFD feons)

O Roling FD {oons)
&> Roling T¥D (oo cons)
Roling TFD fcons)

FIGURE A.8: Simulation Results: Root Mean Squared Error
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Notes: Delta is the fraction of units with time-varying fixed effects. Performance is relative to the
first-difference estimator. DGP5 in left column. DGPG6 in right column.
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