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ABSTRACT

A Theory of Non-Coasean Labor Markets®

We develop a theory of labor markets in a monetary economy with four realistic
features: search frictions, worker productivity shocks, wage rigidity, and two-sided lack of
commitment. Due to the non-Coasean nature of labor contracts, inefficient job separations
occur in the form of endogenous quits and layoffs that are unilaterally initiated whenever a
worker’s wage-to-productivity ratio moves outside an inaction region. We derive sufficient
statistics for the aggregate labor market response to a monetary shock based on the
distribution of workers’ wage-to-productivity ratios. These statistics crucially depend on
the incidence of inefficient job separations, which we show how to identify using readily
available microdata on wage changes and worker flows between jobs.
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1 Introduction

The classical idea that inflation “greases the wheels of the labor market” (Keynes, 1936; Tobin, 1972;
Card and Hyslop, 1997) forms the bedrock of many Keynesian theories: After the onset of a recession,
nominal wage rigidities cause real wages to be inefficiently high, which creates a role for inflation in
reducing real wages and restoring the efficient level of employment. However, models in the Keynesian
tradition are usually silent on the micromechanics of the labor market, including which jobs are saved,
destroyed, or created through inflation. Conversely, models in the search-theoretic tradition (Diamond,
1982; Pissarides, 1985; Mortensen and Pissarides, 1994) yield rich predictions for the distribution of wages
and employment in the labor market, but usually do not distinguish between nominal versus real wages
due to the simplifying assumption that contracts can be continuously and costlessly renegotiated.

Our objective is to bridge the Keynesian and search-theoretic traditions by explicitly modeling the
equilibrium distribution of wages and employment in a frictional labor market subject to wage rigidity. To
this end, we study a monetary economy with four realistic features. First, job search is frictional. Second,
workers are subject to idiosyncratic productivity shocks. Third, wages are rigid within a match. Fourth,
neither workers nor firms can credibly promise to remain in a match. Together, these four features—i.e.,
search frictions, productivity shocks, wage rigidity, and two-sided lack of commitment—imply that labor
contracts are non-Coasean, in the sense that not all gains from trade are exploited. As a result, inefficient
job separations occur in the form of endogenous quits and layoffs that are unilaterally initiated whenever a
worker’s wage-to-productivity ratio moves outside an inaction region. In this setting, wages are allocative
in the sense that they matter over and above match surplus for job creation and destruction. We derive
sufficient statistics for the aggregate labor market response to a monetary shock based on the distribution
of workers” wage-to-productivity ratios. These statistics crucially depend on the prevalence of inefficient
job separations, which we show how to identify using readily available microdata on wage changes and
worker flows between jobs.

We first consider a nonmonetary economy set in continuous time. The labor market is populated by a
unit mass of heterogeneous workers with risk-neutral preferences and an endogenous mass of identical
firms. A worker’s income depends on their employment state and idiosyncratic productivity, which
follows a Brownian motion with drift. New matches are created as a result of unemployed workers and
firms with vacancies who direct their search across labor submarkets segmented by the wage rate and
worker productivity (Moen, 1997). Importantly, matches are subject to two contractual frictions. First,

wages are determined at the time of match formation and rigid thereafter.! Second, neither workers nor

1Wage rigidity may capture prohibitive renegotiation costs, fairness concerns, or labor market institutions (Bewley, 1999).



firms can commit to a match, which may be endogenously dissolved in the form of unilateral quits and
layoffs in addition to being exogenously dissolved at a fixed Poisson rate.

In this environment, a worker-firm match can be characterized as a nonzero-sum stochastic differential
game with stopping times (Bensoussan and Friedman, 1977). Forward-looking workers and firms play a
game due to the strategic choice of their own stopping times, or when to unilaterally separate from the
match. The game is stochastic and differential because worker productivity follows a Brownian motion.
The game is nonzero-sum since the match surplus is positive along the equilibrium path. To characterize
the equilibrium of this problem, we leverage powerful tools from the literature on variational inequalities
(Lions and Stampacchia, 1967).

While workers and firms engage in complex forward-looking behavior, we show that their decisions
depend only on a single state variable: the wage-to-productivity ratio. A match is dissolved when the
wage-to-productivity ratio moves outside an inaction region bounded by two thresholds. On one side,
workers resign when their wage-to-productivity ratio falls below a quit threshold. On the other side,
tirms dismiss workers whose wage-to-productivity ratio exceeds a layoff threshold. Endogenous job
separations due to quits and layoffs are unilateral in the sense that they occur voluntarily in the eyes of
one party but involuntarily in the eyes of the other party. Thus, a novel implication of our framework is
that it distinguishes between quits and layoffs through the lens of an equilibrium search model.

Our analysis yields three main results. First, we prove the existence and uniqueness of a block
recursive equilibrium (BRE). This result is noteworthy, in that it extends the seminal insights of Menzio
and Shi (2010a) to a game-theoretic setting with inefficient job separations under two-sided limited
commitment. Second, we provide a novel characterization of competitively determined entry wages
in our non-Coasean setting. Specifically, we link match surplus to the expected discounted duration of
a match, which itself is linked to the degree of rent sharing between a worker and a firm implied by
the entry wage. Third, we characterize the endogenous job-separation thresholds and demonstrate that
two-sided limited commitment has profound consequences for the impact of uncertainty on the labor
market. Unlike in classical models of inaction (e.g., Barro, 1972; Bernanke, 1983), workers” and firms’
ability to unilaterally separate renders the option value of remaining matched bounded, even as the
volatility of productivity shocks grows unboundedly.

Having characterized the equilibrium of the nonmonetary economy, we introduce monetary shocks
to the model. To this end, we assume that incumbents” wages are nominally rigid while the aggregate
price level fluctuates. As a result, an expansionary monetary shock lowers incumbents’ real wages and
therefore affects the rate of job separations (i.e., quits and layoffs). In case of flexible entry wages, the

search behavior of the unemployed reflects the price increase. Given that the wages of new hires are



critical for the job-finding rate (Pissarides, 2009), we also allow for the possibility of rigid entry wages, in
which case the unemployed keep searching at the same nominal wage schedule as before the expansionary
monetary shock, thereby increasing vacancies and the job-finding rate. Thus, inflation “greases the wheels
of the labor market” by affecting both job-separation and job-finding rates in our model.

To study the effects of a monetary shock on aggregate employment and real wages, we analyze the
cumulative impulse response (CIR) as the area under the respective impulse response function. To this end,
we build on the seminal work of Alvarez et al. (2016) using sufficient statistics in the product pricing
literature. Under flexible entry wages, the CIR of employment is fully described by three observable
moments: the steady-state job-finding rate, the variance of workers” wage changes across jobs, and a
measure of skewness of wage changes across jobs. The relevance of skewness is a novel result. Intuitively,
wage changes reflect deviations between a worker’s wage and their productivity in their old job. Therefore,
the skewness of the distribution of wage changes reflects the relative mass of workers near the quit
threshold versus the layoff threshold of the inaction region in the wage-to-productivity-ratio space.
For example, a positively skewed distribution of wage changes—i.e., a more truncated left tail of the
distribution—reflects a higher incidence of layoffs than quits, meaning that an inflationary shock increases
employment.

The anticipation of inefficient job separations in the future also has consequences at the time of match
formation. Under rigid entry wages, the CIR of employment depends on the elasticity of the job-finding
rate with respect to the monetary shock, which itself is a function of the prevalence of inefficient job
separations. Intuitively, an increase in the price level incentivizes firms to post more vacancies by reducing
real entry wages. The magnitude of this effect decreases in the share of inefficient job separations as a
consequence of two-sided lack of commitment: Firms choose when to lay off workers but do not control
workers” quit decisions, and vice versa. Therefore, the share of inefficient job separations indirectly
measures a firm’s expected returns from posting an additional vacancy.

While our theoretical analysis highlights the relevant mechanisms at play in a non-Coasean labor
market, the true value of our sufficient statistics lies in their potential to be measured. Such an enterprise
might seem daunting, given that the share of endogenous or inefficient job separations is unobserved.
Indeed, we show that aggregate statistics cannot be used as a model discrimination device between
Coasean and non-Coasean features of our economy, including the prevalence of inefficient job separations.?
We overcome this challenge by proving identification of our model based on readily available microdata

on wage changes and worker flows between jobs. In a nutshell, the model predicts that endogenous

2For example, a zero CIR of employment is consistent with either all separations being exogenous or, alternatively, all
separations being endogenous as long as the inaction region is symmetric.



job separations lead to selection into unemployment based on wage-to-productivity ratios, which can
be recovered from data on wage changes across consecutive jobs. Intuitively, an economy with “excess
mass” in the tails of the wage change distribution indicates a larger prevalence of inefficient quits and
layoffs. More formally, we provide an identification proof that allows us to recover the labor market’s

latent state—namely, the unobserved distribution of cumulative productivity shocks in employment.

Related Literature. We highlight two contributions. Our first contribution is to develop a framework
with the non-Coasean feature that nominal fluctuations affect the split of match surplus and thus both job-
finding and job-separation rates. This approach sets us apart from two traditions. On one hand, models
in the Keynesian tradition have highlighted a staggered wage setting (Erceg et al., 2000), downward
nominal wage rigidity (Schmitt-Grohé and Uribe, 2016), or real wage rigidity (Blanchard and Gali, 2010)
as important propagation mechanisms in the transmission of aggregate shocks. We contribute to this
literature a model of how the equilibrium distribution of wages and employment is determined in a
frictional labor market subject to nominal wage rigidity, which we show how to discipline using microdata.
On the other hand, models in the search-theoretic tradition have studied the role of wage rigidity in
amplifying unemployment fluctuations in models of search and matching, following Shimer (2005a).
These models restrict attention to the effects of wage rigidity on hiring due to the assumption of Coasean
labor contracts, which preclude bilaterally inefficient job separations. For instance, Hall (2003) and Elsby
et al. (2022) assume that infrequent wage renegotiations prevent the dissolution of matches with positive
surplus. Similarly, the wage setting protocols assumed by Hall (2005), Hall and Milgrom (2008), Christiano
et al. (2016), Ravn and Sterk (2020), Gornemann et al. (2021), Moscarini and Postel-Vinay (2022), and
Birinci et al. (2022) are all bilaterally efficient. Related work by Gertler and Trigari (2009) and Gertler
et al. (2020) study environments with aggregate productivity shocks subject to wage rigidities, which
they ex post verify lead to no inefficient job separations. All aforementioned models steer clear of the
seminal Barro (1977) critique of inefficient outcomes under long-term contracting. While models in
this tradition have produced important insights, our theory of non-Coasean labor markets represents a
significant departure from this tradition as a result of the inclusion of the four realistic features: search
frictions, productivity shocks, wage rigidity, and two-sided lack of commitment. We show that such
a theory yields rich predictions for labor market dynamics in steady state and over the business cycle.
An appealing aspect of our theory lies in its ability to speak to the mounting empirical evidence of

inefficient job separations, which we analyze in relation to macroeconomic aggregates and fluctuations.’

3A growing body of evidence based on surveys of managers and workers investigates why firms lay off workers instead
of cutting their wages (see Kaufman, 1984; Blinder and Choi, 1990; Bewley, 1999, and the literature that follows). Recently,
Davis and Krolikowski (2022) document that most new recipients of unemployment insurance in the U.S. would have accepted
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We also make a methodological contribution with respect to two prominent literatures. Relative to the
search-and-matching literature, we introduce the powerful tools of nonzero-sum stochastic differential
games with stopping times (Bensoussan and Friedman, 1977). Such continuous-time methods are well
suited to handle strategic interactions involving stopping times and offer two distinct advantages. First,
they allow us to prove the existence and uniqueness of a BRE in an environment with non-Coasean labor
contracts. Second, they admit convenient mathematical properties of value functions (e.g., continuity)
and allow for the analysis of equilibrium conditions using variational inequalities. Third, they allow for
sharp comparative statics (e.g., the anticipatory and option value effects due to the drift and volatility of
productivity). In their foundational work, Menzio and Shi (2010a) study the BRE in a discrete-time model
of directed search under bilaterally efficient labor contracts. We complement their work by characterizing
the BRE of a continuous-time model of directed search that features privately inefficient labor contracts
due to the interaction between productivity shocks, wage rigidity and two-sided limited commitment.*
Relative to the product pricing literature, we extend the sufficient statistic approach from heterogeneous-
agent models of inaction to an environment with endogenous transitions between discrete states. We
build on the important insight of Alvarez et al. (2016) that the CIR of output is linked to the ratio of the
kurtosis and frequency of price changes in a large class of product pricing models.” In contrast to the
product pricing context, a central feature of our labor market environment is that workers endogenously
switch between employment and unemployment. Taking this into account, we derive sufficient statistics

to summarize the response of aggregate labor market outcomes to a monetary shock.

Outline. The rest of the paper is organized as follows. Section 2 develops a model of non-Coasean labor
markets and characterizes its equilibrium. Section 3 derives sufficient statistics for the aggregate labor
market response to a monetary shock. Section 4 proves identification of the model based on labor market

microdata, and Section 5 concludes.

significant wage cuts instead of being laid off, while Bertheau et al. (2022) find that employers do not consider pay cuts to be a
viable substitute for layoffs during crises. Jager ef al. (2022) provide quasi-experimental evidence of inefficient job separations
by exploiting the introduction and subsequent repeal of an unemployment insurance reform in Austria. Schmieder and von
Wachter (2010) provide evidence that downward wage rigidities amplify job displacement. Relatedly, Calvo et al. (2012), Blanco
et al. (2022b), and Adamopoulou et al. (2022) provide evidence consistent with the notion that inflation “greases the wheel of the
labor market” in a variety of countries.

4Previous search models have restricted attention to privately efficient contracts under full commitment (e.g., Moen, 1997;
Acemoglu and Shimer, 1999a,b), one-sided lack of commitment (e.g., Shi, 2009; Menzio and Shi, 2010a,b, 2011; Schaal, 2017;
Herkenhoff, 2019; Fukui, 2020; Balke and Lamadon, 2022), and two-sided lack of commitment (e.g., Sigouin, 2004; Rudanko,
2009, 2021; Bilal et al., 2021, 2022).

5For additional references, see Carvalho and Schwartzman (2015), Alvarez et al. (2021), and Baley and Blanco (2021, 2022).



2 A Model of Non-Coasean Labor Markets

In this section, we develop a model of non-Coasean labor markets with search frictions, productivity

shocks, wage rigidity, and two-sided lack of commitment. We first introduce the nonmonetary economy.

2.1 Environment

A unit mass of workers and an endogenously determined mass of firms meet in a frictional labor market.

Time is continuous and indexed by ¢.

Preferences. Both workers and firms discount the future at a common rate p > 0. Firms maximize

profits. Workers have risk-neutral preferences over an expected discounted consumption stream {C; }$° :

E |:/ e_ptCt dt:| .
0

Technology. A worker’s flow income depends on the worker’s employment state E;, which can be either
employed (i) or unemployed (1), and the worker’s productivity Z;. While employed, a worker produces
Y; = Z; and consumes wage flow W;. While unemployed, a worker produces and consumes flow value
B(Z;) from home production. Henceforth, lower-case letters denote the natural logarithm of variables in

upper-case letters. For example, z; denotes the worker’s log productivity and w; denotes the log wage.

Stochastic Process. A worker’s idiosyncratic productivity follows a Brownian motion in logs:
dz; = ydt + o dW;,

where 7 is the drift, o is the volatility, and W is a Wiener process. For now, we focus on a stationary

environment with only idiosyncratic worker productivity shocks, but Section 3 adds aggregate shocks.

Search Frictions. Unemployed workers search for jobs and vacant firms search for workers in a frictional
labor market. Search is directed, as in Moen (1997) and Menzio and Shi (2010a), and segmented across
submarkets indexed by the wage w and worker productivity z. In each submarket (w, z), firms post
vacancies V at flow cost K(Z;). Given & unemployed workers and V vacancies, a Cobb-Douglas matching
function with constant returns produces m(U, V) = U*V1~* matches, where « is the elasticity of matches
to the unemployment rate. Thus, a worker’s job-finding rate is f(w,z) = m(w,z)/U(w,z) = 0(w,z)!~*

and a firm’s job-filling rate is q(w, z) = m(w,z)/V(w,z) = 0(w,z)~*, where 6(w, z) := V(w,z) /U(w, z)



denotes market tightness in submarket (w, z). Existing matches are exogenously dissolved at Poisson rate

3, or they can be endogenously and unilaterally dissolved by either the worker or the firm.°

Wage Determination. We assume that entry wages are competitively set at match formation and remain
constant throughout a match. We assume prohibitive renegotiation costs that prevent wage bargaining
within the match. This assumption can be thought of as a technological friction, akin to adjustment costs

in models of pricing (e.g., Barro, 1972) and investment (e.g., Cooper and Haltiwanger, 2006).

Agents’ Choices. An unemployed worker’s choice of submarket (w, z) is associated with job-finding
rate f(w,z), which induces a stochastic job offer arrival time 7. Given the (fixed) wage w and current
productivity z, a matched worker chooses when to quit, which induces a stopping time 7". Based on the
same (w, z) pair, a matched firm chooses when to lay off the worker, which induces a stopping time .
Given the choices by workers and firms in addition to the exogenous stopping time 72, the actual match

duration is the minimum stopping time in the vector " = (7", 1/, 7%), denoted " = min{t", v/, 7°}.

Value Functions. Agents’ value functions depend on the worker’s productivity z and, if matched, the
fixed wage rate w. In theory, they may also depend on the aggregate state, which consists of the joint
distribution of worker productivities, wages, and employment states. However, we show that there
exists a unique BRE, as in Menzio and Shi (2010a), in which equilibrium objects do not depend on the
distribution of workers” idiosyncratic states. Thus, we omit the aggregate state from all notation.

The value of an unemployed worker with productivity z is

U(z) = max Ey

{wt}tio

Tll.
/ eiptB(ezf) dt + eiPTHH(wTu,ZTU/ ?m (wTu,ZTu))] . (1)
0
That is, an unemployed worker searches for a job in submarket (w;, z¢) at time ¢+ < 7" until becoming

employed at wage w« and receiving the value of employment H(wxu, z7,, T" (wr«, z7«)) at time 7". Given

a vector of stopping times 7", the value of a worker employed at wage w with productivity z is

H(w,z, ™) = Eg

.L—WL
/ e Ple® dt + emeU(sz)] . )
0

That is, an employed worker consumes a constant wage w until time 7" when she either endogenously or

exogenously transitions to unemployment. Similarly, given a vector of stopping times 7", the value of a

®The exogenous separation shock can be interpreted as a permanent shock to the productivity of the match that renders the
match unproductive forever.



firm matched with a worker with wage w and productivity z is

/1r e P! [e* — e"] dt] . (3)
0

That is, the match produces ¢, of which e? is paid to the worker until it gets dissolved at time 7.

J(w,z,T") = Ey

Free Entry. In choosing the number of vacancies to post in each submarket, firms trade off the expected
benefit—i.e., the product of the filling rate g(w, z) and the value of a filled job J(w, z, T" (w, z) )—with the
flow cost K(e*) of posting a vacancy. In each submarket, firms post vacancies up to the point at which the

marginal vacancy posting cost exceeds its expected benefits. Thus, free entry requires that
K(e*) = q(w, z)](w,z,7"(w,2)) > 0 4)
and 0(w, z) > 0, with complementary slackness, for all (w, z).

Equilibrium Definition. We are now ready to define an equilibrium. Let 7 be the set of all stopping
times for a given match. Given the state (w, z), staying in the match is a weakly dominant strategy for the

worker if there exists a stopping time T (w, z) € T such that Pr(t"*(w,z) > 0) = 1 and
H(w,z, Th*(w,z),l'j, T‘S) > H(w,z, ™ 4, 1'5), vttt e T,

with strict inequality for some /. Similarly, given (w, z), staying in the match is a weakly dominant

strategy for the firm if there exists a stopping time 7/*(w,z) € T such that Pr(7/*(w,z) > 0) = 1 and

](w,z,rh,rj*(w,z),r‘s) > J(w,z, Th,rj,ré), vt e T,

with strict inequality for some 7.

Definition 1. An equilibrium consists of a set of value functions {H(w,z, ™), J(w,z,7"),U(z)}, a market

tightness function 6(w, z), and policy functions {T" (w,z), U* (w,z),w*(z¢) } , such that:
1. Given H(w,z, 7" (w,z)), U(z), and 0(w, z), the search strategy {w*(zt)}ffo solves equation (1).

2. Given J(w,z,T"*(w,z)), market tightness 6(w, z) solves the free-entry condition (4).



3. Given U(z), (T"*(w,z), /" (w, z)) is a nontrivial Nash equilibrium with stopping times (t", T/) that satisfy

H(w,z, Th*(w,z),Tf*(w,z),T‘s) > H(w,z, Th,Tj*(w,Z),T(s), V(w,z) (5)

](w,z,rh*(w,z),rj*(w,z),T‘S) > ](w,z,rh*(w,z),rj,r‘s), V(w,z) (6)

and Pr(t"*(w,z) > 0) = 1 (resp. Pr(t/*(w,z) > 0) = 1) whenever staying in the match is a weakly

dominant strategy for the worker (resp. the firm) given the state (w, z).

Part 1 of Definition 1 requires the optimality of unemployed workers’ search strategies and Part 2
requires free entry. Part 3 requires that agents’ strategies form a Nash equilibrium in weakly dominant
strategies. That is, the worker’s optimal quit strategy 7/"* is the best response to the firm’s layoff strategy
7/*, and vice versa—see equations (5) and (6). Our equilibrium definition rules out the trivial Nash
equilibrium, in which both the worker and the firm choose to dissolve the match immediately. To see the
need for an equilibrium refinement, assume that time is discrete, a period’s length is df, and the match will
end in the following period with certainty. Table 1 lists the game’s payoffs in this environment. Assume
that current productivity z is such that flow payoffs in the match exceed flow payoffs from the outside
options for both the worker and the firm—i.e., (¢? — e¥)dt > 0 and e“ dt + E, [ePHU(2')|z] > U(z).
Under these assumptions, there are two Nash equilibria: one in which both agents choose to dissolve the
match and one in which both players decide to stay in the match. However, the first equilibrium does not

survive the iterated elimination of weakly dominated strategies since, independent of what the other agent

does, it is weakly better to continue in the match.

TABLE 1. PAYOFFS IN PERIOD GAME

Worker stops Worker continues
Firm stops (0,U(z)) (0,U(z))
Firm continues (0,U(z)) ((e# —ev)dt, (e dt + E,[e P4 U(Z')|z])

Notes: This table shows the payoffs in a discrete-time approximation of the game played between a worker and a firm under the
assumption that in the next period the probability of an exogenous separation is 1.

As we take the limit dt — 0, we obtain the continuous-time conditions that render remaining in the
match a weakly dominant strategy. That is, if (¢* — e”) df > 0 and eV dt + E, [e U (Z’)|z] > U(z), then,
asdt — 0, e* —e¥ > 0 and pu(z) < e” + y9u(z)/9z + (0 /2)0%u(z) /922, respectively.

Allocative Wages and Inefficient Job Separations. Here, we define two key concepts that play an

important role in our analysis. We refer to wages as ex post allocative whenever they affect the expected



duration of the match—that is, whenever 3w, w’ € R : E[T"(w, z)] # E[T"(w’,z)]. We also refer to a job
separation as inefficient whenever a match is dissolved in spite of a strictly positive joint match surplus
S(w,z,T") := H(w,z, ™) — U(z) + J(w,z,T") > 0. That wages are allocative and job separations may be
inefficient reflects the non-Coasean nature of labor contracts, which arise due to the interaction between
search frictions, worker productivity shocks, wage rigidity, and the two-sided lack of commitment.” Tt
is important to highlight that inefficiencies that arise ex post (i.e., once the match is formed) due to lack
of commitment also have ex ante effects on unemployed workers’ policies through H(w, z, T"* (w, z)) as

FM*

well as firms’ policies and market tightness through J(w, z, T"*(w, z) ). Therefore, in equilibrium, lack of

commitment affects both job-finding and job-separation rates.

Homotheticity. Shocks to worker productivity affect agents’ choices because they change the relative
values of three margins: wages while employed, w; home production while unemployed, B(Z;); and
vacancy posting costs, K(Z;), all relative to a worker’s productivity level Z;. In order to focus on the
margin that pertains to the relative value of wages, which is the main focus of this paper, we assume that
the search cost and unemployment income are homothetic in workers” productivity (thereby abstracting

from the other two margins). Thatis, B(Z;) = BZ; for B € (0,1) and K(Z;) = KZ; for K > 0.

Discussion of Assumptions. For expositional clarity, we imposed several assumptions that are not
essential for the main insights that emerge from our theory of non-Coasean labor markets: (i) full rigidity of
wages within a match, (ii) no on-the-job search, (iii) homotheticity of the technology for home production
and search, and (iv) the absence of alternative sources of heterogeneity.

Regarding (i), this assumption means that we only need to track productivity fluctuations, but not
wages, during a match. Online Appendix C presents an extension of our model with staggered wage
renegotiations. There, we assume that renegotiations arrive according to a Poisson process with constant
hazard rate a la Calvo (1983) and that renegotiations follow a Nash bargain with worker weight a.
Integrating more complex wage-adjustment frictions could speak to empirical patterns of wage rigidity,
such as those documented in Grigsby et al. (2021) and Blanco et al. (2022a), and is left for future research.

Regarding (ii), this assumption allows us to abstract from employed workers directing their search
across markets according to their current wage and productivity. Even with on-the-job search, inefficient
separations into unemployment would occur for the same reasons spelled out above. Adding on-the-job

search, while numerically tractable, would force us to take a stance on how wages are renegotiated when

'7The lack of commitment is reflected in the equilibrium definition: Stopping times depend on the history of shocks, and
(t/,7") are optimal for every history and each player. Naturally, we require an agent’s stopping times to be measurable with
respect to the agent’s information set (including the entire history of shocks).
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a worker receives an outside offer (Postel-Vinay and Robin, 2002).

Regarding (iii), this assumption implies that workers of different productivity levels face the same
job-finding rate, separation rate, and wage per efficiency unit. Homotheticity is not crucial for any parts
of our theory, but allows for a much simpler exposition by focusing on the economic mechanisms within,
rather than across, worker types.

Finally, regarding (iv), this assumption simplifies the analysis by ignoring firm and match heterogene-
ity in productivity and wages. It is motivated by the empirical observation that worker heterogeneity
explains the lion’s share of empirical wage variation (Bonhomme et al., 2019). Future work could study

alternative sources of heterogeneity in a non-Coasean labor market.

2.2 Equilibrium Characterization

Let u(z), h(z;w), j(z;w), and 6(z; w) denote the values of an unemployed worker, an employed worker, a
filled vacancy, and the market tightness function evaluated at equilibrium policies, where w indexes the
(constant) wage. We now derive necessary and sufficient conditions for a BRE. We break our equilibrium
characterization into two steps. In the first step, firms post vacancies and workers search for jobs. This

problem is characterized by the Hamilton-Jacobi-Bellman (HJB) equation for unemployed workers,

ou(z) N 0 0%u(z)

0z 2 09z?

pu(z) = Be* + + max f(w, ) h(z;w) — u(2)), %

and the free-entry condition for firms, which requires that the equilibrium market tightness satisfies
Ke* — q(w,z)j(z;w) >0 (8)

and 0(w, z) > 0, with complementary slackness, for all (w, z).

In the second step, which is the novel focus of this paper, matched workers and firms play a game due
to the strategic choice of their own stopping times, or when to unilaterally separate from the match. The
strategic worker-firm interaction has three features. First, agents play a nonzero-sum game, since the match
value, ¢?, exceeds the outside option value Be? for B < 1. Second, agents’ payoffs are stochastic and move
with productivity, which follows a Wiener process. Third, agents’ strategies consist of stopping times.
Thus, the strategic interaction between workers and firms can be formulated as a nonzero-sum stochastic
differential game with stopping times (Bensoussan and Friedman, 1977). To characterize the equilibrium,
we make use of quasi-variational inequalities—a methodological approach that we import from the

literature on variational inequalities (Lions and Stampacchia, 1967). We highlight that the application of
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these state-of-the-art tools in an economic context is an important contribution of this paper.
Before deriving the quasi-variational inequalities that characterize this problem, we describe the
equilibrium conditions for a worker-firm match with the aid of Figure 1, which illustrates the equilibrium

values, outside options, and optimal policies for both agents.

FIGURE 1. EQUILIBRIUM VALUES AND OPTIMAL POLICIES

0 < e —e%
2 (w) 2 () 2 (20) 2" (w)

Productivity, z

Notes: The figure plots the value functions of workers and firms for a given log wage w as a function of log productivity z.
The blue and red solid lines show the value functions for the worker and the firm, respectively. The blue and red dashed
lines show the opportunity costs for the worker and the firm, respectively. The firm’s optimal job-separation trigger based on
weakly dominant strategies is z~¢(w) := w. The worker’s optimal job-separation trigger under weakly dominant strategies is
zHd (*) and satisfies e = Be* " (©") 4 f(z T4 (*); w*) [h(z+29; w*) — u(z+7)]. The optimal job-separation triggers for

the worker and the firm are z* (w) := sup,{z : h(z;w) > u(z)} and z~ (w) := inf.{z : j(z;w) > 0}, respectively.

The possibility that both the worker and the firm can unilaterally dissolve a match imposes lower

bounds on the values h(z; w) and j(z; w). Individual rationality of the worker and the firm requires that

h(z;w) > u(z) Vz, )

v

j(zzw) >0 Vz. (10)
Let C"(w) denote the interior of the set of productivities for which the worker prefers to stay in the match
with wage w under our equilibrium definition. Importantly, this set is made up of two productivity
ranges: one in which both the firm and the worker opt to continue the match and one in which only the

worker prefers to continue the match. Let C/(w) denote the analogous object for the firm.
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Optimality Conditions. Workers’ and firms” optimal policies for productivity levels inside and outside
the other agent’s continuation set are characterized by variational inequalities. The HJB equation of a
worker employed at wage w with productivity z € C/(w), at which the firm opts to continue, is given by

. 2 32 (o
ph(z; w) = max {ew + Wah(az;w) + (728 ha(;w) +6[u(z) — h(z;w)], pu(z)} . (11)

This value satisfies h(-;w) € C}(C/(w)) NC(R). That is, it is continuously once-differentiable on the
continuation set and continuous everywhere. These continuity and differentiability conditions correspond
to the value matching condition and the smooth pasting condition, respectively, in the worker’s best response.
Importantly, a smooth pasting condition holds whenever the worker has to choose between staying or
leaving the match (i.e., in the firm’s continuation set). Similarly, the HJB equation of a firm employing a

worker at wage w with productivity z € C"(w), at which the worker prefers to continue, is given by

2

A(zw) o
2

pj(z;w):max{ez—ew—i—'y 5t

azjéz;w) —Sji(zw), o}, (12)

which must be continuously differentiable on the worker’s continuation set: j(-;w) € C'(C"(w)) N C(R).
On the other hand, if any one agent chooses to dissolve the match, then the other agent receives the
value of the corresponding outside option. Therefore, the worker’s and the firm’s values of a match with

productivity z and wage w satisfy the following conditions:

hiz;w) =u(z) Vz e (C(w))f, (13)
j(zzw) =0 vz € (CM(w))e, (14)

where X° := R\ X. Equations (13)-(14) define the game’s value matching conditions, which imply the

continuity of one agent’s value function at the boundary of the other agent’s continuation set.

Continuation Sets. Two conditions characterize the agents’” continuation sets. First, the match continues

whenever both agents strictly prefer to remain in the match:

h(z;w) > u(z) Vz, (15)
j(z;w) >0 Vz. (16)

Second, each agent prefers to continue whenever staying in the match is a weakly dominant strategy. To

understand this last condition, note that for any worker’s policy, the firm strictly prefers to continue the
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match if flow profits are strictly positive (i.e., ¥ — e” > 0). This preference results from the fact that the
firm’s continuation value is nonnegative because the firm always has the option to fire the worker in the

future and receive an outside option value of zero. Therefore, the firm’s continuation set is
Cl(w) :=int{z € R: j(z;w) >0ore* —e” >0}. (17)

Similarly, the worker’s weakly dominant continuation set includes all productivity levels for which the

sum of the current wage and the discounted capital gains from unemployment is positive:

(18)

Ch(w) = int {Z eR: h(z;w) > u(z) or0 < e _pu(z) + ,yau(z) ajazu(Z) } ‘

0z 2 072
Intuitively, from the HJB equation of the unemployed worker in (7), we have that

ulz) o2 0%ulz .
0 < e” —pu(z) —I-'yaa(z ) + 2882(2 ) — 0<e¥— (Bez +m£Xf(Z}w)[h(Z?w) - ”(Z)]> :

flow opportunity cost

That is, if the wage exceeds the flow opportunity cost, then staying matched strictly dominates quitting.

Figure 1 depicts the two agents’ continuation sets. The firm’s continuation set is C/(w) = {z €
(z~(w), o0) } and includes the range of productivities for which the firm makes positive flow profits—i.e.,
z >z~ := w—so0 it is weakly dominant to retain the worker. Moreover, the set C/(w) also includes
the range of productivities for which both the firm and the worker find it optimal to remain matched
despite either party’s flow profits being negative—i.e., z € (z~ (w),z ™). For z in this range, the firm’s
continuation value is positive and large enough to compensate for current flow losses. An analogous
intuition applies to the worker’s continuation set C" (w). The existence and uniqueness of a threshold that

characterizes the separation policy is not an assumption but a result we formally derive below.

Equilibrium Policies. The worker quits and the firm fires the worker at stopping times 7 and 7/, which
denote the stochastic time at which productivity falls outside the continuation set of the worker and the

firm, respectively. Thus, agents” optimal stopping times are given by

" (w,z) = inf{t >0:z € Cl(w),z) = z},

Th*(w,z) = inf{t >0:z € Ch(w)c,zo = Z}.
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The optimality of workers’ search decisions implies that the competitive entry wage satisfies

w*(z) = argmax 8(z;w)' " [h(z;w) — u(z)]. (19)

w

The following lemma shows that these conditions are necessary and sufficient to characterize a BRE.
We relegate all proofs to the Online Appendix.
Lemma 1. The policy functions {t"*, T/*, w* (z) } and the value functions {U(z), H(w, z, T"), ] (w,z, T™)} given
by (1), (2) and (3) and the market tightness function 6(w, z) form a BRE if and only if {u(z), h(z;w), j(z;w)}
satisfy equations (7)—(19) and

h(z;w) = H(w, z, Th*(w,z),rj*(w,z),r‘s),
j(z;w) = J(w,z, T (w, z), T (w, z), T°).

Finding the State. To understand the dependence of equilibrium objects on state variables, we recast
the model in terms of a reduced state space. Since the flow income of unemployed workers and firms’
vacancy costs are both proportional to productivity, Z, it turns out that the relevant state variable for
both workers and firms is the log-wage-to-productivity ratio, @ := w — z. This result allows us to express
agents’ values and policies as functions of the scalar @ instead of the duplet (w, z). To simplify notation,
we define the transformed drift 4 := 7y + 02 and the transformed discount factor ¢ := p — v — ¢ /2. The
following Lemma characterizes the equilibrium.

Lemma 2. Suppose that the functions (u(z), h(z; w), j(z; w),0(w, z)) satisfy the equilibrium conditions in (7)—
(14), given the continuation sets C"(w) and C/(w) defined in (17)~(18). Then, the transformed value and market

tightness functions given by

ez’ e? e?

(T, f(w — 2), W(w — 2), 0w — 2)) = (”(Z) jzw) hzw) _”(Z),a(w,z)>

equivalently characterize the equilibrium if the following conditions are satisfied:

1. The transformed value function of an unemployed worker, U, satisfies
pU = B +max0(d) W (), (20)

where the optimal choice of submarket for an unemployed worker to search in is W* = w*(z) — z.
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2. The lower bounds of the game’s values for workers and firms are: W(@) > 0 and (@) > 0.

3. The variational inequalities for workers and firms are satisfied: Given
Ch:=int{®w e R:W(®) >00r0<e?—pU} and ¢ :=int{®w eR:J(®) >00r0<1—e"},

the transformed value function of an employed worker, W (@), and that of a filled vacancy, [ (), satisfy

2 .
(0 +0)W(d) = max {ew —pU — 4W' (@) + %W"(z@), o} , Vi e &/, (21)
2
(0 +0)f (@) = max {1 —e® — 4] (@) + %f’/(w), 0}, v € ¢, (22)

with W € C'(C/(w)) NC(R) and | € C'(C"(w)) NC(R). The optimal stopping times are given by

™ =inf{t > 0: @ ¢ C", wy = ©*} and U* = inf{t > 0: @y ¢ &/, wp = *}.
4. The value matching conditions are satisfied: W() = 0 Vi € (C/)¢, and (@) =0 Vi € (C").
5. Free entry for () is satisfied: K — (@) ~*J (@) > 0 and (@) > 0, with complementary slackness.

The equilibrium conditions in Lemma 2 are transformed versions of those stated above and follow
similar intuitions. Equation (20) of Part 1 gives the value of unemployment under the optimal log-wage-
to-productivity search strategy. For the unemployed, the optimal wage w* trades off the job-finding rate
0(0*)'~* with the value of employment W (*). Part 2 describes the lower bounds on agents’ transformed
values. From equations (21)—(22) of Part 3, we can infer the thresholds that render the worker’s and the
firm’s transformed flow payoffs negative. If ¢ < pU, then the worker’s wage is below the flow value of
unemployment. Similarly, if ¥ > 1, then the firm’s flow profits are negative. Part 4 states the transformed

value matching conditions. Finally, Part 5 states the transformed free-entry condition.

Equilibrium Existence and Uniqueness. Equipped with the equilibrium conditions summarized in
Lemma 2, we now state an important result.
Proposition 1. There exists a unique BRE.

While the result in Proposition 1 is essential for any model with non-Coasean labor contracts, it does
not follow from previous work. Theorems for the existence of a BRE with exogenous job separations
in discrete time rely on Schauder’s fixed-point theorem (e.g., Menzio and Shi, 2010a,b; Schaal, 2017).
Two conditions are critical for applying this fixed-point theorem: continuity in the value functions and

continuity in the mapping between the value functions that characterize the BRE. In the discrete-time
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version of our model, idiosyncratic worker productivity shocks, wage rigidity, and two-sided lack of
commitment jointly generate endogenous job separations, which violate the regularity conditions on
which traditional arguments rely. In contrast, our continuous-time setup allows us to get around this
technical challenge. One of our contributions is to leverage techniques from the literature on variational

inequalities in continuous-time models to prove the existence and uniqueness of a BRE in our environment.

2.3 Understanding the Mechanisms

We now characterize the mechanisms that drive workers” and firms’” equilibrium behavior.

Equilibrium Policies. Based on the transformed state variable @ and the equilibrium conditions in
Lemma 2, we can characterize agents’ equilibrium policies. Recalling the definition of the transformed
state variable @ := w — z, we postulate that there exist optimal policies @~ < @* < ", where @~ is the
worker’s optimal job-separation threshold, @* is the optimal search strategy at match formation, and
@7 is the firm’s optimal job separation threshold. We define the transformed surplus of the match as
S(w) := J(@) + W(#) and the worker’s share of the transformed surplus as 7 (®) := W(@)/S(@). The
following proposition characterizes the properties of the BRE in its transformed notation.

Proposition 2. The BRE has the following properties:

1. The joint match surplus satisfies
S(@) = (1-pU)T (@, p), (23)

where

Tm*
/ e Pt dt|iy = w] (24)
0

is the expected discounted match duration and 1 > pU > B.
2. The competitive entry wage W* coincides with the Nash bargaining solution with worker’s weight :

@ = argmax { W()"](@)'~* | = argmax { ()" (1 - (@))' T (@,0) } , (25)

w w
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with optimality condition

1—a T (@, p)

(@) (o o) = R (26)
PO @) T w@)) T Twn)
Share channel Surplus channel

3. Given (@*) and T (®*, p), the equilibrium job-finding rate f (") and the flow opportunity cost of employ-

ment pU are given by

f@*) = [(1—n(@"))1-pU)T(@",p)/K] *, (27)

pU = B4 (R (1— (@) * p(@)* (1 - pU) T(@",p))". (28)

4. Assume vy # 0 or o # 0. Given U, the worker’s and the firm’s continuation sets are connected, and the

game’s continuation set is bounded; i.e.,
Ch={w:®v>0"} and ¢ ={w:0 <"}, (29)

with —co < @~ < log(pU) < 0 < @ < co. The worker’s and firm’s value functions satisfy smooth

pasting conditions at ©~ and W, respectively: W' (~) = J'(*) = 0.

Starting with Part 1 of Proposition 2, equation (23) states that the match surplus equals the product of
the transformed flow surplus 1 — pU and the expected discounted match duration 7 (@, 9) defined in
equation (24), which depends on the entry wage @* and the width of the match’s continuation set (@0, ™).
Also, the flow opportunity cost of employment pU is bounded between one (i.e., the transformed value of
flow output in the match) and B (i.e., the transformed value of home production). Since 1 > pU, the joint
match surplus is always strictly positive—thus all endogenous job separations are inefficient.

Equations (25)-(26) of Part 2 show that the competitive entry wage @* balances a share channel and a
surplus channel. Unemployed workers search for wages that are competitively set in a way that coincides
with the Nash bargaining solution with worker’s weight «, thereby satisfying the well-known condition
of Hosios (1990). This result obtains due to the free-entry condition, which implies that a worker’s
job-finding rate is proportional to the value of a firm. A larger initial wage increases the worker’s share
by ' (@*)a/n(@*) but at the same time reduces the job-finding probability by #'(@*)(1 — a) /(1 — n(@*)).
This trade-off is reflected in the share channel and is standard in models with directed search.

With allocative wages, a novel surplus channel arises. Intuitively, the surplus channel captures the fact

that the wage set at match formation affects the expected match duration, and thus the expected surplus.
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The higher the entry wage, the sooner the firm will dissolve the match in expectation. Conversely, the
lower the entry wage, the sooner the worker will dissolve the match in expectation. Only if T (@, p) =0
will the worker’s share of the surplus equal (") = w, as in efficient models with nonallocative wages.
These considerations are unique to our environment.

Part 3 characterizes the unemployed worker’s job-finding rate (27) and the flow opportunity cost of
employment (28) as functions of the worker’s surplus share and the expected discounted match duration.

Part 4 shows that the continuation set of the worker and that of the firm (29) follow threshold
rules in the log-wage-to-productivity ratio @. Workers do not quit as long as @ > @~, while firms
refrain from firing the worker as long as @ < @". Thus, the continuation set for the match is given by
C"NCl = (@, w"). These thresholds satisfy @~ < log(pU) and @* > 0, which reflects the fact that both
parties are willing to accept flow payoffs below that from their respective outside option. Finally, the
smooth pasting conditions apply at the worker’s quit trigger @~ and at the firm’s firing trigger @", which

reflects the optimality of agents’ continuation thresholds.

Static Considerations. Before further characterizing the original dynamic problem, it is instructive to
consider equilibrium policies when productivity is fixed—i.e., 7 = ¢ = 0.8 The following proposition
characterizes the static considerations in this case.

Proposition 3. Assume v = o = 0. Then, optimal policies are given by
(o, &%, &) = log(pU, & + (1 — a)pU, 1),

with §(@*) = aand T (D*,p) =1/(p +9).

Note that @~ < @* < @1 and @ = @* for the duration of the match, absent productivity fluctuations,
so there are no endogenous job separations. From this result, we see that lack of commitment and wage
rigidity by themselves do not generate any inefficient job separations. Absent productivity fluctuations,
agents’ behavior is privately efficient, in that it maximizes the joint match surplus.

In addition to the forces outlined in this static example, two important dynamic incentives guide

workers” and firms’ choices: the option value effect and the anticipatory effect.

Dynamic Considerations I: The Option Value Effect. To understand the role of productivity fluctuations
in creating the option value effect, we assume away, for now, the drift of worker productivity—i.e., ¥ = 0.

The following proposition characterizes the option value effect in this case.

80bserve that if v = 0 = 0, then the smooth pasting conditions do not apply.
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Proposition 4. Assume § = 0 and « = 1/2. Then, to a first-order approximation, the optimal entry wage is given
by &* = log ((1+ pU)/2) and job-separation thresholds satisfy ©* = @* & h(¢, P) for some function h(p, P)
with ¢ := \/2(0 +0) /0 and ® := (1 — pU) /(1 + pU). The following properties apply:

1. h(g,®) is decreasing in ¢ and increasing in .
2. limy o h(@, ®) = 3P and limy 0 h (@, P) = D.
3. ¢h(¢,®) is increasing in ¢.

Furthermore, the equilibrium surplus share is n(®) = a« = 1/2 and the expected discounted match duration,

1_2 (efph(fp,@) + e*fph(rp,@)) -

, (30)

is increasing in ¢ and ® and satisfies T}, (%, p) = 0.

Proposition 4 demonstrates that idiosyncratic volatility, by itself, does not affect the split of the match
surplus between the worker and the firm. Such an economy is symmetric in the sense that 7/ (@*,p) = 0
and 77(®@) = a. Thus, a larger @* reduces the match duration by increasing the likelihood of a layoff
but increases the match duration by reducing the likelihood of a quit. Weighing both forces, 7 (-, p) is
maximized at @* = (1 + pU)/2 and 5(@*) = 1/2.

This result provides a tight characterization of the worker’s and the firm’s optimal policy functions,
which result in the continuation region of the match (@~, @) being symmetrically centered around
the optimal entry wage @*. Second, the width of the continuation region is increasing in volatility ¢
and decreasing in pU (Part 1). The width of the inaction region increases with o due to the option value
effect: Although the worker’s productivity might be low today, the firm is willing to wait before firing the
worker in case productivity improves in the future. The width of the inaction region decreases with pU
because a higher opportunity cost of employment makes it less attractive to delay job separations.

The option value effect naturally arises in models of inaction. However, our model features a departure
from canonical models of inaction (e.g., Barro, 1972; Bernanke, 1983). In those models, the width of the
continuation region typically grows unboundedly with the level of volatility ¢. Instead, in our model,
the width of the continuation region has an upper bound (Part 2). To see the intuition behind this result,
consider the problem of a firm that finds itself in a match with negative flow profits. The marginal benefit
from remaining in a currently unprofitable match is that, with some probability in the future, productivity
increases enough to make the match profitable by rendering the wage-to-productivity ratio less than

unity. At the same time, inaction on the part of the firm is risky: Productivity may increase by a large
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enough amount for the worker to choose to quit. Given the two job-separation thresholds, as the volatility
goes to infinity, the probability of remaining in the profitable part of the inaction region approaches zero.
Thus, the two-sided lack of commitment imposes an upper bound on the option value associated with
remaining in a match with negative flow profits.

The inefficiency generated by the lack of commitment also manifests itself in the expected duration
of the match given by equation (30). It is easy to see that a bounded option value effect (i.e., bounded
separation thresholds), as indexed by h(¢, @), implies a lower expected duration as the volatility of

productivity shocks increases (Part 3).

Dynamic Considerations II: The Anticipatory Effect. To understand the role of a nonzero productivity
drift in generating the anticipatory effect, we assume away, for now, the volatility of worker productivity—
i.e., 0 = 0—and focus on the case with weakly positive drift—i.e., 4 > 0. The following proposition
characterizes the anticipatory effect in this case.

Proposition 5. Assume o = 0and 4 > 0. Then, &~ = log (pU) and

w* =" +T

~<tx+(1

where T(-) is increasing in the first argument and decreasing in the second argument; see equation (B.36) in the

Online Appendix for its definition. Moreover,

1 If7 = 0, then (T(), T(@",3), (@) — (log (“HIZ000) 1 o).

2. If§ — oo, then T(-) — TH™mit, T(@*,p) — 0, and y(%*) — 5", where TH™* and 4'™* are implicitly
defined as

. Tlimit (1—a)(1—ﬁfl) _ limit
— )ﬁu _ e 1 ‘ﬁl:l (1 e]‘-limit 71>
pul o Tlimit
1—u« ( ) limit
Tllmzt limit + (1 lzmit) ’

a+ (1

7

limit __

(31)

When productivity grows at a constant rate, the job-separation threshold @~ equals the static opportu-
nity cost of employment, since there is no value for the worker to further delay the separation. A novel
mechanism is embedded in the entry wage @* and, therefore, in the function T(-). From Proposition 5,
we can see that @* is increasing in the Nash bargaining target and also in the drift. We refer to the latter as

the anticipatory effect: Workers anticipate higher future productivity and modify their search strategy
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accordingly. Two limiting cases illustrate this point.

As v — 0 (Part 1), the equilibrium entry wage @ is the same as in the case without drift; thus,
7(@*) = a. As the drift increases, workers optimally search for a job with a higher entry wage. Therefore,
the average wage in the economy increases above the Nash bargaining target; recall that @~ remains
fixed. This results from the worker internalizing the trade-off whereby a higher wage implies (i) a reduced
job-finding rate and (ii) a lower frequency of inefficient job separations and, thus, a longer expected match
duration. As the drift increases unboundedly (Part 2), the entry wage w* becomes unresponsive to the
drift because the job-finding rate becomes so small that it starts to dominate the trade-off. Finally, as seen
in (31), the anticipatory effect causes the worker’s share of the surplus to increase with the drift.

The worker’s lack of commitment implies the invariance of @~ to the drift, which decreases the value
of searching for a job. To see this, assume that the worker commits to some @~ and § — 0. Under these
assumptions, the job-separation rate is s = §/(w* — @~ ). Thus, the worker reduces the frequency of
inefficient job separations by increasing w* — @™, as captured by the surplus channel. At the same time,
workers choose an entry wage that takes into account the trade-off captured by the share channel. For a
given @, the worker chooses only one scalar, namely ©*, to balance two opposing objectives: increase
©W* to avoid inefficient job separations (i.e., the surplus channel) or keep @* close to the Nash bargaining
target (i.e., the share channel). Thus, the lack of commitment distorts both the expected duration of the

match and job-finding rates in equilibrium.

3 The Consequences of Monetary Shocks in Non-Coasean Labor Markets

How does the presence of inefficient job separations—due to the interaction between search frictions,
productivity shocks, wage rigidity, and two-sided lack of commitment—matter for the transmission of
monetary shocks? To answer this question, we introduce money as a numéraire in order to study the
effects of monetary shocks on aggregate labor market outcomes and provide sufficient statistics for these

effects based on readily available microdata.

3.1 A Monetary Economy

We modify the baseline model in four dimensions. First, we introduce preferences over real money:

A

< M;;
Eo [/t:Oe pt <Cit+ylog< P, ))dt}, (32)
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where M;; denotes the money holdings of worker i, P; is the relative price of the consumption good in
terms of money, and y is a preference weight on real money holdings.

Second, workers face a budget constraint that reflects ownership of firms and access to complete
financial markets. Given a history of labor market decisions regarding job search, job acceptance, and job
dissolution, Im! := {Im;y},_,, a worker’s private income is Y;(Im}), which equals the nominal value of
the wage while employed and the nominal value of home production while unemployed. In addition,
each worker receives transfers of T;; from the government and fully diversified claims on firms’ profits.
On the spending side, a worker pays for consumption expenditures P;C;; and the opportunity cost of
holding money it M at a given interest rate i; > 0. Letting Q; denote the time-0 Arrow-Debreu price

under complete markets, the worker’s budget constraint is
Eg [/ Qt (PiCit + it My — Yy (Im}) — Tyy) dt | < M. (33)
=0

The worker’s problem is to choose a consumption stream {Cj; }° , labor market decisions {Im; }{* ,, and
money holdings {Mit}?o:() to maximize utility (32) subject to the budget constraint (33) at time 0.
Third, the economy is subject to shocks to the aggregate money supply M;. We assume that the log of

the aggregate money supply m; follows a Brownian motion with drift 77 and volatility {:
dm; = dt 4+ ¢dW/",

where W/" is a Wiener process.
Fourth and finally, we assume that the vacancy posting cost K(Z;) and the value of home production
B(Z;) are both denominated in real terms.

Given these modifications, the market-clearing conditions for goods and money, respectively, are

/1 (C,‘t + Gitﬂ[Eit = M]K(Zit>> di = /01 (Zit]l[Eit = h] + B(Z,‘t)]l[Eit = M]) di, (34)
0

1
/ N di = M, (35)
0

where 1[-] is an indicator function that takes a logical expression as its argument. Equation (34) states that
the sum of real consumption and recruiting expenses must equal the total market and home production
of the good. Equation (35) states that the total demand of nominal money holdings across workers equals
the aggregate money supply.

The following proposition characterizes the worker’s problem in this monetary economy.
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Proposition 6. Let Qy = 1 be the numéraire and assume y = p + v — {?/2. Then, Py = M; and the value of a

worker at time 0 is

© Y (Im!
Vo = max Eg [/ e’f’tﬂ dt] +k,
{lm[t}?io 0 pt

where k is a constant independent of the worker’s choices, which captures the present discounted value of financial
wealth.

Proposition 6 shows that the price level is equal to the aggregate money supply and that maximizing
(32) subject to (33) is equivalent to maximizing expected discounted real income. The result relies on three
assumptions: (i) markets are complete, (ii) workers have preferences that are quasi-linear in consumption,
and (iii) the log of aggregate money supply follows a random walk with drift. The first two assumptions
imply a constant marginal value of nominal wealth, which, combined with the last assumption, leads to a

constant real interest rate and a one-for-one pass-through of money shocks to inflation.

Notation. The introduction of a monetary economy requires minor adjustments to our previous solution
approach. Given fluctuations in the log price level p, the relevant state variable becomes the real wage-to-
productivity ratio W := w — z — p. All policies (@",@*, @) are still expressed in real terms. In addition,
it will be useful to keep track of the negative of a worker’s cumulative shocks to revenue productivity
z + p since the beginning of the current employment or unemployment spell, which we denote by Az. By

definition, @ = ®* + Az and the law of motion for Az is
dAz = — (y + ) dt + o dWF + AW

Let G, (Az) and ¢"(Az) denote the steady-state CDF and PDF of cumulative revenue productivity shocks
z within job spells, respectively.” Note that the support of this distribution is given by [-A~, AT], where
A7 =" —®~ and AT := @ — @*. For any integer k € IN, we define the moments of this distribution
as Ej,(AZF) := [, AZFdGy(Az).

Our model implies a set of observable steady-state statistics. First, agents transition from employment
to unemployment at rate s, from unemployment to employment at rate f(7*), and total employment is £.
Second, the model implies a distribution of log nominal wage changes between consecutive job spells
Aw and distributions of employment durations 7 and unemployment durations t*. We use subscript D
to denote moments of these distributions observed in the microdata—e.g., Ep[-] and Varp|[-] denote the

mean and the variance of this distribution, respectively. These moments will be useful to define sufficient

9In Online Appendix F, we show the Kolmogorov forward equations that characterize the steady-state distribution of
cumulative productivity shocks z within employment and unemployment spells.
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statistics for the effects of monetary shocks on aggregate labor market outcomes.

Discussion of the Monetary Environment. Previous literature has extensively studied the multifaceted
effects nominal shocks have on the labor market. For example, monetary policy, through its effect on
real interest rates, can affect match surplus and the overall labor market (Kehoe et al., 2019, 2022). In this
paper, we abstract from these important but well-understood considerations and focus on the effect of
monetary policy “greasing the wheels of the labor market”: By lowering real wages in the economy, an
unexpected increase in the aggregate price level redistributes the surplus from workers to firms. Our goal
is to understand how this redistribution affects the dynamics of wages, job creation, separations, and

aggregate employment.

3.2 Monetary Multipliers for Aggregate Employment and Real Wages

Starting from the steady state without aggregate shocks, so that { = 0, we consider a small and unantic-
ipated shock { > 0 to aggregate money supply at time t = 0—i.e., log(My) = limyylog(M;) + ¢. This
shock leads to a one-for-one increase in the price level. We are interested in the economy’s impulse response
function (IRF) and cumulative impulse response (CIR) of aggregate employment and real wages to such a

monetary shock.!’

An Illustration. Figure 2 shows the evolution of key variables after the sudden increase in the price
level. The distribution of real wage-to-productivity ratios shifts to the left (Panel A), resulting in a
lower average log real wage per capita w; := fol 1[E;; = h]wj; di (Panel B). In line with lower real wages
among incumbents, the monetary shock affects the endogenous job-separation rate (Panel C), the relative
importance of quits vs. layoffs (Panel D), and aggregate employment (Panel F). In addition, given that the
wage level of new matches is a key determinant of the job-finding rate (Pissarides, 2009), we allow for
two polar cases: flexible entry wages and sticky entry wages. With flexible entry wages, we assume that
unemployed workers fully adjust their search behavior to incorporate the higher price level, so that @*
remains at its steady-state level. Therefore, aggregate log real wage is affected by the shock only because
the nominal wages of incumbent workers are rigid. Since entry wages adjust one-for-one with the price
level, the firm’s real value of a filled vacancy is unaffected, so both vacancy-filling and job-finding rates

remain at their steady-state levels (dashed line in Panel E). Thus, because the monetary shock changes

10By the certainty equivalence principle, the impulse response function following a money shock that departs from the steady
state with steady-state policies is equivalent to the solution based on a first-order perturbation of the model with business cycle
fluctuations.
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FIGURE 2. IMPULSE RESPONSE FUNCTIONS OF LABOR MARKET VARIABLES

A. Distribution of w B. Real wages per capita , w; — Wss

— steady state =+ after Q—shock‘

us
-----
------
------
-----
wust
ans®
ws®
ws®
L
i
ws®

""" — Sticky Entry Wage
Flexible Entry Wage |

Time

C. Separation rate, s; — S D. Share of quits and layoffs
—  Quits
...................................... Layoffs
0 F
Time Time

E. Job-finding rate, f; — fss F. Aggregate employment, & — Egs

Time Time

Notes: Panel A shows the distribution of real wage-to-productivity ratios @ := log(W;;/(Z;;P})) in the steady state and after
a monetary shock of size . Panels B to F show the impulse response functions of the average log real per capita wage @y,
the aggregate separation rates, the share of quits and layoffs in total separations, the job-finding rate f; — fss, and aggregate

employment & — &, respectively.

the position of @ in the inaction region, the employment response is determined by the effects of the
aggregate shock on endogenous job separations.

In the sticky entry wage case, we allow the hiring margin to also be affected by assuming that
unemployed workers do not adjust their search behavior to the higher price level. Instead, we assume
that workers learn about the higher price level while employed, leading to a lower real entry wage until

the worker’s first job, after which it reverts to its steady-state level. As a consequence, temporarily lower
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entry wages induce firms to post more vacancies and the job-finding rate to increase (solid line in Panel
E). Therefore, under sticky entry wages the employment dynamics are driven by both job-separation and
job-finding rates. The assumption of sticky entry wages is motivated by the empirical evidence of Grigsby
et al. (2021), who document that new-hire wages evolve similarly to incumbent workers within a firm
at business cycle frequencies, and Hazell and Taska (2022), who show that wages for new hires rarely
change between successive vacancies at the same job. Microfounding this assumption is outside the scope

of this paper.!! For notable models of rigid entry wages, see Fukui (2020) and Menzio (2022).

Defining IRFs and CIRs. Our goal is to characterize the effects of a monetary shock on aggregate
employment £ and aggregate real wages @. To this end, we denote by IRF,(, t) the IRF for variable
x € {€, W} at time ¢ relative to its steady-state value, following a monetary shock ¢ at time 0. The IRFs for

aggregate employment and aggregate real wages are
IRPE(Q t) =& — &, IRP?I)(Q t) = Wy — Wgs,

where & and @, are the steady-state employment rate and average real per capita wage, respectively.

Following Alvarez et al. (2016), we define the CIR of a variable x € {€, @} to a monetary shock { as

CIR({) = /0 T IRE(Z, 1) dt,

which measures the area under the IRFy(, f) curve for t > 0. The CIR summarizes the on-impact response
and the persistence of the response of the labor market to the monetary shock in a single scalar. Therefore,
the CIR can be interpreted as a monetary multiplier. To illustrate the logic behind the CIR, suppose that
there are no nominal rigidities so that the nominal wages of both newly hired and incumbent workers
respond one-for-one to the price level. In this case, IRF¢({,t) = 0 for all f and thus CIR,({) = 0 for
x € {&,w}, which reflects the fact that there are no real consequences of inflation. With nominal rigidities,
an inflationary shock affects both employment and wages, the magnitude of which is given by the CIR.
Next, we characterize, up to a first-order approximation, the CIR of aggregate employment as a set of
measurable objects in labor market microdata. The key insight is that the CIR of aggregate employment

can be characterized only in terms of steady-state cross-sectional moments. Intuitively, changes in a

HSince the steady-state entry wage is optimal, any perturbation around that level has a second-order welfare effect on the
worker. Thus, this assumption could be replaced by any first-order cost of entry wage adjustment. The literature offers a plethora
of alternative microfoundations for these first-order adjustment costs based on imperfect knowledge about aggregate shocks.
Examples include sticky information (Mankiw and Reis, 2002), rational inattention (Woodford, 2009; Mac¢kowiak and Wiederholt,
2009), dispersed knowledge (Hellwig et al., 2014), and level-k reasoning (Farhi and Werning, 2019).
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worker’s productivity and changes in the aggregate price level affect the real wage-to-productivity ratio
Wi/ (Zi1Py) of a match in symmetric ways. Therefore, the response of a match to productivity changes in
the steady state is informative of the aggregate effects of changes in the price level.

To convey the intuition more transparently, we assume 77 = — for the remainder of this section.
However, all propositions and proofs contained in the Online Appendix refer to the general case with

T E —. At the end of this section, we discuss the main differences with the general case.

CIR of Employment with Flexible Entry Wages. To facilitate exposition of the analysis, we first present
the case with flexible entry wages. Proposition 7 characterizes the CIR up to a first order.'

Proposition 7. Assume flexible entry wages. Up to first order, the CIR of employment is given by

CIR E, A
R e 4o (36)
1 1 1 Aw?
= F(@) Varpaw] |37 [AleD [AwZJ o(0): (37)
avg. u dur.  dispersion asymmetries

To build the intuition behind this result, we first consider the implications of equation (36) in two
cases in which the job-separation rate and aggregate employment do not respond to aggregate shocks. In
the first case, all job separations are exogenous; therefore, the IRF of the job-separation rate is zero. In the
second case, all job separations are endogenous, but the mass of additional workers who quit due to lower
real wages is exactly compensated for by the mass of workers firms would have fired along the entire IRF
(i.e., not just on impact) in the absence of the monetary shock. In both cases, the relevant sufficient statistic
referenced by equation (36) is E; [Az] = 0. Instead, [E;,[Az] < 0 indicates a relatively larger incidence of
layoffs than quits; therefore, a monetary policy-induced reduction in real wages reduces the separation
rate, which increases aggregate employment along the IRF. Finally, notice that the CIR is scaled by the
steady-state unemployment rate, 1 — &5, which is informative of workers’ steady-state job-finding rate
f(@*) and their ability to quickly match with a firm again.

Next, we express CIR¢ in terms of observable sufficient statistics of the distributions of wage changes
and unemployment duration. Equation (37) shows that CIR¢ is composed of three statistics: (i) the
average duration of unemployment spells, (ii) the inverse of the dispersion of wage changes, and (iii)
a measure of the asymmetry of the wage change distribution. Therefore, the relative mass of workers

near the two job-separation triggers, which capture the immediate response of quits and layoffs, is not a

12That is, CIR,({) = CIR,(0) + (CIR,)'(0)Z + 0(¢?), where CIR,(0) = 0.
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sufficient statistic for characterizing the CIR of aggregate employment. Instead, the sufficient statistic
is given by the product between the inverse of the job-finding rate, as explained above; the inverse of
the dispersion of wage changes; and a measure of normalized skewness of the wage-change distribution.
Intuitively, a larger dispersion of wage changes is indicative of a wider inaction region and the presence
of more resilient matches to shocks. Thus, the larger this dispersion, the smaller the share of endogenous
separations and the smaller the propagation of shocks. Finally, skewness measures how asymmetric the
separation policies @~ and @™ are around the entry wage @*, which determines Ej[Az]. To illustrate,
when the distribution of nominal wage changes is positively skewed, there is a large mass of workers who
experience small wage cuts, which signals a relatively high layoff risk. Then, the higher price level reduces
real wages and increases firms” incentives to keep their workers; as a result, aggregate employment
increases. The opposite holds for a negatively skewed distribution of wage changes.

Proposition 7 also offers a new insight regarding the conventional wisdom whereby fluctuations in the
job separation rate are not the primary driver of aggregate employment dynamics (e.g., Shimer, 2005b). In
the context of a monetary shock, equation (36) points to conditions under which aggregate employment
fluctuations due to endogenous job separations can be small. More importantly, it also highlights the
conditions for these effects to be large,'® and allows us to verify those conditions in the data. In light of
this conventional wisdom, one might be tempted to conclude that sticky wages cannot lead to significant
inefficiencies at the micro level. However, equation (36) allows for a small CIR¢ despite the presence of
inefficient separations at the micro level. Thus, aggregate time-series data cannot be used to discriminate

between Coasean and non-Coasean theories of the labor market.

CIR of Employment with Sticky Entry Wages. Having characterized employment dynamics when
entry wages are flexible, we now characterize the case with sticky entry wages.

Proposition 8. Assume sticky entry wages. Up to first order, the CIR of employment is given by

CIRe(D) _ . o[ Eibzl 1 [1-a[ y@9)  TH@.0)] Ti@"0)
e I 0 o) N () At D A G R
job-finding effect new-hires’
separation
effect
(38)

13This sufficient statistic points to scenarios in which inefficient job separations matter for aggregate employment dynamics.
For example, if trend inflation 7 is large in magnitude, then—all else equal—the rate of inefficient job separations will be more
responsive to an inflationary shock. Alternatively, following a sequence of negative productivity shocks, an inflationary shock
reduces the incidence of inefficient job separations due to firings (see Blanco et al., 2022b, for empirical evidence consistent with
this theoretical result).
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Proposition 8 characterizes the new mechanisms that affect employment dynamics when entry wages
are sticky. The elasticity of the firm’s share of the surplus with respect to the entry wage (i.e., ' (@*) /(1 —
7 (@*))), together with the elasticity of the expected discounted duration of the match (i.e., 7/ (@*,p)/
T (%, p)), capture the effect of the increase in the job-finding probability following the decrease in the
real entry wage. A drop in real entry wages increases the firm’s share of the surplus and its incentive to
post vacancies. In addition, a drop in the real entry wage could also change the expected duration and,
therefore, the total surplus of the match, which also shapes the incentives to post vacancies for a given
share. The last term captures the effect of a lower real entry wage on aggregate employment that arises
from fluctuations in the job-separation rate of initially unemployed workers.

To further our understanding of the macroeconomic consequence of sticky entry wages, we combine
(38) with the optimality condition for @™* in (26) to obtain (39). The goal of this step is to take advantage
of the fact that workers internalize the effect of different entry wages on net job creation, which is
the ultimate determinant of CIRs. To further characterize this expression, we show that the term
Ti(@*,0)/ T (@*, p) — TL(®*,0) /T (0*,0) ~ 0. While this property trivially holds when p | 0, the
following lemma shows that the elasticity of the expected duration to the entry wage is almost independent
of the discount factor. We leave the full characterization of T/ (@0*,p)/T (@*,p) to the Online Appendix.
Lemma 3. Up to a second-order approximation of T (@, p) around & = ©*, and for all p,

Ti(@*,p) AT —A~
T (@, p) ATA~

Thus, the key sufficient statistic for the effect of lower entry wages on job creation is ' (0*) /n(@*).
From this result, one may be inclined to conclude that the prevalence of inefficient separations cannot be
an important determinant of aggregate job creation. However, we find the opposite result. The following
proposition shows this by characterizing the elasticity of the worker’s share to changes in the entry wage.

Proposition 9. The following properties hold for legiu())

1. IfA*,A™ — oo, then

dlog(n(@))|  _ a-+(1-wpll 0
d |pepe  a(l—pU)
2. Assume AT = A~, and A is small enough, then
dlog(n(@)| _ Vs an
do |, 4 200
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We explain Proposition 9 with the help of Figure 3, which is constructed in two steps. First, we set
6 = 0 and calibrate the model to match the US economy’s average job-finding and separation rates,
together with a replacement ratio B for newly employed workers of 0.46. We purposely choose « so that
AT = A~; thus, T (@*,p) = 0. Second, for different levels of the exogenous separation J, we find the
volatility of shocks ¢ that keeps the aggregate separation rate constant. The objective of this exercise is to
change the fraction of endogenous separations s¢ /s from 0 to 100 percent while keeping, by construction,

the opportunity cost pU and the aggregate separation rate fixed. Figure 3, Panels A and B show this

“iso-separation rate curve” ¢ () and the elasticity dlog(y(®))/ d@ respectively.

w=w*’

data and s /s = 0. In this case, all separations

As a starting point, consider the limiting case with § = s
are exogenous, and a marginal increase in the entry wage increases the worker’s share of the surplus
according to Equation (40). This reflects the well-known result whereby, in this limiting case, the elasticity
of the share is proportional to the inverse of flow surplus 1 — pU (Shimer, 2005a). Figure 3, Panel B shows
that when the share of inefficient separations increases, the elasticity of the worker’s share to the entry
wage decreases. In this case, a new mechanism that reduces the elasticity arises: With a higher entry
wage, the probability that the worker gets fired increases and the probability that the worker chooses to
quit decreases. By construction, the expected duration of the match does not change; thus, the match’s
joint surplus also does not change. In addition, because workers choose when to quit, the marginally
lower probability of quitting does not affect their value (i.e., due to the envelope condition W' (@~) = 0).
Nevertheless, the marginal increase in the probability of being laid off reduces the worker’s value, since
the separation threshold is chosen by the firm. This renders the elasticity of the worker’s share to the
entry wage a decreasing function of the share of all separations that are endogenous. Equation (41) relates
this elasticity to the prevalence of endogenous separations, which can be measured with labor market

microdata as shown in the next section.

Discussion. We relegate several important results to Online Appendix E. There, we depart from the
definition of the CIR and present an overview of the steps behind the proofs of Propositions 7 and 8. In
addition, we extend the characterization of sufficient statistics to the general case with nonzero drift and

trend inflation and present results for the CIR of the average real wage when entry wages are flexible.

4 Identifying the Model Based on Labor Market Microdata

This last section proves identification of the model in two steps. First, we show that the prevalence of

inefficient job separations in our model critically depends on moments of the distribution of wage-to-
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FIGURE 3. ELASTICITY OF WORKERS’ SHARE FOR CONSTANT JOB-SEPARATION RATES AND
DIFFERENT (4, 0)
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Std(dAz), o x 100
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Notes: Panel A shows the level set of total job-separation rates for different values of (J,0). Panel B shows the elasticity
of the worker’s share with the entry wage and two theoretical limits when § = s and 6 = 0, respectively. The parameter
values for § = 0 are (v, 7t,0,p,4,K,6,B) = (0,0,0.02,0.0033,0.45,2.2,0,0.45). The steady-state targets for this calibration are
(f(@*),s) = (0.45,0.032) with a replacement ratio of 0.46 and AT = A~ = 0.

productivity ratios @. Second, we demonstrate how to recover the unobserved distribution of wage-to-
productivity ratios using microdata on wage changes and worker transitions between jobs. For clarity,
here we focus on the case with v + 71 = 0 and Online Appendix F presents the general results. We first
provide the intuition of the identification strategy and then show the two necessary steps to recover

¢"(Az) and inefficient separations.

Why are Wage Changes Informative about the Prevalence of Inefficient Separations? A critical insight
is that the observed distribution of wage changes between jobs contains sufficient information to recover
¢"(Az) and, therefore, the prevalence of endogenous job separations. We provide the intuition with the aid
of Figure 4, which illustrates two possible marginal distributions of wage changes between jobs I (Aw)
in the left panel and the corresponding marginal distributions of cumulative productivity changes during
employment ¢" (Az) in the right panel. Each panel plots the distributions for two extreme calibrations: one
that renders most job separations endogenous (solid blue line) and one that renders most job separations
exogenous (dashed red line).

If, on the one hand, most job separations are due to endogenous quits and layoffs, then most separated
workers must have experienced cumulative productivity shocks during employment of either —A~ or
AT. As a result, the probability mass associated with positive wage changes between jobs is concentrated
around —A~, and the probability mass associated with negative wage changes is concentrated around A™.

This results in a bimodal distribution of wage changes between jobs, with additional dispersion around
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the two modes caused by cumulative productivity shocks during unemployment. If, on the other hand,
most job separations are exogenous, then most separated workers experienced cumulative productivity
shocks in employment close to zero. Because the job-finding probability is constant during unemployment,
the distribution of wage changes between jobs mimics the distribution of cumulative productivity shocks
in employment, which is symmetric and single peaked at zero. Therefore, after recovering the unobserved

distribution ¢"(Az), the mass of workers at the separation thresholds corresponds to the number of

inefficient separations.

FIGURE 4. DISTRIBUTIONS OF WAGE CHANGES BETWEEN JOBS
AND CUMULATIVE PRODUCTIVITY SHOCKS IN EMPLOYMENT

A. Distribution of wage changes between jobs, Aw B. Distribution of cumulative productivity shocks in employment, Az

- s /s 1

5 ] sf”d/smo )
-

Notes: The figure plots the distribution of wage changes between jobs I (Aw) and the distribution of cumulative worker shocks
in employment gh(Az) for two calibrations. In the first calibration, we set (A~, A%, v, 0,4, f(@*)) = (0.05,0.05,0,0.02,0,0.5)
so that s /s ~ 1 (blue solid line). In the second calibration, we set (A=, A%, y,0,6, f(@*)) = (0.2,0.2,0,0.1,0.04,0.05) so that
s¢" /5 ~ 0 (red dashed line).

We formalize this identification argument in the next proposition.

Proposition 10. The distribution of cumulative productivity shocks during employment ¢"(Az) can be recovered

in two steps:
1. The volatility of workers” productivity shocks is recovered from

o2 = Ep[(Aw)?]

~ Ep[tm + 1]’ 42)
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2. The distribution of workers” cumulative productivity shocks is recovered from

2(Az+ A7)

1, (43)

g'(az) = s¢ [ [ Dy ay e

—A- o2

where G"(Az) is the distribution of Az conditional on a job separation. This distribution is given by

o2  dl*(—Az)

C'(82) = 37y &

—[1—-L%(—Az)], (44)

where L™ (Aw) denotes the cumulative distribution function (CDF) corresponding to the observed distribution

of wage changes between consecutive jobs I (Aw).

Equation (42) shows that the volatility of productivity o equals the dispersion of wage changes between
jobs Ep[(Aw)?] divided by the average time elapsed between the starting dates of two consecutive jobs
Ep[t" + 1"]. To understand how to identify the distribution of Az conditional on a job separation, we
turn to the dynamics of h-to-u and u-to-h worker flows. Consider a worker who at time ¢; starts a job
with wage wy,, at time ¢y 4+ 7" separates, and at time ¢y 4+ 7" + T finds a new job with wage w;,rm4u.

This worker’s wage change between jobs is given by

AW = Wy om e — Wi, (45)
= Wryrrmdri — Ztgtrm 418 — (wto - Zt()) + Ztg+rmit — Ztg, (46)
= w* = w* = Az after h-u-h transition
Ak Ak
=w —w + Ztg+1m — Zt, + Ztg+rri41 — g4 (47)
——— N ),
=0

Az|h-u transition starting from z;,  Az|u-h transition starting from Zgg i

Equation (45) starts from the definition of Aw. Then, equation (46) adds and subtracts z; i, — 2zt
before grouping terms into the wage-to-productivity ratio in the old job, the wage-to-productivity ratio
in the new job, and the cumulative productivity shocks between the starting dates of the old and new
jobs. Finally, equation (47) adds and subtracts z; = before applying the definition of ©@* and that of
Az. In summary, equations (45)—(47) show that the wage change across jobs is equal to the sum of three
random variables: (i) the difference of entry wage-to-productivity ratios across jobs, which equals zero;
(ii) Az conditional on a job separation starting from productivity z;,; and (iii) Az conditional on finding
a new job, which is independent of productivity z; for t € (to + 1™, t9g + " + ). Thus, by exploiting
this independence, we can use data on Aw to infer the distribution of the second term, which is given by

(44). Finally, the distribution of interest in (43) can be derived from (44) by exploiting the ergodicity of the
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productivity process (i.e., the cross-sectional distribution of cumulative shocks can be deduced from the
distribution of shocks experienced during completed job spells).

We conclude this section with a brief discussion of the assumptions underlying the method described
in Proposition 10. The first assumption is the threshold nature of job-separation policies, according to
which the job-separation rate is equal to ¢ for Az € (—A~,A") and infinite for Az € {—A~,A"}. This
assumption is not crucial and can be replaced with a general job-separation hazard as in Alvarez et al.
(2020). The second assumption is the lack of other sources of wage adjustments, such as those arising from
job-to-job transitions or wage adjustments within a job spell. This assumption could be relaxed following
the methodology in Baley and Blanco (2022). Finally, while we assume a particular stochastic process for
dAz;, this assumption can be empirically tested and adjusted if deemed necessary, as in Baley and Blanco
(2021). For example, it would be straightforward to make the parameters of the productivity process
depend on the worker’s employment state. What is critical for the identification result in Proposition 10
to go through is that the data contain enough information to learn about the distribution of productivity
changes during unemployment. In our model, the lack of selection in job finding and the preidentified

stochastic process for Az together yield this strong identification result.

5 Conclusion

There is mounting empirical evidence that wages are less than fully flexible. To understand the conse-
quences of wage rigidity at the micro and macro levels, we developed a theory of non-Coasean labor
markets. The realistic ingredients of this theory included fluctuations in individual output (i.e., produc-
tivity shocks), fixed pay within jobs (i.e., wage rigidity), and the possibility that workers can quit and
firms can dissolve jobs at any time (i.e., two-sided lack of commitment). Our theory embedded these
ingredients in an environment with search frictions, which are commonly viewed as central to the analysis
of labor markets. We provide a first step in characterizing steady-state equilibrium policies and inefficient
separations. Furthermore, we relate the labor market response to monetary shocks by providing sufficient
statistics based on micro-data on wages and job flows.

While the parsimony of this framework is useful in delineating several novel theoretical insights, future
work with quantitive objectives will need to incorporate extensions toward an empirically grounded
framework. In our model, all endogenous separations are inefficient. Adding other sources of idiosyncratic
risk (e.g., match-level shocks) or breaking the homotheticity assumptions (e.g., by including low-income
workers with a significant relative value of home production) will yield efficient endogenous separations.

In the current model, there is no opportunity for wage adjustments within the match. Adding asymmetric

35



negotiation costs and on-the-job search would allow the model to match the asymmetric wage change
distribution reported in the literature (Grigsby et al., 2021; Blanco et al., 2022a). Incorporating these features
in our framework with empirical discipline will allow economists to assess the cost of non-Coasean labor
markets and their business cycle and policy implications. Further examination of these extensions,

specifically in an empirical context, is a crucial next step worthy of its own paper.
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A Auxiliary Theorems

A.1 Notation

We use the following mathematical notation throughout the appendices.

1. H!(IR): Sobolev space; i.e., H' (R) C L?>(R) and its weak derivatives up to order ! have a finite L” norm.

2. Characteristic operator A: Given a function f : R — R and a diffusion process {x;}, the characteristic operator of X is

given by

- Blf (X |xo = x] — f(x)]
Af Llllf; Eltylxo = «]
3. Letu,v: R = R, (1,0) = [u(x)o(x)dxand ||u|| = ([ u(x)? dx)l/z.
4. a(u,v) is a bilinear continuous form. We say a(u, v) is coercive if a(u,u) > al|u|[>.

5. We use a A b to denote the minimum between a and b.

A.2 Some Useful and Known Results

Proposition A.1. Let A be the characteristic operator of {X;} with X; € R". Let f : R" — R be a twice differentiable function with
compact (i.e., bounded and closed in R) support (support(f) = {x : f(x) # 0}). If T is a stopping time with Ex[T] < co, then

T
Exlf ()] = £0) + B | [ AfX) ] )
Moreover, if T is the first exit time of a bounded set, then (A.1) holds for any twice differentiable function.
Proof. This is Dynkin’s formula, the proof of which can be found in Jksendal (2007). O

Proposition A.2. Let x; be a strong Markov process, T be a stopping time measurable with the filtration generated by x;, and ° an
exponential random variable independent of T. Then

5

TAT 5
E /0 e P (o) dt e P g (x, 5) | xg = x

=F [/ "o O£ () + Sg ()]t + e~ O+ (1)
0

X():x:|.

Proposition A.3. Let V be a Hilbert space and P a closed convex cone of V satisfying P = {x € V : (x,y) > 0Vy € P}. Let T be an

increasing map from V to itself such that there exists a x,x € V

Then, the subset of fixed points x* of T satisfying x < x* < X is non-empty and has a larger and smallest element.
Proof. See the proof of Proposition 2 of Chapter 15 on page 539 of Aubin (2007). O

Proposition A.4. Let V be a Hilbert space and P a closed convex set. Assume that a(u,v) with u,v € V is a coercive bilinear continuous

form. Then, there exists a unique solution to
a(u,o—u) > (f,v—u),Yo e P,ueP,
where f belongs to the dual of V.

Al



Proof. See Lions and Stampacchia (1967).
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B Proofs for Section 2: A Model of Non-Coasean Labor Contracts

B.1 Proof of Lemmal

To simplify the exposition, we divide the proof into a sequence of lemmas. Define the equilibrium conditions

du(z) o2 %u(z)

pu(z) = Be +y——=+ = o T maxf(w,z)[h(z;w) —u(z)], VzeR (B.1)

= [Re* — q(w,2)j(zw)] " 0(w,2) V(w,z) € R? (B2)

h(z;w) > u(z), Vz€R, (B.3)

j(zw) >0, VzeR (B.4)

Ifz € (Cl(w)) = h(z;w) = u(z), (B.5)

Ifz € (C"w))* = j(z;w) =0, (B.6)

0 = max{u(z) — h(z;w), Ah(z;w) + ¥}, Vz € Ci(w), h(-;w) € CH(C/(w)) NC(R), (B7)

0 = max{—j(zw), Alj(z;w) + & — "}, ¥z € C"(w), j(;w) € C'(C"(w)) NC(R), (B.8)

ch(w) = int {z ER:h(zw) > u(z) or A'u(z) + e > o}, (B.9)

Cl(w) :=int{z € R: j(z;w) > 0oré® —e¥ >0}, (B.10)
A(£(2)) = —pf +5(u(z) - ) +7 L2 1 Z 2L

A 1= —pf 450~ fia)) 4 LE 4 T TS

Proposition B.1. Let x := (w, z). If there exist two functions h(z; w) and j(z; w) satisfying (B.3), (B.4), (B.6), (B.5), (B.7) and (B.8) given
the continuation sets (B.9) and (B.10), then

o (x) = inf{t >0:z ¢ Ch(w)}

T (x) = inf{t >0:z ¢ Cj(w)}
form a non-trivial Nash equilibrium and
h(z;w) = H(x, T'l*(x),Tj*(x),'r‘s),j(z;w) = J(x, Th*(x),rj*(x),r‘s).
Moreover, if (t"*(x), T/* (x)) is a non-trivial Nash equilibrium, then
h(z;w) = H(x, ™ (x), 7" (x),7%), j(z;w) = J(x, T (x), 7" (x), T%).
satisfy (B.3) to (B.8).

Proof. Quasi-variational inequalities as sufficient conditions. First, we prove that if h(z; w) and j(z; w) satisfy (B.3) to (B.8),
then
h(z;w) = H(x, ™ (x), 7" (x),7°) > H(x, T" (x), 7" (x), 7°)

B1



for any " € T. The proof of the statement
jlziw) = J(x, T (x), ¥ (x),70) > J(x, 7" (x), ¥ (x), T°),

for any v/ € T, follows the same arguments.

Step 1: Here, we show that i(z;w) > H(x,t"(x), 7*(x),7°). Let T be any stopping time (not necessarily the optimal).
Without loss of generality, we restrict the attention to T < T(—oo,a), Where T_o, o) = inf{t > 0: 2y ¢ (—oco,a)}. Intuitively,
it is never optimal for the worker to stay in the job at wage w when productivity is sufficiently large. Let Uy C R be an
increasing sequence of bounded sets s.t. Up> ;U = R. Let 7 = inf {t > 0: z; ¢ Uy}. Since each Uy is bounded, we do not
need to assume compact support of the function to apply Proposition A.1. Applying Dynkin’s Lemma to the stopping time

TI?:Th/\Tj*/\TJ/\Tk,

Th
Ele P h(xy)|z0 = 2] = h(z;w) + E / " Az w) difzg =z
0

Using condition (B.3), since h(z; w) > u(z) for all z, we have that ]E[e*PTI?h(ZT}f,;wNzO =z] > IE[e*PTkhu(zTﬁﬂzo = z]. Thus,

IE[e’Pfﬁu(zTZ,ﬂzo =z]—E

Th
/ ' Ah(z4;w) db|zg = z} < h(z;w).
0
From condition (B.7) , we have Ahh(z; w) +e¥ < 0forall z. Thus,

E

T,f’
/ e Ple®dt|zg = z| < —E
0

o
/ Alh(z;w) dt|zg = z| .
0

Using this result

Th

X k
E | % ”(Zr,?) +/ e Ple? dt|zg = z} < h(z;w)
0

h jx 5
Now, we take the limit k — co. It is easy to see that [ NINTNT p—pttw qp < 1o

. B A% A0 o AT ATd
theorem limy_, o, I [ FATIATAT pmpttw gt |z = z} =E { AT et dt|zg = z].

© a.e., so using the dominated convergence

As we show below, u(z) o« ¢ and since e < ¢ for all + < ™ < T(—oo,a)r W have that 0 < e=*u(z¢) < e”. Applying the

monotone convergence theorem again, we have that

h j* ) h * J
: —p(T" AT AT AT _ _ —p(T"AT*AT —
khrEO]E [e o k)M(ZTh/\T]*/\TA'/\Tk”ZQ = z} =E [e p( V(2 g e ps ) |20 = z] .

Therefore, taking the limit k — oo, we finally obtain
h(z;w) > H(x, m"(x), 7 (x), T°).

Step 2: Now, we show that h(z;w) = H(x,7"*(x), 7/*(x),°). Applying Proposition A.1 to the stopping time 7,'* =

% AT/ A1 A T° we obtain

T}z*
]E[e_PTkh*h(lem;wﬂzo =z|=h(z;w) + E / ' Ah(zg;w) dt|zg = z| .
0
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Forall t < 7/**, we have that u(z) < h(z;w). Therefore, by (B.7), A"h(z;w) + ¢¥ = 0 for all z. Thus,

E

hx
1% T
e P h(zgpe;w) +/ e Pe® dt|zg ZZ} = h(z;w).
0

Taking the limit k — oo and following similar arguments as above, we obtain

T ATEATY

E

(o A A
e P(T AT AT )h(ZTh*/\Tj*/\TzS;W)+/

e Ple? dt|zg = z} = h(z;w).
0

which, given Proposition A.2, is equivalent to

E

. Th*/\Tj*
e_(P+5>(Th*/\ﬂ*>h(zrm/\r,'*;w) —l—/o e~ PHO (Su(z) 4 e¥) dt|zg = z] = h(z;w).
Since zi. i+ € I(C"(w*(z)) NC/(w*(z))) and h(-;w) is continuous, we have that

E

T AT X
67(‘D+5)(Th*/\rl*)M(Zrh*/\.rj*,'w) + /0 e~ OHO! (Su(z) 4 e¥) dt|zg = z] = h(z;w).

and h(z;w) = H(x, T (x), T*(x), T°).
Quasi-variational inequalities as necessary conditions. Now, we prove that if 7"*(x) and 7/*(x) is a non-trivial Nash
equilibrium, then h(z; w), j(z; w) satisfy (B.3) to (B.10). It is easy to show that in a Nash equilibrium, the stopping time is

Markovian—if any agent chooses to stop, then the game finishes. By definition, we have that

h(z; w) = maxE
Th

AT AT e s
/ e POt 4o TN ) (5 s w) dE|zg = 2| (B.11)
0
e Condition (B.3): We show it by contradiction. Assume that /(z;w) < u(z). Then T"(x) = 0, implies

u(z) > h(z;w) > H(w, 20,7 (x),7°) = Eg

0
/ e Pl At + e P u(z0) |20 = z} = u(z),
0

so we have a contradiction.

e Condition (B.5): If z € (C/(w))¢, then T/* (x) = 0 and Pr[min{7"*(x), 7/*(x), 7% (x)} < U*(x)] = 1, and h(z;w) = u(z).

¢ Condition (B.7): Observe that this condition is the best response of the worker, given that the firm continues. See Jksendal

(2007) and Brekke and @ksendal (1990) for a discussion of the necessity of the smooth pasting condition.

¢ Condition (B.9): To show this, we need to characterize the continuation set in the Nash equilibrium that survives
the iterated elimination of weakly dominated strategies. First, from the problem (B.11), if Pr(7/*(x) > 0) = 1, then
Pr(7"*(x) > 0) = 1if and only if
zeint{z e R:h(z;w) > u(z)}.

Second, we show that staying in the match weakly dominates leaving it if
0< e+ Au(z), (B.12)

for all z. Take any stopping time 7 such that Pr(t > 0|zp = z) = 1. Then, applying Dynkin’s Lemma (and using similar
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arguments as in Step 1), we obtain
T
E [e Tu(z¢)|zo =z] = u(z) + E {/ Au(z;) dt|zg = z} .
0
Using the inequality in (B.12),
T T
u(z) =FE [e Pu(zc)|zo =2z] — E {/ Au(zs) dt|zg = z] <E[e P u(zc)|zo = z] + E {/ e P dt|zg = z| .
0 0

Thus, staying in the match strictly dominates dissolving the match.

Proposition B.2. Define

w*(z) = argrr%?xe(x)l”"(h(z;w) —u(z)).
and T = inf{t > 0: ANtf(w* ()2 1} where N{(w*(m"z‘) is a Poisson counter with arrival rate f(w*(z¢),z¢). The function u(z)

satisfies u(z) € C2(R) and (B.1) if and only if

u(z) = max E
{wi}2,

,ru
/ e P B(z;) At + e T h(zos; w)} .
0

Proof. The proof is the standard optimality conditions in the HJB (see Qksendal, 2007). O

Lemma 1. Assume u(z), h(z;w), j(z;w), 0(z; w) satisfy (B.1)—(B.8) given the continuation sets (B.9) and (B.10). Then {Th*,rf*, {wf}tio}

constructed with

™ (x) = inf{t >0:z ¢ Ch(w)}
* (x) :inf{t >0:z ¢ Cj(w)}

w*(z) = argrr%?xe(x)l”"(h(z;w) —u(z)).

is a BRE with

If{H(w,z, ™), J(w,z,T"),U(z)}, market tightness 6(w, z), and policy functions {'ch* (w,z), T (w,z), w* (zt)} is a BRE with
h(z;w) = H(x, ™ (x), 7*(x), ),

j(zw) = J(x, T (x), 7" (x), 70,

then u(z), h(z;w), j(z;w), 0(z;w) satisfy (B.1)—(B.8) given the continuation sets (B.9) and (B.10).

Proof. The proof is a combination of Propositions B.1 and B.2. O
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B.2 Proof of Lemma 2

For the next proof, it will be useful to define the normalized equilibrium conditions

pu =B+ n;ngé(w*)l—“W(w*), (B.13)
0= [R—0(w)~*](@)] " b(w), (B.14)
V(@) >0, (B.15)
J@) >0, (B.16)
ifwe () =W@) =0, (B.17)
ifwe (C")° = J(®) =0, (B.18)
0 = max{—W (@), AW () + ¢? — pU}, Voo € ¢/, W € C'(¢/) N C(R) (B.19)
0 = max{—J(®), Af (@) + 1 —¢e®}, Vi € C", ] € C'(C") NC(R) (B.20)
Ch = int {w ER: W(®) > 0or (2 — pll) > 0} , (B.21)
i :mt{welR:f(w) > 0or (1—ew> >0}, (B.22)
Alf) = ~(p+0)f Aa];(g’) + éazafzéf),

wherew:w—z,ﬁ:p—y—az/Zand’?=7+Uz.
Lemma 2. Assume that (h(z;w), j(z;w), u(z),0(x), w*(z)) satisfy conditions (B.1) to (B.10), then

(U, j(w—z), W(w —z),0(w—z),@*) = <u(z) j(z;w), h(z;w) — u(z),G(w,Z),w*(z) - z) )

ez ' e %
satisfy (B.13) to (B.22). Moreover, if (U, f(w — z), W(w — z),8(w — z)) satisfy (B.13) to (B.22), then

(u(z), j(z;w), h(z;w),0(w, z), w*(z)) = (Ue*, J(w — z)e*, (W(w — z) + U)e?, 0(w — z), d* + z)
satisfy (B.1) to (B.10).

Proof. The general idea for the proof is to use a guess-and-verify strategy for each equilibrium condition.
Condition (B.1) holds if and only if (B.13) is satisfied: Using 0 = “2) we have that

ez 7

Ue* = u/(z) and Ue* = u"(2).

Using this result and the fact that 6(w, z) = §(w — z), and W(w — z) = w,
P / a 1—a
ou(z) = Be* + yu'(z) + S (z) + rur)lg)(f)(w,z) h(z;w) —u(z)] <

2
pUe* = Be* + yUe* + %ljez +maxf (w—z)! 7 [W(w - 2)¢f] =

w(z)

2
(p —y— %) Ue? = Be? + ¢* maxd (@) W (@) <= pU = B + max0 (@) * W (@).
w

Condition (B.2) holds if and only if (B.14) is satisfied: Using that f(w — z) = ), 0(w,z) = 6(w — z), and the assumption
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K(z) = Ke?, we have that

[Ke* — q(G(w,z))j(z;w)]Jr 0(w,z) =0 <> [Ke* —q(0(w,z))f(w — z)e?] T o(w,z) =
—

Since (0(w,z)) = q(6()), we have the result.
Condition (B.7) holds if and only if (B.19) is satisfied: Assume (z;w) satisfies (B.7). Then, for all z € C/(w)
oh(z;w) o2 h(zw)

0 = max{u(z) — h(z; w), —ph(z; w) + v e + 2 a2 +6(u(z) — h(z;w)) +€“}.

Using that U = M nd W(w —z) = Izw)~u) e have that h(z;w) = W(w — z)e* + Ue?, ah( 0) = = W(w — z)e* — W' (w

e

z)e? + Ue?, and 2 ( 0) = W(w —z)e* — 2W'(w — z)e* + W (w — z)é* + Ue?. Thus, since e > 0

ah(azz,w) +Z 5 a( )—i—é(u(z)—h(z;w))—i—ew}

ax{-W(w — z)e?, —p(W(w — z)e* + Ue*) + y(W(w — z)e* — W' (w — z)e* + Ue?) ...

0 = max {u(z) —h(z;w), —ph(z; w) + v

Jr
D% B

(W(w — z)é* — 2W' (w — z)e* + W (w — 2)e* + Ue*) — W (w — z)e* + ¥}

2
=max{-W(w—z),— (0 —7—0?/2+ 6 W(w —z) — (v + 2 )W (w — z) + %W”(w —z)— (p —y— 02/2> U+ev %}
= max {fW(z@), —(p+OW(D) — W' (®) + —

The equivalence between (B.8) and (B.20) can be established following similar steps.
Condition (B.9) holds if and only if (B.21) is satisfied: Assume z € Ch(w). Then,

2

h(z;w) > u(z) or — pu(z) +yu'(z) + %u"(z) +e¥ >0

Using that U = “ézz) and W(w — z) = hzw)—u@) \yith e > 0

A

2
W(w—2z) >0 or —pflez+7flez+%ﬁez+ew >0 <
W(w—2z)>0ore’ > —(p—y—0?/2) >0 —
W(w) > 0 ore® —pl >0
Thus, z € C"(w) if and only if w — z € C". The equivalence between (B.10) and (B.22) can be established following similar steps.

Remaining conditions: The equivalence between equations (B.3), (B.4), (B.5), (B.6) and equations (B.15), (B.16), (B.17), and
(B.18) is trivially established. O

B.3 Proof of Proposition 1

Proposition 1. Let W(w), f(), §() be bounded functions with compact support. Then, there exists a unique solution to



W(w) >0, (B.23)

J(@) >0, (B.24)
ifwe (C" = f) =0, (B.25)
if o e (C)° = W(w) =0, (B.26)
0 = max{—pW(®), AW (@) + ¢® — pU}, Vo € ¢/, W e C'(¢/) NC(R) (B.27)
0 = max{—pf(@), Af(@) +1 -}, vao € ¢", ] € C'(C") N C(R) (B.28)
éh :znt{welR W(w )>Oor(ew—ﬁﬁ)>0}, (B.29)
Ol = int {w ER: j(0) > ( ) } (B.30)
A= ~(p+0)f - 4208, D),

The proof uses results from the mathematics literature that, generally, a well-trained economist has not used or seen before.
For this reason, before presenting the proof, we provide some intuition about the steps we show below. In a nutshell, there
are two steps in the proof. First, we need to show that, for a given value of unemployment U, there is a unique non-trivial
Nash equilibrium of the game played by the matched worker-firm pair. To understand the intuition behind this step, define
F (b~ ; pU) as the best response function of the firm in terms of its layoff threshold, and @~ (@; pU) as the best response
function of the worker in terms of her quit threshold. It is easy to show that optimal policies are given by wage-to-productivity

thresholds. @ (~; pU) is the solution to the differential equation
(p+0)](@) =1—e” —4]' (@) + - ] (@),

with border conditions [(") = J(#~) = J'(@*) = 0. In the same way, &~ (@*; pU) is the solution to the differential equation

A A A 2 A
(p+0)W(@) = & —pU — JW' (@) + T W" (@),
with border conditions W(#+) = W(d~) = W/(%~) = 0. Let W(; pU) and J(@; pU) be the values associated with the
non-trivial equilibrium policies.

Second, we need to find the equilibrium value of unemployment. This value satisfies

Jn 5 PN 1
P(pU) = B + rrzsxm](w,pu) *

W (w; pU).

Figure B1-Panel A shows the composition of Q() := @ (%~ (@; pU)) and Figure B1-Panel B shows IP(9U). As we can see in the
figure, the composition of the best response functions satisfies two properties: (i) monotonicity (i.e,, Q' (@) > 0) and (ii) concavity
(i-e., Q"(w) < 0). Intuitively, the monotonicity property arises from the fact that if one agent prefers to stay in the match for
longer, the other agent also prefers to stay longer. Concavity arises from the fact that there is a decreasing value of delaying the
separation. As the figure clearly shows, a unique non-trivial Nash Equilibrium exists under these two properties. Equipped
with the values from the non-trivial Nash Equilibrium as a function of U, we can then characterize the decision problem of the
unemployed worker. The mapping IP(pU) satisfies three properties: (i) P(B) > B with IP(1) = B, (ii) it is continuous and (i) it
is decreasing. Intuitively, if the flow value of unemployment is equal to B, then the surplus of the match is positive, and the
unemployed worker obtains a positive continuation value from searching for a job. If, instead, the flow value of unemployment

equals the value of (normalized) output, then the surplus is zero, and the unemployed worker does not benefit from finding a
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job. Also, the larger the unemployment value, the lower the value of the match, and, therefore, the value of searching for a job.

As the figure clearly shows, a unique equilibrium exists under these three properties of IP(pU).

FIGURE B1. INTUITION

A- Best response function

B- Unemployment flow value

1 (2 (0 PU) ) m— P(pU)
= = 45 degree line = = 45 degree line
4 4
4 4
4
4 /7
4 4
/ /
/ /
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4 4
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4 4
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4 4
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VA

b U

Notes: The figure illustrates the properties of the policy and value functions. Panel A shows the composition of Q(@) :=
@t (b~ (d; pU)) and the 45 degree line. The non-trivial Nash Equilibrium is given by the intersection between these two lines.
Panel B shows the composition of the individual best response functions and the fixed point in the equilibrium P(pU).

Proof. We divide the proof into four steps.

Step 1 shows the existence of a non-trivial Nash equilibrium for a given U. In this step, we show the existence of a solution
to conditions (B.23) to (B.30). To simplify the exposure, we divide step 1 into three propositions. Proposition B.3 shows the
equivalence between the equilibrium conditions and the quasi-variational inequalities. Intuitively, Lemma 1 established the
equivalence between the sequential and the recursive formulations of the model represented by a set of differential equations.
Here, we establish a second equivalence between these differential equations and variational inequalities, which is required
to apply known fixed-point theorems. Proposition B.4 shows the existence and uniqueness of the agents’ best responses.
Proposition B.5 shows the existence of equilibrium by invoking Proposition A.3 (Tartar’s fixed point theorem). Observe that we
restrict the functions W() and J(®) to have bounded support. This restriction is without loss of generality since it is a result of
Proposition 2—i.e., the match’s continuation region is bounded.

Step 2 shows the uniqueness of the solution to conditions (B.23) to (B.30). We divide this proof into two propositions.
Proposition B.6 shows that the operator defined in step 1 is strong order concave. Using concavity and techniques in the spirit of
Marinacci and Montrucchio (2019) applied to our own problem, we show uniqueness in Proposition B.7.

Step 3 shows that value functions are continuous and decreasing. We divide this step into two propositions. First, we show
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in Proposition B.8 that the value associated with the worker’s “best response” is continuous and decreasing in U. Proposition
B.9 shows these properties for the non-trivial Nash equilibrium. Finally, step 4 proves the uniqueness of the equilibrium by

showing the existence of the unique fixed point in the unemployed worker’s value U.

Step 1. We start by defining a continuous bilinear form in a more general space of functions. Let V = H} (R)—where H}(R)

is a Sobolev space of order 1—be a Hilbert space and define the bilinear continuous forma: V x V. — R

" doy d
a(vy,v) := 01 02 / i Lo, () u?+(/3+<5)/ v1 (D) vy (D)dd
R
Proposition B.3. Define K" (J) and K/ (W) as

hf . {
KI(W):={J e V:](®) >0&if W(w) = 0and & < log(pU) = J(@) = 0}.

=
|

Assume W(w) € C1(C)) NC(R) and J(w) €

C'(C") NC(R) bounded with compact support, where C" and C/ are constructed with W
and | following (B.29) and (B.30). Then, W () and J () solve

WeK"(J), JeK(W)
)2/}1{(1—5)(0—])(1@, Yo e K(W)

a(W,0 - W) Z/R(ew—ﬁlﬁl) (0 — W) d, Yo e K'(f).

2
—~
—
<
I
~—;

if and only if W (@) and J () solve (B.23), (B.24), (B.25), (B.26), (B.27), and (B.28).

Proof of Step 1 - Proposition B.3. We verify conditions (B.23), (B.24), (B.25), (B.26), (B.27), and (B.28) focusing on the firm (the
worker’s conditions are verified following similar steps). It is easy to show the converse.

Conditions (B.23) and (B.24) are satisfied. Since | € K/(W), we have that f(@) > 0.

Conditions (B.25) and (B.26) are satisfied. Define (" with W. Then, ((fh)C is equal to

(CM° = cl{w e R : W(d) < 0and (e — pU) < 0}.
Since W() > 0, we have that
(CM¢ = cl{w e R : W(d) = 0 and & < log(pUl)}.
Since f € KI(W), if @ € (C")¢, then J(0) =
Conditions (B.27) and (B.28) are satisfied. Take any v € K/(W). Then, if © € (C")¢, we have that f(@) = v(@®) = 0.
Therefore, we have that for every v € K/ (W)

ao-D= [(1=e") (o)) <

[ @) de@) @) [ @) S
z /(m i qa A [ S (@) @) do ) /(é,,)c ) (0() — (@) dio+
2 f(@) d(o(@) — J(@ f (@ . ? ¢

T, S D i g [ S o) - ) da+ (p+0) [, Ha) () - @) do >
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2 J(@) d(o(@) — J(@ o . R R
T, S D i g [ S o)~ ) d+ (0 +0) [, Ha) () - @) do >
[, =) (o)~ j(@) da
Using integration by parts, we obtain
@ [ dj@) de@) - @) 4
2 Jon dov do

o2 d*j() R . ~
- a0 (v(D) — J(D)) dd.

weaelh 2 Jen

In (1), there could be two cases for the first term. The first case is a finite limit of integration (i.e., C" is bounded). In this case, we
use continuity of the functions and the fact that if & — 9C" (C" is open) , then @ — (C") and, therefore, f(®) = v(®) = 0. The
second case is an infinite limit of integration. In this case, the assumption of bounded support implies f (@) = 0 for sufficiently

large or small @, thus J/ (@) = 0. In conclusion,
[, (A1) + (1 =) (o) ~ @) d <.

Before continuing, we remark that the previous equality holds for all v() € K/(W). Let O be an open ball in C" that covers
an arbitrary point @ € C". Then, we can find a family of smooth functions indexed by n with o4 (n) € [0,1], s.t. 05(n) = 0
outside C", 04 (n) — 1in O, and 04 (1) — 0 outside O. Since J(@) + 0g(1) > 0, J(d) + 04 (n) € K/(W) and

/ (ftf(w) +(1- ew)) 05 (1) deb +/ (A](w) +(1- ew)) 0 (n) db < 0.
o ch/O
Taking the limit # — oo, we have that
/ (AJ(@) + (1~ ¢®)) do < 0.
@]
Since O is arbitrary, Af(@) +1 —e? < 0 a.e. in C". Since J(@) € CY(C"), t AJ (@) +1 — €® < 0 for all @ whenever the

second derivative is defined. To obtain the other inequality, consider f()(1 — ow( )) + 004 (n) € K/(W) and we have that

— [ (@) + (=) J@poatm do— [ (Al@)+(1 =) F@)oa(n) dio < 0

Taking the limit n — oo, we have that [, (AJ(@) + (1 — ¢®)) (—J(®)) d& < 0 a.e.. Since f(@) € C!(C"), we have that for all

w e Ch

Since f(@) > 0and (AJ(®) + (1 — e?)) < 0, wehave that (Af(d) + (1 —€?)) (-

0 or written more compactly

S~
—~
=
—
V
o
—
=
c
&
—
~—>
—
=

0) +1—e?) (=](@)) =

with J(@) € C'(C") N C(R). O

Proposition B.4. Define the value functions that are obtained from the best responses as BR" : H'(R) — H'(R) and BR/ : H}(R) —
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H}(R) such that

BR"(J) = {W € H'(R) : a(W, v — W) > (¢? — pU,v — W), Vv e K'(), W e K"(])},
BR/(W) = {eHl( yia(Jo—]) > (1-e%0v—]), Voe K(W), JeK (W)}

Then, BR"(J) and BRI (W) exist and are unique.

Proof of Step 1 - Proposition B.4. Here, we show that the value functions that are obtained from the best responses are well-defined.
For this, we need to verify the conditions in Proposition A.4. Basically, we need to show that K/(W) is closed and convex, and
thata(-, -) is coercive.

KI (W) is closed and convex. First, we show that K/ (W) is closed. Take a sequence [ € K/ (W) s.t. [ converges to some [*.

Since " € K/ (W),

N
V
o
>
=
=
S
2
]
(@]

and ® < log(ﬁlfl), then /" =0

for all n. Taking the limit,
J* > 0,if W(@) = 0and & < log(pU), then J* =0

where we use the fixed domain in the second limit. Thus, K/ (W) is closed.

To show that K/ (W) is convex, take !, 2 € K/(W), then

J1>0,if W(@) = 0 and @ < log(pU), then J' =0,

=

J? > 0,if W() = 0and & < log(pU), then f? = 0.

=

Taking the convex combination with A € [0,1]
AP+ (1 =MJ2>0,if W(@) =0and @ > 0, then AJ' + (1 —A)? = 0.

Thus, K/ (W) is convex.

a(u, v) is coercive. Operating over the bilinear operator

2 do(@) do(@) . . [ do(®d) .. . N2 g
a(v,v) = 3 Jg o do dw—i—’y/]R % o(W) dd + (p—&—(S)/}Rv(w) dw
2 7 2 ©
o / <dv(f")) d+4 0@ +(p+9) / o)
2 R do —o0 R
N N——
>0 =0
>@) (p+(5)/ o(d)2dd
R
= (p+9)llolI?
Step (1) integrates [ =g~ dv () i 0() db = %v(zb)z‘oo and uses compact support. Step (2) uses the non-negativity of the squared
derivative term.
With the properties verified, we can apply Proposition A.4. Thus, the best response exists, and it is unique. O

Proposition B.5. Define Q(W) = (BR" o BRI)(W), then there exists a fixed point Q(W*) = W* and J* = BRI(W*). The set of fixed
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points is bounded above and below by

0<W<W <W,
0<j<J <],
where
a(ﬂ,?f*ﬂ) > (ew 7ﬁa W) Yoe Ksmall W c Ksmull
ﬂ@U—D > (1 _ew j) Voe Ksmall ]6 Ksmall
Q(W,U—W) > (e —pU, W) Vo e KV, W e KV,
a(f,o—f) > (1—e ), Vo e K", | e KV,
with

KMl .— {o e V:v(d) > 0&if @ ¢ (log(pll),0) = o(@) =0},
K" .= {v e V:0(d) >0},

with a maximum and minimum element.

Proof of Step 1 - Proposition B.5. The first step consists in showing that the function Q(W) is monotonically increasing—i.e., if
Wy > W,, then Q(Wl) > Q(WZ). To show this result, first, we need to prove that K/ (W) is increasing—i.e., if W; > Wy, then
KI(W,) C KI(Wy). Take f, € KI(W,), then

fo >0, &if Wa(t) = 0and @ < log(pUl) = (@) = 0.
Since W, (@) > 0, we have that

fo >0, & () = 0V € {d: Wy() < 0& 0 < log(pU)}.

IN

Now, we show that {@ : Wy () < 0 & @ < log(pU)} C {@ : Wa () < 0 & @ < log(pU)}. Take @ € {@ : Wi (@) < 0 & @
log(pU)}. Then, Wy (@) < 0 and, since Wy (@) > W, (), we have that W (@) < 0. Since {@ : Wy (@) < 0 & @ < log(pU)} C
{0 : Wy (@) < 0& @ < log(pU)}, the previous condition holds for the larger set, so it will also hold for the smaller set

fo >0, & fo() = 0,V € {@ : Wy (D) < 0& b < log(pU)}.

Thus, f, € K/(W;) and K/ (W,) C K/(Wy).

Now, let W; > W,. We need to show that J; = BR/(W;) > BRI(W,) = J,. Since K/(W) is increasing—i.e., K/(W,) C
KI(Wy)—J1, ] € KI(W;) and the envelope max{J;, J} € K/(W;). Now, we show that min{J;, /,} € K/(W>). Since J;,J>» > 0,
we have that min{J;, [} > 0. Moreover, take a @ s.t. Wa(®) < 0 and @ < log(pU), then 0 = J, = min{fp, f;}. Thus,
min{f;, f,} € K/(W,). In conclusion, we can use max{ i, /} as a test function for K/(W;) and min{f;, /,} as a test function for

K](Wz)

min{f;, o} = J» — max{J, — J1,0} for test function for K/ (W,)
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max{f, o} = Ji + max{J, — J1,0} for test function for K/ (W)
Using the quasi-variational inequality
a(Jo, —max{Jo — J1,0}) > (1 —e®, — max{J, — f1,0})
a(Ji,max{J, — J1,0}) > (1 - ¢®, max{J, — J1,0}).
Thus,
—a(Jo,max{J> - J1,0}) > —(1 - €®, max{f, - J1,0})
a(fl/max{fz - jl/o}) 2 (1 - ewlmax{f2 - fllo})

Summing these two equalities, we obtain

a(fr, max{f, — J1,0}) — a(Jo, max{f — J1,0}) > 0

or equivalently,
“(fzzmax{fz - fl/o}) - a(fl/max{fZ - fl/o}) <0.
Next, we show that the previous inequality implies a(max{J, — 1,0}, max{f, — f;,0}) < 0. Define the set X = {x: [, > J;}.
Then,
a(Jo,max{J, — J1,0}) — a(fy, max{f> — f1,0})

_o? dh(@)d(f—h) .. dfi(@)d(—h) ..
_7(/X dw dw dw_/x d dm dw+/R/x0dx)

([ B, fyaa- [ DD jyaos [ oax)
4 +0) ([ hth-tyao— [ hoa-hao+ [ oan)
_‘Tzz/x(d(filu;jl))zdzb—i-’?/xd(TZ(C;z)b_fl)(fz—fl)dw‘i‘(ﬁ‘*‘@ (/X(fz—fl)zdw>

= a(max{J, — f1,0}, max{J, — f1,0}).

In conclusion, since a(-, ) is a coercive bilinear form, 0 > a(max{f, — J;,0}, max{f, — J;,0}) > K||max{J, — f;,0}||?. Thus,
Ji > J» ae, and by continuity f; > f, for all &. Applying similar arguments to BR"(]), we have that if W; > W, then
Q(W;) > Q(W,), so by Proposition A.3, there exists a fixed point. Moreover, the set of fixed points has a maximum and a
minimum—i.e.,

{W e Hy(R) : W = Q(W)}

has a WMin and Wmax g t. Wmin < W* < W™ for all W* € {W € H}(R) : W = Q(W)}. To find the upper and lower bound,

observe that we can write the non-trivial Nash equilibrium policies as

J*(w) = max E

©/ o .
/ e~ 0TI (1 — ey Aty = | .
{teTv<th} 0
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Since oo > T/* > T(og(pUL O)),M we have that

0< ] = max E

{TjET:TjST(IDg(ﬁU/U))}

[~

T . .
/ e~ (POt (1 — ) dt |y = w}
0

i
< max E / e~ (0T (1 — o) dt|g = w}
{deT:ti<th*} 0
=J"(w)
Tl . )
< max E / e~ 0TI — o) dt|wg = B
{teT} 0
= f.

O

Step 2. This step proves the uniqueness of the fixed point. The first proposition shows that Q : H}(R) — H}(R) is concave.
Since the Q operator is only defined for non-negative functions, we assume that the domain is restricted to non-negative
functions without loss of generality. Since the game’s continuation region is bounded, flow payoffs are bounded. Therefore, the
equilibrium value functions are also bounded. For these reasons, without loss of generality, we restrict the Q : A — A operator
in

A= {ve H}(R) : v(d) € [0,7], Vib}
Observe that A is order convex—i.e., ifa,b € Awitha < ¢ <D, thenc € A.

Define the operator & : A X A — A, where

with a() € [0,1].

Proposition B.6. Q : A — A is strongly order concave—i.e.,

forall W' < W".

Proof of Step 2 - Proposition B.6. Take W' < W”. The proof has three arguments. First, we show that K/(a(W/, W")) =
K/(W"). Then, with this result in hand, we show that the BR/ («(W/,W")) > a(BR/(W’), BRI(W")). Finally, we show that
Qa(W',W")) = a(Q(W), Q(W")).

To see that K/ (a(W',W")) = KI(W"), observe that since a(W,W”) < W and since K/(-) is increasing, we have that
Ki(a(W!, W")) C KI(W"). Now, we show that KI(W") C K/(a(W’, W")). Take any | € K/(W"). Then,

N

J>0, &if W (@) = 0and d < log(pU) = J(@) = 0.

YT ogptt0)) = Inf {t > 0: @t & (log(pU,0))}.
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If W (@) = 0, then W () > W' () = 0, which is then also true for any convex combination. Thus, a(W’, W) < W = 0 and
J>0, &if a(W,W") = 0and & < log(pU) = J(#) = 0.

In conclusion, | € K/ (a(W', W")) and K/ (W") C KI(a(W’', W")). Therefore, we have that K/ (a (W', W")) = K/ (W").

Since the constraint set—i.e., W and any test function v in K/ (-)—is the same for a(W’, W") and W”, we have that

BRj(DC(W/, W”)) _ BRj(W”),
= a(BR/(W"), BRI(W")),
> a(BRI(W'), BRI(W")),

where we used the monotonicity of BR/(W) in the last inequality. A similar property holds for BR"(f). In conclusion, BR/ (W)

and BR'(]) are increasing and strongly order concave. Using this result, for W' < W”, we have

Q(a(W',W")) = BR"(BRI (a(W', W")))
> BR" (a(BR/(W'), BRI (W")))
>() a(BRY(BRI(W")), BR(BRI(W")))
= a(Q(W'), Q(W™)).

Step (1) uses the monotonicity of BR" () and the strongly order concavity of BR/(W). Step (2) uses the strongly order concavity
of BR(). O

Proposition B.7. Q : A — A has a unique fixed point.

Proof of Step 2 - Proposition B.7. We have shown that Q(W) is monotone and order concave defined in an order convex set. Now,
we prove the result by contradiction. Let W be the minimum fixed point and let W* be another fixed point with W* > W. Then,
we can write W = a* (0, W*) for some a* (@) function, where zero is the lower bound in the domain. Importantly, it is easy to see

.l
v
that a* () € (0,1) for all @ € (log(pU,0)). Thus,

Step (1) uses the fact that W is a fixed point and step (2) uses the fact that W =a* (0, W*). Step (3) uses the strongly order
concavity of Q. Step (4) uses the fact that W* is a fixed point. Step (5) uses that Q(0) > 0 for all @ € (log(pU),0). Since it cannot

be that W > W, we have a contradiction. O

Step 3. Let W*(@;pU) and J*(; pU) be the value functions from the unique non-trivial Nash equilibrium. We now show

that they are continuous and decreasing in U.
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Proposition B.8. Fix J. Let W(w; pU) = BR"(; pU) be the solution of
a(W,0—W) > (1—pl,o—W), Yo e K'(]), W € K'(})

Then, W (; pU) is continuous and decreasing in pU.

Proof of Step 3 - Proposition B.8. First, we prove continuity. Take U; and U, and define Wy = BR"(f; pU;) and W, = BR"(f; pUl,).
Then,

a(Wy,v—Wy) > (1—ply,0— W), (B.31)
a(Wa, v — W) > (1 - plp, v — Wa). (B.32)

Let W be the test function for (B.31) and let W; be the test function for (B.32). Summing both equations
a(Wl,Wz — Wl) + H(WQ, Wl — Wz) > (1 — pUl,Wz — Wl) + (1 — ﬁaz, W1 — Wz)

or equivalently

a(Wy — Wo, Wy — Wy) > (p(U, — Uy), W, — Wh).

Multiplying by -1 on both sides and under the observation that (p(U — Uy), Wo — Wy) = p(U, — Uy) (1, W, — W), we obtain
a(Wa — Wi, Wo — W) < (U — Up) (1, Wa — Wi).
Given that the operator is coercive and that

A N

(W (w; plp) — W(w; pU3)) dd < (/R (W (;

=

(1, — i) = [

R

we have that
BIW2 = Wi |2 < a(Wa — Wi, Wo = W) < p(Uy — U2) (1, Wo = W) < p|Un — U || W — W |
for some B > 0. Thus,
W =Wl < 10—
With this inequality, we can verify the continuity of W(w; pU). Let € > 0 and choose |U; — U,| < e%. Then

W, — W] <e.

Thus, W(d);ﬁﬁ) is continuous.

Now, we prove that W(@; o) is decreasing in the second argument. Let (I; > U, and define W; = BR"(J;pU;) and
W, = BR"(J;pUly). Observe that Wy, W, € K"(J). Thus, min{W;, W,} and max{W;, W} € K"(]). Therefore, we can use
min{W;, Wo} = W; — max{W; — W,,0} as a test function with U; and max{W;, W,} = W, + max{W; — W»,0} as a test
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function with U,. Therefore,

—a(Wy, max{W; — W,0}) > —(1 — pUy, max{W; — W,,0}),

u(WZ,max{Wl — WQ,O}) > (1 — pl:lz,max{Wl — Wz,O})
Adding both inequalities, we obtain
a(Wy — Wy, max{W; — W»,0}) > p (U — (o) (1, max{W; — W,,0}).

Multiplying by -1 and under the observation that a(W! — W2, max{W' — W?,0}) = a(max{W! — W?,0}, max{W! — W?,0}) >
B|| max{W! — W2,0}||? for some B > 0, we have that

|| max{W; — W, 0}|? < % (0 — T (1, max{ Wy — W,,0}).
Since U; > Uy, we have that U, — U; < 0. Assume, by contradiction, that Wy > W, then (1, max{W; — W,,0}) > 0. Operating,
0 < || max{W; — W, 0}|2 < % (U — T1) (1, max{ Wy — Wy, 0}) < 0.

Thus, we have a contradiction. In conclusion, W (@; pU) is decreasing in the second argument. Observe that f(@) = BR/(W) is

independent of pU. O
Proposition B.9. Let W* (w; pUl) be the non-trivial Nash Equilibrium, then it is continuous and decreasing in the second argument.

Proof of Step 3 - Proposition B.9. First, we show that the value function from the non-trivial Nash equilibrium is decreasing in U.

If ; > U, we have, by the previous step, that
Q(W,pUy) < Q(W, ply).
Define recursively Q" (W, pUl;) = Q o Q" (W, pU; ). By monotonicity,
Q"(W,pl) < Q"(W, ply)
also holds for all n. By Theorem 18 of Marinacci and Montrucchio (2019),
Q"(W,ply) — W*(w; Uy ) and Q™ (W, plla) — W*(; plly).

Thus,
W*(w; pU,) < W*(w; pUy).
In conclusion, the non-trivial Nash equilibrium is decreasing in a.

Now, we show continuity. Take u, + u* (resp. U, | U*). Then, it is easy to see that W (zb;ﬁljl”) is monotonic, and by

completeness, it is easy to see that W* (; pU") is a convergent series. Thus, W*(; pU) is continuous in the second element. [
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Step 4. We now show the existence of the unique fixed point in pU. Using the free entry condition, we can define the value of

the unemployed worker as

P(pU) i= B+ max 1 J(@;00) 5 (3 )

We now show two propositions: (i) we show relevant properties of P(pU), (ii) we use these properties to show the existence
of a unique fixed point P(pU*) = pU*.
Proposition B.10. The following properties hold for P(pU):
o P(pU) exists and is unique.
P(pU) is continuous.

e P:[B,P] — [B, P and it is decreasing.

Proof of Step 4 - Proposition B.10. From Proposition 2, we have that " N ¢/ is bounded, thus

1 . a1
max w72 ) (@; o)+

W?iJALAI max  ——(; pU =W o; pln).
(@; pU) = eanEX za7a) (@ pU) (w; pU)
Since J(+;pU) and W(-; pU) are continuous and the optimization is conducted over a compact support, by the extreme value
theorem there exists a maximum and, clearly, is unique.
Since J(w; pU) and W (@; pU) are continuous in both arguments, by the maximum theorem, the maximal value is continuous.

Let @* (0U) be the solution to the optimization problem. Then, if I < U’,

L 0 (000 W (500 pL1) =) L (601 ) 5 Ve (), i)
Jz L far (o0, pU) 5 W(a* (o), 501

Step (1) uses the optimality of &* (9UI) and step (2) uses the fact that [ and W are decreasing in the second argument. Thus,
P(pU) is decreasing. By Proposition 2, we have that P =: P(B) > B. Since P(pU) > B ( J(-) and W(-) are non-negative), we
have that P : [B, P] — [B, P]. O

Proposition B.11. P(pU) has a unique fixed point.

Proof of Step 4 - Proposition B.11. The existence of the fixed point follows directly from Brouwer’s fixed point theorem. To show

uniqueness, observe that if there were two fixed points U; < U,, by definition, we would have that P(pU;) = pU; < pU, =

O

P(pU,) and P(pU) would be strictly increasing. By Step 4-Proposition B.10, this is a contradiction.

B.4 Proof of Proposition 2

Proposition 2. The BRE has the following properties:

1. The joint match surplus satisfies

where
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Proof.

is the expected discounted match duration and 1 > pU > B.
The competitive entry wage W* coincides with the Nash bargaining solution with worker’s weight :
Ak AN T oANT—a | A\ ~\\1—a A oA
" = argmax { W(@)*[()'*} = argmax {n(@)* (1 - (@))' T (@,p) }
w w

with optimality condition

N 1—ua T (0%, P)
"(@* ( Dﬁ - = > =—- =

T~ i) T 1)
Share channel Surplus channel

Given 1(*) and T (©*, p), the equilibrium job finding rate f(*) and the flow opportunity cost of employment pU are given by

1-a

f@) = [ =y (@)~ pi)T@", p)/R] *,
pl =B+ (R (1 —y(@)' " n(@)* (1 —p01) T(@",p)) "

Assume vy # 0 or o # 0. Given U, the worker’s and the firm’s continuation sets are connected, and the game’s continuation set is

bounded; i.e.

with —co < W~ < log(pU) < 0 < @+ < oo. The worker’s and firm’s value functions satisfy smooth pasting conditions at &~
)

and o, respectively: W (0~) = J'(@) = 0.

Now, we prove each equilibrium property.

. Using the free entry condition and worker optimality, we have that §(@) > 0 and W (@) > 0 for all @; thus, the product is

also non-negative at @* and

eel}

pU =B+ maxd(@) *W(w) >B = pU>
w
Using the recursive definition of the value function, we have

1%

-L-W
/ e Pi(e™ — pUn) dt
0

(@) = B [ [

where 7" is the non-trivial Nash equilibrium of the game between the firm and the worker. Summing up the previous

e PH(1 — &™) dt]

two equations, we have

o=t

Therefore, 1 > ﬁl] >
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Now, we show the strict inequality by contradiction. Assume that 9{I = B < 1. Then, we have that maxy, 0 ()1 ~*W(0) =
0 and, therefore, §()!~*W(®) = 0 V. By weakly dominated strategies, we have that (log(pU),0) = (log(B),0) C
¢/ N C". Thus, for any @ € (log(B),0), we have that (J(@), W(@)) > (0,0) and using the free entry condition
0(0)!=*W (@) > 0. Thus, a contradiction. Assume instead that p{I = 1. Then, 0 = S(@) > (f(@), W(®)) > 0 Vb
and maxg- §(@*)1 "W (@*) = 0. With these argument, we have that 1 = B + maxy- 0(0*)!*W(0*) = B < 1, and we
have the contradiction.

. To show this property, first we show that f(@) > 0 for all @ € (log(pU),0). Define
T 0 = inf{t 0y £ (log(pL1), 0}

By optimality of the firm,

ek

o= #1-em

min{ Tgoq(s01),0) 7" }
> ]Ezb

e P (1 —e™) dt] > 0.

Thus, there is an open set around the optimally chosen starting wage @ that lies entirely within the continuation region

s.t. J(@) > 0,8(@) > 0,and J(@) — KO(#)* = 0. Therefore,

N —a

arg max {FO@)W(D)} = arg max { (](I?)) ' W(zf))} = arg max {f(z?;)lf"‘W(z?J)“} .

Since W(®@) = #(®)S(@) and J(@) = (1 — 5(@))S(®) and $(#) = (1 — pU)T (@, ),
arg max {f(6(®))W ()} = argmax {f(zf))lf"‘W(zb)“} = arg max {(1 - iy(w))lf"‘n(?ﬂ)“T(zﬁ,p)} .

Taking first order conditions

! (% 4 o 17“ _77;{}(.(’?)*'p\)
v >(n<w*> 1—rz<w*>) =T T@0)

. This step follows directly from workers” and firms” optimality conditions.

. To show that C" and C/ are connected, assume they are not. Without loss of generality, assume that C" = {& : @ >
@~} U (a,b) witha < b < w™. Then, since @~ < pU, it must be the case that for all @ € (a,b) , we have (e? — pU) < 0
for all @ € (a,b), and W(d) = Ey [foréhméj e~ (00t (g0 — BT dt} < 0forall @ € (a,b) due to continuity of Brownian
motions. Since W(zi)) > 0, we have a contradiction. A similar argument holds for the firm’s continuation set.

We prove that —co < @~ by contradiction. Assume that —co = @~, then

T(fmyw)/\f‘s . A R
/ e P! (ve - pu) dt|wy = o] .
0

W(w,9") :=FE

Then, since ﬁl:[ < eW, it is easy to show

T h+otg-02/2 p+o
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_ e ol

T o0—7—02)246+v+02—02/2 p—y—02/2+56
_e” ol

T 0+6 p—vy—02/2+46

Thus, there exists a small enough @ s.t. W(zi;, ®T) < 0, and we have a contradiction. A similar argument holds for the

firm’s separation threshold.

Finally, the smooth pasting conditions are necessary and sufficient for the optimal stopping times (see Brekke and Oksendal,

1990). O

B.5 Proof of Propositions 3, 4, and 5

Define € = (o, u?*). From Proposition 2, we can work with the following HJB conditions

2
(6 + O)W(d) = e® — pll — 4W' (@) + ‘%W”(w) Vi € 6in¢h (B.33)
2
(p+ ) (@) =1—e® — 4 (@) + %f”(w) v e ¢ineh (B.34)

ol = B+ R4 (%) = W(*)
(1 )dlog]A(zA*) _ dlog W(@*)
dw dw ’

with the value matching conditions

and smooth pasting conditions

Proposition 3. Assume 4 = o = 0. Then, optimal policies are given by
(b, &, &) = log(pU, & + (1 —a)pU,1),
with n(W*) = aand T (D*,p) = 1/(p + ).

Proof. 1If 4 = o = 0, conditions (B.33) and (B.34) imply

" e? — et o
W)= —— ; )= ———
@ =" @
The variation inequalities imply

(0 + )W (@) = max{0,e? — pU}, Voo € &/,

ot =0 ; @ =log(pU).
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Since

T(@,) :{ (p+0)7" ifw e [@m,07]

0 otherwise,

and Ty (%, p) = 0, we have that the worker’s share of the surplus 7 (@%*) = . O

Proposition 4. Assume 4 = 0, « = 1/2 and a first-order approximation of the flow payoffs around @*. Then @+ = ®* & h(p, D)

eV = ! +2pll and h(p, ®) = w(2¢D)D

with g = \/2(p+6)/0, ® = ;zg The following properties hold for w: (i) w(z) decreases for all z € (0, c0), (ii) lim,_,0 w(z) = 3, (iii)
lim; o w(z) = 1, (iv) w(29D) P is increasing in P, and (v) pw(2¢P) is increasing in ¢. 1(D) = a and

_1—sech(¢ph(p,®))
B p+6

increasing in ¢ and .

Proof. Let us guess and verify the following solution w* = lo Lpu and W~ = @ — hand @ = ®* + & for a given h. Usin
g y g g\ 2 g g

a Taylor approximation over the flow profits around w*

AR - ~  1-p0 o

¢ —pll~ e (14 (- ) - p = P @,
R

1-e®~1—e® (14 (@— %)) = zpu—ew(w—w*)

(p+0)W () = — + e (b — ") + 7W”( ), V€ (w* —hw* +h)
. 1-pU 2,
(p+0)](@) =~ = =¥ (@ - ") + (@), Vo€ (w —hw +h)

with the border conditions

Jato) -5t , .
Now, we show that we can transform J(x) = w A similar argument applies to the value function of the worker.

]A(x+z®*)7—17ﬁa

Making the following transformation J(x) = 2019 and using (B.34)

ev*

f(x—&-?i)*)—lfiﬁa
<p+5>1<x>:<p+a>( L
oo 15 A~
—x+ =] (x +@%),
2
= —x+ 2" (x)
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Thus,

Defining
1-pU R
P=—2— = ! pu >0,
e 1+pU
it is easy to show
[0
W(h) = J(h) = W(=h) = J(—=h) = “5%5 W'(=h) =]'(h) = 0.

Thus, W(x) = J(—x). Given that this problem is symmetric, we verify the guess of symmetry of the Ss bands and W' (0) =
—3J'(—0). The latter property, implies that w* satisfies the proposed Nash bargaining solution.
Now, we show that h = w(¢)® with ¢ = \/2(p + ) /0. Note that W(x) = J(—x). Thus, we can only focus on W(x) using

the smooth pasting condition evaluated at —h. The solution to this system of differential equations is given by

x
p+o

W(x) = Ae? + Be 9" +

and W'(=h) =0

with ¢ = 1/2(p + ) /0. Writing the value matching conditions

h L
Ae?" 4 Be— 9k -
e’ + Be +ﬁ+5 R
Agiqjh + Beq)h — h = —i
o+ p+o

Taking the difference and the sum

A (et o) B (0 g o?h) = _zﬁi(s
(o)t

Solving for A and B,

= ) () e o) @)
N (e? + e~ 9h) (e= Pl — eoht)

1 e (D4 h) + e (h+ D)
p+ ) e2¢h _ p—2¢h

—2# (e‘Ph + e*‘f’h> +25%5 (e‘f’h — e*(Ph>
(e + om0 (e= P — ePt) — (e~ Pl 4 9Nt (9 — e Mt)
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7e‘f’h (—% + ﬁ) +e (pia‘ + ﬁ%)
(e +e=9) (e~ —eh)
1 e (—D+h)+e 9" (h+ D)

- p+0 o290l _ p—2¢h
Therefore
W) = 1 e 9" (—D+h)+e?" (4 ®) g, 1 e (D +h) +e 9 (h— D) gr X
- 0+6 o201 _ o—2¢h p+0 e20h _ o—2¢h p+0

Taking the derivative and evaluating in x = —h

W (—h) = — 1 e (—D+h)+e (h+ D) o1 e (—® +h) +e P (h+ D) o -

p+0 29l — ¢=2¢h ¢ p+o 20l — e=2¢h ¢ p+é6
or equivalently
— (e 20 4 29" ) = %(ez"’h —e 29y — ﬁZ(ph (ez‘”h +e 20 4 2) . (B.35)

It would be useful to express equation (B.35) using sinh(x) = =~ and cosh(x) = ©5*—. Using the hyperbolic functions,

2 (cosh(2¢h) — 1) — 25h(2eh)

—2h (cosh(2¢h) +1).
Multiplying both sides by ¢
—®2¢ (cosh(2¢h) — 1) = 2sinh(2¢h) — 2h (cosh(2¢h) +1).
Next, we change variables with x = 2¢h and define x as the implicit solution of
—2®¢ (cosh(x) — 1) + x (cosh(x) + 1) = 2sinh(x).

Thus, h = x<22q;(P) . Let b = 2®¢ > 0, then we can express the function x(-) as the solution of

b _ 2sinh(x(b)) — x(b) (cosh(x(b)) +1)
(cosh(x(b)) — 1) '
Notice that if we define .
Flx) = ~ 2sinh(x) — x (cosh(x) +1)

(cosh(x) — 1) ’
the following properties about f(x) hold:
1. lim,_,o f(x) = 0 and limy_se f(x) = 0.

2. f(x) is increasing and convex, with lim, o f'(x) = 1/3 and limy_e0 f(x) = 1.

dlog(f(x))
3. % > 1.

Given these properties, we can write h(¢, ) = £ gf@ and show the following properties of (¢, D)
1. h(g,®) is increasing in ®: Since f~1(-) is increasing, we have the result.

2. h(¢,®) is decreasing in ¢: Taking the derivative of h(¢, ) = %2(;’@) with respect to ¢ and operating

(e _dflx)| 20 fl2p0)
2
0@ dx =20 2¢ 2¢
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_ fl2e0) [dfl(x)
292 dx

_ 29
pe | (299)

200 1
x=2¢P f*l(Z(p@)

_ ['(2¢®) | dlog(x)
292 dlog(f(x))

<0.

3. limy o h(@, @) = 3P and limy—,c0 h(p, P) = : Applying L'Hopital’s rule and using properties of the derivative of the

inverse,

| o f00)
Jim g, @) = lim = = M, 5

: - [T(29@) 1
limh(¢p,P) = lim = lim b =3P
910 (9. @) pl0  2¢ 910 f'(29®)

1
z

4. h(p,®) = w(2¢D)P: Define w(z) = @) thenitis easy to see that h(p, @) = w(2¢pP)P. Moreover, from property 2

and 3, w(z) is decreasing with lim, |y w(z) = 3 and lim;_,c w(z) = 1. Moreover, it is easy to show with similar arguments

A, N

that w(2¢®P)P is increasing in ® and w(2¢P)¢ is increasing in ¢.
Now, we can compute 1(@*) and 7 (@*, p). Note that we can define T(x) = T (x + @*, p), which solves

(p+8T(x) =1+ U—ZT”(x), with T(£h(p, ®)) = 0.

2
The solution to this differential equation is given by
1— e 4e9¥
T(X) _ e?li4-e—oh
o+

Thus, T'(0) = 0 and ;(@*) = «. Finally, using the property that sech(x) = 2, we have

e s

_1- sech(pw(2¢P)P)

T (@, p) 510
O
Proposition 5. Assume o = 0and 4 > 0. Then &~ = log (pU) and
W 4T <a+ (1; tx)pU, pto (1 —tx)A(} —pu))
pu 0 pu
T (-) is defined as
i eT(u,b,c) 1 — e~ (1+D)T(abe) 3 . e~ bT(ab,c) B b+1 1-— q—bT(abc) (8.36)
1— e bT(abe) b+1 1 — e—bT(abe) b T(abe) _ p—bT(ab.) :

where T (+) is increasing in the first arqument and decreasing in the second argument. The expected discounted duration and worker’s share

satisfies:

~227()
w 1—e 7
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€ L R T
SEY _ A ol
n(@%) -y p
Moreover,
1. If 4 =0, then
(T( ),T(Ti)*,f)),ﬂ(ﬁ?*)) - (log ([X + (;EI“)F)U) o +5,0()

2. If§ — oo, then T(-) — Tlmit where

. Flimit (1794)(17,61”1) Flimit
a+(1—a)pl € —1- ol (1 - ej-limifil)
pU - Tlimit ’

T(w*,p) — 0and n(d*) — Ulimit

1—a (1 _ pa)ﬂlimit
1

(p+OW(@) = e® —pi — W' (@) Vo e nC"
(p+8)(@) =1-e® —4]' (@) Voelnc
dlog f(@*) dlog W (")

(1- 28]t __, dlogW

with the value matching and smooth pasting conditions
W(@™) =]@") =W@") =j@") =0 ; W(@)=](@")=0

Without idiosyncratic shocks and -y > 0 the upper Ss band is not active. Thus, we discard the optimality condition for @". In

this case, the stopping time is a deterministic function; hence, it is easier to work with the sequential formulation.

T
W(w) = max/ e~ (Hd)s (ewﬁ?s — ﬁl:l) ds (B.37)
T Jo
T(@) .
j(w) = / o= (p+0)s (1—@”’_75) ds. (B.38)
0

In equation (B.38), T(®) is the optimal policy of the worker. Taking the first order conditions with respect to T (@)
=1T@) _ 577,

Solving the previous equation,
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Taking the derivatives of W() and J(), and using the envelope condition for W’ (@), we have that

. T(w) | A
W' () = / ¢~ (P+0)s <ew_7s> ds, (B.39)
0
T(w) R
(@) = — / e 405 (£071) ds 4 e~ PHIT@) (1 = (@170 T/ () (B.40)
0 ——
=1/
From equations (B.39) and (B.40), we get the Nash bargaining solution
. ST e 040)s (o' =5y ds 1w [_ J e (0+0)s (o0 =95) g 4 o~ (PHOT" @} 5
fOT* e—(pt9)s (ez@*fys ou ) ) ds - fO —(p+6)s 1 ez@*f'?s) ds ’
Define
« 1—e T
Oa, T) := —
. @”W< — Pl
’Yf —(p+6)s ew**'?s)ds
Operating
T A NE A T A N A A,
oc/ e~ (PH0)s (1 —ev _75) ds=(1- IX)/ e~ (P+o)s (ew - —pu) ds[1 - 2] <
0 0
« [Q(p+5,T*) —ew*ﬂ(pww,T*)] —(1-a)e [ DOp+5+4,T*) — pUQ(p + 6, T*)] x
e~ (PHOT" (1 — plD)
- e = ~ —
e Q(p+ 6+, T%)
(a+(1-a)pl) Qp+6,T) =" QE+5+4,T) +...
. e~ (PHOT (1 — p1I)
_ w0 A 2 *) A A *
. (1—a) [e Qp+6+4,T)—pUQ(p+9,T )] 2T OG5,
(1 —a)e=0+IT" (1 — p1I) {1 s Q46T }
PR ap+o+4,19

(a+(1-a)pl) Q(p+6,T) =P Qo+ +4,T) — 5

The policy (T*, @*) solves

T = 5l

(a+(1—a)pl) Q(p+6,T*) = €®

Define T = 4T* and Q(a, T*) :=

o
g
<,
~3

O(p+6,T7) }
TQPo+4,17)]
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Therefore, the optimal stopping is given by

st (—mpt Q(5LT) . -00-p) [1- 520 (55T)] '1_ a(&57) ]
A At poa () [ da(eT)

or o+ (1—a)pll -0 (FA‘%‘S_pLT) (1—a)(1—pU) [1— [lhNe) (L?,Tﬂ _1 Q (@,T)
N pti (22, T) (BT

at(1-a)pl p+0 (1-a)(1-p0)
ou N ol

Now, we show the properties satisfied by T ( ) . Let us define the following function:

5,0) ol 1-ple™ L l=e¥ b4l
flabe):= 1—eba p+1 1—2’“ 1 — e~ (1+b)a pen

alme 0 b C{ b _b} {b(e“—eb“)—(l—eb”)(b+1)

1—ebta p+1 o 1—e¢ba b(ea _ efba)
_ . 1— e (4b)a p _ —ba (b +1)+ 1+ b)e_b”
B T g e—b“ —e~ba)

I
la]

,1—e (b p o b+11—e ba
l—e b2 b+1 1—eba

a _ p—ba

Observe that with this function:

The following properties are easy to show:
1. f(a,b,c) is increasing in 4.

2. Ifa,c > 0,b— oo, then f(a,b,c) — ¢* : To see this property, taking the limit

1— e (+b)a p g~ ba b+11—eba
lim et —cb 1-—
a>0,b—00,coch 1—eba p4+1 1— e ba b et —e¢ba

—(1+b _ _
V- 1—e (b b . ebe . b+1 1—ebn
=¢" lim ———— lim .——— lim cb o | 1= lim ——  lim  ———

a>0b—c0 1 —e b 45050 b+1 a>0bs00 1—e b2 b—oo b a>0b—c0 e? —eba

—
=1 =1 =0 =1 =e?
=",

3. Ifa,c >0and b — 0 then f(a,b,c) — % : To see this property, taking the limit

1— ef(ler)a b efba b+11— efba
lim |e* —cb —
a>0,6—0 1—eba p+1 1—eba b et —e—ba
=e"(1—¢e") lim b —c lim b 1- 1 lim 1-e
B a>0b—01—e=b8 T as0ps01 —e—ba —1p50 b
=1/a =1/a =a

B28



e“—l—c(l—ﬁ)

a

4. ¢" > f(a,bc) > %

5. Duration of the match: It is easy to show that

et
l—e 7
T (@, 0) = ———F.
@",p) 550
6. The worker’s share is given by
— SN ATV (asis
W(w*) _ 3T (1) +log(pU) fO e i‘OJr();:j)t dt — Puf —(p+o)t gt
(1—p0) [y e 0+tdt
646 ~
eI() 1*ef< %)T(') P+ 4
Oy PO+
1-¢ 7 AT
= — pu
1-pU
With these properties, we can characterize the equilibrium policies:
1. T <a+(1pua)pu, p?, (1fa;gll£pu)) is increasing in the first argument.
2. If§—0, then 252 7 LSNPS
lim T(:) =log ((X + (1A_A MPU)
(p+0)/F—o0 ou
The expected discounted duration in the limit is equal to
1
1 =
'ylgb T(@0) p+9
The worker’s share in the limit is equal to
p+o
T()1= (HW}TU p+6 VAT
eft) f_e Py prety 1 - T —q +<1paa)pu -1
n(@) = — pl =Sl 2
—pl 1-pU 1-pU

converges to the implicit solution given by

oT() 1 — (=a0)(1=p

ou
T(:

+(1-a)pl _
ol

)

Given the convergence, we now show the limit for #(®*) since clearly 7 (@*

fOT* e—(ﬁ-‘ré)s (ezb*—'?s) ds

=(1-a)

where the upper bound is reached when b — oo and the lower bound when b | 0.

(B.42)

pu =

If 4 — oo, then £ :‘Y_o — 0, which provides the same T(-) as p + & — 0. As we have shown before, under this limit, T(-)

,p) — 0. Let us depart from equation (B.41)

[, fOT* e~ (p+0)s (¢ ~5) ds 1 e (p+O)T" (1—$U>}

fOT* e~ (p+d)s (e =7 ) U) ds

Taking the limitas p+ 6 — 0

fOT* o= (p+0)s (1 — " ~%s)

(1—a)(1—p0) fy (e

ds

—pl) dt

T T
oc/o (1few’)dt=(lfzx)/0 (e —pU) dt —
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Operating and using the occupancy measure

™ w N %
bttt st f e dt

4T* 1T e dt T*
b edt

It is easy to check that

From (B.42), since p + 6 — 0, we have that (") = w. Combining these results
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C Extension with Staggered Wage Renegotiations

Overview. In the baseline model, wages are completely rigid within a worker-firm match. We now consider a generalization
of the baseline model that adds staggered wage renegotiations a la Calvo (1983). The resulting insight is that all our key results
can be extended to this more general environment.

In the model extension, renegotiations occur within a match according to a Poisson process with rate 6" > 0. The
renegotiation hazard induces a stochastic duration 7" between the last wage setting event (i.e., match formation or renegotiations)
and a new round of renegotiations. We assume that renegotiations entail the wage within a worker-firm match being set
according to a Nash bargain with worker bargaining weight « (i.e., the elasticity of the matching function with respect to
unemployment) over the prevailing surplus at the time of renegotiations. As 8" — 0, we recover the baseline model with fully

rigid wages within a match. As §" — co, we obtain the polar opposite case with flexible wages that are continuously reset.

Notation. Let N € N, denote the number of segments with distinct wages realized during a job spell (i.e., N — 1 is the
number of renegotiations that occur) between match formation and match dissolution. We index all stopping times by the
segment n € {1,2,..., N} during which they occur. By construction, wages are constant within but vary across segments.

For each segment n € {1,2,...,N}, there are two cases. First, if min{Th'”, Tin, T‘S'"} < 1", then the job spell ends with
segment n = N. Second, if min{rh'”, Tin, T‘S'”} > 7", then renegotiations occur and the match enters segment n +1 < N of the
job spell with a renegotiated wage.!®> Given a collection of stopping times associated with a job spell, " = {7}, (1,..N}/
where T"" = {Th’", Tin on 7"} for each segment n € {1,..., N}, we define ™" := min T"" as the minimum stopping time
of segment n and we define 7" := Z,Z\le T = Z,,N;f " 4+ min{t"N, /N, %N} as the total match duration.

The wage prevailing during segment n € {1,2,..., N} of a job spell starting at time f = 0 is given by

w*(zo) te|o, T’”'l) ,
wr =
W (zgn1) tE[TL ™M), 1<n<N.

Sequence Formulation. The value of an unemployed worker with productivity z is

U(z) = max Eg

{wt [Tio

T”
/ €7PtB(€Z’) dt + e P H(wr“, Z1,, T (w'r“/ Zu )):| .
Jo
The value of a worker employed at wage w with productivity z is
T”I -
H(w,z, ™) = Ey / e Pl dt +e T U(zem) |
0

That is, an employed worker consumes a stochastic wage stream w; until time 7", when she either endogenously or exogenously

transitions to unemployment. Similarly, the value of a firm matched with a worker with wage wage w and productivity z is

T”I
/ e PHe —e™]dt]| .
0

I5Note that P[min Th'”, Tj’”, MY = "M = Qforalln € 1,2,...,N} since renegotiations occur independently from other
g P y
separation events.

J(w,z,T") = Ey
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Recursive Formulation. The Hamilton-Jacobi-Bellman (HJB) equation of an unemployed worker is still

pu(z) = B 424D | TOD 4 ) (7))

The HJB equation of a worker employed at log wage w with log productivity z € C/(w), for which the firm prefers to continue, is

now
ph(ziw) = max {47 21 CIUED g fh(zs0) — hiesw’ (2)] — blhz ) — @), pu(a)}.

Similarly, the HJB equation of a firm employing a worker at log wage w with log productivity z € C" (w), for which the worker

prefers to continue, is now

pj(z;w) = max{e —e —l—’ya](; w)—i-% Eg w) (5r[j(z;w)—j(z;w*(z))]—Jj(z;w),()}.

Here, w*(z) is the solution to a Nash bargain with worker bargaining weight « (i.e., the elasticity of the matching function with

respect to unemployment), which satisfies the Hosios (1990) condition:

w*(z) = arg max {h(Z}w)a]'(Z;w)l_a}

w

Change of Notation. Using the change of notation from Lemma 2, & :=w —z,p:=p — 7 — 0%/2and 4 := y + 02, we

define

ez’ ef e?

(UL, f(w — 2), W(w — 2), 8(w — 2)) = (@ ]'(z;w), h(z;w) — ”(2),9(w,z)) ’

Rewriting the H]B equations using this change of notation, we get

B + max () ~*W ()

2
(0++ W :max{e + W —ﬁH—'?W’(ZT))—I—%W”(d)),O}
(p+0+38) (@) :max{l—ew+(5rf(zb*) —fy]"(w)+7] (), o}.

Here, 6" W (@*) and 0" (*) are just constants, since the reset wage @* does not depend on the current value of @. Therefore, the
problem is identical to that in the baseline model with completely rigid wages (i.e., with 6" = 0), except for three features. First,
the effective discount rate of workers and firms is now p + 6 + ¢" instead of the previous expression ¢ + é. Second, the flow
value of the worker is now e? + "W (#*) — pU instead of the previous expression e? — pU. Third, the flow value of the firm is
now 1 — e® + §"f(@*) instead of the previous expression 1 — e?. Note that these expressions simplify to those from the baseline

model as 6" — 0.

Results. We now restate without proof some of the key results from the baseline model to the extended environment with
staggered wage renegotiations.
Proposition C.1. There exists a unique block recursive equilibrium (BRE).

Proposition C.2. With wage renegotiations a la Calvo (1983), the BRE has the following properties:
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Proof.

The joint match surplus satisfies

where

is the expected discounted duration of current wages and 1 > pU > B.

The competitive entry wage W* coincides with the Nash bargaining solution with worker’s weight :

0 = arg max {W(z@)"‘f(zb)lf”‘} = arg max {;1(@?1)"‘(1 — (@) T (0, p + (5’)} ,

w w

with optimality condition

”/(w*) < ® _ 1-«a ) :_ﬁb(w*lp+§r)
(@) 1-n(@*) T(@,p+0)
Share channel Surplus channel

Given n(®*) and T (%, p + 8", the equilibrium job finding rate f(*) and the flow opportunity cost of employment pU are given
by

f@*) = [(1 = (@)1 +85(@*) - pU) T (@*,p+6") /K] =,

1

Assume y # 0 or o # 0. Given U, the worker’s and the firm'’s continuation sets are connected, and the game’s continuation set is
bounded; i.e.,

Ch={w:w>d"} andll={w:® <t}
The worker’s and firm’s value functions satisfy smooth pasting conditions at @~ and W™, respectively: W' (@~ ) = J'(dF) = 0.

Now, we prove each equilibrium property.

. The fact that pU > B follows from the same argument as before. Combining the sequence and recursive formulations of

the value functions, we have

Mk

T
/ ¢ O+ 4 5 () — pU) dt
0

J(@) = Eq

T . A R
/ e Pt — o 1 57 (")) dt}
0
where 7" is the optimal stopping time. Summing up the previous two equations, we have

T”l*
$(@) = W(®) + (@) = Eq / e P (1 4 57S(@") — pUT) dt
0

T?n* .
/ e(‘”"y)tdt}
0

= (14 S(v*) — pU)Ey
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= (140" S8(*) — pU) T (@, p + 0").
Note that, in the limit as 6" — oo, we get

lim 7 (®,p0+0") = Jlim Ey
" —00

O —00

TYVI*
/[ e_(p”y)tdt]
0

1 T
— 1 - —(p+o")t
sm Ea [ p+or ["’ Lzo}

= lim

1 7(A 7\ 1
" TE. p+on)T _
P N T L 1] =0

Evaluating the expression for match surplus () at ©*, we get

S(@*) = (140" S(v*) — pU) T (@*,p + 6")

and thus
A%\ 1—ﬁl:[ AK A r
S(@7) = 1—5rT(w*,ﬁ+5')T(w A+
Plugging this back into the above, we get
() — 17(312[ A A r
S5() = 17(5r7’(w*,ﬁ+5r)7’(w'p+5 ),

which is an expression for $() that depends only on U, T (¢*,p + ¢"), and T (i, p + 6") but not on $(@*). Since
W(), f(@) > 0, then $(@) > 0 and thus

T (*,p+0")
1—orT (@, p+0)

>0

0 < $(w*) = (1—pU) — 0<1-pU0 <= 1>pU.

Therefore, 1 > pU > B. To go from weak to strict inequalities, we follow the same logic as previously.

Tpte) %, thus the model converges to the model with flexible wages as in

. . .. .
Notice that in the limit as 6" — oo, o T g o) 5

Moen (1997).
2. An analogous proof goes through.
3. The same optimality conditions apply.
4. Once more, an analogous proof goes through.

O
Interpretation. The introduction of staggered wage renegotiations a la Calvo (1983) changes the match surplus in a single

way: It changes the expected discounted match duration 7 (@*, p) to T (@*,p +6")/ (1 — 6"T (@*,p + 6")) > 1, which reflects

the extended match duration due to future renegotiations.
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D Proofs for Section 3: The Consequences of Monetary Shocks in Non-

Coasean Labor Markets

D.1 Proof of Proposition 6

Proposition 6. Let Qy = 1 be the numéraire and assume p = p + 7w — (/2. Then, Py = M; and the value of a worker at time 0 is

© _Y(Imh)
P A
/0 by

where k is a constant independent of the worker’s choices and the present discounted value of financial wealth.

Vo = max [ +k,

{Imy}2,

Proof. Let V} be the present discounted value of the optimal plan. The worker’s value is given by

Vo = max [ {/ e Pt (C,-t +plog (—’t)) dt} ,
{Cit, Mg Imiz } 2. t=0 Py

subject to
Ey U . Qt (PiCit + i My — Y(Imb) — Ty) dt} < M. (D.1)
t=
The first-order conditions for consumption and money holdings, combined with the definition of the nominal interest rate, are
given by
e Pt = A Qi Py, (D2)
Qi 03
- = N\;Q¢iy, .
H Mit iWtHt
E[dQ;] = —i;Q; dt. (D.4)

Here, A, is the Lagrange multiplier of (D.1) for each worker. Equation (D.2) shows that A; = A for all i. Taking integrals over

(D.3), we can replace M;; = M;. With these results, we guess and verify the following equilibrium outcomes

Py = AP M,
iy = Al (D.5)
AQept
t — Mf .

given a set of constants A7, Al and AQ. Using the guess in (D.2) and (D.3)

1=AARAP, (D.6)
u=AARA" (D.7)

Equations (D.6) and (D.7) provide the equilibrium values for A2 and A” given A’. Applying Ito’s lemma and using the guess
over (D.4)

—pt
_AQq (7
dQ; = A*d (elog(Mz))'
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o " Q¢ q_e” 2

0g
€2
= —pQrdt — Qrdt — CQrdWI" + Z-Qr dt.
Thus, using the guess (D.5) and E[dW}"] = 0
éZ
]E[th} =— <p + 7T — 7) Q dt.
—
—Ai
If we take as numéraire Qy = 1, then we verify the guess with y = p + 77 — %:
AR = M,,
. 72
t— _— =
Al=p+m 5 =M
_ H -
Mo(p+m—(2/2) My’
_2
U

I3

Using the budget constraint (D.1)

Ep l:/o Q¢ (PtCit + itMit — Y(lmf) - T ) df:l =M;) =

® Moe Pt
Ey [/ 3\4 (Mtcit + uM; — Y(lmf) -T; ) dt:| =M;) =
0 t
/°° ot Y (Im})
0 M
o o Y (Imt)
E “PICydt| = E / e
0 |:‘/0 e PGy :| 0 |: 0 e M;
where k; is a constant independent of the worker’s policies. Thus,
o Y .
Vo= max  [Eg {/ e Pt <Cit + plog (&)) dt] ,
{C”,M,'[,lm,'[}lwzo 0 Pt

= max E /ooefpt <C~+ lo (#))df},
{Ciudmi}2 0[0 T8 p+m—{2/2

= max [y {/ eiPtCitdt},
0

) ) T
MyEy |:/0 e’PtCit di’:| = Mo + MoEy + MyEy |:/0 e Pt_IL dt:| — %y <=

M;

+ ki,

{Citdmie}32,
o Y (Imt
= max [E / e‘ptg + k;.
{lmif}tw—o 0 Mt
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D.2 Proof of Proposition 7: CIR of employment with Flexible Entry Wage

We divide the proof of Proposition 7 into three propositions. Proposition D.1 relates the CIR to a perturbation of two Bellman
equations describing future employment fluctuations for initially employed and unemployed workers. This proposition covers
both the case with flexible and sticky entry wages. Proposition D.2 relates steady-state moments of the perturbed Bellman
equations to steady-state moments of the distribution of Az. Finally, Proposition D.3 related the steady-state moments of Az to
observable moments in the steady-state.

Let g (Az) and ¢"(Az) be the distributions of Az across employed and unemployed workers, respectively. The support
of g"(Az) is given by [~A~,A"], where A~ := @* — @~ and AT := & — @*. We denote by E,[-] and E,|[-] the expectation
operators under the distributions g (Az) and g*(Az), respectively.

Proposition D.1. Given steady-state policies (W, @*, ") and distributions (¢" (Az), g*(Az)), the CIR is given by

CIR(@) = [ mes(82)g" (82 + )bz + [ me(82, 0" (82 +8) da,
where the value functions mg j,(Az) and mg ,,(Az, ) are defined as:
TWI
mgp(Az) = E / (1= &) dt+mg,(0,0)| Azg = Az|, (D.8)
0
()
e (82,) = E /0 (—Ees)dt + mg (~0)| Azo = Az . (D9)
0= / m‘g,h(Az)gh(Az) dAz +/ me ,(Az,0)g" (Az) dAz.

with T ({) being distributed according to a Poisson process with arrival rate f(0* — ().

Proof. We define the cumulative impulse response of aggregate employment to a monetary shock as
CIR¢ (¢ / / "(Az,,t) - g"(A z)> dAzdt

Note that & = [ ¢"(Az,{,t) dAz s a function of { since aggregate shocks affect net flows into employment. The proof proceeds
in three steps. Step 1 rewrites the CIR as the integral over time of two value functions, one for employed and unemployed
workers, up to a finite time 7. Step 2 expresses the CIR as 7 — oo. Step 3 uses the equivalence of the combined Dirichlet-Poisson

problem (i.e., the mapping between the sequential problem and the corresponding HJB equations and boundary conditions).

Step 1. Here, we follow a recursive representation for the CIR. The CIR satisfies

CIR¢(¢) = /OO 11_r)noo [mglh(Az, T)g(Az+ ) + mg ,(8z, T)g" (Az + C)] dAz
where we defined
T )
mep(dz0,T) = [ { [ [0 £ g (02 oz, 1) + (~E)g (8, Hazo )| dAzdt} (D.10)
0 —o0
T )
me (829, T) := /0 {[ [(1 — &) & (A2, T, t|Azg, u) + (—Ess)g" (Az, C,t\Azo,u)} dAz dt] (D.11)

Proof of Step 1. Starting from the definition of the CIR, (1) adds and subtracts employment in ¢, £; (2) operates over the integral;
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(3) and (4) use the fact that the integral operator is a linear operator; (5) applies the definition of a conditional expectation, where
¢"(Az,t|Azg, h) dAz is the probability of a worker being in the state Az at time t when the initial productivity is Azy and the
initial employment state is /1 (mutatis mutandis if the initial employment state is u); (6) uses the fact that conditional on being

initially employed, the transition probabilities are independent of {; (6) and (7) apply Fubini’s theorem and the definition of the

limit of an integral; (8) relabels the resulting terms.

CIRg(Z / / "(Az,C,t) ’(Az)) dAzdt

/ / "(Az, 1) (Az)(&—l—l—&)) dAzdt
— / U Y Azgt)dAz—gss(/ (82,0t dAz+/ g Az@,)dAz)}d
/ / —£) @' (A2, 0, 1) dAz dE + / / _£,)g" (A2, 0, 1) dAz dt
=0 [T [ [ ) 02,00 + (502,81 dza
_05) /Ooo/w /oo — £uc) 8" (82, 1Az, 1) + (—Exs)g" (A2, 1]z, 1) gh(Azo,O)dAzodAzdt}...

N

.._|_/Ooo /_00 /o:o[ — &) & (A2, T, t|Azg, u) + (—Ess)g”(Az,g,t\Azo,u)] ¢*(Azg,0) dAzg dAzdt}
[
[

3

=L UL
Ll

) T )
:<7>/ Jim | [/ (1~ £:) 8" (82, Azo, h) + (~Es)3" (8, HAzo, )| dAzdt} &(Azg + ) ddzg ...
—00

oo

— &) & (Dz,t|Az, h) + (—Sss)g“(Az,t\Azo,h)} dAz dt} ¢ (Azg+7)dAz. ..

88

—&s)g Az g, t|Azp,u) + (—Ess)g”(Az,C,t\Azo,u)} dAzdt] " (Azg + ) dAzg

3

mg,h (AZU,T)

.. +/ 711m {/ l —&s) g (Az g HAzo, u) + (—Es5)8" (Az, §,t\Azo,u)} dAz dt] §"(Azp + ) dAzg
—00

meu <AZO lng>

—(8) / Tlim me y(Az, T)g" (Az + ) dAz + / 71_im mg (82,0, T)g" (Az+ ¢) dAz (D.12)
—00 —00

—00 —00

where we define

m‘g h AZO,

(o)

T 0
{ / ~ £5) ¢ (Az, 1Az, ) + (~E10)s" (A2, t|Azo, )| dAz dt}

=),
T 0
mg ,(Azo, 0, T) = /0 {/ 1 —E&s)8 (Az, g, HAzg, u) + (—E€ss)8" (Az, g,t\Azo,u)] dAz dt} .

(o)

Step 2. The CIR satisfies

CIR¢({) = / mg,h(Az)gh(Az +7)dAz+ / mg 4, (Az,0)8" (Az 4 {) dAz
—o0 —0
and the value functions m¢ ;,(Azg) and mg ,,(Azy, {) satisfy the following HJB and border conditions:

dmgrh(AZ) 0’2 dzm(g/h(AZ)
ire T3 aam T Omeu(0,0) —mg ) (Az)), (D.13)

0=1-E&s—(v+mn)
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dmg , (AZ, é) o? d2m5 u (AZ, é)

0=—&s—(r+mM) =g T 5 drz + f(@" =) (mgp(=0) — meg,u(Az,0)) (D.14)

mg ,(0,0) = mg (Az), forall Az ¢ (—A~,AT) (D.15)
T de,u(AZr ) T dmé',u(AZ/ 0)

0= Azh%n;loo dAz a Alzlinoo dAz (D16)

0= / me (Az)g" (Az) dAz + / me ,(8z,0)g" (Az) dAz. (D.17)

Proof of Step 2. We divide this proof in steps a to d.

a. We show that limy_, mg ;,(Az, T) = mg j,(Az) and imy_,o Mg, (Az,{,T) = mg ,(Az,{): This property holds due to the

convergence of the distribution of Az over time to its ergodic distribution for any initial condition (Stokey, 1989).

b. We show that 0 = [ mg j,(Az, T)g" (Az) dAz + [ mg ,(Az,0,T)g"(Az) dAz: The logic of the proof is to repeat the steps
behind (D.12) in the reverse order. Departing from the definition,

/ mg/h(Azo,T)g (Azo)dAzo+/ me ,(Azp,0,T)g" (Azg) dAzg
o T 1 roo
=0 / / / — &) &/ (Az, t| Az, ) + (fé’ss)g”(Az,ﬂAzo,h)} dAz dt} §(Azg) dAzg
—oJo /-
o Tr
N
—00 O LJ —
SNl
0 J—oo LJ—c0
T oo T
N
0 J—oo LJ—

:3)/ / (1—555)/ gh(Az,O,t|Azo)g(Azo)dAzodAz+(7555)/ g% (Az,0,t|Azp)g(Azo) dAzg dAz | dt
0 —o0 —o0 —00

3

3

3

3

— &) &/ (Az, t| Az, ) + (fé'ss)g”(Az,ﬂAzo,h)} §(Azg) dzg dAz] dt

3

a
[ (1— &) §"(Az,0,t|Azp,u) + (fgss)g”(Az,O,HAzo,u)] dAzdt} g% (Azp) dAzg
a
a

— &) 8 (Az,0,t|Azg, u) + (fgss)g"(Az,O,HAzo,u)] g% (Azg) dAzg dAz} dt

L =g"(2) = g"(82)
T T
=0 [T - Endt+ [ (-8 (1 £
0 0
=0
In (1), we apply the definitions (D.10) and (D.11); (2) applies Fubini’s theorem; (3) uses the steady-state conditions for " (-)

and g*(-), and the definition g(Az) = ¢"(Az) + ¢*(Az); and (4) computes the integral using the definitions of aggregate

employment and unemployment.
c. We show that 0 = j A me ,(0z)g" (Az) dAz + f_Ag, mg ,(Az,0)g"(Az) dAz: See Baley and Blanco (2022).

d. We show that the CIR satisfies (D.12) with mg¢ ;(Azp) and mg ,(Azg, ) satisfying (D.13)-(D.17): Writing the HJB for
meg y(Azo, T) and mg ,,(Azg,{, T), we have that

- dmg,h (AZ, T) dm‘g,h(AZ, T) (72 d2m5‘,h (AZ, T)
=1- 555 - dT - (’Y 7-[) dAz 7 dAZZ +5(mg,u(010/T) - mg,h(AZ/ T))/
_ dmg,u (AZ, g, T) dmg,u (AZ/ Z T) o? dZmS,u (AZ/ g T) -
0= g, — L ZZ D) (g HEn D0 D) TEMECRS ) 4 f(" — ) (mep( =3, T) — mea (82,8, T)
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mg (0,0, T) =mg(Az,T), forall Az ¢ (—A~,AT)

. dmg,(Az,g,T) . dmg,(Az,0,T)
0= Jdm —"4az — “Am T A
AT AT
0= / me p(Az, T)g" (Az) dAz —I—/ mey(Az,0,T)g"(Az) dAz.
—A- _A-

The border condition for mg ,,(Az,{, T) is implied from the fact that the job finding rate f(@%*) is independent of Az, so
the function mg ,(Az,, T') is constant in the entire domain. Taking the limit 7 — oo and using point-wise convergence of

mg y(Azo, T) and mg ,,(Azg, T, T), we have the desired result.

Step 3. The solution of the differential equations (D.13) to (D.16) satisfy (D.8) and (D.9).
Proof of Step 3. This is just an application of Jksendal (2007), Chapter 9.

Before starting the next step of the proof, we summarize the conditions that characterize the distributions of Az.

Steady-State Cross-Sectional Distribution Az. Below, we describe the Kolmogorov Forward Equations (KFE) for
¢"(Az) and g"(Az).

68" (Az) = (v + m)(g") (Az) + %Z(gh)”(Az) forall Az € (—~A~,AT)/{0}, (D.18)

2
f(@)g"(Az) = (v +7)(g") (Az) + %(g”)”(AZ) forall Az € (—00,00)/{0}. (D.19)
¢"(Az) =0, forall Az ¢ (—A~,AY) (D.20)
Azlgrioog“(Az) = AlZiLnoo " (Az) =0. (D.21)

00 AT
1= / ¢"(Az)dAz + / §'(8z)dAz, (D.22)

2

f@) - €) =g + G [ tim (6)/(82) -~ tim (g")(82)], (023)

g"(Az),g"(Az) € C,C'({0}), C*({0})

Proposition D.2. Assume flexible entry wages. Up to first order, the CIR of employment is given by:

CIRe(Z) _ —(1- &) (v + n)]Eh[Z] +Eifaz] +o(0).

g o
Proof. The proof proceeds in three steps. Step 1 computes the value function for an unemployed worker mg , (Az) (When entry
wages are flexible, the job-finding rate and this value function are independent of the shock {, so we omit this argument). Step 2
computes the value for the employed worker at Az = 0—i.e., mg ,(0). Step 3 characterizes the CIR as a function of steady-state

aggregate variables and moments.
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Step 1. The CIR is given by

o0

mg,h<Az>g”<Az+g)dAz+(— s +mg,h<o>) (1),

—00

with

0=1-E&5s—(y+mn)

dmg j,(A 2 dmeg ), (D &
mep(8z) | o dome)( Z)+ (— % +mg,h(0)fm£,h(AZ))f

dAz 2 dAz? o)
_% +mg j(0) = mg ;(Az), forall Az ¢ (=A—,AT)
. /:: (A (0] bz s (7 f (E;*) * mg’h(o)) (1— &) (D.24)

Proof of Step 1. To show this result, observe that the solution to (D.14) and (D.16) is
e (Az) = mg ,(0), for all Az.

Thus,
0= —&s+ f(@0")(mg,(0) —mg ,(0)) <= mg,(0) = ———= +mg(0). (D.25)

Replacing (D.25) into the CIR, we have the result.

Step 2. We show that mg ;,(0) = % — (1 — &s)Ey[a], where Ej[a] is the cross-sectional expected age of the match or the
worker’s tenure at the current match.
Proof of Step 2. Observe that mg j,(Az) satisfies the following recursive representation

T”I g
mes(o2) = E| | <1—sss>dt+(—i+mg,h<o>)

For) Azy = Az] . (D.26)

Define the following auxiliary function

Y(Az|lg) = E /OT (1 — Ess) dt + ™" (7(57;) +mg,h(0))

Azp = Az] , (D.27)

and note that ¥(Az|0) = mg ;(Az). The auxiliary function ¥ (Az|¢) satisfies the following HJB and border conditions:

2 32
~gp(ealg) +0 (¥(aelo) - (- 24 mes(0) ) = (1= 6 = (o m TE2O) o ZEHO - o

Y(Az, @) = (—fé;;) +m5,h(0)> forall Az ¢ (=A™, A™T).

Taking the derivative with respect to ¢ in (D.28), we have that

0= 9D ¥ (aalg) = ~(r+m)

¥ (Az|¢)
9

0°Y (Az, ) (77283‘I’(Az|(p)
0AzI¢ 2 9AzZ20¢ '

= Oforall Az ¢ (—A™,AT).
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Using the Schwarz theorem to exchange partial derivatives, evaluating at ¢ = 0, and using ¥ (Az|0) = m¢ ,(Az), we obtain

¥ (Az|0) B 9 [9¥(Az|0) o2 3% [3¥(Az|0)
0= M) ==t mg\ T ) T a e ) (D-29)
0¥ (—A~|0) oY (AT|0)
59 = 39 = 0. (D.30)
Equations (D.29) and (D.30) correspond to the HJB and border conditions of the function w =E [ fOTm g p(Azp) dt ‘ Azg = Az} .
Evaluating %ﬁo) at Az = 0, using the occupancy measure and result (D.24), we write the previous equation as:
Tﬂl
I¥(O0) _ g / me y(Dzr) dt‘Azo =0
99 Jo
® me p(Az)g"(Az) dAz
A T )
855
& (1— &)
= Ep[t" = —m 0)7“, D.31
p[t"] (f(dz*) en0) | —¢- (D.31)

where Ep[] is the mean duration of completed employment spells (the subscript highlights that the moment can be easily

computed from the data). From (D.27), we also have that

¥ (0j0) oo m( Ess B
59 E /0 s(1—E&s)ds+T For) +mgp(0) )| Azg =0
Ep[a] < Ess )}
=Ep [*"] [(1-& + (- + 0], D.32
[ |- &) B 4 (=B e 0) ©32)
Combining (D.31) and (D.32), and solving for n¢ ;,(0) we obtain:
. Ess
mep(0) = For) (1= Ess)Ey[a]
Step 3. Up to a first-order approximation, the CIR is given by:
+ 71)Ey|a] + Ej A
CIRg(@):—(l—SSS)(’Y 7T) h[a] h[ Z]g+0(€2).

o2

Proof of Step 3. To help the reader, we summarize below the conditions used in this step of the proof.

CIR (¢) = [ : me(82)g" (Az+7) dAz + (f ff;i) + m&h(o)) (1- &) (D.33)

with

dm‘g,h(AZ) (TZ dzm(g,h(AZ)

dmgp(Az) =1—Ess — (v + ) aAz 7 T dAZ +dmg ,(0), (D.34)
mg ,(0) = mg ,(Az) forall Az ¢ (—A~,AT) (D.35)
0= / me n(A2)g" (Az) dAz + mg o (0)(1 — Ess). (D.36)

1. Zero-order: If { = 0, condition (D.36) implies

CIR¢ (0) = /_O:o me (Az)g" (Az) dAz + (—% + mg,h(0)> (1-E&s)=0.
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2. First-order: Taking the derivative of (D.33) we obtain
* n
CIRE() = [ mes(82)(g") (8 + 0) dbz,
which evaluated at { = 0 becomes

A+
CIR,(0) = /_ | mes(82)(s") (82) daz.

(r+)(g") (82)+ % (8" (A2)
g"(Az)

Using condition (D.18) to replace 6 = into equation (D.34), we obtain

(7 +7)(g") (Az) + G (") (A2) o2

(A7) me(Az) =1 — Ess — (v + m)mg ;,(Az) + 7mg,h(Az)

L (g (82) + 54"(82)

¢(Az) me ,(0).

Multiplying both sides by g”(Az)Az and integrating between —A~ and A™,

2
2

o
Il

(1= &ss)Ep[Az] — (v + )T + - To + mg 4 (0)T3 (D.37)

g
|

/A+ Az m'gh (Az)g"(Az) + mg,h(Az)(gh)’(Az)] dAz
A

At
/A Az mgh Az)gh(Az) — mg,h(Az)(gh)”(Az)] dAz
AT 02
ro= [ (e ey 02 + G )"0 ) do
A-
Next, we operate on the terms T, T, and T3. The term T is equal to
A+
T, = / iz [y, (82)g" (82) + me (82 (8") (A2) | ddz (D.38)
A 4 4

0 AT
= /7A* Az [mfs,h(Az)gh(AZ) + mS,h(AZ)(gh)/(AZ)} dAz +/O Az [mfs,h(AZ)gh(AZ) +me(8z)(g") (Az)| dAz

o [0 d(mgrh(Az)gh(Az)) AT d(mg/h(Az)gh(Az)>
=2 / Az dAz+/ Az dA
—A- dAZ 0 dAZ

4

3 h 0 h at
=0 Azmg (Az)g (Az)‘ A + Azmg ,(Az)g" (Az) o

=0

0 AT
s {/ i me j(Az)g" (Az) dAz —|—/ me ;(0z)g" (Az) dAz
—A 0

A+
= 7/ me (0z)g" (Az) dAz
_A-

= ms,u(o)(l —&ss)-

Here, (1) divides the integral at the discontinuity point of g (Az); (2) uses the property of the derivative of a product
of functions; (3) integrates and uses the border conditions for g (Az); (4) uses the continuity of m¢ ;(Az)g" (Az); and (5)
uses (D.36).
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The term T satisfies

A+
T, = lA Az {mg,h(Az)gh(Az) - mglh(Az)(gh)”(Az)} dAz (D.39)

0 At
-0 [ | Az (A2)g" (82) — me(82) (8" (A2) ] Az + /0 Bz [m(A2)g(Az) — me (82)(3")" (8z) | Az

=) Az [l (82)g(8) — me s (42) (8" (42)] | |+ Az [, (82)g(8) — me(a2) (8" (2)] [
0 AT
[ [ea(a2s(02) — me (a6 (82)] ddz+ [ [ (02)g (82) —me (42) () (22)] daz

—) Az [ (A2)g"(8) — me,(82) (5" (8]

= —me,(0) Az(gh) (Az)[ 3

A-

0 AF
T {/ [mif,h(Az)gh(AZ) - mg,h(Az)(gh)’(Az)} dAz —I—/O [mfg,h(Az)gh(Az) — mg,h(AZ)(gh)’(Az)] dAz

At At AT
-/ mfg,h(Az)gh(Az) dAz—l—/ mg,h(Az)(gh)’(Az) dAz

—) g (0) Az(g") (A2)

A-

AT AT AT AT
s~ | meaaag 2] [ mea(2)eh (a0 daz| + [ men(a0)(s") (82)daz

=0

At AT
A +2/A7 me (Az)g' (Az) dAz.

= —mg,(0) Az(g") (Az)

Here, (1) divides the integral at the discontinuity point of g" (Az); (2) uses the equality myg 1, (Az) §'(Az) —mg ;(Az)(g")" (Az)

/ h _ hy!
= d[mg(A2)g" (A2) T A’Zg’h(Az) () (42)] and integrates by parts; (3) uses conditions (D.35) and the border conditions of gh(Az) ;

and (4)-(5) integrate by parts and operate.

Finally, the term T3 is equal to

A+
T3 = /7A7 Az ((’y + ) (g") (Az) + %Z(gh)”(Az)) dAz (D.40)
0 At 2 0 AT
=) (v + ) _/A Az(g") (Az) dAz—l—/O Az(g") (Az) dAz| + % /7 Az(g")" (Az) dAz—l—/O Az(gh)”(Az)dAz]
=@ (y+n) Azgh(Az)‘OiAi + Azg" (Az) j+ - /_AA, ¢"(Az)dAz
i ~7 __255_/
2 + AT
ot Az(gh)’(Az)‘ + Az(gh)’(Az)s —/_A(gh)’(Az)dAz}
o2 AT At
= —(y+m&s + 5 | 228" (82) |, - §"(B2)|,
———
=0

=) _(y+ m)Es + ‘772 {Az(gh)/(Az)

AT
Ai]

Here, (1) divides the integral at the discontinuity point of gh (Az); (2) integrates by parts; and (3) and (4) use the border
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conditions of ¢ (Az).
Combining results (D.37), (D.38), (D.39), (D.40) and those in Step 2, we obtain

2

(o
0= (1~ &s)En[dz] = (v + ) T1 + = T2 +1e,(0)T3

2

= (1- E)E[82] - (v + m)me, (0)(1 - €) + 5

)

A+
= (1= B8] = (s, (0) + 0 [ e (82) () (82) Az

AT At
g (0) 82(8") (02)[ +2 [ e (82)() (82) daz

o2
ctmg , (0) | = (v + ) Ess + 5 [Az(gh)’(Az)

which implies

7

N _ & s _(1_ (1

/_AA, mf,h(Az)(gh)/(Az) dAz = () ( ) ! e (1(72555)1Eh M) R

v+ ) Ey[a] + By [Az]]
o2

=—(1-E&) I

Proposition D.3. Up to first order, the CIRg ({) can be expressed in terms of data moments as follows:

@ If(y+m) =0,

CIRg(Q) 1 1 1 Aw?
.~ F(@) Varplaw] |3°7 {AleD aw] | | Fol
—— ———
avg. wdur.  dispersion asymmetries
(i) If (y+m) #£0,
CIR¢(Q) o 1 1
o b* Ep[Aw
4 f(@*) Varp {(Awf ]ED[[;[T]]T)}
avg. e dur dispersion
o Varp [T] — EssVarp [?7”] Varp [AAEU} -1
x |Ep [Aw] | &s | Covp [Aw,Aw - %} + 5 +(1-Es) T E— +0(0).

asymmetries

Proof. The goal is to express the sufficient statistics of the CIR, Ej[a] and [E;[Az], in terms of moments of the distribution of Aw
and (7", 7™). We do so separately for the case with (y + 71) = 0 and (y + 7r) # 0. Let ¥ = x/Ep [x] denote random variable x
relative to its mean in the data.

Proposition G.5 expresses moments of the wage distribution as a linear combination of moments of the distribution of

productivity changes among completed employment and unemployment spells:

Ep [Aw] = — [Ey [Az] + By, [Az]
Ep [8w?| = [By [822] + 28, [Az] By [Az] + By [47%)]
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Ep [8w] = - [y [a2%] +3E, [A2) By [A22] + 3By, [A2%) Bu [A2] + By [42°]],

where Ej,[-] and E,[-] denote the expectation operators under the distributions g (Az) and §*(Az), respectively. Using results
from the same Proposition, we can express the moments of productivity changes for completed unemployment spells in terms of

model parameters:

E, [Az] = W
E, [Azz] — 2(£2_2—‘i6—2£%—1>
1
- [AZS} 6 (—Eg + Ezﬁ—g L'+ L;”) /
1

where

L= Wand£2_\/ (v+m) + V(o + 2 +2°F (@)
o2 —(v+ 1)+ /(v + m)2 +202f (%)

From these two sets of equations, we solve for the moments of productivity changes for completed employment spells and

By b = — (<£2— ) ) — Ep [Auw]

Ly

obtain

E, [Azz] —Ep [sz] +2Ep [Aw] (W) _ E%

E, [Azﬂ - _Ep [Aw3] —3Ep {sz} <(£2:L2>) + E%IED [Aw].

The remaining steps are case-specific.

Case I: (’)’ + 7'() = (0. To obtain E;[Az], evaluate (G.10) at m = 1, use the fact that £, = 1, Ep [Aw] = 0 and ]?EZ[[T:]] =&,

and substitute ¢ from Lemma F.1:
Ess By [A2°]
3 IEh [AZZ]

& —Ep [Aw?®] + Ep [Aw] 5%
3 Ep [Aw?] — &

1

_ & Ep [Aw’]
~ 3 \ Ep [Auw?] — 0ZEp[tH]

Ey, [Az] =

_Ep[aw]
~ 3Ep [Aw?]’
Finally, replace this expression into (36):
CIRg(8) Ey [Az]
z (1= &) o2
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Ep [Aw?]

3Ep[Aw?]

Ep[Aw?]
Ep[t]

1 Ep [Aw?]
) 3Ep [Aw?]
1 1 1 Aw?
“Ep |Aw——-—|.
@*) Varp [Aw?] 3~ P [ w]ED [sz]}

=(1- &)

f(

f(

Case II: (v + 71) # 0. To obtain [E[Az], evaluate (G.11) at m = 1, use the result that (/J;l - £2> /Ly =—(y+m)/f(*)
IED[T"]

and Bl = &ss, and substitute (y + 77) and o2 from Lemma E.1:

@Eh [Az?] B o2
2 EylAz]  2(y+n)

e, [Ep [su?] — 2Bl 2
T2 2(y+m)

Ej, [Az] =

2 ~Ep[aw] (1- 522])
= 2epiawl (kp [507] B2 1 fA 4 (Enl’] - Ep[r)
:ehm@mmﬂﬁmﬂhﬁmﬁwalhm
= wp ] (5 (o [807] -2 1) + gEoliFe -1 (1 £ )
= —Ep [Aw] (% (wzrp [ﬂu} — 1) + Ess (1 + WT’D[ ))

The average cross-sectional age of a job spell is obtained from the occupancy measure:

B U" tdt|w =0 & Ep[t™?]
Eilel = & oty =T~ 2 Eplo]’

where we solve the Reimann integral.

Finally, we replace these expressions into (36):

CIR;(@) _ (1 _ 555) ]Eh [AZ] +((7’;’+ n)]E[a]

- - Sl Tl Ep(r é[?]]T) ] (o e (2 (varo [80] 1)+ (1+ ] (Varoldo ) ) ) + (1 + i)

- wrpmiiuw}— s (% (Varp [80] ~1) + & (1 + 5 (Varplaw - T])) - ﬁmﬂi[a])

- Varpmﬁﬁjw] o (% (Varp [80] ~1) (1~ £ + £5) + & (1 + 5 (Varplaw - f])) _ ﬁmﬂi[a})

EY; (w*)varfz[)(mw 5] ( Varp [w] —1) (1= &) + & (1+ (Varp[&w - 7)) + Varp [Aw] ) - g~ )
e (o 5] )0 (o s ) 5] )
~2f (o) wrf Z[)([ﬁuzf — Epltal )] (varp [8] =1) (1= &) + & (1+ (Varpl&w —11) + Varp [ 8] — EuEp WZ]))
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= Fp [Av) 7 ( (voro [85] 1) (1 &) + & (cm [0, B - 7] 4 Yorn 1 = & Varp [ )) .

f (@*) Varp {(Aw - IE]ED[E?TZF T 2 2
O
D.3 Proof of Proposition 8: CIR of Employment with Sticky Entry Wage
Proposition 8. Assume sticky entry wages. Up to first order, the CIR of employment is given by:
CIRe(Q) _ (4 _ {_ [vEx[a] + Ej[Az]] 1 {ﬂ’(w*) Ty (@, 0) ng(w*,o)”
= (1—E&s) — T @I @ T ) - @) +0(2). (D.41)

Proof. We divide the proof in two steps. Step 1 characterizes mg ,,(Az, (). Steps 2 uses the equilibrium conditions to show (D.41).
The starting point is the CIR for employment, which is given by

geel geel

CIR(7) = / e (82)g" (8z + ) dbz + /7 mg (B2, 0)g" (bz + 7) dAz, (D42)

—00
with

dn’Ig/h (AZ) (72 dzmg/h(AZ)

0=1-Es—7 Az > —arz 5(mg ,(0,0) —mg (Az)), forallAz € (—A~,A")  (DA43)
dme,(82,0) | 0% d*mg,(Az,) .
O0=—-&s—r—gr,  *t5 dgz2 + f(@" = 0)(mg p(=0) — mgu(Az,0)) (D.44)
mg ,(0,0) = mg ,(Az), forall Az ¢ (—A~,AT) (D.45)
_ . dm(‘,‘,u (AZ, g) T dmc‘,',u (AZ, é)
0= e Az AN daz (D49
0= / mgrh(Az)gh(Az) dAz + / me ,(Az)g" (Az) dAz (D.47)

The key differences between the CIR with flexible wages and the CIR with sticky wages are found in the HJB equation at
the moment of the shock. With sticky entry wages, the job-finding probability is given by f(@* — ), since now the real entry
wage is lower. As a consequence, we need to evaluate m¢ j, (Az) at Az = —( because conditional on finding a job, the real entry
wage is lower. Observe that following the first job separation, the monetary shock is fully absorbed (see the term m¢ ,,(0,0) in

equation (D.43)).

Step 1. The value function mg ,(Az, {) is independent of Az and satisfies

Ess
f(@* =¢)

Proof of Step 1. We guess and verify that mg ,,(Az, ) = mg ,(0,) for all Az. From the equilibrium conditions (D.44) and (D.46),

mey(Az,0) = — +mg p(—0).

0= _gss —‘,—f(Z?J* - g) (mé',h(_g) - mé,',u(ol g))

Thus,

e 0 (0,0) = me (A2, {) = — -2 5+ me(~0).

f@*—=¢
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Step 2. Up to a first-order approximation, the CIR is given by:

e BRI (-8 (@) TU@.p)  T@0)
CaRe(e) = ~(1 - &) PRSI L e (T * o) ~ T

Proof of Step 2. From Step 1, we have that

CIR, (0) — /0; e n(82)(g") (Az) dAz + (,w - m'&h(O)) (1— &),

Since [ mg ,(Az)( ¢")(Az) dAz satisfies the same system of functional equations as the CIR with flexible entry wages charac-

terized in Online Appendix D.2,

+ IEh[AZ}

o0 E,la
/ me y(Az)(g") (Az) dAz = —(1 — E) L hl ]02 . (D.48)
Observe that we can write
Tm
me p(Az) =E / (1—&ss)dt+mg,(Az,0)| Azg = Az |,
0

= (1— &) T (@" +Az,0) — % + e (0).

Taking the derivative with respect to Az, evaluating it at Az = 0, and using s = 1/7 (@*,0) from the Renewal Principle, we have

that
1 T'(%*,0)

mle ,(0) = (1 — ) TH(d*,0) = Fay s @0 = s T 0)" (D.49)

From the free entry condition

and the definition (1 — 7 (#*)) = J(#*)/$(@*), we can compute the elasticity of the job finding rate with respect to the entry

wage:
T %*1 T (pyk
F@r) %(I(%)) I(kw>
fl@) @)\ o ’
S
_1-af@)
v J@)
SEEY LR )
a (1 =n(@*)) ~ T(@*p)
Finally, combining this result with the fact that s = f) oo 1 ! (d)*)( - ) = - T@$) and operatin
' == s T Ty T@) Tl T(@p) ANC OPEraing
we obtain
_Esof (@) __ 5 f(@”)
fl@*)? f@@*) f(@)
1 1




I (A% A
T (@ ’p)}. (D.50)
Combining results in equations (D.48), (D.49), and (D.50), we obtain the desired result:

CIR: (0) = —(1 — &ss)

[vEpla] + By[Az]] | 1—&s [’7/@*) n _

o? f(@*) +s [ n(@¥)

D.4 Proof of Lemma 3

The following proposition provides a broad characterization of 7

T(@*,p)/ T (@*, p), which includes the result in Lemma 3.
Proposition D.4. The following properties hold for T} (*,p) /T (¥*, ):
a. Assume that A~ = A" and «y + 7t = 0. Then, T} (®*, p) = 0 and, up to a 3rd order approximation of T (@, p) around ® = 0%,
o
prot(@/ary

b. Up to a 2nd order approximation of T (®, p) around @ = ©*,

c. Ifp=0,then

7;‘17(@*’0) - 1 en 2 . / . /
T@,0)  o24h(0) {S a (Ess —2Gh(0)) + = <A121&1+(gh) (Az) +  lim (g" (Az))] .
d. Ifp > 0, then
To@%0) _ T@*0) | . (v+mEya) +EyAz] o2 ks [T (@ + Az,p)gh(Azﬂ A
(@%p) — T(@p)és [—p o? * 4 leﬁl* - AllenRJ dAZ2 +o(p?),

where T (W* + Az, p) solves, up to a first-order approximation around p = 0, the 2-step procedure given by

(r+m)2 _ 5T (5" h .
T 4 As ) — gh(AZ) T s iz, Zgh(O) fgze 5= (Az—s) fiAf (1+p7'(o§h<+s;cz,0))g (x) dxds ifAz <0
(@° +Az,p) = 7 (0) (@, pe < T2 Az 2(pz sy oAt (14T (@0 +x,0))g" (%) . '
4 JoTe ? I deds ifAz>0
with
2 [ (i A\ oh -
i d [T (@ + Az, p0)g (Az)} o Z(gh)’(Az)z 0 5y T2 28"(0) [0 Gz a-g [f (14pT (D" +,0))g" (x) d
im 5 im 7 (0,p)e + == e TRV
AzlA- dAz rzl-a-" gh(0) 02 ) e g"(s)
Ak A\ oh + +
e d [T(w +4z,p)g (AZ)} i 28 (82)7 70 p)emg)zNJrzgh(o) /A . /A (1+pT (" +x,0))g" (x) e ds
2 T ’ 2 Ti(g)2
AZPA* dAz AzPA+ §"(0) o 0 s g"(s)
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Proof. We proceed to prove items a-d of the Proposition. To show these properties, it would be useful to change the state variable
in 7' (#,p) from @ to Az. Define T (Az,p) := T (®* + Az, p). Then, applying Itd’s Lemma, we obtain
5 5 o2
ST (Az,p) =1—pT(Dz,0) — (v + 1) Tx.(Dz,0) + = 5 T2 (Az,p)V Az € (=A™, AT) (D.51)
T(Az,0) =0V Az ¢ (—A",AT) (D.52)
T (—=Az, p), and by definition of a derivative,

Ted) - T(=ep) _,

T 7
Ta-(0,p )_léﬁ} .

Assume that A~ = A* and (77 + 7) = 0. Then, it is easy to show that 7 (Az, p)

=0
T7:,(0,p) = 0. Applying a third-order Taylor approximation to

p) =

A similar argument applies to 7" (0,4). Thus, 75 (0,
p)AZ% + O(AZ4).

T (Az,p) around Az = 0,
T(bz,0) =T(0,p) + TAzz(
From the HJB equation in (D.51),
~ 1+ S T0.(0,p)
0,0 $.
7(0,p) = 540

Combining the Taylor approximation with the border conditions in (D.52), we obtain (we omit the term O(Az*) to save on

. 1. .
T(0,6) = —5 T3(0,5) (A

notation)
Combining the last two equations, we have that
N -1
_1"’// N +1\2 1+ AZZ(O P) =1/ A 1 (A+)2 (7'2
1 ! A ! Ak A
;o Taz(0,0) = Tge (@7, p) = 0.

A

and
T(0,p) = T (2%, p) E

pto+ (&

12(0,0)AZ% +0(AZ%).

b.
around Az =0,
- 14
T(8z2,p) = T(0,0) + Tx,(0,0)Az + 5
From the border conditions in (D.52), we obtain (we omit the term O(Az) to save on notation)
pIAT + TAZz( p(AT)? =0,

T(0.0)+ 7200
L 05)(8 ) =0,

T(0,0) + T80,0)(~87) + 5 T

Taking the difference
1.- R _ . R 1 R _
T0A +87) = =2 T350,6) (1) = (A7) = T3.(0,0) = 5 T(0.0) (A" = A7),
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Replacing this last equation into the HJB equation in (D.51) evaluated at Az = 0 and into (D.53), we obtain

1 (CHERAAD) T 0,p)
p+o

T(0,p) =

T(0.0) = 5 T(0,9) (A7) - 4% (a7 ~47)).

Combining these equations and solving for 7 (0, p), we have

- 1
T(0,6) = -
o R
(A% —a7)
GO (BT R-B7 (A" B )+ + (T (BT —4)
2

Ti:(0.p) =

L il 3wy (7 ey ey ey s Ty

and _
T30.0) _ Ty (@%p) _ A — 4"

TOp)  T@.p)  ATA
c. Set p = 0. Combining (D.18), (D.51), and (D.52)

2
0=g"(82) = (v+ ) (8" (82)T(82,0) + &' (82)Ti.(82,0) ) + T (T3 (82,0)8" (82) = T (82,0)(8")" (82))
Integrating between —A™ and Az < 0,

Az
0=Ghaz)—(r+m) [
Az d(g"(x)T (x,0) 2 oz d(TX,(x,0)8" (x) — T(x,0)(g") (x)
:Gh(Az)_(7+ﬂ)LA, —<g P ) ‘72 / < . g § )
o2
= G"(Az) — (v + 18" (A2) T (Az,0) + 7 ( T3.(8z,0)8" (Az) — T(Az,0)(8")' (Az)).

((gh)f(x)T(x,O) +gh(x)7;§2(x,0)) dx + ‘% /
0

In the last step, we use the fact that lima,| - g"(Az) = limy, 1-a- T(Az,0) = 0. Applying similar steps to integrate from
Az > 0to AT, we have that

2
0= & — G"(A2) + (v + m)g" (82) T (2,0) — = (Tx:(8z, 0)g"(Az) — T(42,0)(g") (Az)).

Thus, 7 (Az,0) satisfies the following first order differential equation, once we write it as a function of g (Az):

h z hy! T - . _
~2G8a 4 (G 20m) F(az,0)  if Az € (—47,0)

Ta-(A2,0) = (D.54)

—Gl(Az hy/ T ~ .
2eogln) o (a1 20) T(az,0)  ifAz e (0,4%)

Integrating the Kolmogorov forward equation (D.18) from 0 to AT and from —A~ to 0, we obtain

2 02 . !/ 1 !/
-5 { (& -C"@) -5 Jim (8" (82) + (v + ﬂ)gh(o)} = lim (g")'(82), (D.55)
2
Z[sc 0+ tim @(02) - ¢+ )] = ime Y (82), (D.56)
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respectively. Next, we sum the limits of (D.54) as Az — 0 from the left and right, use the continuity of G(A), ¢"(A), T'(Az,0)
together with (D.55) and (D.56) to obtain

_ h im hyr im hyr o
272/2(0 0) = %555 th(OG) (0) <1 AzLO(g ) (AZ;;(FOI) AzTO(g )/ (Az) + 4(’)’0-"2' 71’)) 7(0,0),
2 & —2GM(0 " limpz, - (g") (A2) + limpzga+ (8")'(A2) -
-5 gh(O)( ) 1= 67(0,0)] + mazi-a-(® i Azia+ (8 70,0,
_ 2 555 *ZGh(O) sX0 hmAqu* (gh)’(AZ) "_lil'nAzTAJr (gh)’(AZ) F
2 gho) {1_ s ]+ §"(0) 0.0
— and/s

where the last equation uses s = 1/7(0,0). Operating the last expression, we obtain

end €5 —2G1(0) | o limpzpys (8")(Az) +1limpz, - (g") (D2)
§"(0) 2 §"(0)

(0,0) T (%, 0) o2

72,(0,0)  Tp.(@%,0) 1
2

. Now, we study the case with p > 0. Let ¥(Az, ) := 7;,(Az, p). Differentiating the HJB in (D.51), we obtain a new HJB

2
A A o A o
§¥ (Az,p) = —pTx,(Dz,p) — (v + ) ¥y, (Az,p) +

7‘ifgzz(Az,p) V Az € (-A7,AT),

with new border conditions for ¥ (Az, p)
TR(=A7,0) =¥(=A7,p) ;TL(A",p) =¥(AT,p).

Thus,

m

¥(Az,p) =E

r

Evaluating at zero and using the occupancy measure,

—0T A, (Azy, p) At + TR, (Azem, 0) L[Azen = AT or Azen = —A7]|Azg = Az} .

o SEulTR (8z,0)] 4 Ll N8 (dz) 4 . (8" (Az)
¥(0,0) = PTT(OIO)‘*‘* AzlflflAfTAZ(AZ’p)T AIZITI%TAZ(AZ’MT :
Using the fact that s = ﬁo), we have that
00 TON Ty 17 (ae )+ G [ dim, The(0z )& (82) ~ Jlim The(0z.p)(g") (62)] ]
T7(0,0)  T(0,0)Ess Azl 2 |azl-a- B2 Azpar AR

Notice that for small p, we can apply a first-order approximation to PIE,[7,, (Az,p)] around p = 0:

OE (TR, (82,0)] = | E4[T3.(A2,0)] + Py E,ngmz,m p+0(p?) = Ey[T3,(82,0)]p + O(p?).
=0
Thus,
7a:(0.0) _ 7(0,0) 1 i / : ;
o = o | BTz 0+ T | lim T (02, 0)(") (82) - Jlim TR.(82,0)(6") (02)] | + 0%,
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Next, we show that [E,[T},(Az,0)] = Wgw:
A+
[T, (Az,0)] = 71 (Az,0)¢"(Az) dAz,
7A7
+ AT

- T (Az,0)(g")(Az) dAz,

A g p(Az)  mg (0,0
) _/7A7 [ ff(gss) _ f,—(&s )} (g (Az) dAz,

=) T(Az,O)gh(Az)

+ T ~
=0 D) g [ e gy sy an,
i [+ By la) + Ey[a2])

= 2

Step (1) applies integration by parts; step (2) uses the border conditions for g"(Az); step (3) uses the recursive definition of
mg p(Az) = (1 — Ess)T (Az) + mg ,,(0,0); and step (4) uses the results in Subsection D.2. Thus,

7:.(0,0) 70,0 (v + m)E,[a] + Ey[Az]] o A A )
ol = ol |t R Bl T i T8 ) (82) — fim T (02, 0)(6") (22) || o).
(D.57)
To further operate on the limits, observe that
d(T(Az,p)(g")(Az " . - . . N
(T2 D)) _ 711, (2, )5 (02) + 24, (82, p) (8")'(42) + T (2, ) 8")" (42)
The limits of this expression as Az | —A™ and Az | AT are given by
; | A(T(azp) (M) [ : R TYY,
Lzlfgly a Alleng*} dAz2 N Lzljrfny a Aller2+] 2T5:(82,0)(g7) (82).
Replacing this expression into (D.57), we obtain
- . 2 & | T (@ + Az, p)g" (A2)
To (@.0)  TW@0) |5+ mEle] + Eylaz] o { lim — lim } | } +0(p?).
(@*,p) T (@, p)E o2 Az|—A~  AztA* dAz?

Finally, we characterize the marginal duration at the separation triggers as a function of gh (Az). Using (D.18), (D.51), and
(D.52)

0= g"(82) — T (82,0)g" (82) — (v + ) ((8") (82) T (82,p) + " (82) T3.(82,9))
2

0- F A T A
+ 5 (Taa(02,0)g" (82) = T(22,0)(8")"(82))
After applying a similar first-order approximation to 97 (Az, p)g" (Az) around p = 0, we obtain

0= g"(a2) = pT(A2,0)8"(82) — (v + ) (8" (A2)T (8z,p) + g (A2) Ti. (82,6) )
2

+ 2 (Ta(82,0)8" (82) = T(82,p)(8")"(82)) + O).
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To save on notation, we omit the term O(p?). Define

Az ~
o= (0z) = [ (1= pT(x0)g" (1) dx

o (Az) = / 0 0T 0)g () dx.

Az

Then, after applying similar steps as in item c, T(Az, p) satisfies a first order differential equation, once we write it as a function

of g"(Az):
2 & (A7) (&)'(8z) 7+n ) e
T1,(Az,0) U;ﬁ hAAZ + <h gl’iAz) ) >~ (Az,0) ifAz e (—A,0)
& iy + (St + Mn)) T(820)  ifAze(0,47)

—s) D (s) .
T(Az,p) =T )gh(AZ)EZ("S-r)AZ n i oy ds ifAz<0
g(0) %fome T4 (Az— s)j(isg ds ifAz 0

2(y+m) _s) D~ X
_ 8102) |7 0 2 , 28(0) Jae @ BI04 ifaz <o
= gh(O) P 2 Azezmw) (Az—s) ;I;*(Sg ds ifAz>0

h h
Next, we characterize the marginal duration. Taking the derivative of the solution, and using L’'Hopital’s rule, limp | _ - ( gh ((izz)) , gGh ((AAZZ))Z ) =

(0,1), when Az | —A~

T(0,0) 20:m 4, { / 2(y+m) } T(0,p) _20mp- -
——e 2 Az)+ ————>9¢(Az)| — e 2 ~A7),
200) §(82) + =809 =~ §(=87)
2g'(Az) / O ez D(s) g, 2/ (=A7) / 0 (p, @ (s)
S FUECAC I I FIO
2g(Az) M/O 2 (a9 8'(5) 4o, 28(82) 200+ ) GH(A7)
I G ST T T a7

Combining these results, we obtain

. M(Az) | 4 C2wma- 28M(0) [0 2k a- o DT (AZ)
1 ! A : _ (g ) ( O, A p3 A 8 / 2 (=A"—s) d
Azih- Taz(82,p) Azl=A- gM(0) T10.p)e TR _Afe g"(s)? °
and h / At +
- oy i (8)(Az) |z o 2TET AT 2g1(0)/ wrtn) (p+—s) D (A2)
Alleng+ Tx,(Dz,p) Alleng+ 20) T(0,p)e +=0 ; e ()2
Therefore,
d? | T (@* + Az, p)g" (Az) my (A2 T . h 0 o -
| L] R [ s 260 [ e o,
Az|A= dAz Azl-A- ¢M(0) log A~ <(s)
i d2[T (w*+Azfﬁ)g’1(A2)} (8 (82)? |4 wimpe 28M(0) (AT 2t pe g DT (A2)
im 5 lim Zhi T(0,p)e 2 R e o ds,
AZTA* dAz aztarT o gh(0) o> Jo 8"(s)

which proves the result.
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D.5 Proof of Proposition 9

We divide Proposition 9 into two propositions. Proposition D.5 “re-scales the speed of time” to provide a recursive representation
of ().
Proposition D.5. Define
4 —inf{t>0:Ty ¢ (&, 7))}
where (&~ , ™) is a Nash equilibrium. Then, the worker’s share n(®) satisfies the following Bellman equation
end

T A L' — 50 A en
/ e 0+ (p 4 5) T PL gy | (0T (A7 — ATy = @
0 1-pU

n(@) =E

with

dTy = (p+0) (=T (Te, p) + o2T4(Ts,p)) At + o/ T (L1, p)(p + 8) AWE.

Proof. The HJB equations for the worker’s value and the surplus of the match are

(b + O)W(d) = e® — pll — 4W' (@) + ‘%W”(w) Vi € (b, )
(0+0)S(w) =1—pU — 48 (@) + ‘7—25”/(@) Vi € (b, a7T),

respectively. Replacing the definition of the worker’s share 17(@) = W()/$() into the worker’s value function, we obtain
(p +8)((@)8(@)) = e = pU —  ((@)S' (@) + 7' (@) () + %2 (1(@)S" (@) + 211" (@)S' (@) + 1" ()5 (@) Vo € (@, D).
Using the HJB equation of the surplus to replace (0 + )$ () on the left hand side,

(1= pl)y (@) = e — pU + ' (@) (=48 (@) + o*5' (@) + " (D)

Since $() = (1 — pU)T (b, p),

¢ —pU (AT - NP .
1(@) = 5 7 @AT@,0) + CTal,0) " (@5 T (@) Voo & (@, 7)
Multiplying by (p + &), we arrive at
. . . @l A A o NP oy
(B4 0)(@) = (0 +0) T +1/(@)(p+0)(=AT (@,0) + S * Ty (,0)) + 1 (@) (p+ T (@) Vb € (7, 07)

Finally, recall the value-matching conditions

and the smooth pasting conditions
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The L'Hoépital’s rule implies

A~

W@) _ . W(®)

lim () = lim -’ = G2
wﬁ?ﬁ(w) Lo S(w) Lo J' (W)

. o
lim (@) = lim Q) _ iy V@)

it ator S()  atar W (d)

which are the boundary values for the worker’s share at the separation triggers.
Finally, the equivalence of the combined Dirichlet-Poisson problem (i.e., the mapping from the corresponding HJB equations

and boundary conditions of 77(®) to the sequential formulation) gives us the following Bellman equation

Tend R EI} _ p‘l:[ N end
n(@) =E /0 e-@””(ﬁw)m dt + e~ P 1 [Az s = AT)To = |,
where
M —inf{t > 0: Ty ¢ (0, D)}
and

dTy = (p+6) (4T (T1,p) + 0> T4(Te, p)) dt + o/ T (T1, p)(p + 8) dWF.

dlog(y())

Proposition 9. The following properties hold for =S4

D=t
a. IfFAT,A™ — oo, then

dlog (i (®))
dw

=" B a(l—p

b. Assumey+ 7w =0,A" =A™, and AT small enough, then

dlog (1 ()) _ Vserd
da g 200

Proof. Below, we prove each property.

1. IFAT,A™ — oo, then T (,p) = [5° e~ 0Tt dt = p% The optimality condition for @* implies

o 11—«

0= T~ (a9~ T T H )

Therefore, by the definition of (),

T

E | [y e P dt|wg = o*| — pUT (@, p) .
- I } / e P Aty = B
0

w = (") = [a+(1-a)pl] T(®,p) =E

2
— 41’ (@) + 17”(22;)% Vi € (—00,00). (D.58)
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Taking the derivative of (D.58) with respect to @ yields

v

1-pU

2
(p+8)y' () = (p+9) — 4" (@) + n’”(w)% Vi € (—c0,00).

This expression corresponds to the HJB of the function #’(#), which can be expressed as

E |:f0‘rm e—ﬁt+wt dt‘wo _ w*:|

7(@") = (p+9) e

Combining all these results, we finally obtain

g @) q@*) . E Uofm G Glflwo=w*] o [0+ (1—a)pU] T(@,p)  [a+(1—a)pl]
@)~ a T «(1— o) SO A s

. Ify+m=0and AT = A™, then T} (@*,p) = 0 and 57(*) = « (see the proof of Proposition D.4, item a). If (AT + A7) is
small enough, then we can use a second-order approximation of 7 (®) around @ = @* to characterize 1’ (%*) only using

the border conditions. The approximation is given by

n(@) = n(@") + ' (@) (@ — ") + %77//(@*)(@ —@*)? +O((@ — @*)%).

Evaluating this expression at %~ and @*, and omiting any terms of the order O((@ — ®*)3), we obtain

S
|
I
>
*
N
N
Il
o
<

7)o (@°) (@ = %) + " (@)

(@) +7' (@) (@" —@*) + %ﬂ“(sz‘)(w+ —@) =1,

respectively. The difference between both equations is given by

Poasy 1
@) = A

From the proof of Proposition D.4 item b, we know that 7(0,0) = 1/s = 1/ (6 + (¢/AT)?) = s = (¢/ A*)?. Replacing

this result in the previous equation, we obtain,

@) 11 Vs
n(@*)  aAt+A- 200’
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E Additional Results for Section 3: The Consequences of Monetary Shocks

in Non-Coasean Labor Markets

E.1 Characterization of the CIR of employment as a function of the CIR of the job-separation
and job-finding rates

Proposition E.1. Define

IRFg(C,t) = &(Q) — Ess, IRFs(G,t) = 5¢(0) — Sss, IRFf(gft) = fi(0) — fss

and
CIR({) = / IRFy(Z, 1) dt, with x € {&,5, f}.
0
Assume that d‘ggéo) = 0 (i.e., there is no first order change in employment on impact) and lim;_,0 £t ({) = Ess. Then
CIR CIRf(0) CIR,(0
% = (1 — 855)555 <fss dfg —_ SSS dsg( ) + O(g)’

Proof. Since (&:(0), p£(0),5:(0)) = (Ess, Pss, Sss), a first order Taylor approximation with respect to { around ¢ = 0 yields

&(g) = 555 + dé(‘itéO) g + Ut(gz)/
@) = fi+ Lz (@),
st0) = s+ 0 00(22)

and the law of motion
d& = (=& + fi(l = &))dt , E(E) = Ess +0(3?).

Replacing the first order Taylor approximations in the law of motion of employment, we obtain

d& = (_Stgt -‘rft(l — f/})) dt,

dg dg dg

~ (_Sssgss "l‘fss(l - Sss) +(1 - 5ss)dft(0) — Ess dSt(O) - (fss + Sss)dgt(O)) dtZ.
=0

At the same time, we have

d&i(0)
dz

S5

d& = d(&s + 0)+ Ot(éz)'

Combining both expressions and cancelling ¢ from both sides we obtain

d(dé;éO)) _ (“’E“)dﬁg)) 7555015(;(50) B (f”“%)dii?)) dar.
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Taking the integral between 0 and T,

/OTd(dE,'t(O)) — ) /OT df:(0) df SSS/OT ds¢(0) At — (fos + 500 /OT dé&:(0) dar.

d¢ dg dg dg

Since fgd(d%g))) = di{éo) — dsdoéo) = di{éo),we have that
dgt(()) o . T dft(O) . T dSt (O) _ T dgt((])
dg = (1 855)/(; dé dt 855/0 TC dt (fSS + Sss)/o Té dt.

Taking the limit, since lim;_« £+({) = &5, we have that lim7_, %ém =0and

/°° dé&:(0) df — (1— &) /°° df:(0) i — Ess /°° dst(0) dr.

o dg (fss +sss) Jo  dg (fss+8ss) Jo  dC

Since

dCIR¢(0) /°° d&i(0)
0

g dg
dg o dg 7
dCIR(0) _ /°° ds(0) dat
dg o dg 7
we can combine the previous result and & = s“f%f“' to obtain

dCIR (0) _1dCIRf(0)  _; dCIR(0)
T - (1 - 555)555 <f551 dg - Sss1 d§ .

Since CIRy () = CIR(0) + ““5%¢ + 0(¢?) and CIR,(0) = 0, we have

CIR¢ ()
4

C
- (fss IRéc(O) .. CIRs(0)> +o(0)

E.2 Second-Order Approximation of the CIR of Employment with Flexible Wages

Proposition E.2. Assume flexible entry wages. Up to a second-order approximation,

(1—Ess)Ess —¥(CIRg) (0) 1 At

CIRE(0) = > — 5 (B, (82)(8") (2))
1

+ 5 ((&")(02) = (8"(04)) (g, (0) = me(0)) -

Proof. Taking the second derivative of (D.33), we obtain

4
CIRY(Q) = = lim _me (A2)(s") (824 0)+ | lim ey (802)(") (A2 +0)+ [ mey(82)(g")" (82 +0) oz

At

= lim mes(02)(81)/ (A2 +0)+ lim e (82)(g") (A2 +0)+ [ | (2@ (8 O an,
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which evaluated at { = 0 becomes

0
CIRY(0) = — mg,(82)(g") (Az) % 5- +/A me ;,(82)(g")" (Az)dDz.

+ A+
— e p(A2) (") (B2) (& + /0 me(8z) (8" (Az)dAz.

Differentiating condition (G.1) to replace 6 = ()" A(Z> %i‘)g A C)) into equation (D.34) we obtain
1(8")"(82) + 5 (8")"(A2) e L 18" (42) + 58" (82)
&) (02) me p(Az) =1 — Egs — ymg ,(Az) + 7 mg ,(Az) + &) (A2) meg ,(0).
Multiplying by (g")’(Az)Az and integrating between —A~ and A*
o2
0=(1-&)T1 — 7T + — ) Tz + mg ,(0)Ty (E.1)
AT
T 7/ Az(g") (Az)d Az
—A—
At ,
To= [ 02 e (82)(8")(82) + e (02) (6")'(82)] d
AT
To= [ oz (82)(8") (82) — me(82)(8")" (82| d 2
At o2
Ti= [ oz (1(e)" (00 + G ()" (02) ) d oz
—A—
T is equal to
A+
T, = /A Az(g") (Az)d Az (E.2)
0 At
:/ Az(gh)’(Az)dAer/ Az(g") (Az)d Az
- 0
hoan|° N LA "
= Azg (AZ)’_A, + Azg"(Az) 0 " g"(Az)d Az
—A— _
=0 :Ess
= —&ss.
T, satisfies
AT
To= [ 82 [mes(8)(g")"(82) = (02) (") (89| d Az (€3)
0 A*
=00 [ a2 [ (825" (82) i (42) (6" (A2)] d A+ [ 0z [, (A2)(5") (82) = i (42) (8" (82)] d Az
_@) 0 Iy a7
=) Azmg(82)(g") (Az)] L+ Az (82)(8") (82)]
0 hy/
- [/ [Mgh (Az)( ] dAz+ / {mglh(Az)(g ) (Az)} d Az}
J-n-

=6) me,,(0) Az(g

/ ¢ (Az)d Az

E3



+

=9 g, (0) 82(s")'(a2)| |~ CIRE(0).

Here, step (1) divides the integral at the discontinuity point; (2) uses the equality m¢ j,(Az)(g")" (Az) + meg 1, (Az)( g (Az) =
d [men(0z)(g") (A2)]

T A and integrates by parts; (3) uses conditions (D.35) and (E.7); and (4) uses the definition of CI R’g (0). T; satisfies
AT
To= [ 82 [ (85" (82) = me (82)(8")"(8)| d Az (E4)
0 At
=00 [z [ (A6 (82) e (2) ()" (82) A Bz-+ [ oz [t (82) (") (82) — me(2) (8" (82) ] d

@) 5z (i (82) (8 (82) — me(82) (8" (82)) |

—A—

0 At
R [/A [mg,h(Az)(gh)/(Az) — Mg,h(Az)(gh)//(Az)] d Az —|—/0 [m/g,h(Az)(gh)/(Az) _ m&h(Az)(gh)”(Az)} d Az}

=) Az (s (A2)(") (82) — me,,(0)(8")"(82)) |

—A—

0

- 2/(;7 [meu(82)(5")" (82)] d Az

- [mg,h(AZ)(gh)/(AZ)’_A _

= [ms,h(AZ)(gh)/(AZ)

a7 meatan) a0 dAz] ,

Here, (1) divides the integral at the discontinuity point; (2) uses the equality mgrh(Az)(gh)’ (Az) — mg ,(Az)(gM)" (Dz) =

d [mg,(82)(g") (Az) —me, (82)(8")" (A2))]
d Az

and integrates by parts; and (3) uses conditions (D.35) and integrates by parts.
Finally, for T

At 2
T, = /_A_ Az <’y(gh)”(Az) + %(gh)/”(Az)> d Az (E5)

0 ‘72 At 02
1 /7A7 Az ('y(gh)//(Az) + 7(gh)///(Az)) d Az +/0 Az (V(gh)"(Az) 4 T(gh)m(Az)) d Az

0 AT

2 2
=2 8z [1lghY (02 + S 02)| |+ oz ey (02) + T 0)]

—A 0
At 0.2

= [ (8 (82) + 5 (8" (b2)d Az
—A—

AT

0 oz [y + )] —v[geaf, e ]
=0
=G @vea) +@rea)) ]
A 2

2
= 8 [7(" (82) + S (6" (82|

-G @@l + @re

A+
0}'

Here, (1) divides the integral at the discontinuity point; (2) integrates by parts; (3) operates the integral and uses the border

—A—

conditions.

Combining results (E.1), (E.2), (E.3), (E.4), (E.5), we obtain

2
o
0=(1-E&s)Th — 7T + 7T3 +mg,(0) T4

E4



+

A
0=—(1—E&s)Es— (mS,u(O) Az(gh)/(AZ) A-

— CIR’g(O))

A+

o2
et g | e (e (82) (8" (82) — e (0)(g")"(82))

- 2/;0A7 [mg,h(Az)(gh)”(Az)} d Az

0
T [m€,h(AZ)(8h)/(AZ)‘A

+ At
- [mg,hmz)(gh)’mz) "2 | [meatansaz)] o Az]
2 A* 2 +
g (0) (Az e+ Fyen]| - @real, + @] D ,
which implies
CIRY(0) = (1= Es)Ees ;ZW(CIRE)/(O) —% (A2l (22)(8") (82)) i
5 ((67Y00) = (&)(04)) (me,u(0) — me,,(0))

E.3 Characterizing the CIR for real wages with flexible entry wages

We define the CIR of the average wage per capita to a monetary shock as

CIRy(7) = ” jﬁw g, t) — g(w)) dwdt.
0

The strategy to find the sufficient statistic is similar to the strategy used for CIR¢ (), with few differences in the implementation
of the steps. For this reason, we skip the proof of some of the similar steps. The main difference is the associated Bellman

equation that describes the total sum of the differences between the average wage in period t and the steady-state average wage.

Step 1. The CIR satisfies

CIR,(Q) = / mwlh(Az)gh(Az +{)dAz + / Mep,u(Az)g" (Az + () dAz
with
Tm
Mon(bz) = E / Azt — By [Az]] df + 1,0 (0)|Azg = Az
0

My, (Az) = E [my,;(0)|Azg = Az]

At At
0:/ mw,h(Az)gh(Az) dAz—l—/ Mw,u(Az)g" (Az) dAz.
A

Step 2. Up to first order, the CIRy({) is the solution of

{ee]

CR(§) = [ (82)g" (82 + ) Az -+ 1 0)(1 = Ex),

—00

E5



where

2
0= Az — Ey[Az] — () (Az) + %(mw,h)”(AZ) +6(mp(0) = () (Az)) (E-6)

My, h (0) = mw,h(fAi) = My, (A+)/

AT
0= / N M (A2)g" (Az) dAz + 11141, (0) (1 — Ess),

38" (Az) = 7(g") (Az) + %Z(gh)”(Az) forall Az € (—A~,A%)/{0},

g'(-a7)=g"a") =0, (E7)
Ay
Ess = gh(Az) dAz,

g'(82) € €,C'({0}), C*({0}).

Step 3. We show that m,,,(0) = %&2?4'

Proof of Step 3. Define f(Az;) = Az; — Ej[Az]. Observe that m,, j,(Az) satisfies the following recursive representation

mgp(Az) = E %f.ﬂAm)dﬂ+mmwm

Azy = Az] .
Define the following auxiliary function

TWI
¥(Azlg) = E / e £(Aze) dt + 9" g (0)
0

Azy = Az] . (E.8)

Then, following similar steps, we obtain

TWI
9¥(0[0) = E / mw,h(AZt) df‘AZQ -0
dg Jo
f—AZ* mwh(AZ)gh(AZ) dAz
= i s
SS
1-&
= B[ (0) 5 -
From (E.8), we have that
T”l
a‘if£0|0) — E / sf(Azs)ds + Tmmw,h(o) Azg = 0:|
4 0
=E [T {w + mw,h(())} . (E.10)
SS

Combining (E.9) and (E.10), and solving for n1,, ,(0) we obtain:

Covy,la, Az
o (0) = S 2

E6



Step 4. Up to afirst-order approximation, the CIR is given by:

CIR,(7) = — Covy, [Az(;r va, Az] +o().

Proof of Step 4. To help the reader, we summarize below the conditions we use in this proof.

(o]

CIR(D) = [ (82)g" (82-+ ) ddz + iy (0)(1 = ),

—00

where

0 = F(82) = (1101 (82) + 5 (1) (82) + 801 (0) — 1 (8)

Maw,h (0) = mw,h(_A_) = My, (A+)r

AT
0= / N mwrh(Az)gh(Az) dAz + 1y, 5, (0) (1 — Ess).
1. Zero-order: If { = 0, condition (E.13) implies

CIR, (0) = / " g (82)g" (A2) Az + 11, (0)(1 — Exs) = 0.

—00

2. First-order: Taking the derivative of (E.11) we obtain

o0

CIR,,({) = / o (A2) (8" (Az +7) dAz,

—00

which evaluated at { = 0 becomes
AT
CIR,(0) = / N My (A2)(8") (Az) dAz.

(") (82)+% (8")" (A2)

Using condition (G.1) to replace § = T FI6S)

into the HJB equation (E.6), we obtain

1(g") (Bz) + G (") (Az) o2 7(g") (B2) + G (8" (Bz)

gh (Az) M (AZ) - f(AZ) - 7(mw,h)/(AZ) + f(mw,h)//(AZ) +

Multiplying by ¢"(Az)Az and taking the integral between —A~ and A"

2
0= Vary, [AZ] — T + %TZ + My (O)TB
AT
T, = /A— Az [(mw,h)/(AZ)gh(Az) + mw,h(AZ)(gh)/(Az)] d Az

T, = /fAi Az [(mw,h)”(AZ)gh(AZ) — mw,h(AZ)(gh)”(Az)} d Az

- [ AA Az (wgh)’(Az) + %2<g’1>”<Az>> d Az,

Tj is equal to

T:/NA[( ) (Az)g" (A Az)(g") (Az)]d A
1= [ 82 (m) (82)g (A2) i (A2) (8" (82)| d Az

E7

gh(Az)

(E.11)

(E.12)

(E.13)

Mw,h (O)



0
() /_ R [(mw,h)’(Az)gh(Az) + mw/h(Az)(gh)’(Az)] d Az

At
b [ 8 () (82)(82) + e (82)(8") (8] 4
0

0 d(mun(82)g"(82)) & d (g (82)8"(82))
=2 / Az d Az + / Az d Az
A d Az 0 d Az

0 AT
=0 Azmwlh(Az)gh(Az)‘ _+ Azmw,h(Az)gh(Az) .

=0
0 AT
o= {/ mw,h(Az)gh(Az) dAz+ / mwrh(Az)gh(Az) d Az
—A~ 0

AT
= —/ Moy (Az)g" (Az) d Az
A~

=0 mw,h(())(l — &ss)

Here, (1) divides the integral at the discontinuity point of g (Az); (2) uses the property of the derivative of a product of
functions; (3) integrates and uses the border conditions (E.7); (4) uses continuity of m,, ; (Az) ¢"(Az); and (6) uses (E.13).
T, satisfies

A+
T, = /_Ai Az {(mw,h)”(Az)gh(Az) — mw,h(AZ)(gh)”(Az)} d Az

0
- /7& Az [(mw,h)”(AZ)gh(AZ) *mw,h(AZ)(gh)”(Az)} d Az

A+
[ 02 [l (82)5"(82) = s (82) (8" (82)| d 2

=) Az [(m) (A2)g (42) — iy (82) (6 (82)] ||+ 82 [(m) (82)5" (42) — i (82) (61 (82)] |

At

/,OAf () (82)8"(82) = (82)(8") (82)] d Az + /0

[0 (82)8" (82) = gy (82) (8" (82)] Az]

) Az [ (1) (A2)g" (82) — 1 (82) (8" (82)] [

=—m,(0) Dz(gh) (Az) 3

| [ ) (821 (82) — g (82) (67 (82)] t Az +
A 0

A+
[0 (82)8" (82) = gy (82) (8" (82)] Az]

At

+ At
o [ @2 ez d sz [ (a2 (02)d oz
A A

—@) i, (0) Az(g") (A2)

A-

AT

At AT
=) g (0) 820 (02)]) — | map(a2)g(02)[) — [ man(02)(g") (02)d 0z

=0
At
[ mu(a2)(s") (a2)d Az

A+ AJr
42 /A i (82) (8" (Az)d Az.

=~y (0) Az(g") (Az)

Here, (1) divides the integral at the discontinuity point; (2) uses the equality (11,,,)" (Az)g" (Az) — my,, (82)(g")" (Az) =

E8



d “mw,kﬂm)gk<A§>;me"’(AZ)(ghy(Az) | and integrates by parts; (3) uses conditions (E.12) and (E.7); and (4)-(5) integrate by

parts and operate.

Finally, for T3

AT 0_2
T3 = /_A Az (f)/(gh)/(AZ)+7(gh)//(Az)) dAZ
Jr%Z /0 Az(gh)//(Az)dAer/oA Az(gh)”(AZ)dAZ

=9 /jy Az(g") (Az)d Az + /ON Az(g") (Az)d Az

0 AT AT
=9 Azgh(Az)’ A + Azg"(Az)

0 .

2 AT AT
_ g A o h
— &+ o | b2 (82)[ - g"(02)|

~—
At
A*} '

2
= —7&s + % |:Az(gh)/(AZ)

Combining all these results

2
o
0 = Vary[Az] — 4Ty + sz + 1,4 (0) T3

0 = Vary, [AZ] — YMyw,n (0)(1 - 855)

AT

A+
2 [ a2 (02)d Az)

2
+Z (—mw,hm) Bz(g") (a2)

N
2 +
S n0) (16 + G [aetgy @) ])
0 = Vary 2]~ yms(0) 402 [ s (82) (5" (82) d

which implies

A+
Yy 1 (0) — Vary, [Az]
[ monoa)ghy s = MenO
J-a-
Covy[Az + ya, AzZ]
=

E9



F Proofs for Section 4: Identifying the Model Based on Labor Market Micro-
data

Characterizing the Equilibrium Distributions of Cumulative Productivity Shocks g"(Az) and ¢"(Az). The equilibrium
policies (&, @*, @) together with the stochastic process guiding Az and the exogenous job separation rate, determine the
equilibrium distributions of cumulative productivity shocks g"(Az) and g*(Az). Due to the law of motion for Az being
independent of the worker’s employment state, the Kolmogorov forward equations (KFEs) for employed and unemployed

workers are

6 (82) = (r+ m)(5")'(82) + (5" (82) ¥z € (~A~, A%\ (o), 1)
2
F@7)g"(82) = (r+ )5 (82) + 5 (8")(22) vz € R\ (o}, 2

Here, ¢ is the exogenous exit rate of employed workers, and f (@) is the job finding rate of unemployed workers. Since the
entry state for a newly employed or unemployed worker is Az = 0, the KFEs (F.1)=(F.2) do not hold at this point, but gh(-) and
£"(+) must be continuous there.

The boundary conditions impose a zero measure of workers at the borders of the support,

g"(-a7)=g"(a") =0,

lim g"(Az) = Alzig\wg”(Az) =0.

Az——c0

These distributions must also be consistent with (i) a unit measure of workers and (ii) a flow balance equation implying constant

steady-state employment:

o0 AT
= “(Az)d "(Az)d .
1 /_oog (Az) Az—&—/_Aig (Az)dAz, (E3)
2
f) (=€) = o6 + G | tim (6" (82) — lim (6" (83)]. (k4

u-to-h flows
h-to-u flows

In equation (F.3), the unit measure of workers is composed of [~ ¢“(Az)dAz = 1 — € unemployed and |’ _A;, ¢'(Az)dAz =
& employed workers. In equation (F4), the mass of u-toh flows is f(#*)(1 — £), while the mass of h-to-u flows is & +
‘772 [limaz; o (8")/(Az) —limppa+ (8)(Az)]—i.e., the sum of exogenous and endogenous job separations.

To summarize, equations (F.1)~(F.4), together with the continuity of g*(Az) and g (Az) at Az = 0, constitute the equilibrium

conditions for the steady-state distributions of cumulative productivity shocks.

E1 Proof of Proposition 10

We divide the proof of Proposition 10 into three steps. Proposition F.1 identifies the parameters of the stochastic process of the
wage-to-revenue productivity ratio Az. Proposition F.2 recovers the distribution of cumulative productivity shocks conditional
on job transitions G (Az). Finally, Proposition E3 recovers the distribution of Az among employed workers G"(Az).

Proposition E1. The drift (7 + 7t) and volatility o of the stochastic process guiding cumulative productivity shocks can be recovered from

F1



the data with

_ Ep[Aw]
TtR= Ep[t] ’
2 Epl(aw—(y+m1)?
Ep(7]

where T := " + T".

Proof. From the law of motion dz¢ = (v + 1) dt + ¢ dWF and the fact that at the beginning of a new job spell wy, — z¢, = @, we
have that
Aw = —Azr = (y+ )T+ oWE (E5)

Drift: Taking expectation on both sides conditional on a h-to-u-to-h transition, we have that cE[WZ] = Ep[Aw] — (v + ) Ep[T].
Since W} is a martingale, by Doob’s Optional Stopping Theorem (OST) W3 is also a martingale, and E[W?] = E[W}] = 0. Thus,

Ep[Aw]
Ep[t]

(y+m)=

Idiosyncratic volatility: Let us define Y; = (Az; + (7 + 71)t)%. We apply Itd’s Lemma to Y; and obtain
1
dY; =2 (Azi + (y + m)t) (dAzg + (y + ) dt) + E2(olAzt)2 =20 (Az¢ + (v + m)t) AWF + o2 dt
Integrating the previous equation between 0 and T and using condition (F.5), we obtain
T
(Aw — (y+m)7)? = 2(7/ (Azs + (7 + 7)) AWF + o1
0

Since fot (Az¢ + (7 + m)t) AW} is amartingale, by the OST, [if (Az¢ + (v + m)t) dW7 isamartingaleand E[ [y (Az¢ + (7 + m)t) dWF] =
0. Thus,
T
IE’D[(AZU — (')’ + 7'()’[')2] =20E |:/ (AZt —+ (’)/ + 7T)t) thZ, —+ UZIED [T] = O‘Z]ED[T}
0

which completes the proof of Proposition F.1. O
Proposition E2. The cumulative distribution of Az conditional on a job separation is given by

o? dI®(=Az)  (vy+n) o
2f(w*)  dz f(@*)

where L* (Aw) denotes the cumulative distribution function (CDF) corresponding to the marginal distribution 1 (Aw).

G'(Az) = (=Az) — [1 — LY(=Az)]. (E.6)

Proof. The objective in this proof is to use the non-differentiability of the distribution of §s(Az) for s = {h,u} at Az = 0 to

express the distribution of Az conditional on a separation. Observe that

L%(a) = Pr" (Aw < a)
=) Prch’c_u(—(Azh +AZY) <a)
=@ GG (AL 4 AZM > —a)

=) 1 - pr(AZ" + Az" < —a)

F2



“W1- [ GMa-)g ) ay

Here, in step (1) we use the definition of Aw, and steps (2) to (4) operate and use the independence of G”(-) and §*(-). From

Proposition G.1, we have

6 - G eP2F@))Az if Az € (—c0,0]
Z) = u Nk
ePrUF(@)Az i Az € [0, 00)

and

LY (Aw) =1 — C1(Aw) — C(Aw), (E7)
where
C1(Aw) = G / G (— A — )P F@ D gy
Co(bw) = / Gl (—Aw — u)eP2 @
Departing from LY (Aw) = 1 — [*_ G"(—Aw — y)g"(y) dy and doing the change of variable x = —Aw — y with dx = —dy, we

obtain

LY(Aw) =1— /oo GM(x)g" (—Aw — x) dx.

Taking the derivative on both sides with respect to Aw we obtain
Y (Aw) / Gh(x —Aw — x) dx.
Reverting the change of variables and using the fact that § (—Aw — x) is non-differentiable at 0, we obtain
1 (Aw) = /OO Gl (—Aw — u)(3") (u) du
= [ S )Gubal @ e [ v )G (£ )P
= P1(f(@"))C1(dw) + o (f (@) Co(Aw).

Thus,
19(Aw) = 1 (f(@7))Cr(Aw) + B2 (f(@")) Co(Aw). (E8)

To obtain the last condition, observe that

Ci(Aw) = /0 Gl (—Aw — u)GyuePr @D qy,

=G, . Gl (y)ePr f(@))(=2w-y) gy
—Aw

-G, / G ()P @) (~w—y) g

and

0
Co(Aw) = / G (= At — 1) GueP2U @D gy
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—Aw
s / Gl ()PP @) (~8w-1) gy

Taking the derivative with respect to Aw and using the Leibniz rule, we obtain

—Aw

C(Aw) = —Gu G (—Aw) — By (F (")) G / Gl (y)eP @) (~8w0—y) g
= —GuG"(—Aw) — p1 (f(@*))C1(dw) (E9)
Cy(8w) = GuG" (—bw) — Ba(f (")) Ca(Bw). (F.10)

Taking derivative of (F.8),
(1) (Aw) = 1 (f(@"))Cy(Aw) + o (f (@")) Cy(Aw)
and using conditions (F.9) and (F.10),
() (Aw) = GM(=Aw)Gu[Ba (f(@")) — Br(F(@*))] = B1(f(@*))*C1(Aw) — B (f(@"))*Ca(dw). (F11)

Equations (E7), (F.8), and (F.11) provide the following system of three functional equations with three unknowns

1— LY(Aw) = C1(Aw) + Cr(Aw),
19 (Aw) = B1(f(@7))Cr(dw) + Ba(f(@7)) Ca(Aw),
(1) (Aw) = G"(=8w)Gu[B2(f(@*)) = B1(f(@"))] = B1 (f(@"))*Cr(Aw) — Ba(f(@"))*Ca(Aw).

Operating over the system of functional equations

(1) (8w) + [B2(f (@")) + B (f (@) I (Bw) + Br (f(@")) B2 (f(@7)) [L — L” (Aw)] = G (—Aw)GulBa(f(@*)) — b1 (f(@*))],

with
Gu = (Ba(F@) " = pr(f@) )
By(f(@*)) = —(0FD) = J(v(; n)? + 202 f (@)
By(fat)) = —Y T+ \/(v; m)? 4207 f(@7)
Then,
N B (Fla] — B2 @) = Bi(f(@*))
Gulp2(£ (@) = B (F @ )] = T 5 F@r))
= —B1(f(@")p2(f(@"))
_ (-(+m -V +202f<w*>) (—(w ™)+ + 7 +202f(u7*)>
o? o2
_ 2f (@)
o2
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NI B(f(@9)Ba(f(@%))

<—(v+7r)— (+ 2202 f (@) — (y+m)+ (7+n>2+202f(w*))
0—2

Ba(f (@) + B (f (@) _ Balf(@")) + Br (f(@7))

- 2@
__(+m
f(@*)

Therefore, the differential equation is given by (F.6).

Proposition E3. If (y + 7t) = 0, the distribution of cumulative productivity shocks g" (Az) is given by

2(Az 4 A7)

Az 7 — B
§'(a2) = s [ [ A gy ¢h-an) 2D

—A- o2

If (v + 1) # O, the distribution of cumulative productivity shocks g (Az) is given by

/AZ (1 — e@(yfm)) g‘h(y) dy + Gh(fA_) {1 — eJ(zm (A”A)H .

—A—

s&E
(vy+m)

g"(Az) =

Proof. During employment, the distribution of cumulative productivity shocks satisfies the following KFE and the boundary

conditions

e
2
"(—a7)=g"AaT)=0,GMaT)=¢

g g ’ 7

og"(8z) = (v + m)(g") (82) + 5 ()" (82) WAz € (—A7,47)/{0}

¢"(Az) e C.

The distribution of cumulative productivity shocks conditional on a job separation satisfies

1 if Az € [Ay, )
Gh(az) = = [‘772 limp,| A~ (8")(Az) +(5f_AZ, g"(x) dx] ifAz e [-A7,AT)
0 if Az € (o0, —A").

Combining these two conditions, we obtain

2
S€8" (A7) = (7+ ) (8" (82) + T (8" (82) ¥bz € (—57,4%)/{0}

g(—a")=g"(at)=0,GlaT) =€

2(y+7)
P

Multiplying both sides of the first equation by e~ <> ~* we get

(r+7) () 2 dim
s Mgh(Az) = (y+ e BN (82) + Te M (gh) (A7) WAz € (—A7,8%)/{0}
(r+7)
_ 2deF el (az)
) dAz '

F5



2 [ 247 ) 2y+7)
Sy (82) - Jim g ()

Integrating both sides from —A~ to Az, we obtain
o” [ 2

o 2471 A= o
A Gh ( A~ )/

o2

Az ayim
sé'/ e @ “gh(x)dx =
—A—

2
2 2y, iy -
e 7 7(g") (Az) —s€e

2sE | (D% 2m (o pp e _ B
= |:/Ae e (x Az)gh(x)dx+e (A +Az)Gh(_A ) =(gh)/(Az).

where the last equation uses the value of G (Az) evaluated at Az = —A~. Solving for (g")/(Az),

Integrating this equation from —A~ to Az, we obtain

Az
[ @Y max=ghan - g'(-a7)
- —
_2E [ { /x ez(zn)(yfx)gh(y)dy+67Lgn)(A7H)Gh(—A7)} dx
o Joa[J-a-
25E [ Az X 24+7) (1) 0-2 _ -~ _2(y+m) -
:? '/7A7./7A,e ot x)gh(]/)dde+mGh(*A ){176 T (Az+A )}:|
2sE [ 2 A 2rem) a? = — i) -
_ %8¢ Ty x) =h dxd 7(}/1 A~ |:1_ 2 (Az+A ):|
7%(/&%&)}

2
=) dx:| g_h(]/) dy + 2(7‘: ) Ch(_Ai) {1 —e

a2 | )
e ()
_ (vf S / > (1 _etE (y’A”) gy dy+C"(—a7) [1 _ (Az+A)H
—A—
Taking the limitas (y+ ) | 0
Az (y+7) _ (y+7) _
J'(pz) = m (;f 3 /_ N (1 —etw W*AZ)> J'(y)dy +GH(—a") {1 _ MR e >H
c Az 1 ez(zn) (y—Az) .\ B 1— E_W(Az_,ﬂf)
= li g dy+G"'(-A7) 1
T e e I W
A2 2(Az—y) 4 s o\ 2(Bz+ A7)
(y)dy +G"(-A )T

—55|:/AU2 I
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G Additional Results for Section 4: Identifying the Model Based on Labor
Market Microdata

G.1 Characterization of ¢"(Az) and g*(Az)

Proposition G.1. Assume 6 > 0. Then, §" (Az) and g*(Az) are given by

ifAz € (—A~,0]
if Az € [0,AT)

)
h _ B1(0)A™ _pBa(8)A
g (Az) = £G, { eﬁl(ﬁ)e(Az—A+)7g/32(6) Azt
PO P
gﬁz(f(@*))AZ lfAZ c (_oo’ O]

Y(AzZ) = (1—E)G, b
g'(bz) = (1-8) { ePIU@)Dzif Az € [0, 00)

where

—y — V7? +20%x —v+ /7?4 20%x
,Bl(x) = o2 rﬁZ(x) = 2 ’

. (@)
F(@*) +6+ %Zgh [ ﬁf}(fs)*ﬁzw) ___ B9)=p(9) }

PGS AGT e PLONT _ g pa(0)aT

Bi2) RO B0 $:00)
BB _ B0d o Bi0A _ g pal0)hT |

FIOAT 1 DT 1 _ePidt  q_ppat 7L
Gy =

Gu = [~Br(F@ )+ ol @) "]

Proof. Let us write the KFE and border conditions:

6 (82) = 7("Y (82) + S ()"(82) ¥z € (~-,A%)/{0) G1)

g'(-a7)=¢"(a") =0, (G2)

)" (82) = 1(8")/(42) + 5 (8°)"(82) ¥z & (~o0,%9)/{0), G

lim_g4(Az) = lim g"(Az) =0, (G4)
) AT

1- [ Cgtaz)daz+ /ﬂf ¢"(Az)dAz, (G.5)

f@)a- ) =ag+ G [ im @89~ im (@'(02)]. G6)

g"(Az),8"(Az) € C.

We guess and verify the proposed solution. Substituting the guess for ¢ (Az) in (G.1) for Az < 0, we have

. 5 oB1(0)(Az+A") . P1(8)(Az+A") c o2 52 oP1(8)(Az+A")
- ghe/slwmf P (0)B +7B1(0)EG FOA A Gn P1(9) FIOA _ p0d

mutatis mutandis for the terms that include (). Given the definition of B1(J), the guess satisfies (G.1). A similar argument

Gl



applies when (G.1) is evaluated at Az > 0. It is easy to verify that the boundary conditions (G.2) are satisfied and that g" (Az)
is continuous at Az = 0. Following the same steps for g"(Az), we verify conditions (G.3) and (G.4). Next, we verify condition
(G.5):

o AT
/ ¢4 (Az)dAz + ¢"(Az)dAz
A=

—0 —

0 00
= (1- )Gy / eﬁz(f(w*)>Aszz+/ AU@NAz gAL| 1
—00 0

0 Bi(O)(Az A7) _ oPa(0)(Az+A7) AT oP1(0)(A2=A") _ gBa(6)(Az—4")
...EG, /—A* GG dAz +/0 e P10 _ o Pa(0)AT Az

1—limp, o eP2Uf@NBz  Jim,  oP1(f(@)Az _q

Ba(f (@*)) Pr(f(@*))

P10 _q _ o0 _q 1—e—P1AT _ 1—e—B2AT
.G, { 10 B0 HO) P20) ]

:(1_5)gu|: +...

eb1(0)A7 _ of2(0)A" e=P1(0)AY _ o=B2(0)AF

=(1-&)+&=1

Finally, combining condition (G.6) with the definition of g (Az), the employment rate is

. f(@)
A 2 . . ’
f(@*) + 0+ Zz [limaz —a- (8")(82) — limazta+ (8")'(Az)]
_ f(@7)
R 2 6)—PBa (8 8)—pBa(8 ’
f(w*) To+ %gh Lﬁf(%;)(ﬂ’)_f;z(@))A’ - 5‘*/9'1!(351)(52_flegz()z’)fr }
O
G.2 Characterization of the job finding rate f(:*) and job separation rate s
Proposition G.2. The job finding rate f(W*) and the job separation rate s are given b
P J s Job sep & Y
F) = =7 [lim (g7 (a2) — tim (5"’ (a2)
2(1— &) [azt0 8 Az10 8 ’
o2
= — |l W (AZ) — i 0N )
= 5 |im(s)(82) ~ fim(s")' (82|
The ratio of endogenous s to total job separations s is given by
2 |1 AV} ; AV}

send 5 [limaza- (8" (A2) — limazpa+ (") (A2)]

s s
and § = s — s,
Proof. The proof comes directly from the equilibrium conditions described in Online Appendix F.

O
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G.3 Characterization of [“(t") and I"(T™)

In the proposition below, o should be interpred as the sum of the productivity and inflation drift. The symbol 7t instead
represents the irrational number 3.14....

Proposition G.3. Let Ay_ := At + A~ The distributions of T and t™ are given by
I (Tu) _ f(w*)eff(zb*)r“l

545 An) (e_zsomm - Bfn) (1_6—3(11)T"’)):| . 7

m (TM) _ e—zST'”

n=1

with

2.(_1\n—1 — + _
A(n) = noTn( )" |:Sil’1 (nn—AA ) e 4sin (nnA ) ert® ] ,

A +— Ay
1 (n2r20% 42

Proof. The distribution [*(7") is the exponential distribution that arises from a Poisson process with arrival rate f(®*). Next, we
derive the formula for I'" (™). Since " = min{T‘S, h* | i* }, we have that
Pr(t" < T) = Pr(min{t", 7*} < T|1® > T)Pr(t’ > T) + Pr(z° < T)
= Pr(min{t", 7*} < T[T’ > T)[1 = Pr(’ < T)]+Pr(c’ < T)
= Pr(min{t",7*} < T)[e7T] +[1 — 7],

where the last equation uses the fact that 72 is distributed according to an exponential distribution with rate 4. Taking the

derivative with respect to T, we obtain

dIPr(min{Th*,Tj*} <7

I"™(T) = e °T — §Pr(min{"*,7*} < T) 44| . (G.8)

dT
From Kolkiewicz (2002), we have that
dPr(min{t"*,t/*} < T)
dT
2 o) 2202 Tk N AN+ Nk i}
_ o 1, 52 L | o w—w — L@ —0*)+9T) | s T —w — L (2(@~ —d*)+9T)
= mrgn(fl)n e A + ) |:SII'1 (nndﬁ_wi)e 202 -+ sin nn7w+ - e 22
2 oo _ n2n2q2 i) — +
o _ =+ |T [ . [ 7nA A+ . A T A
==Y n(-1)" le ( e {sm ( ) e 2% +sin < ) e }
A S At Ay
oo
=Y A(n)e BT, (G.9)
n=1
Combining (G.8) and (G.9), we obtain (G.7). O
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G.4 Characterization of [ (Aw)

Proposition G.4. The distribution of log nominal wage changes satisfies
[ (Aw) = Gu [Bo(f (@))e PU@NAT, (Aw) 4 By (f (") )o@ NAT (Aw) |

with

(T (c), Ta(c)) = ( / e BU@)EGh (x) dx, / e B @)X Gh () dx).

—0 —c

Proof. Fix a date t( and focus on a newly hired worker. Then, the distribution of wage changes between two new jobs is given by

Pr(Aw < ¢) = Pr(wiysomiqn — Wy, < C)
:(1> Pr(w¢0+1—rn+ru — ZtgTm 4T — (wto — Zto) —+ (Zto+T"‘+T“ — Zt()) < C)
=@ Pr(d" — @ + (ztg4rmyre — 24y) <€)

=) pr(—(Az" + AzY) < ¢),

where Az and Az* denote cumulative productivity shocks during completed employment and unemployment spells, respec-
tively. Here, step (1) adds and subtracts productivity at the beginning of both job spells. In step (2), we use the result that @* is
constant across jobs. Step 3 uses the facts that ¥ and the Brownian motion increments are independent of the filtration F=, .
Therefore, the distributions of cumulative productivity shocks for completed employment and unemployment spells are given

by

1 if Az € [AT, 0)
Ghaz) ={ L [% limaz, s (8")(Az) 46 [22 gh(x) dx] if Az € [-A~,AT)
0 if Az € (—o0, —A™)

P2 F(@ )2z if Az € (—o0,0]

3" (Az) = Gu A
g"(Az) i { PF@))82 if Az € [0,00)

Thus,

Pr(Aw < )

= Pr(—(Az" + AZ") <¢)

=1—Pr(Az' + Az < —¢)

_(q 7/00 (= (c + Az))g" (Az) dAz

- N
=@1-g, / eﬁz(f(w*))AZCh(*(CJrAz))dAz+/ PN (—(c 4 Az)) dAz

J —c0 0

6 - -/7c e_ﬁz(f(w*))(c+x)ch(x) dx+ /*"0 e_ﬁl(f(ﬁi*))(c+x)éh(x) dx}
—c

L/ CO

_@) 1 _g, [eptr@ne / " P f(@) G (1) dy 4 e~P1 F))e / - e—ﬁl(f(w*))xch(x)dx} ,

—c —0

In step (1), we use the independence of Az* and Az". In step (2), we use the definition of §“(Az). In step (3), we integrate by
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substituting x = —c — Az, and in step (4), we use the properties of an integral. The last step involves defining

—C o0
(T1(c), Ta(c)) = < / e P @)XGh(x) dx, / e—ﬁz<f<w*)>xch(x)dx>.

—c0 —c

O
G.5 Characterization of [E;,[Az"]
We denote by Ej[-] and E,[-] the expectation operators under the distributions " (Az) and g“(Az), respectively.
Proposition G.5. Define the weights " (Az) = ]E,A[an"] with the property that
Ey, [wh"(Az)] =1
If v =0, then E,[(Az)"] can be recovered from
28 _
ny _ n, h2
Bl = oy B [(Az) w (Az)] . (G.10)
If v # 0, then [Ej, [(Az)"] can be recovered recursively from
Ejy[(Az)"] = L [(Az)"w™ (Az)] + g [(Az)"1] (G.11)
h nt1 " 2y " ' '
= n+k
The moments Ej, [(Az)”whk (Az)} = % can be recovered from the following linear system of equations:

Ep[Aw"] = (-1)"

=

1

( " )Eh[Azi]]El,[Az”i],
0 i

r iy _ (n—1i)! —(n=i+1) (s \(n—i1)
B8 = o (v (£, (~Lo)-D),

where

2 f(* 2 L 252 F (™
Cy = f(zv)andﬁzz TV 202 f (@)
o —7+ V7207 (@)
Proof. We divide the proof into 3 steps.
Step 1. We first show that

£ o2

Ey[(82)"] = mﬁh[(AZ)”whl(AZ)] - T,:IEh[(AZ)n_l]-

when 7 # 0. For the case with y = 0, see Baley and Blanco (2021).
Let us define Y; = (Az;)". The law of motion for Az; is given by dAz; = —y dt + o dW7. Applying Itd’s Lemma, we obtain

dY; = n(Az)" ' dAz + %n(n —1)(Az)"2(dAz)

2
- —fyn(Azt)”_1+%n(n—l)(Azt)”_z dt + no(Az)" 1 dW?
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Thus,

m

™ 2 o
(Azen )" = _W/O (Azt)nfldw‘%n(n—n/ (Azt)nfzdurn/o (Az)" 1o dWE.

0

Following the same arguments as in the proof of Proposition F.1 and using the Renewal Principle to have Ep[t™] = 1/s, we

obtain
Eal(82)""] | oPnln—1) Byl(82)"2)
& 2s &

E,[(Az)"] = —ynEp[t"]

or equivalently
£ Byl o2

"= — on n—1
Ey{(82)"] = - o POy P (g,
From Propostion F.1, we have that yEp[t™] = —;[(Az)] and % = E,[(Az)"w" (Az)]. Thus,
Bil(82)] = S Byl(02) 0 (82)] + S (182"
f nt1 " 2y " '

Step 2. Here we show that

Ep[Aw"] = (=1)" i ( ]: ) Ej[62"|Ey[Az" ).

i=0

Using the independence of cumulative productivity shocks during employment and unemployment, we obtain

Step 3. Here we show that

» Z)1—i] — % —(n—i+1) (n—i+1)
Eu[(Az)" "] (e ) (£, (—L2)"=HD)).

Let us depart from the definition of §*(Az), which is given by

eﬁz(f(ﬁ)*))AZ if Az S (_Oo/ O]

34(Az) = [_51(f(w*))_1 +ﬁz(f(w*))_1]71 { F@)Dz i Az € [0, 00)

where g (x) = V12X W and By (x) = VAl e i VL;Y;HUZX. This step consist of showing that §*(Az) is an asymmetric Laplace

distribution with parameters

o* 7+ 202 (@)

- 2f (%) ar _\/’Y+\/’72—|—20'2f(u7*)
1= an 2 =
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The ratio between £ and L5 is

Ly Vﬂwﬂ—v+¢?+%ﬂﬂﬁ)

Ly o2y 4+ /T 202 f(a%)

2f(w*)(_%L L2+ 202 (1)) —7 + V7 + 207 f (@)

o* ( 72+202f(w*))2—72

(v 2sfan 2

o)

The product between £ and £; is

o= @) v+ 4207 (@F)
142 o2 _7+\/m

_ 2f(zo*)(7+\/m) 7+ VP + 202 (%)

o* -7+ ( % +2¢72f(u7*))2

= (7 +7? +202f (7)) ng*) MZJ}T

Y+ /72 + 202 f (> o
—- L) _ ().
Therefore, we can write g*(Az)
L1p; .
24(Az) = Ly et if Az € (—o0,0]
Ly+ L0 | e fifdz g pz € [0,00),

which is the probability distribution function of an asymmetric Laplace distribution. It is a standard result that the n-th moment

for an asymmetric Laplace distribution is given by

n!

mem=ﬂwb+qg<

[Q*("*l) N (7‘62)(n+1)> )
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