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ABSTRACT

IZA DP No. 15383 JUNE 2022

On the Optimal Size of a Joint Savings 
Association*

We develop a formula for the optimal size of a joint savings association between individuals 

who share the same financial goal and who can save towards that goal at the same rate. Our 

motivating example and the core of our analysis is a Rotating Savings and Credit Association 

(ROSCA). We measure the efficiency of a ROSCA by the expected waiting time that it takes a 

participant to attain his goal when no participant reneges on his commitment to contribute 

to the common fund, and when each of the participants receives (once) the funds needed to 

meet his goal. Given this criterion, we define the optimal size of a ROSCA as the number of 

participants that results in the minimal expected waiting time. We show that an optimal size of 

a ROSCA exists, that it is limited, and that it is a multiple of the number of time periods that 

it takes an individual to save on his own. Somewhat surprisingly, we find that when treated 

as a function of the size of a ROSCA, the expected waiting time is not monotonic when the 

size builds up from an individual saving on his own to the optimal size. A similar result obtains 

when we study cases where a ROSCA is enlarged beyond the optimal size. Our findings help 

explain the limited size as well as other features of ROSCAs observed in developing countries 

all over the world.
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���,QWURGXFWLRQ��

-RLQW� VDYLQJV� DVVRFLDWLRQV� LQ� JHQHUDO�� DQG� 5RWDWLQJ� 6DYLQJV� DQG� &UHGLW� $VVRFLDWLRQV�

�526&$V�� LQ�SDUWLFXODU��DUH� LQWULJXLQJ�SLHFHV�RI� VRFLDO�ILQDQFLDO�HQJLQHHULQJ��D� IRUP�RI�

PLFURILQDQFLQJ� E\� ZKLFK� SRRU� SHRSOH� ZKR� KDYH� OLPLWHG� RU� QR� DFFHVV� WR� WKH� IRUPDO�

ILQDQFLDO� PDUNHW� FDQ� DYRLG� EHLQJ� GHSHQGHQW� RQ� EDQNV� DQG� RWKHU� IRUPDO� OHQGLQJ�

LQVWLWXWLRQV�� DQG� WKH\� DUH� DOVR� DWWUDFWLYH�ZD\V� WR� VSHHG� XS� WKH� DFTXLVLWLRQ� RI� D� GHVLUHG�

�RIWHQ�DQ�LQGLYLVLEOH��JRRG��6XFFLQFWO\�GHVFULEHG�DV�³DQ�DVVRFLDWLRQ�IRUPHG�XSRQ�D�FRUH�RI�

SDUWLFLSDQWV�ZKR�PDNH�UHJXODU�FRQWULEXWLRQV�WR�D�IXQG��ZKLFK�LV�JLYHQ��LQ�ZKROH�RU�LQ�SDUW��

WR� HDFK� FRQWULEXWRU� LQ� URWDWLRQ´� �$UGHQHU�� ������� DQG� DV� ³D� YROXQWDU\� JURXSLQJ� RI�

LQGLYLGXDOV�ZKR�DJUHH�WR�FRQWULEXWH�ILQDQFLDOO\�DW�HDFK�RI�D�VHW�RI�XQLIRUPO\�VSDFHG�GDWHV�

WRZDUGV� WKH� FUHDWLRQ� RI� D� IXQG�� ZKLFK� ZLOO� WKHQ� EH� DOORWWHG� LQ� DFFRUGDQFH� ZLWK� VRPH�

SUHDUUDQJHG�SULQFLSOH� WR�HDFK�PHPEHU�RI� WKH�JURXS� LQ� WXUQ´� �&DORPLULV�DQG�5DMDUDPDQ��

�������526&$V�ZHUH� DQG� UHPDLQ�SDUWLFXODUO\� SRSXODU� LQ� GHYHORSLQJ� FRXQWULHV� �VHH� WKH�

UHYLHZV�E\�*HHUW]��������%RXPDQ��������$QGHUVRQ�HW�DO��������DQG�WKH�UHIHUHQFHV�FLWHG�

LQ�%HVOH\�HW�DO����������7KHUH�LV�HYLGHQFH�WKDW�WKH�QXPEHUV�DQG�LQFLGHQFH�RI�526&$V�LQ�

WKH�GHYHORSLQJ�ZRUOG�KDYH�EHHQ��UHVSHFWLYHO\�� ODUJH�DQG�ZLGHVSUHDG���6HH�� IRU�H[DPSOH��

%RXPDQ��������DQG�$KQ�HW�DO�����������

6XSSRVH�WKDW�LW�WDNHV����SHVRV�WR�EX\�D�WLQ�URRI��DQG�WKDW�,�FDQ�VDYH�RQH�SHVR�SHU�

ZHHN��VR�WKDW�LW�ZLOO�WDNH�PH����ZHHNV�WR�EXLOG�XS�WKH�IXQGV�QHHGHG�WR�JHW�WKH�URRI��DQG�

VXSSRVH�WKDW�LW�ZLOO�WDNH�\RX�WKDW�ORQJ�WRR��(DFK�RI�XV�UHFHLYHV�SD\��VD\�D�ZDJH�SD\PHQW��

RU�D�³SD\FKHFN´�DW�WKH�HQG�RI�HDFK�ZHHN���:H�KDVWHQ�WR�DGG�WKDW�D�³ZHHN´�KHUH�LV�MXVW�D�

QDPH� RI� D� SHULRG� RI� WLPH�� FRQWULEXWLRQV� FDQ� EH� PDGH� PRQWKO\�� RU� IROORZLQJ� KDUYHVWV��

ZKLFK�RFFXU� OHVV� IUHTXHQWO\� WKDQ�PRQWKO\���6XSSRVH� WKDW� LQVWHDG�RI� VDYLQJ� LQGLYLGXDOO\�

ZH� VDYH� MRLQWO\�� DQG� WKDW�E\� WKH� WLPH�ZH�KDYH� MRLQWO\�DFFXPXODWHG����SHVRV��ZH� WRVV� D�

FRLQ�WR�GHWHUPLQH�ZKR�ZLOO�UHFHLYH�WKH�DPRXQW�LQ�WKH�³SRW�´�7KH�ZLQQHU�RI�WKH�GUDZ�ZLOO�

EH�DEOH�WR�LQVWDOO�WKH�URRI�DIWHU���ZHHNV�UDWKHU�WKDQ����ZHHNV��DQG�WKH�RWKHU�FR�VDYHU�����

ZHHNV� DIWHUZDUGV��� 2XU� H[SHFWHG� ZDLWLQJ� WLPH� LV� UHGXFHG� IURP� ��� ZHHNV� WR� �� ZHHNV��

�������������������������������������������������
��,Q�WKLV�SDSHU�ZH�FRQVLGHU�526&$V�LQ�ZKLFK�WKH�SDUWLFLSDQW�ZKR�ZLOO�UHFHLYH�WKH�³SRW´�HDFK�WLPH�WKH�³SRW´�
DPRXQW� LV� UHDFKHG� LV� GHWHUPLQHG� E\� PHDQV� RI� D� GUDZ�� 7KLV� ZD\�� WKH� H[SHFWHG� ZDLWLQJ� WLPH� RI� HDFK�
SDUWLFLSDQW�LV�WKH�VDPH��2WKHU�ZD\V�RI�DOORFDWLQJ�WKH�IXQGV�LQFOXGH�³ELGGLQJ�526&$V´�ZKHUH�D�SDUWLFLSDQW�
FDQ� FRQWULEXWH�PRUH� WKDQ� IHOORZ� SDUWLFLSDQWV� WR� WKH� FRPPRQ� SRRO� LQ� RUGHU� WR� EULQJ� IRUZDUG� KLV� WXUQ� WR�
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QDPHO\� E\� D� TXDUWHU�� 6XSSRVH� WKDW� WKHUH� DUH�� VD\�� IRXU� RI� XV� VDYLQJ� MRLQWO\�� 7KHQ�� WKH�

SRLQWV� LQ� WLPH�DW�ZKLFK� WKH�³SRW´�EHFRPHV�³IXOO´�DUH� WKUHH��VL[��QLQH��DQG�WZHOYH�ZHHNV�

IURP� WKH� VWDUW��$SSO\LQJ� WKH� UXOH�RI� UDQGRP�DOORFDWLRQ�RI� WKH� DFFXPXODWHG� IXQGV� WR� WKH�

SDUWLFLSDQWV��WKH�H[SHFWHG�ZDLWLQJ�WLPH�LV� ��
�
�ZHHNV��D�UHGXFWLRQ�LQ�WKH�H[SHFWHG�ZDLWLQJ�

WLPH� IURP� ��� ZHHNV� E\� �
�
�� 7KLV� UDWH� RI� UHGXFWLRQ� LV� PRUH� WKDQ� D� TXDUWHU�� 7R� FKHFN�

ZKHWKHU�WKLV�LV�D�SUHFXUVRU�WR�a trend� LQ�UHGXFWLRQV�LQ�WKH�H[SHFWHG�ZDLWLQJ�WLPH��ZH�OHW�

WKH�QXPEHU�RI�FR�VDYHUV�ULVH�IURP�IRXU�WR�ILYH�ZKR�WRJHWKHU�DFFXPXODWH���SHVRV�SHU�ZHHN��

7KH�ILYH�FR�VDYHUV�ZLOO�REWDLQ�WKH�ILUVW�³IXOO�SRW´�LQ���ZHHNV�IURP�WKH�VWDUW��ZLWK���SHVRV�

FDUULHG�RYHU���WKH�VHFRQG�³IXOO�SRW´�LQ���ZHHNV�IURP�WKH�VWDUW��ZLWK���SHVR�DV�D�VXUSOXV���

WKH�WKLUG�³IXOO�SRW´�LQ���ZHHNV�IURP�WKH�VWDUW��ZLWK���SHVRV�DV�D�VXUSOXV���WKH�IRXUWK�³IXOO�

SRW´�LQ����ZHHNV�IURP�WKH�VWDUW��ZLWK���SHVRV�DV�D�VXUSOXV���DQG�WKH�ILIWK�³IXOO�SRW´�LQ����

ZHHNV� IURP� WKH� VWDUW�� 7KH� H[SHFWHG� ZDLWLQJ� WLPH� LQ� WKH� FDVH� RI� MRLQW� VDYLQJ� E\� ILYH�

SDUWLFLSDQWV��ZKLFK�LV� ��
�
�ZHHNV��LV�ORQJHU�WKDQ�WKH�H[SHFWHG�ZDLWLQJ�WLPH�LQ�WKH�FDVH�RI�

MRLQW� VDYLQJ�E\� IRXU�SDUWLFLSDQWV��ZKLFK�DV�ZH�KDYH�VKRZQ� LV� ��
�
�ZHHNV��6R��DVVXPLQJ�

WKDW�DOO�WKH�PHPEHUV�LQ�D�526&$�DELGH�E\�WKH�WHUPV�RI�SDUWLFLSDWLRQ��FRQWLQXHG�VDYLQJ�DW�

WKH�DJUHHG�UDWH�XQWLO�HDFK�RI�WKHP�UHDFKHV�WKH�JRDO�RI�EHLQJ�DOORFDWHG�WKH�IXQGV�QHHGHG�IRU�

EX\LQJ�WKH�WLQ�URRI���ZKDW�QXPEHU�RI�PHPEHUV�ZLOO�UHGXFH�WKH�H[SHFWHG�ZDLWLQJ�WLPH�WR�D�

PLQLPXP"��

�6WXGHQWV�RI�526&$V�KDYH�EHHQ�DZDUH�RI� WKH� OLPLWHG�QXPEHU�RI�SDUWLFLSDQWV� LQ�

WKHVH� VFKHPHV�� $GDPV� DQG� &DQDYHVL� GH� 6DKRQHUR� ������� UHSRUW� WKDW� LQ� %ROLYLD�� WKH�

DYHUDJH�QXPEHU�RI�SDUWLFLSDQWV�LQ�526&$V�LV�WHQ��'UDZLQJ�RQ�D�UHYLHZ�RI�����526&$V�

LQ�,QGLD��*XKD�DQG�*XSWD��������LQIHU�WKDW�WKH�QXPEHU�RI�SDUWLFLSDQWV�LQ�D�526&$�UDQJHV�

IURP�HLJKW�WR�WKLUWHHQ��$�VLPLODU�ILQGLQJ�LV�UHSRUWHG�E\�9HOH]�,EDQH]��������IRU�0H[LFR��

ZKHUH�YHU\�IHZ�526&$V�KDYH�PRUH�WKDQ�WZHQW\�SDUWLFLSDQWV��(WDQJ�HW�DO���������UHSRUW�

WKDW�LQ�&DPHURRQ�526&$V�KDG�DW�PRVW����SDUWLFLSDQWV��.HGLU�DQG�,EUDKLP��������UHSRUW�

�������������������������������������������������������������������������������������������������������������������������������������������������

UHFHLYH� WKH� ³SRW�´� �$� FRPSDULVRQ� EHWZHHQ� UDQGRP� 526&$V� DQG� ³ELGGLQJ� 526&$V´� FDQ� EH� IRXQG� LQ�
%HVOH\�HW�DO�����������
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WKDW� WKH�PHGLDQ� QXPEHU� RI� 526&$� SDUWLFLSDQWV� LQ� (WKLRSLD� LV� ���� $FTXDK� DQG� 'DKDO�

�������QRWH�WKDW�WKH�PHGLDQ�VL]H�RI�DQ�,QGRQHVLDQ�526&$�LV������

7KH�H[LVWLQJ�OLWHUDWXUH�OLVWV� WKUHH�PDLQ�UHDVRQV�IRU� WKH�OLPLWHG�VL]H�RI�D�526&$��

(DFK�RI�WKHVH�UHDVRQV�LQYLWHV�D�VKRUW�UHIOHFWLRQ���

2QH� H[SODQDWLRQ� LV� SXUHO\� WHFKQLFDO�� PDQDJLQJ� D� ODUJH� 526&$� LV� GHPDQGLQJ�

�$UPHQGDUL]�DQG�0RUGXFK��������9HOH]�,EDQH]���������7KLV�H[SODQDWLRQ�LV�VLPLODU�WR�DQ�

DUJXPHQW�WKDW�526&$V�DUH�QRW�ODUJHU�EHFDXVH�VPDOOHU�526&$V�DOORZ�IRU�HDVLHU�PRQLWRULQJ�

RI�WKH�SDUWLFLSDQWV��+RZHYHU��WKH�PRQLWRULQJ�UDWLRQDOH�PD\�QRW�EH�WKDW�PXFK�RI�DQ�LVVXH��

,Q�PDQ\�YLOODJHV� DFURVV� WKH� GHYHORSLQJ�ZRUOG�� WKH� RUJDQL]DWLRQ� RI� D�526&$� LV� VLPSOH�

DQG� WUDQVSDUHQW�� WKH� SDUWLFLSDQWV� GHSRVLW� WKHLU� FRQWULEXWLRQV� ZLWK� WKH� RUJDQL]HU�� VD\� D�

VKRSNHHSHU�ZKR�WKHQ��ZLWK�D�FKDON�RQ�D�SLHFH�RI�FDUGERDUG��PDUNV�DQ�H[WUD�³�´�QH[W�WR�

WKH�QDPH�RI�FRQWULEXWLQJ�PHPEHU��7KHUH�QHHG�QRW�EH�PXFK�WR�PRQLWRU��DQG�FRPSOLDQFH�RU�

ODFN�WKHUHRI�LV�YLVLEOH�WR�HYHU\RQH���,Q�KLV�YLYLG�GHVFULSWLRQ�RI�WKH�RSHUDWLRQ�RI�D�526&$��

%RXPDQ� ������� UHPDUNV�� ³>526&$V@� DGPLUDEO\� ILW� LQWR� WKH� VFHQHU\� RI� D� ORZ�NH\HG�

HFRQRP\��7KHUH�LV�QR�RIILFH��WUDQVDFWLRQV�EHLQJ�FRQGXFWHG�DW�WKH�KRXVH�RI�WKH�RUJDQL]HU�����

�����7KHUH�LV�D�EOLVVIXO�ODFN�RI�EXUHDXFUDF\�DQG�SDSHUZRUN��7KH�RQO\�YLVLEOH�H[SHQVH�LV�D�

VRLOHG�H[HUFLVH�ERRN�WR�NHHS�DFFRXQWV�´��

$�VHFRQG�UHDVRQ�LV�RI�D�³PRUDO�KD]DUG´�W\SH��DV�QRWHG�E\�%HVOH\�HW�DO����������IRU�

D� given� GXUDWLRQ� RI� WKH� VFKHPH�� WKH� KLJKHU� WKH� QXPEHU� RI� SDUWLFLSDQWV�� WKH� VKRUWHU� WKH�

ZDLWLQJ�WLPH�IRU�RQH�RI�WKH�SDUWLFLSDQWV�WR�EH�WKH�ILUVW�WR�UHFHLYH�WKH�³SRW�´�WKXV�WKH�JUHDWHU�

WKH�WHPSWDWLRQ�IRU�WKLV�SDUWLFLSDQW�WR�GHIDXOW��ZLQQLQJ�WKH�GUDZ�WR�UHFHLYH�WKH�³SRW´�HDUOLHU�

LPSOLHV� WKDW� WKH�GXUDWLRQ�RI� WKH� FRPPLWPHQW� WR� FRQWULEXWH� WR� WKH� FRPPRQ�SRRO�ZLOO� EH�

ORQJHU��$V�ZH�VKRZ�LQ�WKLV�SDSHU��LW� LV�QRW�RSWLPDO�WR�IL[�WKH�GXUDWLRQ�RI�D�526&$�DQG�

WKHQ� PDWFK� WKDW� GXUDWLRQ� ZLWK� GLIIHUHQW� QXPEHUV� RI� SDUWLFLSDQWV� the number of 

participants is a direct derivative of the optimal expected waiting time.� ,Q�DGGLWLRQ�� WKH�

³PRUDO� KD]DUG´� UHDVRQLQJ� LJQRUHV� WKH� IOLS� VLGH� RI� WKH� VDPH� FRLQ��ZKHQ� WKH� SXUSRVH� RI�

SDUWLFLSDWLRQ�LQ�D�526&$�LV�WR�VSHHG�XS�WKH�DFTXLVLWLRQ�RU�LQVWDOODWLRQ�RI�DQ�LPSOHPHQW�

WKDW� ERRVWV� SURGXFWLRQ�� WKHQ� JHWWLQJ� WKH� ³SRW´� HDUO\� WUDQVODWHV� LQWR� HDUOLHU� KLJKHU�

SURGXFWLYLW\� DQG� HDUQLQJV�� ZKLFK� UHQGHUV� KRQRULQJ� WKH� FRPPLWPHQW� WR� FRQWLQXH� WR�

FRQWULEXWH�HDVLHU��ORQJHU�QHHG�QRW�WKHQ�PHDQ�KDUGHU��)RUPLQJ�D�526&$�WR�H[SHGLWH�WKH�
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LQVWDOODWLRQ� RI� D� WLQ� URRI� KDV� QLFH� VHFRQG�URXQG� HIIHFWV� EH\RQG� WKH� UHGXFWLRQ� RI� WKH�

H[SHFWHG�ZDLWLQJ�WLPH��/LYLQJ�LQ�D�EHWWHU�LQVXODWHG�KRXVH�SURYLGHV�SURWHFWLRQ�DJDLQVW�EDG�

ZHDWKHU��FROGV��DQG�RWKHU�FDXVHV�RI�PRUELGLW\��7KLV�DOORZV�IRU�LQFUHDVHG�SURGXFWLYLW\�DQG�

D�ERRVW�WR�HDUQLQJV��$QG��RI�FRXUVH��WKH�LQVWDOODWLRQ�RI�D�WLQ�URRI��LQYHVWPHQW�LQ�KRXVLQJ��

LV� DQ� H[DPSOH��7KH�SXUSRVH�RI� VDYLQJV� FRXOG� DOVR�EH� WKH� LQVWDOODWLRQ�RI� D� IDUP�VSHFLILF�

LPSOHPHQW� VXFK� DV� D� WXEH� ZHOO� �LQYHVWPHQW� LQ� DJULFXOWXUH�� ZLWK� D� GLUHFW� JDLQ� WR� IDUP�

SURGXFWLRQ�DQG�HDUQLQJV��

$QRWKHU� UHIOHFWLRQ�RQ� WKLV�VHFRQG�UHDVRQ� LV� WKDW�D�JRRG�ZD\� WR�VHH� WR� LW� WKDW� WKH�

SDUWLFLSDQWV�LQ�D�526&$�ZLOO�KRQRU�WKH�526&$¶V�WHUPV�RI�DJUHHPHQW�LV�WR�WHDP�XS�ZLWK�

SHRSOH�ZKR�DUH�FORVH�WR�HDFK�RWKHU�LQ�VRFLDO�VSDFH�VR�DV�WR�SURYLGH�WKH�WUXVW�QHHGHG�IRU�

FROODERUDWLYH� VDYLQJ�� ,Q� WKH� GHYHORSLQJ� ZRUOG�� D� 526&$� LV� W\SLFDOO\� D� YLOODJH� RU�

FRPPXQLW\� DUUDQJHPHQW�� QRW� DQ� LQWHU�YLOODJH� RU� LQWHU�FRPPXQLW\� DUUDQJHPHQW�� *HHUW]�

������� ZULWHV� WKDW� ³>526&$V@� DUH� XVXDOO\� IRUPHG� E\� D� local� JURXS� RI� WKUHH� RU� IRXU�

KRXVHKROGHUV� WKURXJK� D� FRPPRQ� DJUHHPHQW�� DQG� RWKHU� KRXVHKROGV� DUH� WKHQ� LQYLWHG� WR�

MRLQ´� �HPSKDVLV� DGGHG���$QG�%HVOH\� HW� DO�� �������ZULWH� WKDW� ³WKH� W\SLFDO� VFHQDULR� IRU� D�

URVFD�LV�D�JURXS�RI�LQGLYLGXDOV�ZKR�ZRUN�LQ�WKH�VDPH�RIILFH�EORFN�RU�EHORQJ�WR�WKH�VDPH�

FRPPXQLW\�´�7KDW�VDLG��FRQFHUQ�WKDW�D�SDUWLFLSDQW�LQ�D�526&$�PLJKW�UHQHJH�PD\�QRW�EH�

DOO�WKDW�UHDOLVWLF�ZKHQ�ZH�EHDU�LQ�PLQG��ILUVW��WKDW�DV�HYLGHQFH�VXJJHVWV��SDUWLFLSDWLRQ�LQ�D�

526&$�LV�QRW�D�RQFH�LQ�D�OLIHWLPH�H[SHULHQFH���WKH�OLIH�VSDQ�RI�D�526&$�FDQ�EH�\HDUV��

ZLWK� UHQHZDOV� ZLWKLQ� DQG� DFURVV� \HDUV��� $V� LV� ZHOO� NQRZQ� IURP� JDPH� WKHRU\�� WKH�

H[SHFWDWLRQ� RU� OLNHOLKRRG� RI� UHSHWLWLRQ� LV� D� SRZHUIXO� GLVFLSOLQLQJ� GHYLFH�� D� UHDVRQ� WR�

HVWDEOLVK�D�JRRG�UHSXWDWLRQ��$QG�VHFRQG��E\�DQG�ODUJH��DQG�DV�DOUHDG\�QRWHG��D�526&$�LV�

�������������������������������������������������
��%RXPDQ��������UHPDUNV��³2QH�PXVW�EHDU�LQ�PLQG�WKDW�5R6&$�DUH�QRW�RQH�WLPH�DIIDLUV��$V�VRRQ�DV�RQH�
F\FOH�LV�ILQLVKHG��WKH�QH[W�EHJLQV��XVXDOO\�ZLWK�WKH�VDPH�SOD\HUV��5R6&$�ZLWK�D�³UHF\FOHG�OLIHWLPH´�RI����WR�
���\HDUV�DUH�UHSRUWHG�IRU�6UL�/DQND�DQG�1LJHULD�´�,Q�D�VLPLODU�YHLQ��$QGHUVRQ�HW�DO���������ZKR�DOOXGH�WR�
H[FOXVLRQ� IURP� IXWXUH� VDYLQJ� VFKHPHV� DV� DQ� HQIRUFHPHQW� GHYLFH� UHSRUW� WKDW� RXW� RI� WKHLU� VDPSOH� RI� ����
SDUWLFLSDQWV�LQ�RQJRLQJ�526&$V��DERXW�KDOI�RI�WKH�SDUWLFLSDQWV�KDG�WDNHQ�SDUW�LQ�HDUOLHU�526&$V��
��)RU�H[DPSOH��*XJHUW\��������UHSRUWV�WKDW�WKH�DYHUDJH�526&$�LQ�.HQ\D�FRPSOHWHG������F\FOHV��URXQGV���
DQG�(WDQJ�HW�DO���������UHSRUW�WKDW�WKH�DYHUDJH�OLIH�VSDQ�RI�D�526&$�LQ�D�&DPHURRQ�YLOODJH�LV�HLJKW�\HDUV��
ZLWK� WKH�DYHUDJH�F\FOH� ODVWLQJ�VL[�PRQWKV��(DFK�F\FOH� LV�D� UHQHZDO�RI�D�526&$��ZLWK� IUHVK� IXQGV�EHLQJ�
FROOHFWHG� DQG� DOORFDWHG� WR� WKH� SDUWLFLSDQWV�� ,Q� D� UHJLPH� RI� VHTXHQWLDO� F\FOHV�� UHQHJDGHV� ZLOO� ILQG� LW�
SDUWLFXODUO\�KDUG�WR�JDLQ�D�IRRWKROG��
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VHW�XS�within�D�YLOODJH�RU�FRPPXQLW\�ZKHUH�EDG�EHKDYLRU�FDQ�UHVXOW�LQ�VZLIW�DQG�SDLQIXO�

VRFLDO�VDQFWLRQV����

7KHUH�DUH�JRRG�UHDVRQV�WR�DVVXPH�WKDW�SDUWLFLSDQWV�LQ�D�526&$�ZLOO�QRW�WHQG�WR�

GHIDXOW�� DQG� HYLGHQFH� VXSSRUWV� WKLV� FRQMHFWXUH�� )RU� H[DPSOH��+DQGD� DQG�.LUWRQ� �������

UHSRUW� WKDW� RQO\� ����� RI� WKH� 526&$� PHPEHUV� WKDW� WKH\� VXUYH\HG� ZLWQHVVHG� DQ\�

LQFLGHQFH� RI� GHOLQTXHQW� FRQWULEXWLRQV��:KDW� LQFHQWLYH� GRHV� DQ� HDUO\� ZLQQHU� RI� D� GUDZ�

KDYH�QRW�WR�UHQHJH"�:KDW�FDQ�SDUWLFLSDQWV�ZKR�FRQWULEXWHG�WR�WKH�VDYLQJV�SRRO�EXW�GLG�QRW�

ZLQ� WKH� ILUVW�³SRW´�GR� WR�HIIHFWLYHO\�GLVVXDGH� WKH�FR�VDYHU�ZKR�UHFHLYHG� WKH�³SRW´� IURP�

UHQHJLQJ"�,I�WKH\�XVH�PHDQV�WKDW�KHOS�FHPHQW�MRLQW�VDYLQJ��WKH�SHUFHLYHG�ULVN�LQYROYHG�LQ�

MRLQW� ILQDQFLQJ� FDQ� EH� PRGHUDWHG�� DQG� WKLV� IRUP� RI� ILQDQFLQJ� ZLOO� EH� DWWUDFWLYH��

&RQYHUVHO\��ZKHQ�VXFK�PHDQV�DUH�QRW�DYDLODEOH�� ORQH�VDYLQJ�ZLOO�EH�PRUH�DSSHDOLQJ��$�

VWDQGDUG� OLVW� RI� UHVSRQVHV� WR� WKH� SUHFHGLQJ� WZR� TXHVWLRQV� LQFOXGHV� VRFLDO� GHWHUUHQWV��

UHSXWDWLRQDO�FRQFHUQV��DQG�UHSHDW�WUDQVDFWLRQV��ZLWK�REYLRXV�OLQNDJHV�EHWZHHQ�WKH�WKUHH���

&RPSOLDQFH�FDQ�EH�VWUHQJWKHQHG�E\�DSSO\LQJ�VRFLDO�SUHVVXUH��IRU�H[DPSOH�LQ�WKH�

IRUP�RI�VDQFWLRQV��7KH�RSWLRQ�RI�VDQFWLRQLQJ�ZLOO�EH�HIIHFWLYH�ZKHQ�D�SDUWLFLSDQW�LV�FORVH�

LQ�VRFLDO�VSDFH�WR�FR�VDYHUV�ZKR�KDYH�\HW�WR�UHFHLYH�IXQGLQJ��EXW�ZLOO�QRW�KDYH�WHHWK�ZKHQ�

WKH�FRQWUDFWLQJ�SDUWLHV�DUH�GLVWDQW�LQ�VRFLDO�VSDFH��)XUWKHUPRUH��VDQFWLRQLQJ�ZLOO�EH�PRUH�

HIIHFWLYH�ZKHQ�D�SDUWLFLSDQW�ZDQWV� WR�NHHS�RSHQ� WKH�RSWLRQ�RI� ³UH�52&6$�LQJ�´� ,Q� WKH�

³JUDQG´�VFKHPH�RI�WKLQJV��WKLV�LPSOLHV�WKDW�SDUWLFLSDWLRQ�LQ�D�526&$�LQ�D�JLYHQ�SRLQW�LQ�

WLPH�LV�QRW�D�ILQDO�HYHQW��QRW�WKH�ODVW�DFW�LQ�D�VHTXHQFH�RI�PRYHV��UDWKHU��LW�LV�D�VWDJH�LQ�D�

SURFHVV��SDUW�RI�D�EURDGHU��ODVWLQJ��DQG�G\QDPLF�UHODWLRQVKLS���5HFDOO�IRRWQRWH�����7KLV�OLQH�

RI� UHDVRQLQJ� FDQ�EH� WDNHQ� D� VWHS� IXUWKHU��6XSSRVH� WKDW� SHRSOH� LQ� D� YLOODJH�ZKR� VHHN� WR�

IRUP�D�526&$�DQG�ZKR�ZDQW�WR�ORZHU�WKH�OLNHOLKRRG�RI�³GHIDXOW´�GLIIHU�LQ�WKH�OLNHOLKRRG�

WKDW� WKH\�ZLOO�ZDQW�WR�UH�HQWHU�526&$V��7KHQ�� LI�SHRSOH�ZLWK�D�ORZ�OLNHOLKRRG�WHDP�XS�

ZLWK�RWKHU�SHRSOH�RI�ORZ�OLNHOLKRRG��DQG�SHRSOH�ZLWK�KLJK�VXFK�OLNHOLKRRG�WHDP�XS�ZLWK�

SHRSOH�RI�KLJK� OLNHOLKRRG�� WKH�RYHUDOO� LQFLGHQFH�RI�GHIDXOW�ZLOO� EH� ORZHU� WKDQ� LI� SHRSOH�

�������������������������������������������������
��%RXPDQ��������EULQJV�XS�IRXU�SRLQWV��)LUVW��EHFDXVH�526&$V�DUH�VHOI�VHOHFWHG�SHHU�JURXSV��ZLOIXO�GHIDXOW�
LV� UDUH�� 6HFRQG�� EHFDXVH� PHPEHUVKLS� RI� D� 526&$� LV� ORFDO�� VRFLDO� SUHVVXUH� DQG� WKH� WKUHDW� RI� SXEOLF�
RVWUDFLVP� DSSHDUV� VXIILFLHQW� WR� SUHYHQW� GHIDXOW�� 7KLUG�� GHIDXOWHUV� ZRXOG� ILQG� LW� GLIILFXOW� WR� MRLQ� DQRWKHU�
526&$��$QG�IRXUWK��LQ�WKH�UDUH�HYHQW�LQ�ZKLFK�SXEOLF�RVWUDFLVP�GRHV�QRW�KDYH�PXFK�HIIHFW��VDQFWLRQV�PD\�
WDNH�WKH�IRUP�RI�QRQH!WRR�VXEWOH�ZDUQLQJV�VXFK�DV�D�WKUHDW�WR�VHW�ILUH�WR�WKH�GHIDXOWHU¶V�EDUQ�RU�JUDQDU\��RU�WR�
VWHDO�RU�NLOO�KLV�OLYHVWRFN��!
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ZLWK� ORZ� OLNHOLKRRG� WHDP� XS� ZLWK� SHRSOH� ZLWK� KLJK� OLNHOLKRRG�� DQG� SHRSOH� ZLWK� KLJK�

OLNHOLKRRG�WHDP�XS�ZLWK�SHRSOH�ZLWK�ORZ�OLNHOLKRRG����

$� WKLUG� UHDVRQ� UHODWHV� WR� WKH� IUHTXHQF\�ZLWK�ZKLFK� WKH�SDUWLFLSDQWV� UHFHLYH� WKHLU�

LQFRPH��$QGHUVRQ�HW�DO����������7R�VHH�WKLV��VXSSRVH�WKDW�WKH�VL]H�RI�D�526&$�³SRW´�LV�

IL[HG�DQG� LV�HTXDO� WR� WKH�FRVW�RI� WKH�JRRG� WR�EH�DFTXLUHG��ZKLFK� LV����SHVRV��DQG�WKDW�D�

526&$�RI�IRXU�PHPEHUV�ZLOO�KDYH�D�ZHHNO\�URWDWLRQ�WKDW�PDWFKHV�WKH�SRLQWV�LQ�WLPH�DW�

ZKLFK�WKH�PHPEHUV�UHFHLYH�LQFRPHV��ZLWK�ZHHNO\�FRQWULEXWLRQV�HTXDO�WR����DQG�DV�SHU�RXU�

H[DPSOH� DERYH�� IRXU� URWDWLRQV� WR� FRPSOHWLRQ��� ,I� LQVWHDG� D�526&$�RI� ILYH�PHPEHUV� LV�

FRQWHPSODWHG��PHPEHUV�ZLOO�QRW�EH�DEOH�WR�LQFUHDVH�WKH�IUHTXHQF\�RI�WKH�URWDWLRQ��WKXV�QRW�

H[KDXVWLQJ�WKH�SRWHQWLDO�WR�PD[LPL]H�WKH�JDLQ�IURP�LQFUHDVHG�PHPEHUVKLS���

:KHWKHU�D�526&$�LV�IRUPHG�HQGRJHQRXVO\��E\�WKH�SDUWLFLSDQWV��RU�H[RJHQRXVO\�

�E\� HQWLWLHV� VXFK� DV� FKDULWLHV� DQG� FRPPHUFLDO� EDQNV� WKDW� RIIHU� VDYLQJV� DFFRXQWV� WKDW�

PLPLF�D�526&$�DUUDQJHPHQW���ZH�DVVXPH�WKDW�WKH�FUHDWRUV�DUH�EHQHYROHQW�LQ�WKH�VHQVH�

WKDW�WKHLU�DLP�LV�WR�PD[LPL]H�WKH�SDUWLFLSDQWV¶�JDLQ��,Q�SDUWLFXODU��LQ�FRQFHUW�ZLWK�WKH�EDVLF�

QRWLRQ� RI� WLPH� SUHIHUHQFHV�� WKH\� DOO� VHHN� WR� PLQLPL]H� WKH� H[SHFWHG� ZDLWLQJ� WLPH� IRU�

UHFHLYLQJ� WKH� ³SRW�´� &OHDUO\�� SDUWLFLSDWLRQ� LQ� D� 526&$� VKRUWHQV� WKH� ZDLWLQJ� SHULRG� WR�

REWDLQ�WKH�GHVLUHG�JRRG�IRU�DOO�WKH�SDUWLFLSDQWV�H[FHSW�IRU�WKH�ODVW�RQH�ZKR��DQ\KRZ��GRHV�

QRW�ZDLW�ORQJHU�WKDQ�LI�VDYLQJ�DORQH���

3HRSOH� UHVRUW� WR� SDUWLFLSDWLRQ� LQ� D� 526&$� EHFDXVH� LI� WKH\� GR� QRW�� WKH� EHQHILW�

�ZHOIDUH�JDLQ��IURP�PDVWHULQJ�WKH�IXQGV�QHHGHG�WR�LQVWDOO��LPSOHPHQW��DFTXLUH�DQG�VR�RQ�LV�

GHOD\HG��7KH�UDLVRQ�G
rWUH�RI�SDUWLFLSDWLRQ�LV� WR�JDLQ� WLPH�� WR�H[SHGLWH��*LYHQ� WKLV��ZKDW�

DUFKLWHFWXUH�ZLOO on average�EHVW�GHOLYHU�LW"�7KH�ILUVW�RUGHU�DQG�QDWXUDO�VWDWLVWLF�WR�XVH�LV�

WKH�H[SHFWHG�PHDQ��7KLV�LV�WKH�PHDVXUH�WKDW�ZH�XVH��,PDJLQH�WKDW�ZH�YLVLW�D�YLOODJH�DQG�

PHHW�SHRSOH�ZKR�ILW�WKH�SUHFHGLQJ�GHVFULSWLRQ��DQG�ZKR�KDYH�DOUHDG\�IRUPHG�D�526&$��

,I� ZH� ILQG� WKDW� WKH� QXPEHU� RI� SDUWLFLSDQWV� LV� ORZHU� WKDQ� WKH� RSWLPXP�� WKHQ� ZH� ZLOO�

UHFRPPHQG�DGGLQJ�QHZ�PHPEHUV��)RU�VFKRODUV�ZKR�VWXG\�WKH�IRUPDWLRQ�DQG�IXQFWLRQLQJ�

RI� LQIRUPDO� ILQDQFLDO� LQVWLWXWLRQV��ZH� SURYLGH� D� ULJRURXVO\� GHULYHG� UXOH� IRU� OLPLWLQJ� WKH�

�������������������������������������������������
��$Q�LQWHUHVWLQJ�VWXG\�FRXOG�EH�WR�DQDO\]H�FDVHV�LQ�ZKLFK�526&$V�IDLOHG��H[SHULHQFHG�GHIDXOWV��LQ�RUGHU�WR�
HVWDEOLVK�WKH�UHDVRQV�IRU�WKLV��SHUKDSV�FRPPRQ�UHDVRQV��6XFK�D�VWXG\�FRXOG�DOVR�VHHN�WR�HVWDEOLVK�ZKHWKHU�
WKH�UHDVRQV�IRU�D�EUHDNGRZQ�DUH�UHODWHG�WR�GHYLDWLRQV�IURP�WKH�RSWLPDOLW\�FRQGLWLRQ�LGHQWLILHG�LQ�WKLV�SDSHU��
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VL]H�RI�WKHVH�LQVWLWXWLRQV��+RZHYHU��LI�526&$V�ZHUH�WR�IXQFWLRQ�PHUHO\�DV�D�PHFKDQLVP�

WKDW� IDFLOLWDWHV� VDYLQJ�� WKHQ� WKHUH� ZRXOG� EH� QR� UHDVRQ� IRU� WKHLU� VSHFLDO� GHVLJQ�� SHRSOH�

FRXOG�GHSRVLW�� VD\�ZLWK� WKH�YLOODJH�HOGHU�� VRPH� IXQGV�� DQG�DW� D� IXWXUH�SRLQW� LQ� WLPH� WKH�

DFFXPXODWHG�VXP�ZLOO�EH�GLYLGHG�EHWZHHQ�WKHP����

,Q� WKLV�SDSHU�ZH�GUDZ�RQ� WKH� LQWXLWLRQ�EHKLQG� WKH� WKLUG� UHDVRQ�GLVFXVVHG�DERYH��

:H� FRQGXFW� D� IRUPDO� DQDO\VLV� VKRZLQJ� KRZ� WKH� ³GLVFUHWHQHVV´� RI� WKH� IUHTXHQF\� RI�

526&$�URWDWLRQV�IHHGV�LQWR�WKH�RSWLPDO�VL]H�RI�WKH�PHPEHUVKLS�RI�D�526&$���:KDW�ZH�

VKRZ��ZKLFK�WR�WKH�EHVW�RI�RXU�NQRZOHGJH�KDV�QRW�EHHQ�UHSRUWHG�EHIRUH��LV�WKDW�DQ�RSWLPDO�

VL]H� RI� D� 526&$� H[LVWV�� WKDW� LW� LV� �UHODWLYHO\�� OLPLWHG�� DQG� WKDW� LW� LV� D� PXOWLSOH� RI� WKH�

QXPEHU�RI� WLPH�SHULRGV� WKDW� LW� WDNHV�DQ� LQGLYLGXDO� WR�VDYH�RQ�KLV�RZQ��2XU� UHVXOW� LV� IDU�

IURP� EHLQJ� ³UHODWLYHO\� REYLRXV�´� WR� XV�� LQVWLQFWLYHO\�� LW�ZRXOG� VHHP� WKDW� LI�ZH�ZHUH� WR�

QHJOHFW�PDQDJHPHQW�FRVWV�DQG�PRUDO�KD]DUG�FRQVLGHUDWLRQV��WKHQ�ODUJHU�526&$V�ZRXOG�

JHQHUDOO\�EH�PRUH�HIILFLHQW�GXH�WR�VFDOH���(VWDEOLVKLQJ�WKH�H[LVWHQFH�RI�DQ�RSWLPDO�VL]H�LV�

WKHQ�FRXQWHULQWXLWLYH��DQG�SURYLQJ�WKLV�H[LVWHQFH�ZDV�QRW�GRQH�EHIRUH��

7KH� ILQDQFLDO�DUFKLWHFWXUH� WKDW�ZH�VWXG\� LQ� WKLV�SDSHU� LV�D� UDQGRP�526&$��2XU�

VWXG\�LV�QRW�DQ�DOO�HQFRPSDVVLQJ�VWXG\�RI�DOO� W\SHV�526&$V��:H�GR�NQRZ�WKDW�UDQGRP�

526&$V�DUH�SUHYDOHQW�� DQG� IUHTXHQW��)RU�H[DPSOH��.HGLU� DQG� ,EUDKLP� ������� ILQG� WKDW�

UDQGRP� 526&$V� DUH� WKH� FRPPRQ� W\SH� RI� D� 526&$� LQ� (WKLRSLD�� ,Q� WKH� VDPSOH� RI�
�������������������������������������������������
�� ,Q� DGGLWLRQ� WR� JDLQLQJ� WLPH� DV� WKH� FRUH� UHDVRQ�� WKHUH� FDQ� EH� RWKHU� EHQHILWV� IURP� MRLQLQJ� D� 526&$� DV�
RSSRVHG�WR�VDYLQJ�DORQH��)RU�H[DPSOH��VDYLQJ�UHJXODUO\�RQ�RQH¶V�RZQ��HYHQ�IRU�D�VHOI�GLVFLSOLQHG�SHUVRQ��
FRXOG�EH�D�FKDOOHQJH��3DUWLFLSDWLQJ�LQ�D�526&$�FDQ�KHOS�WR�GHYHORS�D�KDELW�RI�UHJXODU�VDYLQJ��LQ�D�VHQVH�D�
YROXQWDU\�XQGHUWDNLQJ�WR�HQWHU�D�UHJLPH�RI�HQIRUFHG�VDYLQJ���
�� 7KH� W\SLFDO� 526&$� RSHUDWHV� XQGHU� WKUHH� FKDUDFWHULVWLFV� RI� GLVFUHWHQHVV� �³OXPSLQHVV´� DQG�
³LQGLYLVLELOLW\´���WKH�GHSRVLWLQJ�RI�FRQWULEXWLRQV�LV�GRQH�DW�VSHFLILF�SRLQWV�LQ�WLPH��ZHHNO\��PRQWKO\��RU�HYHQ�
VHDVRQDOO\�IROORZLQJ�KDUYHVWV���WKH�JRRG�WR�EH�SXUFKDVHG�LV�RIWHQ�EXON\��D�WXEH�ZHOO��D�FRZ���QRW�GLYLVLEOH��
DQG� HYHQ�ZKHQ� LW� LV� �D� EXOORFN� FDUW� WKH� FRPSRQHQWV� RI�ZKLFK� FDQ� EH� ERXJKW� LQFUHPHQWDOO\��� LW� GRHV� QRW�
FRQIHU�YDOXH�XQWLO�LW�LV�FRPSOHWH��DQG�WKH�QXPEHU�RI�SDUWLFLSDQWV�LV�QDWXUDOO\�GLVFUHWH��
��7KHUH�LV�DQ�DGGLWLRQDO�UHDVRQ�ZK\�D�ODUJH�526&$�FRXOG�EH�FRQVLGHUHG�PRUH�DWWUDFWLYH�WKDQ�D�VPDOO�RQH��
6XSSRVH� WKDW� WKHUH� LV� D�JURXS�RI�SHRSOH�ZKR� VHHN� WR� IRUP�D�526&$��ZKHUH�RQH�RI� WKHP� LV� D�GHIDXOWHU��
PHDQLQJ� WKDW� WKLV�SHUVRQ�ZLOO�GHIDXOW�RQFH�KH� UHFHLYHV� WKH�³SRW�´�:KLOH� WKH�RWKHUV�VXVSHFW� WKDW� WKHUH� LV�D�
GHIDXOWHU��WKH\�GR�QRW�NQRZ�ZKR�WKLV�SHUVRQ�LV��7KH�ELJJHVW�EHQHILW�WR�WKH�GHIDXOWHU�ZLOO�EH�FRQIHUUHG�ZKHQ�
KH�LV�GUDZQ�WR�EH�WKH�ILUVW�WR�UHFHLYH�WKH�³SRW�´�,Q�D�VPDOO�526&$��VD\�RI�WKUHH�SDUWLFLSDQWV��WKH�SUREDELOLW\�
RI�WKLV�RFFXUULQJ�LV�RQH�WKLUG��LQ�D�ELJ�526&$��VD\�RI�WHQ�SDUWLFLSDQWV��WKH�SUREDELOLW\�RI�WKLV�RFFXUULQJ�LV�
RQH�WHQWK��7KXV��MRLQLQJ�D�VPDOO�526&$�ZLOO�EH�SUHIHUUHG�E\�D�GHIDXOWHU�WR�MRLQLQJ�D�ELJ�526&$��,W�WKHQ�
IROORZV�WKDW��DV�D�GHIHQVH�DJDLQVW�WKH�SUHVHQFH�RI�D�GHIDXOWHU�LQ�WKHLU�PLGVW��SHRSOH�ZLOO�SUHIHU�WR�KDYH�D�ELJ�
526&$�DV�RSSRVHG�WR�KDYLQJ�D�VPDOO�RQH���
�
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.HQ\DQ� 526&$V� VWXGLHG� E\� *XJHUW\� �������� D� ODUJH� IUDFWLRQ� RI� 526&$V� ������ DUH�

UDQGRP��ZKLOH�LQ�WKH�.HQ\DQ�VDPSOH�RI�$QGHUVRQ�HW�DO��������������RI�WKH�526&$V�DUH�

UDQGRP��$FFRUGLQJ�WR�5XWKHUIRUG���������PRVW�RI�WKH�526&$V�LQ�%DQJODGHVK�DUH�RI�WKH�

UDQGRP�W\SH��

:H�DVVXPH�WKDW�WKH�SDUWLFLSDQWV�LQ�D�JLYHQ�526&$�KDYH�D�VLPLODU�QHHG��VDYH�LQ�D�

VLPLODU�PDQQHU�� DQG� DUH� DOORFDWHG� WKH� ³SRW´� LQ� WKH� VDPH�PDQQHU�� 7KLV� LV� WKH� UHIHUHQFH�

VHWWLQJ�WKDW�ZH�VWXG\��,Q�UHDOLW\�QHHGV�FDQ�GLIIHU��WKH�DELOLW\�WR�VHW�DVLGH�D�JLYHQ�VXP�RQ�D�

UHJXODU�EDVLV�FDQ�GLIIHU��DQG�³SRW´�DOORFDWLRQV�FDQ�EH�JRYHUQHG�QRW�E\�D�GUDZ�EXW��UDWKHU��

E\�ELGGLQJ�ZKHUH�WKH�SDUWLFLSDQWV�ELG�FRPSHWLWLYHO\�IRU�WKH�³SRW´�ZKLFK�LV�WKHQ�JLYHQ�WR�

WKH�KLJKHVW�ELGGHU��RU�DOORFDWLRQV�FDQ�EH�JXLGHG�E\�FRQVLGHUDWLRQV�VXFK�DV�QHHG��DJH��DQG�

FRPSDVVLRQ�� �:KHQ� WKH� ODWWHU�� WKHQ� D� 526&$� DOVR� DVVXPHV� WKH� UROH� RI� DQ� LQVXUDQFH�

SURYLGHU��� �7R�WKH�H[WHQW� WKDW�KHWHURJHQHLW\�LQ�QHHG�DQG�WKH�DELOLW\�WR�VDYH�FDQ�LQWHUIHUH�

ZLWK� WKH� VPRRWK� IXQFWLRQLQJ� RI� 526&$V� DQG� GHWUDFW� IURP� WKHLU� VWDELOLW\�� ZH� ZRXOG�

H[SHFW� WKH� IRUPDWLRQ� RI� VHYHUDO� 526&$V� LQ� D� JLYHQ� YLOODJH�� HDFK�ZLWK� D� FRQVLGHUDEOH�

GHJUHH�RI�KRPRJHQHLW\�UDWKHU�WKDQ�WKH�IRUPDWLRQ�RI�PL[HG�526&$V��:RPHQ�ZKR�VDYH�

WRZDUGV�EX\LQJ�D�FRZ�ZLOO�IRUP�RQH�526&$��PHQ�ZKR�VDYH�IRU�WKH�LQVWDOODWLRQ�RI�D�WXEH�

ZHOO�ZLOO�IRUP�DQRWKHU�526&$��$OO�LQ�DOO��RXU�SDSHU�GRHV�QRW�VWULYH�WR�EH�D�+DQGERRN�RI�

526&$V��:H�IRFXV�RQ�D�FDVH�RI�FRQVLGHUDEOH�KRPRJHQHLW\�DQG�XQLIRUPLW\�ZKLFK��DV�ZH�

VWDWH� UHSHDWHGO\�� LV�QRW�RQO\�DQ�DSSURSULDWH�FKDUDFWHUL]DWLRQ�RU�DSSUR[LPDWLRQ�RI�D�JRRG�

SDUW� RI� UHDOLW\�� LW� LV� DOVR� WKH� EDVLV� IRU� WKH� FRQVWUXFWLRQ� RI� D� SOHWKRUD� RI� 526&$�

DUFKLWHFWXUHV��3DUWLFXODUO\�EHFDXVH�RI�WKLV��WKH�DWWULEXWHV�RI�WKH�W\SH�RI�FDVH�WKDW�ZH�VWXG\�

QHHG�WR�EH�IOHVKHG�RXW�DQG�DVFHUWDLQHG�ULJRURXVO\��$QG�WKH�PHWKRGRORJ\�DQG�FULWHULD�WKDW�

ZH�GHYHORS�FDQ�VHUYH�DV�D�IRXQGDWLRQ�IRU�WKH�VWXG\�RI�RWKHU�FDVHV��

2XU�ILQGLQJV�ZLHOG�PDMRU�FRQVHTXHQFHV�IRU�WKH�GHVLJQ�RI�526&$V��$Q�LGHD�WKDW�

FRXOG�FRPH�WR�PLQG�LV�WR�H[SORLW�WKH�HIIHFW�RI�VFDOH�WR�LQFUHDVH�WKH�HIILFLHQF\�RI�526&$V��

LI�ZH�ZHUH�WR�VXIILFLHQWO\�UHGXFH�WKH�FRVW�RI�PDQDJHPHQW��PRQLWRULQJ��HQIRUFHPHQW��DQG�

RWKHU� WUDQVDFWLRQ� FRVWV�� DQG� WKH� WHPSWDWLRQ� WR� GHIDXOW�� WKHQ� D� ODUJH� 526&$�ZRXOG� EH�

GHHPHG�PRUH�HIILFLHQW�WKDQ�D�VPDOOHU�RQH��+RZHYHU��ZKDW�ZH�VKRZ�LV�WKDW�HYHQ�LI�WKH�FRVW�

RI�PDQDJHPHQW�ZDV�QHJOLJLEOH�DQG�WKH�PRUDO�KD]DUG�ZDV�HOLPLQDWHG�HQWLUHO\��LQFUHDVLQJ�

WKH�VL]H�RI�526&$�EH\RQG�WKH�RSWLPXP�ZLOO�QRW�EH�EHQHILFLDO�WR�WKH�SDUWLFLSDQWV��
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���7KH�RSWLPDO�VL]H�RI�D�526&$�

�����$Q�H[DPSOH���

:H�GHYHORS�IXUWKHU�WKH�H[DPSOH�SUHVHQWHG�LQ�WKH�,QWURGXFWLRQ�ZKHUH�ZH�DVVXPHG�WKDW�LW�

WDNHV����SHVRV�WR�EX\�D�WLQ�URRI��D�OXPS\�LQYHVWPHQW���DQG�WKDW�VDYLQJ�LV�DW�WKH�UDWH�RI���

SHVR�SHU�ZHHN��,Q�)LJXUH���ZH�SORW�WKH�H[SHFWHG�ZDLWLQJ�WLPH�IRU�526&$V�ZLWK�GLIIHUHQW�

QXPEHUV�RI�SDUWLFLSDQWV�DV�D�IXQFWLRQ�RI�WKHVH�QXPEHUV��

�

)LJXUH����7KH�H[SHFWHG�ZDLWLQJ�WLPH�LQ�ZHHNV�IRU�526&$V�RI�GLIIHUHQW�VL]HV�ZKHQ�WKH�

FRVW�RI�D�WLQ�URRI�LV����SHVRV��DQG�ZKHQ�HDFK�SDUWLFLSDQW�VDYHV�DW�WKH�UDWH�RI�RQH�SHVR�SHU�

ZHHN��

)RXU�IHDWXUHV�RI�WKH�)LJXUH�VWULNH�WKH�H\H���L��:KHQ�WKHUH�DUH�WZHOYH�SDUWLFLSDQWV��

WKH�H[SHFWHG�ZDLWLQJ�WLPH�LV� ��
�
�ZHHNV��)RU�IHZHU�SDUWLFLSDQWV��WKH�H[SHFWHG�ZDLWLQJ�WLPH�

LV�ORQJHU�WKDQ�WKLV���LL��7KH�H[SHFWHG�ZDLWLQJ�WLPH�RI� ��
�
�ZHHNV�LV�UHFXUUHQW�IRU�526&$�

VL]HV� WKDW� DUH� PXOWLSOHV� RI� ���� WKH� IXQFWLRQ� RI� WKH� H[SHFWHG� ZDLWLQJ� WLPH� KDV� PXOWLSOH�

PLQLPD�REWDLQHG�DW� �������k  �PXOWLSOHV�RI�����ZKLFK�LQ�WKLV�H[DPSOH�RFFXU�LQ�ZHHNV�����



� ��

����������������DQG�VR�RQ���LLL��7KH�H[SHFWHG�ZDLWLQJ�WLPH�GRHV�QRW�FKDQJH�PRQRWRQLFDOO\�

ZLWK�UHVSHFW�WR�WKH�VL]H�RI�WKH�526&$���LY��)RU�QXPEHUV�RI�SDUWLFLSDQWV�WKDW�GLIIHU�IURP�

PXOWLSOHV�RI�����WKHUH�LV�DQ�RYHUDOO�GRZQZDUG�WUHQG�LQ�WKH�H[SHFWHG�ZDLWLQJ�WLPH�ZKLFK��

LQ�WXUQ��FRQYHUJHV�WR� ��
�
�ZHHNV��WKH�VDPH�H[SHFWHG�ZDLWLQJ�WLPH�DV�WKH�RQH�\LHOGHG�E\����

SDUWLFLSDQWV��DV�WKH�QXPEHU�RI�SDUWLFLSDQWV�JURZV�WR�LQILQLW\��

:H�QH[W�VWDWH�DQG�SURYH�D�FODLP�VKRZLQJ�WKDW�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH�

LV�D�VLPSOH�OLQHDU�IXQFWLRQ�RI�WKH�QXPEHU�RI�WLPH�SHULRGV�LW�WDNHV�DQ�LQGLYLGXDO�ZKR�VDYHV�

RQ�KLV�RZQ�WR�DFFXPXODWH�WKH�UHTXLUHG�IXQGV���

����$�JHQHUDOL]DWLRQ�

/HW�C ��� �EH�WKH�FRVW�RI�WKH�WLQ�URRI��7KH�LQGLYLGXDO�LV�DVVXPHG�WR�VDYH�DW�WKH�FRQVWDQW�

UDWH� RI� �� XQLW� SHU� ZHHN�� IRU� HDVH� RI� UHIHUHQFH� ZH� FDOO� WKDW� DPRXQW� �� SHVR�� ,QVWHDG� RI�

VDYLQJ�DORQH��D�526&$�RI� N ��� �LQGLYLGXDOV�LV�IRUPHG�ZKHUH�DOO�WKH�SDUWLFLSDQWV�VDYH�

LQ�WKH�VDPH�ZD\�DV�WKH�LQGLYLGXDO�UHIHUUHG�WR�DERYH��QDPHO\�DW�WKH�HQG�RI�HYHU\�ZHHN�HDFK�

RI�WKHP�SXWV�KLV�VDYLQJV�LQWR�WKH�FRPPRQ�³SRW�´�:KHQHYHU�WKHUH�DUH�DW�OHDVW�C �SHVRV�LQ�

WKH� FRPPRQ� ³SRW�´� DV� PDQ\� DV� SRVVLEOH� �UDQGRPO\� FKRVHQ�� LQGLYLGXDOV� UHFHLYH� IXQGV�

IURP�WKH�FRPPRQ�³SRW´�WR�IDFLOLWDWH�WKH�SXUFKDVH�RI�WKH�WLQ�URRI���1R�LQGLYLGXDO�JHWV�WKH�

IXQGV� WZLFH���$V�D� UHVXOW��HYHU\�SDUWLFLSDQW� UHFHLYHV�IXQGV�QRW� ODWHU� WKDQ� C �ZHHNV�DIWHU�

VWDUWLQJ� WKH�526&$��%\� NT �ZH� GHQRWH� WKH� H[SHFWHG� QXPEHU� RI�ZHHNV� WKDW� LW� WDNHV� WR�

UHFHLYH�WKH�IXQGV�QHHGHG�IRU�LQVWDOOLQJ�WKH�WLQ�URRI��:KDW�LV�WKH�minimal�H[SHFWHG�ZDLWLQJ�

WLPH� LQ�ZHHNV�� GHQRWHG� E\� minT �� WKDW� LW�ZLOO� WDNH� IRU� D� SDUWLFLSDQW� WR� UHFHLYH� WKH� IXQGV�

QHHGHG� IRU� LQVWDOOLQJ� WKH� WLQ� URRI"�)RU�ZKDW�QXPEHU�RI�SDUWLFLSDQWV� LQ�D�526&$� LV� WKH�

PLQLPDO� ZDLWLQJ� WLPH� WR� EH� REWDLQHG"� 7KH� HVVHQFH� RI� WKH� IROORZLQJ� FODLP� LV� WKDW� WKH�

PLQLPDO� H[SHFWHG� ZDLWLQJ� WLPH� IRU� JHWWLQJ� WKH� IXQGV� QHHGHG� WR� LQVWDOO� WKH� WLQ� URRI��

DFKLHYHG�ZKHQ�WKH�QXPEHU�RI�SDUWLFLSDQWV�LQ�D�526&$�LV�D�PXOWLSOH�RI�WKH�FRVW�C�RI�WKH�

WLQ�URRI��QDPHO\�ZKHQ�WKLV�QXPEHU�LV� � � �������kC k  ���LV� �
�

C � �ZHHNV��

&ODLP����&DVH��L���:H�DVVXPH�WKDW�N �LV�D�PXOWLSOH�RI�C ��7KHQ� �
�N min

CT T �
  ���



� ��

&DVH��LL���:H�DVVXPH�WKDW�N �LV�QRW�D�PXOWLSOH�RI�C ��7KHQ� �
�N min

CT T �
!  ��

3URRI��,Q�WKH�$SSHQGL[��

� &ODLP���LQIRUPV�WKDW�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH�� minT �� LV�D�VLPSOH�OLQHDU�

IXQFWLRQ�RI�C�� WKH�QXPEHU�RI� WKH� WLPH�SHULRGV� WKDW� LW� WDNHV�DQ� LQGLYLGXDO� WR�VDYH�RQ�KLV�

RZQ�� :H� FDQ� VD\� WKDW� WKH� PLQLPDO� H[SHFWHG� ZDLWLQJ� WLPH� LV� ³VOLJKWO\� RYHU� KDOI´� WKH�

QXPEHU�RI�WLPH�SHULRGV�WKDW�LW�WDNHV�DQ�LQGLYLGXDO�WR�VDYH�RQ�KLV�RZQ����

%\�LWVHOI��WKH�REVHUYDWLRQ�WKDW�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH�LV�REWDLQHG�ZKHQ�

WKH�QXPEHU�RI�SDUWLFLSDQWV�LQ�D�526&$�LV� � � �������kC k  ��LV�TXLWH�WHOOLQJ��5HIHUULQJ�WR�RXU�

³H[DPSOH�RI����´�VXSSRVH�WKDW�ZH�³YLVLW´�D�YLOODJH�LQ�ZKLFK�ZH�REVHUYH�WKDW�WKHUH�DUH�WZR�

526&$V��HDFK�RI�WKH�VDPH�VL]H�RI����SDUWLFLSDQWV��DQG�HDFK�\LHOGLQJ�WKH�VDPH�PLQLPDO�

H[SHFWHG� ZDLWLQJ� WLPH� RI� ��
�
� ZHHNV�� ,I� ZH� ZHUH� WR� SRLQW� RXW� WR� WKH� YLOODJHUV� WKDW�� WR�

H[SHGLWH�PDWWHUV��LQVWHDG�RI�WZR�526&$V�RI����SDUWLFLSDQWV�WKH�YLOODJHUV�ZLOO�GR�EHWWHU�E\�

IRUPLQJ�D�VLQJOH�526&$�RI����SDUWLFLSDQWV��WKHQ�ZH�ZLOO�EH�SURYHG�ZURQJ��RWKHU�WKLQJV�

EHLQJ� KHOG� WKH� VDPH�� LQ� WHUPV� RI� WKH� H[SHFWHG�ZDLWLQJ� WLPH� VXFK� D� UHDUUDQJHPHQW�ZLOO�

FRQIHU�QR�JDLQ���

7ZR�UHPDUNV�VKHG�DGGLWLRQDO�LQVLJKW�LQWR�WKH�DWWUDFWLYHQHVV�RI�KDYLQJ�D�526&$�RI�

VL]H�C��

5HPDUN����:KHQ�ORQH�VDYLQJ�LV�UHSODFHG�E\�D�526&$�VDYLQJ��WKH�JDLQ�LQ�WHUPV�RI�WKH�

UHGXFWLRQ�LQ�WKH�H[SHFWHG�ZDLWLQJ�WLPH�WKDW�REWDLQV�ULJKW�DW�WKH�RXWVHW��QDPHO\�ZKHQ�ORQH�

VDYLQJ�LV�UHSODFHG�E\�D�WZR�SHUVRQ�526&$��LV�ODUJHU��RU�DW�OHDVW�QRW�VPDOOHU��WKDQ�WKH�JDLQ�

WKDW�REWDLQV�ZKHQ�WKH�WZR�SHUVRQ�526&$�LV�UHSODFHG�E\�WKH�526&$�VL]H�WKDW�FRQIHUV�WKH�

PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH��:H�SUHVHQW�WKH�UHDVRQLQJ�WKDW�\LHOGV�WKLV�REVHUYDWLRQ�LQ�

WZR�SDUWV��ZKHQ�C�LV�DQ�HYHQ�QXPEHU��DQG�ZKHQ�C�LV�DQ�RGG�QXPEHU���

�������������������������������������������������
��,Q�D�526&$�RI�DQ�RSWLPDO�VL]H��all the participants except one�UHFHLYH�WKH�IXQGV�QHHGHG�WR�LQVWDOO�WKH�WLQ�
URRI� HDUOLHU� WKDQ� LI� VDYLQJ� DORQH�� 2QO\� WKH� SDUWLFLSDQW� ZKR� LV� GUDZQ� WR� UHFHLYH� WKH� IXQGV� ODVW� HQGV� XS�
H[SHULHQFLQJ�D�ZDLWLQJ�WLPH�WKDW�LV�WKH�VDPH�DV�WKH�ZDLWLQJ�WLPH�WKDW�KH�ZRXOG�KDYH�H[SHULHQFHG�LI�VDYLQJ�
DORQH��
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�L��:H�FRQVLGHU�ILUVW�WKH�FDVH�LQ�ZKLFK�C�LV�DQ�HYHQ�QXPEHU��7KH�H[SHFWHG�ZDLWLQJ�

WLPH� ZKHQ� VDYLQJ� DORQH� LV�C� DQG� ZKHQ�� LQVWHDG�� VDYLQJ� LV� ZLWK� RQH� RWKHU� SHUVRQ�� WKH�

H[SHFWHG�ZDLWLQJ�WLPH�LV� �
�
C ��VR�WKH�JDLQ�LV�

�
C ��)URP�&ODLP���ZH�NQRZ�WKDW�WKH�PLQLPDO�

H[SHFWHG�ZDLWLQJ�WLPH�LV� �
�

C � ��6R�LI�ZH�ZHUH�WR�VKLIW�IURP�D�WZR�SHUVRQ�526&$�WR�WKH�

526&$� VL]H� WKDW� GHOLYHUV� WKH� PLQLPDO� H[SHFWHG� ZDLWLQJ� WLPH�� WKH� JDLQ� ZRXOG� EH�

� �
� �

�
�

C CC
�

� �
 ��7KLV�QXPEHU�LV�VPDOOHU�WKDQ�

�
C ���

�LL��:H�QH[W�FRQVLGHU�WKH�FDVH�LQ�ZKLFK�C�LV�DQ�RGG�QXPEHU��7KH�H[SHFWHG�ZDLWLQJ�

WLPH�ZKHQ�VDYLQJ�DORQH�LV�C��DQG�ZKHQ�VDYLQJ�ZLWK�RQH�RWKHU�SHUVRQ�WKH�H[SHFWHG�ZDLWLQJ�

WLPH�LV� � �
�

C � ��VR�WKH�JDLQ�LV� �
�

C � ���)URP�&ODLP���ZH�NQRZ�WKDW�WKH�PLQLPDO�H[SHFWHG�

ZDLWLQJ�WLPH�LV� �
�

C � ��6R�LI�ZH�ZHUH�WR�VKLIW�IURP�D�WZR�SHUVRQ�526&$�WR�WKH�526&$�

VL]H� WKDW� GHOLYHUV� WKH� PLQLPDO� H[SHFWHG� ZDLWLQJ� WLPH�� WKH� JDLQ� ZRXOG� EH�

�
� ��
�

�
�

C CC � �
 

�
� ��7KLV�QXPEHU�LV�WKH�VDPH�DV�WKH�JDLQ�REWDLQHG�ZKHQ�PRYLQJ�IURP�

ORQH�VDYLQJ�WR�D�WZR�SHUVRQ�526&$���

5HPDUN� ��� 6XSSRVH� WKDW� LQVWHDG� RI� DQ� LQGLYLGXDO� VDYLQJ� RQ� KLV� RZQ�� ZH� VWDUW� ZLWK� D�

526&$� RI� WZR�� DQG� WKHQ� H[SDQG� LW� LQFUHPHQWDOO\�� WKDW� LV��ZH� LQFUHDVH� WKH� VL]H� RI� WKH�

526&$�IURP�WZR�SDUWLFLSDQWV�WR�WKUHH��WKHQ�IURP�WKUHH�SDUWLFLSDQWV�WR�IRXU��DQG�VR�RQ��,Q�

WHUPV�RI�FRQYHUJHQFH�ZLWK�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH��VXFK�FKDQJHV�GR�QRW�WDNH�

XV�monotonically�FORVHU�WR�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH����$V�VKRZQ�LQ�)LJXUH����DQ�

LQLWLDO�GHFUHDVH�LQ�WKH�H[SHFWHG�ZDLWLQJ�WLPH�FDQ�EH�IROORZHG�E\�D�VXEVHTXHQW�LQFUHDVH���

7KXV�� WKH� ELJJHVW� LQFUHPHQW� WR� WKH� HIILFLHQF\� RI� D� 526&$� RFFXUV� ULJKW� DW� WKH�

RXWVHW��QDPHO\�XSRQ�D�FKDQJH�IURP�ORQH�VDYLQJ�WR�MRLQW�VDYLQJ�E\�WZR�LQGLYLGXDOV��DQG�WKH�

HIILFLHQF\�RI�D�526&$�GRHV�QRW�FKDQJH�PRQRWRQLFDOO\��DV�ZKHQ�D�GRZQZDUG�WUHQG�LQ�WKH�

H[SHFWHG� ZDLWLQJ� WLPH� LV� IROORZHG� E\� DQ� LQFUHDVH�� &RQVHTXHQWO\�� ZKHQ� D� SURFHVV� RI�

HQODUJLQJ�D�526&$�IURP�VL]H�C�WR�VL]H�kC�LV�XQGHUZD\��WKHUH�LV�D�ULVN�RI�EHLQJ�³VWXFN´�LQ�

�������������������������������������������������
���,W�WXUQV�RXW�WKDW�WKLV�IHDWXUH�SHUWDLQV�WR�YDOXHV�RI�C�WKDW�DUH�QRW�SULPH�QXPEHUV���
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D� QRQ�RSWLPDO� VL]H� ³LQ� EHWZHHQ´� WKH� PXOWLSOHV� RI� C�� 7KLV� REVHUYDWLRQ� VXSSRUWV� WKH�

FRQFOXVLRQ� WKDW� RXW� RI� 526&$� VL]HV� WKDW� \LHOG� WKH� ORZHVW� H[SHFWHG� ZDLWLQJ� WLPH�

� � � �������kC k  ���WKH�VPDOOHVW�VL]H�C�ZLOO�EH�SUHIHUUHG��VR�LW�LV�WR�WKLV�VL]H�WKDW�ZH�UHIHU�DV�

WKH�³RSWLPDO�VL]H�RI�D�526&$�´��

7KH�H[SHFWHG�ZDLWLQJ�WLPH�LV�QRW�WKH�RQO\�PHDVXUH�IRU�ZKLFK�D�526&$�RI�VL]H�C�

RU��IRU�WKDW�PDWWHU��RI�D�VL]H�WKDW�LV�D�PXOWLSOH�RI�C��RXWSHUIRUPV�526&$V�RI�RWKHU�VL]HV��

)RU�D�526&$�RI�VL]H�N�ZH�GHQRWH� WKH�ZDLWLQJ� WLPH� WR�REWDLQ� WKH�³SRW´�E\� WKH�UDQGRP�

YDULDEOH� NW ��7KH� IROORZLQJ�FODLP�UHYHDOV� WKDW�ZLWK� UHVSHFW� WR�ZDLWLQJ� WLPH�� LQ� WHUPV�RI�

VWRFKDVWLF�GRPLQDQFH�526&$V�RI�D�VL]H�WKDW�LV�D�PXOWLSOH�RI�C�DUH�EHWWHU�WKDQ�526&$V�

RI�RWKHU�VL]HV��

&ODLP���� � )RU� DQ\� �N ��� � WKDW� LV� D�PXOWLSOH� RI�C�� DQG� IRU� DQ\� �N ��� � WKDW� LV� QRW� D�

PXOWLSOH� RI�C�� LW� KROGV� WKDW�
� �

� � � �N NP k P kW Wd t d ��ZKHUH� �̂� � `k C� � �� )RU� D� k � VXFK�

WKDW� �kN �LV�QRW�D�PXOWLSOH�RI�C��WKH�LQHTXDOLW\�LV�VWULFW��

3URRI��,Q�WKH�$SSHQGL[��

:H� QH[W� VWXG\� LQ� JUHDWHU� GHWDLO� FKDUDFWHULVWLFV� RI� VL]HV� RI� 526&$V� WKDW� GLIIHU�

IURP�WKH�RQHV�WKDW�\LHOG�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH��

�����3URJUHVVLRQ�RXWVLGH�WKH�PLQLPD�RI�WKH�H[SHFWHG�ZDLWLQJ�WLPH�RI�526&$V�RI�GLIIHUHQW�

VL]HV��

7KH�SUHFHGLQJ�FRQVLGHUDWLRQV�VWLOO�OHDYH�RSHQ�WKH�TXHVWLRQ�RI�ZKDW�FDQ�EH�VDLG�DERXW�WKH�

SDWWHUQ� RU� WKH� SURJUHVVLRQ� RI� WKH� H[SHFWHG�ZDLWLQJ� WLPH� IRU�526&$V� RI� GLIIHUHQW� VL]HV�

outside�WKH�PLQLPD� N kC "�)RU�H[DPSOH��LQ�WHUPV�RI�WKH�H[FHSWHG�ZDLWLQJ�WLPH��LV�WKHUH�

D�JDLQ�IURP�KDYLQJ� � �C � �SDUWLFLSDQWV�DV�RSSRVHG�WR� �C � �SDUWLFLSDQWV"��,Q�WKH�H[DPSOH�

RI� ���� LV� KDYLQJ� ��� SDUWLFLSDQWV� EHWWHU� WKDQ� KDYLQJ� ��� SDUWLFLSDQWV"�� ,V� LW� WKH� FDVH� WKDW�

EHLQJ� DQ\ZKHUH� EHWZHHQ� � ��k C� � DQG� kC � LV� EHWWHU� WKDQ� EHLQJ� DQ\ZKHUH� EHWZHHQ�

� ��m C� � DQG� mC � ZKHUH� k� DQG�m� DUH� QDWXUDO� QXPEHUV�� DQG� k m! "� �$JDLQ�� ³EHWWHU´�

VWDQGV�IRU�D�VKRUWHU�H[SHFWHG�ZDLWLQJ�WLPH����

5HYLVLWLQJ� )LJXUH� ��� IRU� N kCz �� WKHUH� LV� DQ� RYHUDOO� GRZQZDUG� WUHQG� RI� WKH�

H[SHFWHG�ZDLWLQJ�WLPH�ZKLFK��LQ�WXUQ��FRQYHUJH�WR� minT ���
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7KLV� IHDWXUH� LV� WKH� VXEMHFW� RI� &ODLP� ��ZKLFK� LGHQWLILHV� DQG� H[SODLQV� DQ� RYHUDOO�

GHFUHDVLQJ�SDWWHUQ�LQ�WKH�H[SHFWHG�ZDLWLQJ�WLPH�� NT ��7KH�PHDQLQJ�RI�WKH�ILQGLQJ�UHSRUWHG�

LQ�WKH�FODLP�LV�WKDW�ZKHQ�ZH�DUH�RXW�RI�WKH�PLQLPD�RI�WKH�H[SHFWHG�ZDLWLQJ�WLPH��D�ODUJHU�

QXPEHU� RI� SDUWLFLSDQWV� JHQHUDOO\� UHVXOWV� LQ� D� ORZHU� H[SHFWHG� ZDLWLQJ� WLPH� �DOWKRXJK�

REYLRXVO\�LW�QHYHU�WDNHV�WKH�H[SHFWHG�ZDLWLQJ�WLPH�EHORZ�WKH�PLQLPD���7KLV�FRQVLGHUDWLRQ�

LV� LPSRUWDQW�� LQ� WHUPV�RI�REWDLQLQJ� WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ� WLPH��HYHQ� WKH� ODUJHVW�

SRVVLEOH�526&$�ZLOO�QRW�GR�EHWWHU�WKDQ�D�526&$�RI�VL]H�C��7KH�UHDVRQ�IRU�WKH�SDWWHUQ�

GHVFULEHG�LV�WKDW�IRU�DQ\� �N k ��� �� N kCT � �LV�D�SDUWLFXODU�FRQYH[�FRPELQDWLRQ�RI� NT �DQG�

RI� minT � VXFK� WKDW� WKH� YDOXH� RI� kC jT � � DQG� WKH� GLIIHUHQFH� EHWZHHQ� kC jT � � DQG� minT � �IRU�

�̂� �� � �̀j C� } � �� GHFUHDVH� ZKHQ� k � LQFUHDVHV�� 8OWLPDWHO\�� WKH� VHTXHQFH� �� �N NT f
 �

FRQYHUJHV�WR� minT ���

&ODLP����7KH�IROORZLQJ�SURSHUWLHV�RI�WKH�VHTXHQFH� �� �N NT f
 �KROG��

�D��)RU�DQ\� � �N C k ��� ��WKH�WHUP� N kCT � �LV�JLYHQ�E\��

� N kC N minT N kCT T
N kC N kC� � 
� �

��� �

��E�� $� GHFUHDVLQJ� WUHQG�� IRU� DQ\� IL[HG� C ��� � DQG� IRU� DQ\� �̂� �� � �̀j C� } � �� WKH�

VHTXHQFH� �� �j kC kT �  
f �LV�VWULFWO\�GHFUHDVLQJ���

�F��&RQYHUJHQFH��IRU�DQ\�IL[HG�C ��� LW�KROGV�WKDW� OLP minNN
T T

of
 ��

3URRI��,Q�WKH�$SSHQGL[��

���'LVFXVVLRQ�DQG�FRQFOXVLRQV�

:H� GHYHORS� D� IRUPXOD� IRU� WKH� RSWLPDO� VL]H� RI� D� 526&$�� XVLQJ� DV� RXU� PHDVXUH� RI�

HIILFLHQF\�WKH�H[SHFWHG�ZDLWLQJ�WLPH�WKDW�LW�WDNHV�WR�REWDLQ�WKH�IXQGV�QHHGHG�WR�DFTXLUH�D�

GHVLUDEOH� JRRG�� :H� ILQG� WKDW� PD[LPDO� HIILFLHQF\� LV� UHDFKHG� IRU� D� 526&$� RI� VL]H�C��

ZKHUH�C�LV�WKH�QXPEHU�RI�WLPH�SHULRGV�WKDW�LW�WDNHV�DQ�LQGLYLGXDO�WR�VDYH�RQ�KLV�RZQ��:H�

DOVR�ILQG�WKDW�WKH�VDPH�OHYHO�RI�PD[LPDO�HIILFLHQF\�LV�DFKLHYHG�E\�526&$V�RI�VL]HV�WKDW�

DUH�PXOWLSOHV�RI�C��,Q�DGGLWLRQ��ZH�ILQG�WKDW�WKH�UHODWLRQVKLS�EHWZHHQ�WKH�HIILFLHQF\�RI�D�

526&$� DQG� LWV� VL]H� LV� QRW� PRQRWRQLF�� $OWKRXJK� D� FKDQJH� IURP� ORQH� VDYLQJ� WR� MRLQW�
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VDYLQJ�E\�WZR�LQGLYLGXDOV�DOZD\V�LQFUHDVHV�HIILFLHQF\��WKH�VDPH�GRHV�QRW�DSSO\�WR�RWKHU�

LQFUHPHQWDO� LQFUHDVHV�� ZKHQ� WKH� VL]H� RI� DQ� H[LVWLQJ� 526&$� LQFUHDVHV� E\� RQH�� WKH�

H[SHFWHG�ZDLWLQJ�WLPH�PD\�DFWXDOO\�EHFRPH�ORQJHU��1RQHWKHOHVV��DQ�LQGHILQLWH�LQFUHDVH�RI�

WKH�VL]H�RI�D�526&$�UHVXOWV�LQ�HIILFLHQF\�FRQYHUJLQJ�WR�WKH�PD[LPDO�HIILFLHQF\��%HFDXVH��

DV� ZH� KDYH� VKRZQ�� PD[LPDO� HIILFLHQF\� LV� REWDLQHG� IRU� VL]H�C�� WKLV� LQGHILQLWH� LQFUHDVH�

FRQIHUV�QR�JDLQ��,Q�DGGLWLRQ��LQ�WKH�FORVH�QHLJKERUKRRG�RI�DQ\� �kC �������k  ��HIILFLHQF\�

LV�ORZHU�WKDQ�DW� �kC �2XU�UHVXOWV�UHIXWH�WKH�SUHVXPSWLRQ�WKDW�ZKHQ�PDQDJHPHQW�LVVXHV�DQG�

PRUDO�KD]DUG�FRQVLGHUDWLRQV�DUH�FRQWUROOHG�IRU��D�ODUJH�526&$�LV�QDWXUDOO\�PRUH�HIILFLHQW�

WKDQ�D�VPDOO�526&$���

&RQVLGHU�WKH�PLUURU�LPDJH�RI�WKH�WKHPH�H[DPLQHG�DERYH��:KLOH�WKH�FRVW�RI�WKH�WLQ�

URRI�LV�IL[HG�DW�C ��WKH�QXPEHU�RI�LQGLYLGXDOV�ZKR�ZLOO�ZDQW�WR�SDUWLFLSDWH�LQ�D�526&$��

N �� LV� DOVR� IL[HG�� +RZ�PDQ\� 526&$V� WR� IRUP�� DQG� KRZ� WR� GLVWULEXWH� WKH� LQGLYLGXDOV�

EHWZHHQ� WKHP"�7R� JDLQ� DQ� HDV\� KDQGOH� RQ� WKLV� TXHVWLRQ�� LPDJLQH� WKDW� �C  �� DQG� WKDW�

WKHUH�DUH� �N  �LQGLYLGXDOV�ZKR�VHHN�WR�H[SHGLWH�JHWWLQJ�D�WLQ�URRI��WR�ZKLFK�HQG�WKH\�DUH�

LQFOLQHG� WR� UHVRUW� WR� ³D� 526&$� VROXWLRQ�´� %HFDXVH� �� LV� QRW� D� PXOWLSOH� RI� ��� ZKDW�

FRQILJXUDWLRQ�ZLOO� \LHOG� WKH� RYHUDOO� PLQLPDO� H[SHFWHG�ZDLWLQJ� WLPH"� )RU� H[DPSOH�� RQH�

526&$�RI�VL[�LQGLYLGXDOV"�7ZR�526&$V�RI�WKUHH�LQGLYLGXDOV�HDFK"�7KUHH�526&$V�RI�

WZR� LQGLYLGXDOV� HDFK"� 2QH� 526&$� RI� IRXU� LQGLYLGXDOV� DQG� RQH� 526&$� RI� WZR�

LQGLYLGXDOV"� ,QWXLWLYHO\�� WKH� ODVW�DQG� WKH� ILUVW�SRVVLELOLWLHV�DSSHDU�SDUWLFXODUO\�DSSHDOLQJ��

6R��ZH� UXQ�D�TXLFN�FKHFN��)URP�&ODLP���ZH�NQRZ� WKDW� WKH�H[SHFWHG�ZDLWLQJ� WLPH� LQ�D�

526&$�RI���LQGLYLGXDOV�LV� ��
�
��DQG�IURP�5HPDUN���ZH�NQRZ�WKDW�WKH�H[SHFWHG�ZDLWLQJ�

WLPH�LQ�D�526&$�RI���LQGLYLGXDOV�LV����7KXV��WKH�ZHLJKWHG�DYHUDJH�H[SHFWHG�ZDLWLQJ�WLPH�

LQ�D�VSOLW�RI�WKH�QXPEHUV�RI�LQGLYLGXDOV�LQWR�IRXU�DQG�WZR�LV� � � � ��
� � � �
� � �  ��,Q�D�526&$�

RI�VL[�SDUWLFLSDQWV��WKH�H[SHFWHG�ZDLWLQJ�WLPH�LV� � � � � �� �� � � �
� � � � � �
� � � � � � �   �ZHHNV��

ZKLFK� LV� WKH� VDPH�DV� LQ� WKH�FDVH�RI� WKH� IRXU� DQG� WZR�VSOLW�� �7KH�H[SHFWHG�ZDLWLQJ� WLPH�

ZKHQ�WKH�VSOLW�LV�WKUHH�DQG�WKUHH�LV���ZHHNV��DQG�WKH�H[SHFWHG�ZDLWLQJ�WLPH�ZKHQ�WKH�VSOLW�

LV�WZR��WZR�DQG�WZR�LV���ZHHNV���7KH�RXWFRPH�RI�D�IRUPDO�DQDO\VLV��DYDLODEOH�RQ�UHTXHVW��

LV� WKDW� WKH� ZD\� WR� JR� LV� DV� IROORZV�� ZKHQ� WKH� QXPEHU� RI� WKH� ZRXOG�EH� SDUWLFLSDQWV� LV�



� ��

ELJJHU�WKDQ�D�PXOWLSOH�RI�C��QDPHO\�ZKHQ� N kC l � �� �������k  �DQG� l ��� �� l C� ��WKHQ�

LQ�WHUPV�RI�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH�WKH�IROORZLQJ�GLVWULEXWLRQV�\LHOG�WKH�VDPH�

UHVXOW���L��D�³JUDQG´�526&$�RI�N�LQGLYLGXDOV���LL� k�526&$V�RI�C�LQGLYLGXDOV�HDFK��DORQJ�

ZLWK�RQH�526&$�RI�WKH�UHVLGXDO�QXPEHU�l���LLL��DQ\�QXPEHUV�RI�526&$V�ZKHUH�HDFK�LV�

RI� WKH� VDPH� PXOWLSOH� RI� C RU� RI� GLIIHUHQW� PXOWLSOHV� RI� C�� DQG� RQH� 526&$� LV� RI� l�

LQGLYLGXDOV��

� 7KHUH� LV� DQRWKHU�ZD\�RI� H[SUHVVLQJ� WKH�JDLQ� IURP�KDYLQJ�D�526&$�RI� WKH� VL]H�

WKDW�GHOLYHUV�WKH�PLQLPDO�H[SHFWHG�ZDLWLQJ�WLPH��7KLV�LV�WR�FDOFXODWH�D�UDWLR�DV�IROORZV��,Q�

WKH�QXPHUDWRU�ZH�ZULWH�WKH�GLIIHUHQFH�EHWZHHQ�WKH�WRWDO�ZDLWLQJ�WLPH�LQ�ZHHNV�WKDW�LW�ZLOO�

WDNH�DOO�WKH�SDUWLFLSDQWV�WR�DPDVV�WKH�IXQGV�QHHGHG�ZKHQ�HDFK�RI�WKHP�VDYHV�DORQH��PLQXV�

WKH�WRWDO�QXPEHU�RI�ZHHNV�RI�ZDLWLQJ�ZKHQ�WKH\�VDYH�YLD�SDUWLFLSDWLRQ�LQ�D�526&$�RI�DQ�

RSWLPDO�VL]H��$QG�LQ�WKH�GHQRPLQDWRU�ZH�ZULWH�WKH�VXP�WRWDO�RI�WKH�ZDLWLQJ�WLPH�LQ�ZHHNV�

WKDW� LW� ZLOO� WDNH� WKH� SDUWLFLSDQWV� WR� DPDVV� WKH� IXQGV� QHHGHG� ZKHQ� HDFK� RI� WKHP� VDYHV�

DORQH��7KLV�UDWLR��D�PHDVXUH�RI�WKH�WLPH�VDYHG��LV� �
�

C
C
� ��QDPHO\�DERXW�D�KDOI��6R�ZH�FDQ�

VD\�WKDW�WKH�JDLQ�IURP�SDUWLFLSDWLRQ�LQ�D�526&$�RI�DQ�RSWLPDO�VL]H�DV�RSSRVHG�WR�VDYLQJ�

DORQH�LV�WR�VKRUWHQ�WKH�DJJUHJDWH�VDYLQJ�WLPH�E\�DERXW�KDOI��

� $�OLPLWDWLRQ�RI�RXU�DQDO\VLV�DULVHV�IURP�WKH�VLPSOLI\LQJ�DVVXPSWLRQ�WKDW�WKH�UDWH�RI�

VDYLQJ�LV�FRQVWDQW�DW���SHVR�SHU�ZHHN��7KLV�DVVXPSWLRQ�LPSOLHV�WKDW�WKH�FRVW�RI�WKH�GHVLUHG�

JRRG��C��LV�DOZD\V�GLYLVLEOH�E\�WKH�VDYLQJ�UDWH��6XSSRVH�WKDW�ZH�JHQHUDOL]H�WKH�VDYLQJ�UDWH�

WR�DQ\�QXPEHU� s ��� �� s C� �� ,W� LV�HDV\� WR�VHH� WKDW� WKHQ�&ODLP���KROGV� MXVW�DV�ZHOO� IRU�

FDVHV�LQ�ZKLFK�C�LV�GLYLVLEOH�E\�s��$Q�DQDO\VLV�RI�WKH�FDVH�LQ�ZKLFK�C�LV�QRW�D�PXOWLSOH�RI�

s�LV�WR�EH�XQGHUWDNHQ�LQ�IXWXUH�UHVHDUFK��

5HODWHG� WR� WKLV�� WKH� GHYHORSPHQW� DQG� DQDO\VLV� RI� D� ³ULFKHU� IUDPHZRUN´� VXFK� DV�

IOH[LEOH� VDYLQJV� ZKHUH� SDUWLFLSDQWV� FDQ� DGDSW� WKHLU� VDYLQJV� WR� DGMXVW� WR� WKH� QXPEHU� RI�

SDUWLFLSDQWV��JLYHQ� WKHLU�REMHFWLYH�C�ZLOO� UHTXLUH�D�GHGLFDWHG� WUHDWPHQW� WKDW�GLIIHUV� IURP�

WKH�RQH�SURYLGHG� LQ� WKLV�SDSHU�� DQG�ZLOO� EH� WKH� VXEMHFW�RI� D� VHSDUDWH� LQTXLU\�� ,W�ZLOO� EH�

SDUWLFXODUO\� LQWHUHVWLQJ� WR� ILQG� RXW� ZKHWKHU� WKH� SRVVLELOLW\� RI� SDUWLFLSDQWV� DGMXVWLQJ� WKH�
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OHYHO� RI� WKHLU� VDYLQJV� WR� WKH� QXPEHU� RI� SDUWLFLSDQWV� LQWHUIHUHV� ZLWK� WKH� RSWLPDOLW\� DQG�

HIILFLHQF\�HVWDEOLVKHG�LQ�RXU�SDSHU�����

$� W\SLFDO�ZD\� LQ�ZKLFK� D� 526&$� RSHUDWHV� LV� WR�PDNH� OXPS� VXP� GLVWULEXWLRQV�

IURP�WKH�³SRW´�DW�HDFK�PHHWLQJ�LQ�ZKLFK�WKH�DFFXPXODWHG�IXQGV�FDQ�FRYHU�WKH�SXUFKDVH�RI�

DQ�LQGLYLVLEOH�JRRG��7KH�IDFW�WKDW�GLIIHUHQW�SHRSOH�FDQ�KDYH�GLIIHUHQW�QHHGV�DQG�ZLOO�ZDQW�

WR�SXUFKDVH�GLIIHUHQW�JRRGV�GRHV�QRW�LQWHUIHUH�PXFK�ZLWK�RXU�FRUH�DQDO\VLV��%\�DQG�ODUJH��

526&$V� DUH� FUHDWHG� DQG� PDQDJHG� HQGRJHQRXVO\�� 7KHUHIRUH�� LW� LV� UDWKHU� XQOLNHO\� WKDW�

SHRSOH�ZLWK�YDVWO\�GLIIHUHQW�QHHGV�DQG� LQWHUHVWV�ZLOO�EDQG�WRJHWKHU� LQ�D�JLYHQ 526&$��
0RUHRYHU�� VXSSRVH� WKDW�D�SHUVRQ�ZDQWV� WR�SXUFKDVH�D�JRRG� WKDW�FRVWV�PRUH� WKDQ�&��VD\�

�&�� 7R� WKLV� HQG�� KH� FDQ� MRLQ� WZR� 526&$V�� RU� ZLWKLQ� D� VLQJOH� 526&$� VDYH� IRU� WZR�

F\FOHV�� 7KH� IRUPHU� RSWLRQ� UHTXLUHV� VDYLQJ� DW� D� KLJKHU� UDWH�� EHFDXVH� KH� ZLOO� KDYH� WR�

FRQWULEXWH� WR� WZR�³SRWV´�VLPXOWDQHRXVO\�� �)RU�H[DPSOH��$FTXDK�DQG�'DKDO�������UHSRUW�

WKDW�LQ�,QGRQHVLD������RI�526&$�PHPEHUV�SDUWLFLSDWH�VLPXOWDQHRXVO\�LQ�PRUH�WKDQ�RQH�

526&$���,Q�VXFK�D�FDVH��DV�WKLV�SHUVRQ�ZLOO�ZDQW�WR�JHW�WKH�³SRW´�DV�HDUO\�DV�SRVVLEOH�LQ�

ERWK� 526&$V�� RXU� DQDO\VLV� DSSOLHV�� ,I� WKLV� SHUVRQ� FDQQRW� DIIRUG� WR� SDUWLFLSDWH�

VLPXOWDQHRXVO\�LQ�WZR�526&$V��WKHQ�LQ�RUGHU�WR�EH�DEOH�WR�REWDLQ�WKH�UHTXLUHG�DPRXQW�KH�

ZLOO� QHHG� WR�ZDLW� IRU� WKH� VHFRQG� F\FOH� RI� KLV� VLQJOH� 526&$�� ,QGHHG�� DQG� DV�ZH� KDYH�

DOUHDG\� QRWHG� �UHFDOO� IRRWQRWH� ���� LW� LV� RIWHQ� WKH� FDVH� WKDW� D� 526&$� LV� HQWHUHG� LQWR�

PXOWLSOH�WLPHV��7KHQ��GXULQJ�WKH�FRXUVH�RI�WKH�ILUVW�F\FOH��LW�ZLOO�QRW�PDWWHU�WR�WKDW�SHUVRQ�

ZKHQ� KH� ZRXOG� JHW� WKH� ³SRW�´� ZKHUHDV� KH� ZLOO� FDUH� DERXW� WKH� H[SHFWHG� ZDLWLQJ� WLPH�

GXULQJ�WKH�FRXUVH�RI�WKH�VHFRQG�F\FOH��7KHQ��WKH�UHDVRQLQJ�WKDW�ZH�SUHVHQWHG�HDUOLHU�RQ�LQ�

RXU�SDSHU�ZLOO�VWLOO�DSSO\����

�������������������������������������������������
���$�SUHOLPLQDU\� DQDO\VLV�� DYDLODEOH�RQ� UHTXHVW�� LQGLFDWHV� WKDW� RXU� ILQGLQJV� DUH� UREXVW� LQ� WKDW� WKH\�GR�QRW�
FKDQJH�PXFK�ZKHQ�ZH� DVVXPH� DOWHUQDWLYHO\� WKDW� WKH�PHPEHUV� RI� D�526&$� FKRRVH� WKHLU� UDWH� RI� VDYLQJ�
HQGRJHQRXVO\���
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$SSHQGL[��3URRIV�RI�&ODLPV�������DQG���

)RU�HDVH�RI�UHIHUHQFH��WKH�FODLPV�DUH�UHSOLFDWHG�KHUH��

&ODLP����&DVH��L���:H�DVVXPH�WKDW�N �LV�D�PXOWLSOH�RI�C ��7KHQ� �
�N min

CT T �
  ���

&DVH��LL���:H�DVVXPH�WKDW�N �LV�QRW�D�PXOWLSOH�RI�C ��7KHQ� �
�N min

CT T �
!  ��

� $V�SUHOLPLQDULHV�WR�SURYLQJ�WKH�FODLP��ZH�LQWURGXFH�D�QRWDWLRQ��DQG�ZH�VWDWH�DQG�

SURYH�D�/HPPD��

1RWDWLRQ�� )RU� x�� �� > @x � GHQRWHV� WKH� ODUJHVW� LQWHJHU� WKDW� LV� QRW� ELJJHU� WKDQ� x �� ,Q�

SDUWLFXODU�� IRU� HYHU\� x�� �� > @x xd �� DQG� LI� x � LV� QRW� DQ� LQWHJHU�� WKHQ� WKLV� LQHTXDOLW\� LV�

VWULFW���

/HPPD��/HW� ja �GHQRWH�WKH�QXPEHU�RI�WKH�526&$�SDUWLFLSDQWV�ZKR�UHFHLYH�IXQGV�H[DFWO\�

DW�WKH�HQG�RI�WKH j �WK�ZHHN�� �̂� �� � `j C� } ��7KHQ��

� � ��
ja jN j N

C C
�ª º ª º �« » « »¬ ¼ ¬ ¼

���

3URRI�RI� WKH�/HPPD��2YHU�D� WLPH�SHULRG�RI� j �ZHHNV�� WKH�526&$�SDUWLFLSDQWV� MRLQWO\�

SXW� LQWR� WKH� FRPPRQ� ³SRW´� jN � SHVRV�� (DFK� WLPH� WKDW� WKH\� FDQ� LVVXH� C � SHVRV� WR� D�

SDUWLFLSDQW��WKH\�GR�VR��7KXV��WKH�QXPEHU�RI�WLPHV�IXQGV�FDQ�EH�GLVWULEXWHG�XS�WR�WKH�HQG�

RI� WKH� j �WK�ZHHN� LV� HTXDO� WR� WKH� ODUJHVW� LQWHJHU� WKDW� LV�QRW�ELJJHU� WKDQ� jN
C

�� QDPHO\� WR�

jN
C

ª º
« »¬ ¼

�� %\� DQDORJRXV� UHDVRQLQJ�� WKH� QXPEHU� RI� IXQGV� GLVWULEXWHG� XS� WR� WKH� HQG� RI� WKH�

� ��j � �WK�ZHHN�LV�HTXDO�WR� � ��j N
C
�ª º

« »¬ ¼
��7KHUHIRUH��WKH�QXPEHU�RI�SDUWLFLSDQWV�ZKR�UHFHLYH�

IXQGV� H[DFWO\� DW� WKH� HQG� RI� WKH j �WK�ZHHN� LV� WKH� GLIIHUHQFH� EHWZHHQ� WKH� SUHFHGLQJ� WZR�

QXPEHUV��QDPHO\�LW�LV�

� � �� �ja jN j N
C C

�ª º ª º �« » « »¬ ¼ ¬ ¼
��
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3URRI�RI�&ODLP����:H�FDOFXODWH�WKH�H[SHFWHG�ZDLWLQJ�WLPH� NT �GUDZLQJ�RQ�WKH�GHILQLWLRQ�

RI�WKH�H[SHFWHG�YDOXH��)URP�WKH�/HPPD��LW�IROORZV�WKDW�

�

� � ��

� ��

� �� � �� � ��� ��

� � � ��

����

����

C

N
j

jN j Nj
N C C

N N N
N C C C

C N C N CN C NC C
C C C C

N N C N

T

N C C

 

§ � ·ª º ª º � �¨ ¸« » « »¬ ¼ ¬ ¼© ¹

 § ·ª º ª º ª º� � � �}® ¨ ¸« » « » « »¬ ¼ ¬ ¼ ¬ ¼© ¹¯
½§ � � · § � ·ª º ª º ª º ª º� � � � � � � ¾¨ ¸ ¨ ¸« » « » « » « »¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼© ¹ © ¹¿

�ª º ª º � � � �}�« » « »¬ ¼ ¬ ¼

 �

¦

�

� �

C

j

jN
C

CN C
C N

�

 

ª º
« »¬ ¼ ½ª º �  �® ¾« »¬ ¼¯ ¿

¦

�

� :H�FRQVLGHU�WZR�FDVHV��

&DVH� �L��� N � LV� D� PXOWLSOH� RI� C �� 7KHQ� N
C
� LV� DQ� LQWHJHU� DQG�� WKXV�� IRU� HDFK�
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&DVH� �LL��� N � LV� QRW� D�PXOWLSOH�RI� C ��7KHQ�� N
C
� LV� QRW� DQ� LQWHJHU� DQG�� WKXV�� N N
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&ODLP���� � )RU� DQ\� �N ��� � WKDW� LV� D�PXOWLSOH� RI�C�� DQG� IRU� DQ\� �N ��� � WKDW� LV� QRW� D�

PXOWLSOH� RI�C�� LW� KROGV� WKDW�
� �

� � � �N NP k P kW Wd t d ��ZKHUH� �̂� � `k C� � �� )RU� D� k � VXFK�

WKDW� �kN �LV�QRW�D�PXOWLSOH�RI�C��WKH�LQHTXDOLW\�LV�VWULFW���

3URRI��,Q�SURYLQJ�WKLV�FODLP��ZH�PDNH�XVH�RI�WKH�OHPPD�WKDW�IHDWXUHG�LQ�WKH�SUHOLPLQDU\�

VWDJH�RI�WKH�SURRI�RI�&ODLP����)RU�DQ\�N ��� ��LW�KROGV�WKDW�
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&OHDUO\��LI� �N �LV�D�PXOWLSOH�RI�C��WKHQ�ZH�JHW�WKDW�
�

� �N C
P kkW d  ��,I� �N �LV�QRW�D�PXOWLSOH�

RI�C��WKHQ��

�
� �

� �

� �

� �� � �� N NP kN kN kk k
N

P
C N C C
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����

7KH�LQHTXDOLW\�LQ�WKH�SUHFHGLQJ�GLVSOD\HG�H[SUHVVLRQ�IROORZV�IURP�DQ�DWWULEXWH�RI�WKH� > @� �

IXQFWLRQ�� )RU� k � VXFK� WKDW� �kN � LV� QRW� D�PXOWLSOH� RI�C�� WKLV� LQHTXDOLW\� LV� VWULFW� �DV�� IRU�

H[DPSOH��ZKHQ� �k  ����

4�(�'��
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&ODLP����7KH�IROORZLQJ�SURSHUWLHV�RI�WKH�VHTXHQFH� �� �N NT f
 �KROG��
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