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Abstract

We study optimal taxation in a model with endogenous financial frictions, risky in-
vestment and occupational choice, where the distribution of wealth across entrepreneurs
affects how efficiently capital is used. The planner chooses linear taxes on wealth, cap-
ital and labor income to maximize the steady state utility of a newborn agent. Most
agents in the model are poor, leading to a redistributive motive for taxation. Optimal
tax rates can be written as a closed-form function of the size of the tax bases and their
elasticities with respect to tax rates. We find that it is optimal to tax capital income
because financial frictions reduce the elasticity of capital income with respect to taxes
and because capital income taxes prevent excessive entry into entrepreneurship. Opti-
mal wealth taxes are positive but close to zero, since they strongly discourage capital

accumulation.
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1 Introduction

This paper studies the optimal taxation of capital income and wealth in a model where
taxation affects how efficiently capital is allocated in the economy. The vast literature on
optimal capital taxation in general equilibrium typically analyzes models in which all capital
is the same and the main cost of capital taxation is its negative effect on aggregate saving.
However, critics of capital taxation have long expressed concerns that it has harmful effects
not only on the total level of investment, but also on its allocation.! Additionally, it is often
argued that taxation may affect incentives for entrepreneurs to take risks, implying that
taxation may affect the allocation of capital between more and less risky uses.”

We analyze optimal linear taxation in a model which incorporates these issues. In
the model, there are overlapping generations of two types of households: workers and en-
trepreneurs. Newborn households decide whether to become workers or entrepreneurs, and
retain the same job for their entire life. Entrepreneurs, who differ in ability, choose how much
capital to allocate to a risky technology and to a risk-free technology. Furthermore, they lend
to one another through frictional financial markets, where this friction arises endogenously
as a result of entrepreneurs’ private information about their idiosyncratic shocks. The effect
of the financial friction is that entrepreneurs are limited in their ability to borrow and are
unable to fully diversify idiosyncratic risks. This discourages them from allocating capital
to the risky technology, which consequently has a higher expected return in equilibrium.

A utilitarian planner sets linear tax rates on capital income, wealth and labor income
in order to maximize the lifetime utility of a newborn household in the long-run. Since
entrepreneurial risks lead to significant inequality, the utilitarian planner has an incentive
to redistribute between agents, but this entails efficiency costs. Namely, taxes on capital
income and wealth affect how efficiently capital is allocated in the economy by affecting (i)
how entrepreneurs allocate their capital between the risky and risk-free technologies, (i)
how capital is allocated across entrepreneurs of different ability levels, and (i) the fraction
of agents who choose to become entrepreneurs, which further affects the allocation of capital.

Our model is highly tractable and allows us to study many of these effects analytically,
without imposing specific functional forms on the production technology or entrepreneurial
ability distribution. Optimal tax rates in the model can be written as a closed form function
of the size of the tax base for the various taxes, the degree to which each tax is borne by
workers and entrepreneurs, and the partial equilibrium elasticities of the tax bases with
respect to each tax, in the spirit of the literature on the “sufficient statistics” approach to

optimal taxation (e.g. Piketty and Saez, 2013).

IFor instance, Hayek (1960, chap. 20) argues that the taxation of profits hinders the accumulation of
wealth by entrepreneurs who manage “successful new ventures”, preventing them from investing further.
2See Cullen and Gordon (2007) and Devereux (2009) and the citations therein.



We characterize analytically the partial equilibrium elasticities that enter into the optimal
tax formula. This allows us to study the forces that influence them, and, consequently,
optimal tax rates. These partial equilibrium elasticities hold prices constant, but incorporate
and greatly depend upon the long run endogenous response of the wealth distribution to tax
rates. Capital income taxes are not equivalent to wealth taxes in our setting, unlike in
traditional models, because the risky and risk-free technologies differ in their average return
to capital. Therefore, capital income taxes fall relatively more on the high-return risky
technology, while wealth taxes affect all capital equally. We find that capital income taxes
have a relatively stronger tendency to inefficiently shift capital away from the high-return
risky technology. This is because, first, capital income taxes reduce the post-tax excess return
to the risky technology relative to the risk free technology, and so encourage entrepreneurs to
shift capital towards the risk-free technology. Second, they fall most heavily on high ability
entrepreneurs who earn a high rate of return to their wealth overall. As such, they tend to
reduce the share of wealth of high ability entrepreneurs, which also shifts the allocation of
productive capital away from these entrepreneurs due to financial frictions, as in Guvenen
et al. (2019). Third, capital income taxes discourage entrepreneurial entry more than wealth
taxes do, since workers only earn the lower risk-free return to their savings and so are less
affected by capital income taxes. By decreasing the number of entrepreneurs, capital income
taxes also shift capital away from the risky technology.

Our optimal tax formula reveals two main motivations for taxing capital income and
wealth. First, a redistributive motive: much of capital income and wealth is earned by rich
entrepreneurs with a low marginal utility of consumption, whereas labor income is earned
by poorer agents. Second, low or negative capital income or wealth taxes increase entry into
entrepreneurship, which reduces tax revenue if most taxes fall on workers. Thus, government
revenue is increased by reducing entry into entrepreneurship, and capital income and wealth
taxes are a valuable tool to achieve this. Importantly, in our model the long run elasticities
of all tax bases with respect to taxes are generically finite. Thus, the model is not subject
to the zero-optimal-tax results of Chamley (1986) and Judd (1985) which were derived in
models with infinite long run elasticities (see Straub and Werning, 2020).

We calibrate the model to match values of tax bases, rates of return and features of
financial contracts in the data. The calibrated model generates top wealth inequality similar
to the data, as well as a large (7%) gap between risky and risk-free rates of return. In
our baseline calibration, we find that it is optimal to tax capital income and wealth at low
positive rates, with most taxes falling on labor income. The optimal capital income tax is
3.7%, the optimal wealth tax is 0.2% and the optimal labor income tax is 28%. Nevertheless,
we find that the welfare gains from shifting from the current US tax policy to these optimal

tax rates are small, a mere 0.2% of consumption equivalent variation in the steady state.



We analyze how optimal taxes and the elasticities underlying them depend on financial
frictions by studying versions of the model with looser financial frictions as well as with
exogenous financial frictions. Looser financial frictions tend to reduce optimal capital income
taxes, while raising optimal wealth taxes. This is because looser financial frictions increase
the tendency to which capital income represents a return to saving rather than economic
profits, making it more elastic in response to taxation. Optimal taxes on capital income are
higher when the endogenous financial friction in the model is replaced by a simple exogenous
one. This is because, under the exogenous financial friction, the fraction of capital in the

risky technology is less elastic with respect to the capital income tax rate.

Related literature.  This paper studies optimal taxation in an environment in which
output depends on the allocation of capital across heterogeneous entrepreneurs, which is
affected by taxation. In that sense, our paper builds upon the related work of Evans (2015),
Shourideh (2014), Itskhoki and Moll (2019), Guvenen et al. (2019), Boar and Midrigan
(2020), Basseto and Cui (2020). We differ from these papers, first, by characterizing optimal
taxes on capital income and wealth as closed form functions of “sufficient statistics”, which
not only enables us to carefully inspect the equity-efficiency tradeoff theoretically but also
to provide a bridge between theory and empirics; second, by micro-founding the financial
friction (thus allowing for changes in taxes to lead to changes in the tightness of financial
frictions), and/or, third, allowing for individuals to endogenously choose whether to be an
entrepreneur or worker. Within this literature, our paper is closest to Guvenen et al. (2019),
who also focus on the different effects of capital income and wealth taxation on the allocation
of capital through similar channels. Unlike us, they focus on numerical results and assume
an exogenous financial friction. Differently from Guvenen et al. (2019), we find the optimal
wealth tax is close to zero, whereas their result shows much higher optimal wealth taxes.
This is because we allow for endogenous entry into entrepreneurship, which creates additional
incentives to tax capital income rather than wealth.

Our paper is also related to the work that studies the effects of changing taxes numerically
in models with entrepreneurs with heterogeneous productivity levels. Examples are Cagetti
and De Nardi (2009), Kitao (2008), Rotberg and Steinberg (2019) who study the effect
of changing estate, capital income and wealth taxes in related settings. We differ from
this literature in several ways. First, our model is analytically tractable and we focus on
analytical rather than numerical results, with the aim of making the intuition behind the key
mechanisms as transparent as possible and exploring the effects of a wider range of tax policy
changes. Second, our financial friction arises endogenously as a consequence of asymmetric
information between entrepreneurs and financial intermediaries and, as such, our results
highlight that the degree to which financial markets are frictional may itself be affected by

changes in taxes and that this is of importance when considering optimal taxation.



Our paper also relates to Panousi and Reis (2014), Panousi and Reis (2019) and Phelan
(2019), who study optimal taxation in the presence of idiosyncratic investment risk. In these
papers, unlike our setting, entrepreneurs do not differ in their expected productivity levels
and there is only one production technology, so the allocation of capital does not itself affect
aggregate output. Furthermore, the endogenous effects of tax changes on financial frictions
in our setting substantially mitigates the role that capital income taxation can play to insure
against investment risk in Panousi and Reis (2014) and Panousi and Reis (2019).

Lastly, our paper contributes to the wider literature on optimal capital taxation, which
generally focuses on the effect of capital taxation on aggregate capital accumulation, as in
the work of Chamley (1986), Judd (1985), Straub and Werning (2020), Benhabib and Sz&ke
(2019), Chen et al. (2019), among others.® Related to our paper, Abo-Zaid (2014), Bil-
janovska (2019) and Biljanovska and Vardoulakis (2019) have explored how the results in
this line of work are affected in settings with reduced-form financial frictions while main-
taining the assumptions of Chamely and Judd that capital is homogeneous and there is no
idiosyncratic risk.

The rest of the paper is organized as follows. Section 2 outlines the assumptions of the
model. Section 3 derives properties of the model equilibrium and steady state and shows how
the steady state is affected by tax rates. Section 4 derives formulae for the optimal tax rates

and shows the values of optimal taxes in the numerical calibration. Section 5 concludes.

2 Model

In this section we describe our model economy and define an equilibrium. As we discuss in
Section 4.3, our main result for optimal tax formulae does not depend on many of the details

of the model, but we find it instructive to provide these details here for context.

Environment  We consider a discrete time, infinite-horizon economy populated by a unit
mass of households and a continuum of competitive banks. Households are born identical and
with no wealth. At birth each household chooses whether to be an entrepreneur or a worker
and retains this occupation for their entire life. Entrepreneurs manage firms and workers
supply labor. Entrepreneurs use capital to produce intermediate goods. In particular, each
entrepreneur is the owner of two different investment projects: a risky project which produces
‘risky’ intermediate goods denoted by yg, and a risk-free project, which produces ‘risk-

free’ intermediate goods denoted by yz.* Entrepreneurs use labor in combination with

3See Chari and Kehoe (1999) for a survey.

4The device of having two separate types of intermediate goods is a simple way to incorporate misallo-
cation of capital into the model and to allow entrepreneurs to choose between allocating capital in a risky
way or risk-free way. Alternatively, the risk free project can be interpreted as capital rented to a risk-free
corporate sector which produces a different intermediate good to entrepreneurs.



intermediate goods, which they can trade among themselves, to produce a final good. The

government levies taxes on households and funds exogenous government spending G.

Timing  Each period ¢ is divided into three sub-periods: morning, afternoon and evening.
In the morning, entrepreneurs buy and sell capital amongst themselves and each entrepreneur
freely divides her capital between her risky and her risk-free investment projects. In the
afternoon, each entrepreneur draws an idiosyncratic shock, which affects the quantity of
capital in her risky project, and her two projects produce intermediate goods. Entrepreneurs
sell the intermediate goods they produce amongst themselves. In the evening, entrepreneurs
use intermediate goods and labor to produce the final good, which is sold to households.
Households divide their resources between consumption and saving for the next period. At
the end of the period, a fraction v € (0,1) of households die and new households are born.

Newborn households choose an occupation. Capital depreciates at rate 6 € (0,1).

Technology of Entrepreneurs At the beginning of each period ¢, each entrepreneur
¢ is endowed with wealth ;. In the morning, newborn entrepreneurs draw an ability level
0;+ € [0,1] from a continuous distribution with cdf Hy(-) and pdf he(-). At the start of
each period, each continuing entrepreneur has the same 6 as in the previous period with
probability 1 — Ay and draws a new 6 from the distribution Hy(-) with probability Ag.

After allocating capital between her risky and risk-free projects in the morning, the
entrepreneur draws a idiosyncratic shock &; € R in the afternoon from the continuous
distribution He(-) with pdf he(-). We assume that He has mean zero, standard deviation 1
and full support on R.” Therefore, an entrepreneur with type 6;, who allocates kg ;; to her
risky project in the morning and draws shock ¢, ; has /%E,t = q(0;+,&i+, kpit) units of capital
in her risky project in the afternoon, where q(6;,&;+, kgit) is increasing in kg, and & ;.
Each unit of capital l;:Ezt in the risky project produces one unit of risky intermediate goods.
Thus, the entrepreneur’s output of these goods yg.,, satisfies Elygis] = Elkpis] = kpis.
The risk-free project produces an output of yp;, = kp;, risk-free intermediate goods.

We assume the following functional form for ¢(6;,& s, kp.it)

kgt if kgt < kg

Q(Qi,n@,t, kEzt) = _ 2 .
kgt + (1 —¢) (GXP (\90/6% - ;;M) - 1) (kpit —kg) kg > kg

where € € (0,1), ¢ > 0 and kg > 0. This functional form implies that an entrepreneur can
put kg;+ < kg into her risky project without facing any risk at all. If kg,; > ky then the

entrepreneur’s risky project genuinely becomes risky. In this case the mean of l;:E” is equal

5These restrictions on the first two moments of H¢(-) and the upper bound on é are purely normalizations.



to kg, and the variance of /;:Elt is decreasing in 91-7,5.6 The lowest possible realization of
];:E,i,t is (1 — €)kp,it + €kp. Thus, the advantage of having higher 6,, is that it reduces the
risk that entrepreneurs face for a given amount of capital in the risky project.

Our assumption that entrepreneurial production is subject to idiosyncratic risks follows a
large literature.” Our specific assumption on the functional form of ¢(+) is not critical for our
derivation of the optimal tax formula, as we discuss in Section 4.3. However, it has a number
of convenient properties. First, it implies that optimal contracts for obtaining external funds
are identical to equity and debt contracts, which are the most common financial contracts in
the data. This helps with calibrating the agency frictions against the data. Second, it allows
us to study the effects of taxes on the allocation of capital and on entrepreneurial entry in

a relatively tractable way, while allowing for heterogeneous abilities across entrepreneurs.

Hiding Capital Entrepreneurs are able to hide capital kg, in their risky project after
observing their shock §;; and convert it directly into ¢kp,;, units of consumption, where
¢ € (0,1).% We will show that, when taxes are set optimally, entrepreneurs will not choose
to hide any units of capital. However, the ability of entrepreneurs to hide capital affects

allocations and optimal taxes by creating frictions in financial markets.

Technology of Final Good Production  Entrepreneurs trade risky intermediate goods
at price rg, per unit and risk-free intermediate goods at price 7z, per unit. These prices
are the expected return to risky projects and the market rate of return to capital in risk-free
projects, respectively. Each entrepreneur ¢ hires n;; workers at wage rate w; and uses yj‘f;’i’t
and y%i,t units of risky and risk-free intermediate goods to produce y; + final goods according
to the production function y;; = f (yﬁlEﬂ-’t, y%i?t, n;;), where f is concave and strictly increas-

ing in all arguments, exhibits constant returns to scale and satisfies the Inada conditions.

Preferences Each worker has a constant labor endowment equal to 1, supplied inelas-
tically. The consumption of an entrepreneur ¢ is denoted by c;, and that of a worker ¢ is
denoted by cfvt Households born in period ¢ maximize expected lifetime utility, given by
>y (1= p)’ (1 = 7)Yy, where u;,y; is agent i’s period utility in period t 4 j. For
a worker, u; .4, is equal to log(cﬁﬂ-). For an entrepreneur, w;;4; is equal to log(c; 1) + 2,
where z; € R is an individual-specific utility of being an entrepreneur, which can be viewed
as representing an individual’s taste for the non-pecuniary benefits (e.g. the pleasure of
‘being one’s own boss’) that Hurst and Pugsley (2011) find are an important motivation in

individuals choosing to become entrepreneurs.’

6The variance of I;Ezt — kj is inversely proportional to 6; ;. This is without loss of generality.

"For instance, Bernanke et al. (1999) and Panousi (2012).

8 As we subsequently discuss, the realization of ¢; ; is private information to the entrepreneurs.

9 Allowing some individuals to value the non-pecuinary benefits of entrepreneurship helps the model to
match the number of entrepreneurs in the data.



At birth, individuals draw their time-invariant value of z; from the continuous probability
distribution H,(-) with pdf h.(-). We impose the restriction that p? > Ay + p + 27, which
holds easily in our calibration and guarantees that, in a steady state, the allocation of capital

to risky projects is proportional to entrepreneurial ability, thus simplifying aggregation.

Occupational Choice Newborn households choose their occupation to maximize ex-
pected lifetime utility. They are identical except for their value of z;, so there exists a cutoff
z; such that individuals born at time ¢ with z; > 2 will choose to be entrepreneurs and

individuals with z; < 2z} will choose to be workers. The cutoff 2} satisfies

Z (1—p) t (1 —7) " log(ch,,) = E Z (1= p) " (1 =) (log(cizss) + 27) | »

7=1
where the expectation is with respect to the future realizations of 0;, and &; ;.

Government The government levies three different taxes: a labor income tax 7y, a
capital income tax Tx; and a wealth tax 7y, and has to finance exogenous expenditure
G, while balancing its budget every period. Taxes are paid in the evening and government

spending also takes place in the evening. The government’s budget constraint each period is

G = TNy + 1 (I — 0KG) + T KKy, (1)

where NV, is the total measure of workers, K; is the aggregate capital stock at the start of the

period and IT, —J K, is the total reported profits of entrepreneurs net of capital depreciation.'”

Financial Markets Entrepreneurs may fund capital purchases by writing one-period
state-contingent financial contracts with risk neutral and perfectly competitive banks, that
live for only one period. An entrepreneur who borrows some quantity b;; > 0 in the morning
returns quantity IA)M at the end of the period. It is convenient to write the entrepreneur’s
choices of b;; and 8i7t as policy functions of the relevant state variables. In general, an
entrepreneur’s choice of b;; will depend on her ability 6, ,, her start of period wealth a;, and
the aggregate state of the economy, which we label X;. Therefore, abusing notation slightly,
we write b;; = b(a,d, X) and IA)M = l;(a,, 0,¢,X).

A bank will only lend to entrepreneurs in the morning if the expected return on the loan

in the evening is equal to the market risk-free rate. This implies the following constraint

/ b(a,0,6,X) dH (€) > Risb(a,0,X),
£

10 As will be seen below, entrepreneurs have private information about the return they earn on their capital.
Since the government is not able to observe this private information , the government’s tax revenue depends
on entrepreneurs’ reported (rather than realized) profits.



where Rp, denotes the gross market risk-free rate of interest within the period. In equilib-
rium, this inequality will be satisfied with equality and banks make zero profits. Workers

can also borrow or lend to banks within the period at the risk free rate Rp;.

Annuities At the end of the period households may trade among themselves financial
annuities, which insure against the risk of death. A household may exchange a unit of the
final good at the end of the period for the promise of receiving ﬁ units of the final good
at the start of the next period as long as the household is still alive. Entrepreneurs place all

their capital in a common fund at the end of the period, exchanging it for annuities.'*

Budget Constraints The worker’s budget constraint is
cf\ft + (1 - ’y)afYHl = wy(l—7ny) + REtafYt,

where al, denote the worker’s start of period assets.'?

In the morning the budget constraint of the entrepreneur is
kgit+kpit = kip = @i + by

After receiving the &, shock, the entrepreneur chooses how many units of capital in the risky
project to hide, kg ; ;. In the evening, she chooses consumption ¢;; and annuities (1—7)a; ¢+1.
Capital hidden in the afternoon is transformed into cp;,; units of consumption. Finally, in
the evening the entrepreneur repays the bank l;i,t and pays her taxes to the government.

Consequently, in the evening the entrepreneur’s budget constraint is
Cit — it + (1 —7)ai1 + l;i,t = m:— T+ (1—9) <(l;Ezt — kpae) + kF,i,t) )

where 7;; is the entrepreneur’s period profits given by

d d
it = (PEYpit+TEYFit) + (yz‘,t —WiNit — TEtY it — TF,tyF,i,t)7
NS > N g
Vv
profit from intermediate goods profit fror;,ﬁnal good

HTf entrepreneurs were allowed to hold capital rather than placing in the common fund, they would prefer
the common fund, since this insures against the risk associated with the stochastic death.

12Note that workers do not pay capital income or wealth taxes. For analytical convenience, we assume
such taxes are levied on physical assets and entrepreneurial profits only, rather than on financial assets. This
is without loss of generality. If linear tax rates were also imposed on net financial positions and net financial
wealth, these taxes would simply lead to an adjustment of pre-tax interest rates, and leave the post-tax rate
of interest and allocations unaffected, as in the textbook discussion in Varian (2014), p. 307.



T}, is the entrepreneur’s period tax payments given by’
Tiv = TraTis — TR0k + Twikis,

and where ¢, Ygit, Yris satisfy

CHit = ¢k7H,z‘,t YEit = kE,z‘,t Yrit = kF,z‘,t-

Agency Friction An entrepreneur’s realization of ;;, the capital in the risky project
that she hides and the consumption she obtains from converting hidden capital are all pri-
vate information.'* Without loss of generality, we restrict attention to incentive compatible
contracts with banks where the entrepreneur honestly reports her §; ; and pays the promised

amount B(a, 0,¢, X). This gives rise to the following incentive compatibility constraint

kg kg 9b(a,0,¢,X)
1-— 1-— — > . 2
(1 =7k)re+(1-9)) 3 ¢ag pE (2)
marginal cost of:nder—reportmg & marginal benefit (?fr under-reporting &

Under-reporting £ by a small amount d{ entails the entrepreneur hiding < dkg d§ units of
capital, so she can produce a_gdf fewer units of intermediate goods from the rlsky technology
and loses the after-tax return from selling them. At the same time she transforms the hidden

units of capital into ngakE d¢ units of consumption and also repays less to the bank.”

Worker’s Optimization Problem The worker chooses consumption ¢ (a?V, X) and

annuities a’¥'(a”, X) that solve the following Bellman equation
V¥(a", X) = max log (") +(1—p) (1 =y) VY (', X'),

subject to the worker’s budget constraint.

Entrepreneur’s Optimization Problem As discussed above, the expected present

13Note that entrepreneurs do not pay any tax on the capital gain l;:Eﬂ;,t — kgt This is without loss of
generality for two reasons. First, capital gains are zero on average so the tax does not generate government
revenue. Second, a moderate tax on this capital gain has no effect on equilibrium allocations because
a consequence of our endogenous financial friction is that banks absorb all idiosyncratic risk beyond the
minimum required for incentive compatibility, which is unaffected by taxes.

In the extreme case ¢ = 0 there would be no informational friction, since the entrepreneur has no
incentive to hide capital.

15 As we discuss below, this agency friction leads in equilibrium to restrictions on entrepreneurs’ ability to
obtain external finance (Bernanke et al., 1999). Since these financial frictions arise endogenously, the level of
external finance entrepreneurs can obtain may be affected by taxation. The specific agency friction assumed
here allows the effect of taxes on financial frictions to be studied in a relatively tractable way.

10



discounted lifetime utility of the entrepreneur ¢ born at time ¢ is

1—(1—=p)(L—=7)

E

S (1= ) (L= ogleier) + 2| = EalV(0.0, 1)) +

where V'(a,0, X;) is the continuation value of an entrepreneur with assets a and type 6,

ignoring the term. The entrepreneur chooses non-negative functions kg, kr, kg,

1—(1—Zpi)(1—7)
b, b, c, e, ye, Yr, Y&, Y&, n, y, as well as a possibly negative function a’ to solve

~

V(a,0,X) = sup/g (log(c(a, 8,6, X)) + (1 — p)(1 =) E[V(d'(a,0,¢,X),6', X")|6])dHe(€),

subject to the mornign and evening budget constraints, the production functions for cy, yg,

yr, and y, the incentive compatibility constraint and the banks break-even condition.

Aggregation and Market Clearing Aggregate consumption C; and of Cy, satisty

Ct = / Ci\;dl +/ Ci,tdl’ and CH,t = fzéN CHJ"tdZ’ < Ct.
1EN: ’ ZéNt ¢

where N is the set of workers at time ¢: N, := J ., {¢ : @ is born in period s and z; < z}}.

Aggregate capital devoted to each use and aggregate final good output are given by

Kg, Z/ kgiqdi, Ky 2/ kp;qedi, Kgy Z/ ke iqpdi, Y; :/ i pdi
N NG N PN

Total reported period profits of entrepreneurs are Il; = Y; — w;N;. In each period, the asset

market must clear, so the total capital stock equals the wealth of entrepreneurs and workers

/ afﬁdz + / ai,tdi = Kt = KE¢ + KF,t-
1eEN; iENG

The market for intermediate goods of each type must clear each period

/ y%ﬂ-’tdz’ :/ Yg,iedi and / y}i%tdi :/ Y edi.
iEN iEN; iEN: iEN

The labor market must clear each period

/ ni,tdi = / dl = Nt
1EN; 1EN:

The final goods market clearing condition then follows by Walras’ law
G+Ct+Kt+]_ == K+(1_5)Kt_(1_5)KH,t+CH7t

11



Equilibrium  We are now in the position to define an equilibrium for our model economy.

Definition 1. Given a sequence of tax rates {Twy, Tk, TNy} ieg, a0 equilibrium € is a se-
quence of prices {Rpy, TE1, Tre, Wi}, decision rules of entrepreneurs and workers, and a

sequence of aggregate variables {Cy, Cps, K¢, Ky, Kpy, Kpy, Yi, Ni}52o such that:
1. The government’s budget constraint is balanced every period.
2. Workers’ decision rules solve the worker’s optimization problem.
3. Entrepreneurs’ decision rules are given by the solution to the entrepreneur’s problem.
4. {Ct,Cup, Kty Kpty, Kpy, Ky, Y1152, are aggregates of households’ decisions defined above.
5. Newborn agents choose the occupation that maximizes expected lifetime utility.

6. The asset, intermediate goods and labor markets clear.

3 Properties of the Model Equilibrium

In this section, we characterize the equilibrium and derive results for how aggregate variables

change in response to changes in taxes, which we then use in characterizing optimal taxes.

3.1 Worker’s Optimal Decisions

In Appendix A.1, we show that the solution to the worker’s problem is given by
¢ =[1-0=p (1= RpP"  and Py =(1-p)Re:P,

wt+j(1 - TN,t+j)(1 - ’Y)j
HiZORF,H-k

NV
FN
income. The worker hence devotes a constant fraction of her discounted lifetime income to

denotes the discounted value of lifetime

oo
where PV = al¥ + E
=0

J/

consumption expenditure and saves the remainder. The the associated value function is

log PV.

V(PN X) = VN1, X)+ 1—(1—=p)(1—7)

3.2 Entrepreneur’s Optimal Decisions

The entrepreneur’s problem can be split into a within-period choice of maximizing end-of-
period resources by allocating capital across projects, borrowing and hiding capital, and a

between period choice of dividing end-of-period resources between ¢ and a'.

12



To that end, we first note that since final goods production has constant returns to scale,

all the profits that the entrepreneur makes accrue from selling intermediate goods, so m;; is

it =rpe(kpit — kmit) + rrikey.

Next, we define P;; as present value of the lifetime resources obtained by an entrepreneur
who takes no risk. Such an entrepreneur puts exactly k; units of capital into the risky
technology each period, no capital into the risk-free technology, and lends her remaining

wealth a;; — kp to banks at the risk-free rate Rp,;. Therefore, P;; is

1 i Ciatg(L=7) _ P = a,+ i 1+ (rpg = (1 = Trary) — Twe — Riylkp(1 — )
RF)t j=0 H‘]Z;:()RF,t-Fk ’ 7 =0 H.]z;:()RF,t—‘rk
F

The morning and evening budget constraints can then be rewritten as b;; = kg ;¢ + kpis —

P,y + F, and ¢;; + (1 — ) P t+1 = wiy, where end-of-period lifetime resources w;; satisfy

~

Wit = [¢ - (1 - TK,t)TE,i,t - (1 - 5)]kH,i,t - (bi,t - RF,tbi,t) + RF,tPi,t
+ [(1—=7xe)rEs + (1 — 5)](/:7Ezt —kg) + (70 — 7wt — Rrt) (kpir — kg)
+ [Rpt + 14+ (1 —7x4) (rpe — ) — Twitlkpis

Letting f/(w, 0, X) denote the value in the evening of an entrepreneur with lifetime re-

sources w, we can write the entrepreneur’s between period problem recursively as'®

V(w,0,X) =sup (log(c) +(1—=p) (1 —=7)EV(F, 9/,X’)), (3)

c, P’

st. c+(1—7) P =w. (4)

The entrepreneur’s within-period problem is to choose non-negative functions kg(P, 6, X),

~

kp(P,0,X), ky(P,0,X), w(P,0,¢, X) and functions b(P,0, X), b(P,0, ¢, X) to solve

V(P,0,X)= sup/gf/(w,@,X)dHE(é),

16We can relabel V (a,0, X) as V (P,0, X) since P = a+ F and F depends only on the aggregate state X.
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st. b = kp+hp—P+F (5)
0 = / (b~ Rpb)AH(€) (6)

w = [0— 0 —75)rE — (1= 8)]ky — (b — Rpb) + RpP
+(1 = 7x)rE + (1= 0)|(kg — kg) + (760 — 7w — RF) (kg — kg)

+[—RF—|—1—|—(1—’TK) (TF—(S)—Tw]k'F (7)
kn < kg (8)
Ow 8/{;};
€ > ¢a—£ 9)

The Inada conditions imply that entrepreneurs must put some capital into the risk-free

technology, and produce some risky intermediate goods. Then, no-arbitrage implies

Rpy = 14+ (1 —17ky) (ree —9) — Tw, (10)
¢ < (I1—7xe)rps+ (1 —46), with equality if kg, > 0, (11)
O < (TE,t — TF7t>(1 — TKﬂg). (12)

Equation (10) states that the risk-free return to lending to a bank equals the return to
putting capital in the risk-free technology. Equation (11) states that hiding capital cannot
be more lucrative than selling risky intermediate goods. Equation (12) implies that the
risky technology has a higher return than the risk-free technology, to compensate for risk.
In equilibrium, each entrepreneur chooses kg ;; > kg ;, since borrowing and investing up to
kg ;. is possible without risk, and equation (12) implies that this yields a positive return.
Our assumptions on the function ¢(-) imply that kg depends linearly on kg and so w

depends linearly on kg and kr. Together with log utility, this implies the following Lemma.

Lemma 1. Let V(0,X) = V(1,0,X), then, for any P, 6 and X,

_ log(P)
V(PO,X) = V(0,X)+ Ty
- _ log(w)
V(w,6,X) = V(1,6,X)+ e —
Proof. See Appendix A.2. n

The solution to the between period problem is then easily shown to be

=1-(1-p)(1-7)w and P =(1-pw

To solve the within period problem, note that the risk averse entrepreneur chooses a con-
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tract that minimizes the variance of w while satisfying the incentive compatibility constraint

(9). Integrating with respect to &, it follows that there exists a function w(P, 6, X) such that
w(PJ 97 £7 X) = £<P7 97 X) + ¢(q<97 57 kE(Pu 97 X)) - EE)? (13>

which we write more compactly as w = w + ¢(kp — kp).

In the absence of agency frictions, the entrepreneur and the bank would prefer a contract
in which the bank takes all the risk and the entrepreneur’s w is independent of £. The agency
friction prevents this, leading the entrepreneur to face the level of risk implied by equation
(13). This uniquely pins down the value of B(P,H,f,X ) in each state of the world. The
resulting contract between the entrepreneur and bank takes an easily interpretable form as

an equity and debt contract, as discussed in the following Lemma.

Lemma 2. The equilibrium financial contract is one in which the entrepreneur takes a loan
less than or equal to fraction R;l of the end of period value of her risky project under the

worst possible realization of €, and sells fraction 1 — ) of the remaining value of

)
re(1-TK)+(1-0

her risky project as equity, retaining the fraction =) of the equity herself.

¢
T‘E(lfTK)+

Proof. See Appendix A.3 [

The reason the entrepreneur cannot sell all the equity in her project is that she needs to
have a large enough ‘skin in the game’ to prevent her from hiding capital. The share of the
project she must retain varies endogenously with taxes: a higher capital income tax reduces
the fraction of equity the entrepreneur is able to sell, thus tightening the financial frictions.

Combining the rewritten incentive compatibility constraint (13) with the definition of w,

integrating with respect to £ and using equations (10)-(11) reveals that w(-) must satisfy
W+ ¢(kp —kg)) = ReP + (1 —7x) (re — rF) (ke — k).

Then, we can rewrite the entrepreneur’s within-period problem more compactly in terms of
choosing functions kg (P, 0, X) > ky and w(P, 0, X) to solve:

sup [ g (1o olde — k) Yt

s.t. = (—¢+(TE—7‘F)(1—TK)) (kE—EE)—i-RFP

0 < w+ delkp —kg),

S

and where kp = q(0,¢,kg). This is a standard portfolio choice problem, where there is a

trade-off between risk and return. Choosing a higher kg increases the variance of kg and
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therefore of w, since w = w + ¢l~cE, but a higher kg will increase the expected value of w.

3.3 Continuous Time Limit

To describe the environment, the equilibrium conditions and to simplify the contracting
problem between the entrepreneurs and banks it was natural to make the assumption of
discrete time. To characterize the steady state and solve for the optimal taxes, it is more
convenient to work in continuous time. We formally derive a continuous-time version of our
discrete-time economy in Appendix B. Solving the optimization problems of the entrepreneur

and worker yields the following optimal decision rules.

Proposition 1. In equilibrium, the unique solution of the worker’s problem is

o= (p+m)PY
dPYN = {|:RF+’Y]PN—CN}dt,

where Ry = Rp — 1 denotes the net risk-free rate of return. If rg > rp then the unique

equilibrium solution of the entrepreneur’s problem is

ky = 0,
ke = kg+ Pkp(0),
c = (p+7)P,

(ks —kp)o (1= )¢
NG

aP = [(Rp+7) P+ (kp— k) (rp — ) (L= 70) — ] dt +

where dW is the difference of a standard Brownian motion and where

~ 1 . (TE—TF>(1—TK)¢9 1

kg(f) = ———— X min (1. 14

o0 = g <min | P )
Proof. See Appendix B.2 and Appendix B.3. m

Entrepreneurs do not hide capital in equilibrium because the return is always lower than
selling risky intermediate goods.'” All else equal, richer entrepreneurs invests more in risky
projects. Furthermore they invest more in risky projects and less in risk-free projects when:
(i) the after-tax return to risky projects is relatively higher, (ii) the after-tax return to

risk-free projects is relatively lower or (7i) the agency friction is less severe (i.e. lower ¢).'*

17As shown in Appendix B.3, the inequality (11) is strict.
18 An implication is that capital income taxes reduce the willingness of entrepreneurs to invest in risky
projects, which arises as a consequence of our endogenous financial frictions.
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The aggregate value of capital in the risky technology satisfies
1 A
Ki = kplL= N) + P [ ku(®)ul0)as (15)
0

where P represents the aggregate of lifetime resources P and where p(6)df denotes the
share of lifetime resources that is held by entrepreneurs of type 6. Thus, the function pu(-)
represents the distribution of wealth across entrepreneurs. As such, the allocation of capital

in the economy depends on the wealth distribution across entrepreneurs.

Equilibrium Occupational Choice Newborn households choose to be entrepreneurs

iff they draw a level of z; greater than z*. Therefore, z* must satisfy

Z*

VN(EN, X) = +E)V(F,0,X),
(FY,X) = = + EV(F,0,X)

where the left hand side is the value of a newborn worker and the right hand side is the value

of a newborn entrepreneur with z; = z*. The total measure of workers evolves according to

ON

7 = ~IN +9Prob(z; < %) = —yN +yH.(2").

3.4 Aggregate Steady State

We next formally characterize a steady state of the model.

3.4.1 Post-tax Prices

Equilibrium prices rg, rr and w are equal to the derivatives of f(Kg, K—Kg, N) with respect
to its three arguments. The planner can use the three tax instruments, 75, 7w and 7y to
target the values of three post-tax prices, subject to the government budget constraint. As
a consequence, the analysis of optimal taxation is made conceptually much easier by solving
for agents’ optimal choices in terms of post-tax prices and assuming that the government
optimally chooses these prices by adjusting taxes accordingly. The three post-tax prices
that determine agents’ choices in this economy are Ry, defined above, the post-tax wage

W = w(l — 7) and post-tax excess return to the risky project 7x = (rg —rp)(1 — 7).

3.4.2 Steady State Characterization

We now formally define and characterize the steady state of the model.

Definition 2. A steady state .# of the economy is a set of tax rates {my;,, 7), Tx}, prices
{rt, iy, w*}, aggregate variables {K*, K3, C*, N*} and an equilibrium € in which all tax

rates, prices and aggregates are equal to the steady state values in every period.
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The set of conditions that characterize a steady state are summarized in Proposition 2.

Proposition 2. There ezists a steady state . which is consistent with the values of aggregate
variables {Y*, K*, K},,C*, N*}, functions u(6), /%E(G) and post-tax prices {f}, R},ﬁ)*}, iff

o = LIV v SR -G - (G — (1— NY)ky) +4EY) (16)
R+
C* = Y*— 6K —G =N+ K5+ RLK* (17)
. » . Elo] (. - B(1 — €)k(1)p)?
N <w —1ogrx@E—£<rxk<1>—< L= O >)> (19
= [ ke(0)u(0)dd
Ky = ky(1—-N) (14— (19)
p+v—Rp—7% [ke(0)u(0)dd
-1
ho(0 L b6
) = i;}l(g) / i;ﬂfi;(@) do (20)
L vrwssy - NG wrwvey T3
. 7.0 A

and Y* = f (K5, K* — K5 N*), kp(1 = N*) < Kt < K*, Re +7 >0, Mg+ p+~v — R: >
i kp(1) > 0.

Proof. See Appendix B.4. n

These conditions are intuitive. The first is the consumption function. The marginal
oty
Ri'f"y
tax and depreciation, Y* — §K* — G and the after-tax resources from annuities, yK*. En-

propensity to consume (MPC) is and agents consume from their net resources after
trepreneurs do not consume out of the risky part of their capital income, K} — (1 — N*)kg,
as a higher risky capital income means a higher return to saving. Equation (17) is the ag-
gregate resource constraint. Equation (18) is the condition for occupational choice, where
the argument of H., (-) is the value of the cutoff z*. Equation (19) comes from equation (15)
for K. In equations (19) and (20) we have solved for the stationary wealth distribution
induced by entrepreneurs’ policy choices which, as equation (21) shows, are linear in 6. For
given parameter values, functional form assumptions for Hy and H,, and post-tax prices, it
is straightforward to use these conditions to solve for the steady state numerically. We do

this in Section 4.4 below.

3.5 The Effect of Taxes on Equilibrium Allocations

In Section 4.2 we show that optimal steady state tax rates can be written in terms of the

partial equilibrium elasticities of aggregates with respect to taxes, in the spirit of Chetty
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(2008), Piketty and Saez (2013), Piketty et al. (2014) and Saez and Stantcheva (2018). Here
we formally define these elasticities and use them to gain intuition about the effect of the
various tax instruments on key aggregates. To study the partial equilibrium effect of taxes
on Y, K and Kg, we consider the long-run effect of a change in tax rates holding constant
pre-tax prices, but allowing for variation over time in the distribution of wealth. We formally

define long-run elasticities as follows.

Definition 3. Let X* be some aggregate variable, in the steady state. The partial equilibrium

elasticities of X with respect to the tax rates T and Ty are defined as"

1— 0X*
ii{ ﬂ and S
X 87’]{ XaTW

(&

By considering small perturbations in post-tax prices around the steady-state conditions
in Proposition 2, the elasticities can be characterized in closed form, as functions of param-
eters and aggregate variables. We relegate the derivations to Appendix B.5 and provide the

characterization of the elasticities of Y, Kg and K with respect to taxes below.

Effects of Tax Changes on Y

Proposition 3. The partial equilibrium elasticity of steady state output Y with respect to
the taz rates 7, j € {K, W}, adjusting Tn to balance the government’s budget is

Capital’s share Reallocation Effect
K reK wN K
Y _ N E F K N _ E, Kg _K
e, ((rE rF) v T v )eTj +en t (rg —rp) v (er” —er,).

This shows that a change in, for instance, T affects aggregate output via its effect on

aggregate capital accumulation (eﬁi{ ), the fraction of agents who become workers (e]TVK ) and

the fraction of capital allocated to the risky technology (egf - eﬁi{). The first two effects
are the same as in a standard neoclassical growth model. The third effect arises because of
financial market frictions, which imply that rg > rp in the steady state, so an increase in the
fraction of capital allocated to the risky technology increases output. An increase in output
due to this reallocation effect ultimately represents an increase in aggregate productivity,

since it corresponds to an increase in output with no increase in the factors of production.

Effects of Tax Changes on Kg

Proposition 4. The partial equilibrium elasticity of steady state capital in the risky tech-
nology stock Kg with respect to the tax rates ;, j € {K,W}, adjusting Ty to balance the

Tn the case of a wealth tax, this is a semi-elasticity.
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government’s budget is

N
eﬁjE — (1 - %;N)) MKE(e;]ff + eﬂjj) - 1N_—67]jv,
where
Micy = iy (14 22 (1= 220200)) >,
ry = RRTPey e R <0
e = —1+ (1 —7x)(rp —0)ek <0,
and

= - mgto [ uo)kto) ).

0
with an analogous definition of effVEV .

A change in 7k or Ty has three effects on Kg, captured by eﬁf , ;. and el The eEjE term
reflects that a tax change affects the average willingness of entrepreneurs to put capital into
the risky technology by changing their choice of kg and the distribution of wealth across
entrepreneurs, which affects the weights 11(9). The term efj captures the effect on the lifetime
resources of entrepreneurs and is negative. An increase in 7k or Ty reduces these resources,
conditional on K, through directly reducing their income and encouraging consumption.
Ultimately, this reduces their capital to put into the risky technology, so egE depends on
e]fj. These two terms are multiplied by <1 — EE(;—;NU Mp,. The term Mp, captures the
multiplier effect that arises because a higher K increases entrepreneurs’ wealth, thus raising
K g further. The term 1— EE(KI—;N)

only affect the part of Ky over and beyond the k. Thus, when EE(Kl—;N) is close to 1 all

captures that changes in entrepreneurs’ choices and wealth

entrepreneurs put roughly kj capital into the risky technology so K is inelastic in response
to taxation. The term e]T\]f, captures the fact that an increase in 7x or 7y tends to shift
households to becoming workers rather than entrepreneurs, which reduces Kg.

The elasticities eﬁg and eEVEV are particularly relevant for how taxes affect the allocation of
capital, since they determine how entrepreneurs allocate their capital to the risky technology.
As the following Lemma shows, these elasticities are approximately —1 and 0 respectively,

provided )y is sufficiently large — a condition which is easily satisfied in our calibration below.
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Lemma 3. In the limit as A9 approaches infinity, the elasticities eéf{ and effv satisfy

ke

er

— —1,

k
er — 0.

Proof. See Appendix B.5. n

This indicates that capital income taxes have important effects on the allocation of cap-
ital, which wealth taxes do not. This is for two reasons. First, higher taxes on capital
income reduce the post-tax excess return to the risky technology 7y, which directly reduces
IE:E(H) and shifts capital away from the risky technology and towards the risk-free technology.
Second, capital income taxes fall relatively more strongly on entrepreneurs, particular those

with high ability levels, who earn a higher return to capital.

Effects of Tax Changes on K

Proposition 5. The partial equilibrium elasticity of steady state capital stock K with respect
to the tax rates 7;, j € {K, W}, adjusting Ty to balance the government’s budget is

Beeke (rp —rp) (1 — Tk MPC) + eijUB + ei\; [w(l = MPC) + ixkyMPC) %

eK — K 77§
K YMPC — (rp —0) (1 — MPC) ’

The numerator in eg shows the degree to which a tax increase raises aggregate net
saving, given K, and the denominator shows how aggregate saving decreases as K rises. The
first term in the numerator captures the effect of a tax change on Kg. An increase in Kg
increases aggregate saving via increasing entrepreneurs’ income in proportion to (rg—rg)(1—
Tk M PC). The second term efstB captures the substitution effect induced by taxes directly
affecting the post-tax return to saving. Finally, the third term captures the effect through
N, as a higher fraction of workers, given K, increases saving by workers in proportion to

w(1l — M PC') and reduces consumption by entrepreneurs in proportion to 7xkp.

Effects of Tax Changes on N

We now derive the effect of a change in taxes on N. We present the algebraic derivation
here, since we use similar arguments in deriving the optimal taxes below. Steady-state N
depends on w, 7x and l%E, which itself depends on 7x. Then a change in 7y only affects

N through its effect on w, as it induces a budget balancing change in 7y. Differentiating
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equation (18) with respect to 7y, we obtain that

ON _ HJ(z) ow  H(z*) N Jry _ —efN Oy

= = 22
87—I/V w 8TW N 1_TN8TW 1_TN87—W7 ( )
where we used that 2* is the argument of the cdf H,(-) in equation (18) and where ey = H/](\'f )

is the partial equilibrium elasticity of N with respect to w.

oTN
oTw’

We then use the government’s budget constraint to infer which can be rewritten as
a = TNB’TN + TKB’TK + TWBTW7

where B, is the tax base for the tax 7;, so that B, = wN, B, = (rg—rp)Kg+(rp —6)K

and B;,, = K. Differentiating with respect to 7 and rearranging, we obtain that

OB,
—B aTN =B —+ Z Tj J .

TNaTW TW

Intuitively, this equation states that the decrease in 7 that can occur after an increase
in Ty is proportional to the direct extra tax revenue induced by the increase in 7y, plus a
(typically negative) term representing any revenue gains that could occur from the behavioral
effects of the tax change. Using the definitions of the B, above, we can write % as a

function of the elasticities of Kg, K and N with respect to taxes. For instance

e = L 0Br el
W BTN 87’W w?
v B, Omw B, w B, w?
et = L 9By _ ek .
W BTW 87’W w
Substituting g:x into equation (22) and using that eiVW =+ ggv , we obtain the partial

equilibrium effect of 7y on N, given below. The partial equilibrium effect of 7x is similar,
except that an additional term ej;D needs to be added, which represents that an increase in
T also raises N by directly decreasing the cutoff z* for becoming an entrepreneur by lowering
the relative expected lifetime income of entrepreneurs. Intuitively, 7x falls relatively more
on entrepreneurs than on workers because they can earn a return to capital greater than Rp.

This discourages entry into entrepreneurship more than 7y does.

Proposition 6. The partial equilibrium elasticities of steady state aggregate labor N with

respect to the tax rates T and Ty, assuming that Ty adjusts to balance the government’s
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budget are, respectively:

1—71 -1 aB .
N N ~1 i
Cry = ( N TN) Boy | Brw + ' Z 7 8714;
w JE{K;W}
1-— T™N - z* - aBT
i = ( ey —TN) (A=m)en” + Bl =) | B+ D T 2| |

2* E[6 ~x 7 1—e ];. 1 2
where 2P =1+ E0(1 —74) 2 (er(D _ (6(1=0k(1)g) )

4 Optimal Taxes

In this section, we formulate and solve the planner’s problem of choosing optimal taxes to
maximize the steady-state welfare of a newborn agent. We use a perturbation approach,
which requires that we first characterize the marginal effects of changes in tax rates on

welfare, which are then all equal to zero at the optimum.

4.1 Effects of Tax Changes on Welfare

The measure of welfare we consider is the present discounted lifetime utility of a newborn
agent in the steady state, denoted by W. To construct this measure, we derive here an
expression for the welfare of a newborn worker in the steady state, VN (F™, X). It is then

relatively straightforward to extend the analysis to include the welfare of entrepreneurs.

Effect of A Tax Change on Worker Lifetime Utility = We can derive a simple for-
mula for the change in V¥ (F¥ X) from a marginal change in tax rates. Envelope theorem
arguments, formalized in Appendix B.6, imply that this can be calculated as if the worker
changes first period consumption by an amount equal to the change in lifetime resources

from the tax reform, and keeps future consumption unchanged. That is

- (S5 o),

s=0

where dw and dRF are the change in w and EF as a result of the tax change and where

oo (27) o
s=0 \ 1+Rp s
Zoo 1— s
5=0 \ 1+Rp

is the average value of the worker’s discounted lifetime assets.

AN =
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Substituting in the worker’s optimal consumption decision from Section 3.1, we obtain
wdV(FY, X) = (Z(l — (1 - ,0)8> <de + dszAN>

s=0

Intuitively, the change in a newborn worker’s expected lifetime utility is proportional to the
change in worker income on the margin due to changes in @ and Rp. We extend this to the

continuous time case in the following Lemma.
Lemma 4. The change in worker steady state lifetime utility from a marginal change in
taxes satisfies

1 ~
wdVN(FN, X) = P (duv + ANdRF>

where AN = (v + Rp) [ o€ ~(HRE)s N .
Proof. See Appendix B.6. n

Welfare Effect of A Tax Change To construct the measure of welfare WV, recall that

*

VNN X) = +EyV(F,0,X).

p+
Then, it follows that the expected lifetime utility of a newborn agent is

[e.e]

W:/ max{VN(FN,X);EgV(F,G,X)—|—/

=0

e@ﬂ)zds} dH.(2)

1 00
EVN<FN,X)+m ) (Z—Z*)dHZ(Z).

A first order approximation of this gives the change in welfare from a small tax reform

dz*
dWw = dv¥(FN X) — (1 — H.(2%)).
Pt
Combining with the occupational choice condition N = H,(z*) and using e = H/](\f 3 gives
1 1 — N)wdN
AW = dis + AV Ry — L= WA
p+7 Ney

As is common in the literature, we focus on the percentage consumption equivalent

welfare change, which we denote by A and which satisfies

log (1+ A)

W+dW = // P Jog (1 + A) ¢ipps)dsdi =W +
Pt
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Thus, for small A, it follows that dW = F%, and A satisfies

(1— N)@dN

WA = dw + AVdRy — Nel

The first two terms denote the change in the welfare of workers. The final term represents
the fact that, if a tax reform increases N, then it must be making relatively entrepreneurs
worse off, so the increase in aggregate welfare is less than the increase in worker welfare.
We can study the partial equilibrium effects of tax changes on welfare using the same
approach as in Section 3.5. Consider first a change in 7x, with a corresponding change in

7y to balance the budget. The change in consumption equivalent welfare satisfies

_diw [((rr—=9) A ~ (I=N)dN
A= 1—7n ((1—TN)w dric N—eg'

As in Section 3.5, we infer d7y as a function of d7x by differentiating the government’s

budget constraint, holding constant pre-tax prices. We obtain

OB,
. dTK.

0= B, ,dry + B,.drg + T
NYIN KK ;’871;(

Substituting this into our expression for A above and rearranging, we obtain

S

(1—7']\[) 8N

87’[{

OB, 1-N
(1—73y)wNA = | B, + > o —Bf}f{N—( )

dTK,
. 0Tk
JE{K;W;N}

(&

&z

where BY = (rp — d) A" denotes the lifetime average additional tax payments a worker
would have to make, all else equal, after a unit rise in 7. Intuitively, the change in a worker’s
welfare from an increase in 7x is proportional to revenue gained (since this decreases in 7y )
minus the component of the 75 tax rise that is paid for on average by workers over their
lifetime. The revenue gain per unit rise in 7x is the tax base B,,, plus a (negative) term
representing the loss in revenue that arises from the behavioral response.

The proposition below establishes a formula for the effect of any tax change on welfare.

Proposition 7. The partial equilibrium effect of a small change in tazx rate 7;, j € {K; W},

on welfare satisfies

g

(1= ) ON
aTj

de .

B 1-N
(1—7y)wNA = |B,, + > it —BiV,N—< )
J 87—]’ J
me{K;W;N}

&'z

e
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where BY = (rp — 0)AY and BY = A.

In the next section, we show that the optimal tax rates can be written as functions of

the derivatives of the B, terms.

4.2 Optimal Tax Formula

Optimal taxes depend only on partial equilibrium effects of tax changes — general equilib-
rium effects via price changes can be ignored. This is because, as shown in Proposition
2, the steady state of the economy depends (locally) on post-tax prices not pre-tax prices.
Therefore, the problem of choosing optimal tax rates can be recast as a problem of choosing
optimal post-tax prices, which is equivalent to choosing optimal tax rates holding pre-tax
prices fixed, as in, for instance Diamond and Mirrlees (1971) and Piketty and Saez (2013).
Then, choosing 7k and 7y optimally simply means that, at the optimal tax rates, A = 0 for
any small tax change d7;. The optimal choice of 7y can then be inferred from government

budget balance. Specifically, the first order condition for each 7; € {7, Ty} is

0B, (1-=N)w(l—r71y5)0N

0=DB,. § : —m | —BNN — —_—
s T iy 7 e oT;
me{K;W;N} J w J

Using the government budget constraint we can eliminate 7 and rearrange to obtain

N N
€% €

1—N
R )

me{K;W} Z

1— N)B, el _ 1—-N
0 = (1+Aj7j)<BTj—NBi]V,>—( ~—= 4+ Gey (1+ )

w

where A;, = —1 and A, =0.

The first order conditions can be written in matrix form as follows

0 = (B=B)1-A(B-B")T - (1-N)(e)) Bre" +G (14 (1= N) (X)) e"

w w
w

+ EBT =BT (14 (1-N) () ™),

where 1 denotes the column vector (1,1)”, € denotes the column vector (el ,eN ), T

denotes the column vector (75, 7w )T, and A, B, BY and € are defined as follows

—BT —B‘r
A — 10 B - BTK 0 BN — NB,JF\; 0 £_ e;KK e;KW ‘
00 0 B, 0 NBN e e

Rearranging, we obtain the vector of optimal taxes, summarized in the following proposition.
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Proposition 8. The optimal steady state tax vector T = [1x;Tw]? is given by
T=(A-g+B ' (-€+e"1T)B) " (1 - g + B~'Ge"), (23)
where

g1 = AB'BN — ()7 (1 - N)BeN17B,

w

g2 = (B'BY)1+ (B, —G) () (1-N)B eV

Despite the complexity of the model, optimal taxes depend only on the size of the tax
bases, and the elasticities of tax bases with respect to taxes. There are noticeable similarities

to scalar optimal linear tax formulae in the literature. These formulae often take a form

similar to 7 = ﬁ, where ¢ is a function of marginal social welfare weights and e the
elasticity of the tax base with respect to taxes (see, e.g. Saez and Stantcheva, 2018). In

our case, the analogous term to |e| is —& + €17, which is a function of the elasticities
of tax bases with respect to taxes. Consistent with standard optimal tax principles, larger
(negative) values of the elasticities in £ make the optimal tax rates on capital and wealth
smaller. The reason that the vector e’V appears in the formula is that if taxes on workers are
higher than on entrepreneurs on average, then the tax revenue increases from shifting agents
to becoming workers, thus the degree to which taxes affect occupational choice matters.
The matrix g; and vector gy are analogous terms to ¢ in scalar linear optimal tax formu-
lae and represent the direct effect of changes in 7 and 7 on on social welfare. These terms
depend on the extent to which taxes are paid by workers and affect entry into entrepreneur-
ship. Intuitively, they can be interpreted as relative weights that the planner places on the
payers of capital and wealth taxes, relative to the weight placed on the payers of labor taxes.
The definitions of g; and gy imply that if 7 and 7y were entirely paid by workers (and
so tax changes did not directly affect entry into entrepreneurship) then g; = A, go = 1 and
e” = 0 and, assuming the elasticities in £ are positive, optimal taxes on capital and wealth
would be zero. This signifies what the motives to tax capital income and wealth are: taxes
on capital income and wealth are valuable for redistributive reasons (i.e. if go # 1) and also

valuable to discourage excessive entry into entrepreneurship (indicated by e™).

4.3 Generality of the Optimal Tax Formula

In this section, we show that the derivation of the optimal tax formula obtained in Propo-
sition 8 does not depend on many specific features of the model, including the financial

friction, the functional form determining entrepreneurial risk, and the logarithmic utility.

Proposition 9. Suppose that the model assumptions are as in Section 2 except that
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1. q(-,-,-) is a continuously differentiable function, with E¢q(0,&, kp) = kg.
2. ¢ >0, and there may be other financial friction which restricts entrepreneurs’ choices.

3. The period utility function u;; is given by

sy (Ciy) = a(c) if i is a worker
it(Cit) =
u(cl) +ziy if i is an entrepreneur

where W s a twice continuously differentiable function with @'(-) > 0 and w’(-) < 0.

Suppose further that, as the period length approaches zero, no capital is hidden and there
exists a steady state in which the value functions VN (a, X) and V(a,0, X) and all aggregate
variables and elasticities referenced in Proposition 8 are finite and non-zero. Then, optimal

tazes are given by the formula in Proposition 8.
Proof. See Appendix B.7 n

The specific assumptions we made on the utility function, entrepreneurial risk and agency

frictions are necessary for characterizing elasticities and for infering values for optimal taxes.

4.4 A Numerical Calibration

To interpret the magnitudes of these optimal taxes in practice, we undertake a numerical
calibration of the economy outlined in Section 2, and set taxes at their current levels in the

United States. We summarize parameter values in Table 1.

Assigned Parameters. We calibrate the economy at annual frequency.

Demographics and Technology We set the mortality rate v = 2.5%, corresponding to
a working life of 40 years, and set the depreciation rate 6 = 0.07, roughly the average
depreciation rate in the US fixed asset tables. We set the distribution of z, H, to be an

exponential distribution of the following form:

1 — hoge % if z > log(ho)
€E

H, (Z) =
0 otherwise.

Given this functional form, ez can be interpreted as the elasticity of entry into entrepreneur-
ship with respect to wages, and hy is the share of agents who actively enjoy entrepreneurship
(have z; > 0). We set eg = 1.5 as a baseline and explore below how results vary with this

parameter. We calibrate hg jointly with other parameters, as we discuss below. We set the
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distribution of 6, Hy to be the uniform distribution on [0, 1] and the annual autocorrelation
of the productivity shock 1 — Ay to 0.885, as in Cooper and Haltiwanger (2006).

Financial Frictions Since the entrepreneur’s optimal contract is equivalent to an equity
and debt contract, we set ¢ = 0.76 to match the equity share of business owners in the US
data. We use the Survey of Consumer Finances (National) Survey of Small Business Finances
to document that entrepreneurs own, on average, 84% of their firm’s equity.”’ Since 1 — ¢
represents the amount of within-period risk-free debt that entrepreneurs issue against their
risky projects, as a share of project value, we choose € to match a debt-to-asset ratio for
entrepreneurs of 0.35 (Mehrotra and Crouzet, 2017, Boar and Midrigan, 2019).

Initial Tax system We set 7 to 20%, in line with the US corporate tax rate for small
businesses reported in the OECD Tax Database, and 7y to zero, in line with the current
practice in the US. We choose G, so that the share of government spending is 20% of GDP

and set 7y so that the government’s budget balances.

Calibrated Parameters. We assume that final output is produced with the technol-
ogy Y = YRPYRF NI=ee~r and calibrate ap and ar jointly with the remaining parameters
p, kg, ¢, ho and Ty, which represent the discount rate, the level of capital that can be put into
the risky technology without risk, the riskiness of the risky technology, the fraction of house-
holds who enjoy entrepreneurship, and the labor tax rate. We set these seven parameters to
match the following six steady state moments: a labor share of national income, the risk-free
return and risky rate of return to capital net of depreciation, the capital-output ratio, the
share of wealth held by entrepreneurs, the share of households who are entrepreneurs. As a
seventh condition, we ensure that 7, balances the government’s budget. We assume a labor
share of 2/3 and a capital output ratio of 3, roughly in line with the US national accounts.
We use a risky return to capital (net of depreciation) of 8% and a risk-free return of 1%.*'
These are, respectively, the approximate average returns to equity and to relatively risk-free
securities in the US over the twentieth century ( Mehra and Prescott, 2003). We take the
share of wealth held by entrepreneurs to be 53%, and the share of households who are en-
trepreneurs as 11.7%, as reported by Cagetti and De Nardi (2006) and Boar and Midrigan

(2020) respectively using data from the Survey of Consumer Finances.

Wealth Distribution. In our calibration, we only targeted the wealth share of en-
trepreneurs, but the model matches top wealth inequality more broadly, as shown in Table

2, lending credibility to the model for studying the optimal capital and wealth taxation.

20See Appendix C for a detailed discussion of our treatment of the data.
21By choosing the parameters ¢ and kj accordingly, the model is able to produce an arbitrarily large gap
between risky and risk-free rates of return.

29



Table 1: Parameter Values

Parameter  Value used Target moment

0% 0.025 Working Life: 40 Years

0 0.07 Depreciation

€R 1.5 Entry elasticity

Ao 0.115 Profitability autocor. (Cooper and Haltiwanger, 2006)
) 0.840 Small Bus. Owner Equity Share (SSBF)

€ 0.350 Debt-to-asset ratio (Boar and Midrigan, 2019)

TK 0.200 Corp. tax rate small businesses (OECD Tax Database)
W 0 Current US level

™ 0.263 Gov. budget balance

G 0.200 Govt. spending/GDP

ap 0.188 Labor share 2/3

afp 0.142 Risk-free rate

P 0.007 Capital-output ratio

kg 5.44 Entrepreneurs’ share of wealth

%) 0.651 Return to Equity

ho 0.176 Fraction of entrepreneurs

Table 2: Wealth Inequality

Wealth Model Data (Piketty et al., 2018) Data (Smith et al., 2021)
Share
Top 10% 66.3% 73.4% 65.7%
Top 1% 41.0% 36.3% 31.5%
Top 0.1% 22.8% 18.4% 15.0%
Implied Values of Elasticities. We first calculate the values of the tax bases and

elasticities used in the optimal tax formula in Proposition 8. The calibrated values of the

terms in the vectors g,, " and the matrix £ are as follows?

0.75 N 0.29 —5.23 —6.45
g2 = ) e = ) 5 = .
0.36 0.19 —107.0 —293.6

Recall that the terms in the vector gy roughly correspond to marginal social welfare
weights on the tax payers of capital income and wealth taxes, relative to workers. Thus,

the term 0.75 signifies that the government puts substantial weight on the welfare of capital

22The calibrated values of the remaining terms in the optimal tax formula are shown in Appendix B.8.
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income tax payers, significantly more than the 0.36 weight it puts on the welfare of wealth
tax payers. This is because a large fraction of capital income taxes are paid by relatively
poor entrepreneurs, who earn high capital income relative to their wealth and have a high
marginal utility of consumption. As we show below, this welfare weight on capital income
tax payers reduces optimal capital income taxes and raises optimal wealth taxes.

The elasticity vector e”, containing elasticities slightly above zero, signifies that increases
in capital and wealth taxes somewhat increase the number of agents who become workers, but
not substantially. The elasticity matrix £, however, contains very large negative elasticities.
The diagonal terms indicate that a 1% decrease in post-tax capital income reduces the tax
base by 5.2% and a 1% wealth tax on the margin reduces aggregate wealth by 293%. The
latter number seems very large, but since steady state rates of return to capital are small,
even relatively low wealth taxes turn the rate of return to capital negative, severely weakening
motivations to save. As such, to interpret the elasticity of wealth with respect to wealth taxes,
it is instructive to multiply it by the risk-free rate of return. Leting e]fg; = RFerTVW denote

the percentage decrease in wealth caused by a tax increase that reduces the risk-free rate

by one percent of its initial value. In the calibrated steady state, we obtain e?g‘; = —2.58.
While still relatively large, this is roughly comparable to Jakobsen et al. (2020), who use
two Danish tax reforms to infer that a one percent decrease in the rate of return reduces
aggregate wealth by 0.58-1.91% in the long run.”® The reason for these relatively large
effects, which provide a powerful motivation for the planner to set these taxes at relatively
low levels, is that tax changes have large effects on K and K as small changes in the flow of

household savings ultimately yield large long run changes in the stock of aggregate wealth.

Optimal Taxes. We calculate optimal tax rates by imputting the initial steady state
values of the tax bases and elasticities into the formula in Proposition 8. The results, reported
in the first row of Table 3, indicate that it is optimal to tax both capital income and wealth
to some degree, with capital income taxes significantly below current levels.

This approach provides only an approximation for the optimal tax rates, as the size
of tax bases and the elasticities of tax bases with respect to taxes can themselves change
as taxes change. To obtain the exactly optimal tax rates, we must apply the optimal tax
formula recursively by calculating (approximate) optimal taxes at the initial steady state,
then recalculating the steady state at the new tax rates, and then recalculating (approximate)

optimal taxes accordingly, repeating until convergence. The second row of Table 3 reports

23We conjecture that the reason that our elasticity is still noticeably larger than the estimates of Jakobsen
et al. (2020) is a consequence of a number of simplifying assumptions we made to keep the model parsimonious
and tractable, including a simple log utility function, no habit persistence in preferences, no idiosyncratic
risk for workers, and no retirement. Generalizing the model on these dimensions would presumably act to
reduce the elasticity of wealth with respect to taxes.
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the exactly optimal taxes and shows that they are reasonably close to the approximate values.
That being said, the exact optimal taxes do involve slightly lower capital income taxes and
slightly higher wealth taxes. This is because cutting capital income taxes and raising wealth
taxes increases the magnitude of the elasticity of tax bases with respect to the capital income
tax compared to the initial steady state, encouraging the planner to move away from capital
income taxes. An implication of Table 3 is that optimal tax rates on capital income, labor
income and wealth are not hugely different from current US levels. Unsurprisingly, then, we
find that the consumption equivalent welfare gains from shifting from status quo taxes to the
optimal welfare-maximizing taxes are relatively negligible — 0.2% of current consumption.
To better understand the key factors determining these optimal tax rates, the last two
rows of the table show the tax rates on capital and wealth that a planner would set if
intending to maximize the revenue from these taxes. This is identical to applying the formula
in Proposition 8 while setting the terms in ¢; and gy to zero. The third line of the table
shows the approximate revenue-maximizing taxes when the initial steady state elasticities are
used, and the fourth line shows the exact revenue-maximizing taxes that can be calculated
recursively. Optimal revenue-maximizing taxes are much higher on capital income, and
essentially zero on wealth. This reveals that the main reason that it is optimal to tax wealth
and not solely capital income in the baseline model is that, as discussed above, the row of g,
corresponding to capital income taxes (0.75) is much higher than for wealth (0.36). Thus,
capital income taxes are, in some respects, more undesirable than wealth taxes because of
the significant negative welfare effect on poorer entrepreneurs. Since the g; and g, terms are

not involved in revenue-maximizing taxes, capital income is taxed much more heavily.

Table 3: Optimal Taxes Under Welfare and Revenue Maximization

% T TN
Welfare-Maximization, Initial Elasticities 8.3% 0.1% 27.6%
Welfare-Maximization, Exact Opt. Taxes 3. 7% 0.2% 28.0%
Revenue-Maximization, Initial Elasticities 22.1% 0.0% 25.9%
Revenue Maximization, Exact Opt. Taxes  20.4% 0.0% 26.2%
The Importance of Financial Frictions and Entrepreneurial Entry. To further

understand the motivations behind capital income and wealth taxes in the model, we show
how the exact optimal taxes vary as we vary the parameter ¢, which governs the severity of
financial frictions in Figure 1, k; which governs the return to scale for entrepreneurs putting
capital into the risky technology in Figure 2, and ez which determines the elasticity of entry

with respect to taxes in Figure 3. The top row of each figure shows the optimal welfare-
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maximizing and revenue maximizing tax rates and the bottom row shows the elasticities of
capital income (with respect to 7x ), wealth (with respect to the post-tax rate of return) and
N (with respect to 7). The blue line on the bottom row shows the elasticities at the initial
steady state, and the red line shows the values of the elasticities at the optimal tax rates.
The figures reveal that, for low values of ¢, k and €g, it is optimal to set negative capital
income taxes and positive wealth taxes and that the elasticities of capital income and wealth
with respect to taxes become very large. On the other hand, higher values of ¢, ky and eg
yield very similar values of the optimal taxes and elasticities to the baseline calibration.

To understand the intuition behind these effects, recall from Section 3.5 that a determi-

nant of the elasticity of Kg, and therefore capital income, with respect to taxes is 1— %
Changes in ¢ and k; mainly affect optimal taxes by affecting %, which represents the

part of K which arises from each entrepreneur, inelastically, allocating kj to the risky

(1-N)kg(rg—rr)
technology. As such, %

inelastic with respect to taxes as is due to economic profits earned by all entrepreneurs

represents the part of capital income which is relatively

equally as a consequence of the fact that rg > rp, and does not represent the return to sav-
ings. Therefore, when % is small changes in capital income taxes have a bigger effect
on tax bases than similarly fiscally large changes in wealth taxes, because capital income
taxes also affect the excess return rx that determines the allocation capital to the risky
technology, whereas wealth taxes do not.”* When eg, kp and ¢ are small, these effects of
capital income taxes become the dominant considerations when comparing capital income
taxes and wealth taxes. In that case, it is optimal to set a negative tax on capital income,
which shifts capital to the risky technology and leads to increases in entrepreneurs’ income
and aggregate wealth. This increases the revenue earned from wealth taxes by enough to
compensate for the fiscal costs of negative capital income taxes.

However, higher values of €, k; and ¢ cause counterveiling pressures that can motivate

%, making capital

positive capital income tax rates. Higher ky and ¢ both increase
income quite inelastic with respect to taxes. Since a large fraction of the capital income
tax then falls on the inelastic k; capital in the risky technology, capital income taxes are
able to raise a lot more revenue relative to their effects on aggregate saving than wealth
taxes. Equally, a high value of ez motivates a higher rate of capital income taxes because
an additional disadvantage of low capital income taxes is that they encourage excessive
entry into entrepreneurship, which reduces overall tax revenue if workers pay more tax than
entrepreneurs. Wealth taxes do not affect entry into entrepreneurship in the same way, since
workers and entrepreneurs are similarly affected by these taxes, given household wealth.

In sum, this discussion suggests that the choice of optimal tax rates on capital income

and wealth involve a tradeoff between four competing motivations. First, the effect of capital

24This is very similar to the ‘use it or lose it” argument for taxing wealth in Guvenen et al. (2019).
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income taxes on the allocation of capital motivates negative capital income taxes and positive
wealth taxes. Second, some part of capital income is relatively insensitive with respect to
taxes, which motivates higher taxes on capital income and lower taxes on wealth if %
is larger. Third, an additional motivation to tax capital income rather than wealth is to
discourage excessive entry into entrepreneurship. Fourth, a redistribution motive favors
taxing capital income less and wealth more, since capital income taxes partly fall on relatively

poor entrepreneurs with a high marginal utility of consumption.

Figure 1: Optimal Taxes As Financial Frictions Vary
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Sensitivity analysis. Lastly, we explore how our results depend on other features of
the environment. First, we replace our assumption of an endogenous financial frictions with
an exogenous financial friction that is unaffected by taxes. To that end, we assume that
I%E(G) = kg0, where kg is an exogenous constant unaffected by taxes. We calibrate kg,
jointly with other parameters, so that the risky rate of return to capital (net of depreciation)
is 8%, just as we calibrated ¢ in the baseline case. As discussed in Section 4.3, our theoretical
results still go through in this case. We find, in this case, that the exact optimal taxes become
T = 8.0%, 7w = 0.1%, and 75 = 27.6%, so it is optimal to tax capital relatively more and
to tax wealth and labor relatively less than in the baseline case. Intuitively, this is because
the exogenous financial friction decreases the magnitude of ei’f which reduces the elasticity
of capital income with respect to taxes and makes capital income taxes more desirable.

Second, we as is well known in the public finance literature, optimal taxes typically
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Figure 2: Optimal Taxes As Returns to Scale Vary
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Figure 3: Optimal Taxes As Entry Elasticity Varies
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depend on the underlying distribution of ability. We find this matters little for the results. To
illustrate, we consider two alternative calibrations of the autocorrelation of entrepreneurial
ability, which is governed by the parameter A\g. In the first calibration we reduce A\g from 0.115
to 0.05, corresponding to a rather persistent process for entrepreneurial ability. In the second
one, we increase this parameter to 0.5, indicative of little persistence in entrepreneurial
ability. Optimal tax rates are almost identical to our baseline model (within one percentage

point for each tax rate) in each of these cases.

5 Conclusion

We examine optimal linear taxation in a setting with endogenous entry and financial frictions.
Financial frictions imply that the distribution of wealth across entrepreneurs with different
ability levels affects how efficiently capital is allocated in the economy — a force missing from
models without financial frictions. The planner chooses taxes on capital income, wealth
and labor income to maximize the steady state welfare of a newborn agent. In the model,
newborn agents decide whether to become workers or entrepreneurs. Workers supply labor
inelastically, while entrepreneurs operate a production technology that uses capital and are
subject to a financial constraint. As in the data, entrepreneurs are relatively richer on
average, leading to a redistributive motive for capital income and wealth taxation.

Our model is analytically tractable and we characterize optimal steady state taxes as
closed-form functions of the size of tax bases and the elasticity of tax bases with respect
to taxes, in the tradition of the “sufficient statistics” approach to optimal taxation. When
we calibrate the model, we find that it is optimal to tax both capital income and wealth at
relatively low but positive rates. Nevertheless, the steady state welfare gains from moving
from the current US tax policy to the optimal one are small. Our optimal tax formula is
general and does not depend on many of the details of the model, such as functional form

assumptions or the specific details of the financial friction.
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Appendices

A Discrete Time Model

A.1 Worker’s Optimization Problem

We derive the solution to the worker’s problem. We first rewrite the worker’s problem,

replacing a” with PV. Note that the worker’s budget constraint may be rewritten as

(1-7) Pt]—Y-l

= Rp,PN.
Rpy Fete

N
Gy + RFJ

Hence, abusing notation, the worker problem can be written as

VIR X) = max (log (¢N) + (1= p) (1 =) VY (PY, X))

¢>0,P'>0
st. N+ (1—7)PY =RpPY

We solve this problem by guess and verify. We guess

V(PN X) = Qut log (")

1
—(1=p=9)
Taking first order conditions, we get

(RFPN —(1- v)PN'>_1 (1= =0=-p0- V)WN(;];Z/’X,)-

Using the guess and simplifying, we obtain the worker’s policy functions

PN = (1-p)(1—~) %PN and ¢V =[1—(1—p)(1—7)]RpP"

To verify the guess, we plug the policy functions back into the value function

VN(PY,X) = maxlog ([1—(1—p)(1—7)]RpP")

b a0 -9 (@4 e (A= - )

and rearrange to obtain

log PV.

VNPN X)) =V, X) +
=Q

1—(1—=p)(1-7)



A.2 Proof of Lemma 1

Consider an entrepreneur Alice, who at some period ¢t has s > 0 times as much lifetime
resources P as another entrepreneur Bob, and the same ability #. The linearity of the
constraints (2)-(9) implies that, in each period and each realization of past shocks, Alice
could choose to set kg — kg, kr, kg and b— Rpb at exactly s times the level that Bob would
set given the same shock realizations. Then, the linearity of the ¢(-) function in kg implies
that, for each shock realization, Alice’s kg — kg would equal s times the value obtained by
Bob under the same shock realization. Then, (4) and (7) imply that Alice could set ¢ and P’
at exactly s times the value set by Bob under the same shock realization. Since, for any c,
log(sc) = log(s!*) 4 log(c), Alice’s present discounted utility from these choices would then
be the same as Bob’s plus an additional 2% (1 — p)’(1 — )’ log(s) = 1= log(s)

(1=p)(1=7)"

Since these choices are possible for Alice, it must be that V(sP, 6, X) > Hlli+()s()lﬂ) +

V(P,0,X). However, on the other hand, Bob could equally choose to do everything that
Alice does only % times as much (i.e. setting kg — kj at % of the value chosen by Alice etc.)..

By the same logic as before, doing so would yield Bob a present discounted utility equal to

Alice’s minus 1_(113+()8()1_7). Therefore, it must be the case that V(P,0,X) > V(sP,0,X) —
log(s)

gET— Comparing these two inequalities that V must fulfil, it is immediate that it

cannot satisfy both unless V' (sP, 6, X) = % + V(P,0, X). In that case, it must be

that V(P,6, X) = 28— + V(1,6, X). Let V(8,X) denote V(1,6,X). Then it follows

that V(P,0,X) =V (0, X) + _ log(P)

(I-p)(1=7)"
Using Lemma 1, the solution to the between period problem can be found by taking the

first order condition and combining it with equation (4) to conclude that
c=(1-(1-p)(1-9)w and P =(1-pw.
Substituting these choices into the Bellman equation (3), we have that

- - log (w)
Ve X) = =i iy

(1-=p) (1 —=7v)log((1-p))
1—(1-p)(1—-7)

+log (1 —(1—p)(1—7))

+(1=p)A=NE[V (0, X)].



A.3 Proof of Lemma 2

We first evaluate the end of period entrepreneur lifetime resources w in a contract where
the entrepreneur issues debt and equity as indicated in the Lemma. We show that, for any
choices of kg and kr by the entreprenueur, this contract yields the same value of w in every
state of the world as the equilibrium contract, so that the two contracts are equivalent.
Suppose that the entreprenecur issues risk-free debt b by leveraging her risky and risk-free

projects and sells fraction s of the leveraged value of her projects as equity, where

¢

s=1- re(l —71x) + (1 —9) (A1)
We allow for the possibility that b < 0 in which case the entrepreneur is lending to the bank.
Let Vp denote the value of the entrepreneur’s projects at the end of the period, gross of
debts. If the entrepreneur did not interact with financial markets at all (i.e. set b and b=0
in every state), then Vp would be the same as the entrepreneur’s end of period resources
w. Then, equation (7) implies that Vp is given by Vp = w + b, where b is the total payout
by the entrepreneur at the end of the period associated with the debt and equity contract.

Equivalently, equation (7) implies that

VP = RFP+RFb—|— [(1 —TK)TE+1 —5](%E—EE)+ (TK(;—TW —RF) (k’E _EE) (A2)

The total external funds the entrepreneur can obtain at the start of the period, b, are

= s(Ee[Vp] — Rpb)

pu— A-
b=b+ i (A.3)

where Vp— Rpb is the levered end-of-period value of the entrepreneur’s projects, and WPR;fFB)

is the amount that the financial intermediary would be willing to pay for fraction s of the
equity in these projects, given that it must earn the risk-free rate in expectation.
The entrepreneur who sells fraction s of the equity in her projects and borrows amount

b against these projects will have end of period resources

w=(1-35)(Vp — Rpb). (A.4)

Substituting into this equations (A.1), (A.2) and (A.3) and using that E¢kp = kg, we obtain

w=RpP+ ¢(kp — kp) + [(1 — 7&))re — 0) + 1 — 7w — Rp — @] (ke — kg)



or, using the no arbitrage condition Rpy = 1+ (1 — 7x ) (rps — 0) — Ty, this is
w=RpP + ¢(kp — kp) + [(1 — 7)) (re — rr) — 6] (ke — k)

This is the same expression for w as in the equilibrium financial contract. So the equilibrium
financial contract delivers the same w in every state of the world as a contract in which the
entrepreneur sells equity and issues risk-free debt. For the two contracts to be equivalent,
the level of debt b issued by the entrepreneur in the case with equity and debt is uniquely
determined by (A.3) and (A.4), which imply

sEe[w]

b=b—
(1—8)RF

It remains to show that Rpb is less than or equal to the value of the projects for the worst
possible realization of £&. That is, for all £ it holds that Vp — Rypb > 0. Equation (A.4)
implies that this holds as long as w > 0 for all £, which must be true since an entrepreneur’s
consumption is proportional to w and consumption is non-negative.

[]

B Continuous Time Model

B.1 Environment and Equilibrium with Period Length A

Let A € (0,1] denote the length of a period. All assumptions are as in the main text except
where specified here. Over a period of length A, agents discount future consumption at
rate (1 — pA), die with probability YA, capital depreciates at rate A, entrepreneurs draw a
new productivity 6 with probability A\gA and entrepreneurs’ idiosyncratic shocks entail that

ffi,E,t =q(0i+,&t, kpit)kipe, where € is drawn from H, and the function ¢ satisfies

ket it kg, <kg
q(0i, &t kEie) = , ) _
kgt + (1—¢) <6XP (vg\;%ﬁ - %ﬁ) - 1> (kpit—kp) ifkgit>kg
(B.1)

Risky projects produce kA units and risk-free projects produce krA units. The government
sets taxes Ty, T and Ty A per period, and has to finance exogenous expenditure GA.

An entrepreneur’s expected lifetime utility is given by

Z (1= pAY (1 —~yAY 1og (ciryjn) A+ 2zA
=0




We let P;; denote the the lifetime income of an entrepreneur who puts exactly kj capital
into the risky technology, no capital into the risk-free technology and lends her remaining

endowment to the bank at risk free rate 1+ (Rp — 1)A = 1+ RpA. Tt follows that,

P i—a, + i [(ree = 0)(L = Treey) = T — RNF,t]EEA(l — Trers) (1 — 7AY . (B2)
izo ]- + RF,t-f—kA

-~

:ZFt

Jj=0

A worker’s preferences are described by the lifetime utility function

Z (1 —pA)Y (1 —~A)Y log (CﬁjA) A.

J=0

First, consider the worker’s problem for a given period length A
V¥ (a", X) = max (log (¢™) A+ (1= pA) (1 —yA) VY ("', X)) (B.3)
subject to

ANA+ (1 —~yA)a = wA(1 —7x5) + (1 + (Rp — 1)A)a®,

and non-negativity constraints on ¢V, aV'.

Second, the entrepreneur’s problem is to solve:

V(P.O,X) — sup /g (log(c)A+(1—pA)(l—yA)E[V(P’,G’,X') eDdﬁg(g),

subject to
w = [p—1— (1 —7x)rgA+6Alky — (b— (1 + RpA)b) + (1 + RpA)P

b4 (1= i) reA — 0A] (kg — kp) + <TK5A A —1— RFA) (ks — kp)
-+ [—RF + (1 — TK> (’I"F — 5) — Tw]AkF,

the incentive compatibility constraint

Okp(P.9,6,X)  Okp(P6,6,X)  b(P.§ X)

(I =7r)reA+ (1 —64A)) O¢ a€ o€ ,



the break-even condition for the banks

/13 (a,0,6,X;)dHe (&) = (1 + RpA)Db(P,0,X,),
£
and non-negativity constraints on kg, kr, kg, ¢, w and P’.

The fraction of newborn agents who choose to become workers each period is given by
the probability H,(z < z*), where z* is the cutoff z that satisfies

Z*A

EglV (£, 0, X)) + 17— (1—pA)(1—~A)

— VN(FY, X)) (B.4)

The aggregate number of workers evolves according to the number of workers who die

and the number of newborn agents who become workers:

The equilibrium conditions of the model with period length A are summarized below.

Definition 4. Given a sequence of tazx rates {Tw+, T+, TN7t}tOZO7 an equilibrium Ea of the
economy with period length A is a sequence of prices {Rp7t,rE,t,rp7t,wt}z0, policy func-
tions giving entrepreneurs’ and workers’ decisions and a sequence of aggregate variables
{Cr, Ki, Kpt, Kpy, Ky, Yi, Ni 52 such that:

1. The government’s budget constraint is balanced every period:

GA = 7w ANy + e (VA — w AN, — SAK,) + 1w AK,. (B.6)

2. Workers’ decision rules solve the worker’s optimization problem B.S5.

3. Entrepreneurs’ decision rules are the solution to the entrepreneur’s problem B.J.
4. {Cy, Kt, Kgy, Kpt, Ky, Yi 152, represent the aggregate of household’s decisions.
5. The indifference value z} for agents’ occupational choice is given by (B.4)

6. The aggregate level of Ny evolves according to (B.5)

7. The asset, intermediate goods and labor markets clear.

The final goods market clearing condition then follows by Walras’ law
GA+CA+Kin = YA+ (1 —6A) (Kpy+ Kpy — Kuy) +Cr,  (B7)

where Cp A = ¢Kp .



B.2 Solution to the Worker’s and Entrepreneur’s Problem with
Period Length A

Following the same derivation as in the main text, where A = 1, it can readily be shown
that the solution to the worker’s problem is given by

NA = 1= (1= pA) (1= Q)] (14 RpA) PY = (y+ p—pA) (14 RrA) APV, (B.3)
PN = (1—pA)(1+RpA)PY,

- A1 — (1 = ~A)
where Pf\tf = ai\ft + Z Wi+ j (j TN,t—i:j)( YA) .
=0 k=0 I+ RF,t+kA

J]=
[\

J/

—F,
The solution to the entrepreneur’s between period problem is given by

cA = (1—(1—=pA)1—7A))w=(7v+p+7pA) Aw, (B.10)
P = (1-pAw= N _17A (w— cA). (B.11)

The entrepreneur’s within period problem is to choose kg (P, 60, X) and w (P, 6, X) to solve

sup [ 10g (12+ ok ~ k) )a(©), (B.12)
13
subject to the constraints:
W = (—¢ + (TE — TF)(l — TK)A> (/fE - EE) + (1 + RFA)P (B13>
kg > kg (B.14)
0 < w+gelkry — kg), (B.15)

and where kp = q(0,&, kg). The following proposition summarizes the optimal decisions.

Proposition 10. In equilibrium, the entrepreneur’s problem has a unique solution for
c(P,0,e,X), P'(P,0,e,X), w(P,0,¢,X) and kg(P,0, X) which depends continuously on the

parameters. The entrepreneur’s optimal choice of kg is:

59_1 (max {O; min {W; S;}}) P (1 + RFA)

k(P 0, X) — ki = ¢—(rg—rp)A(1 — TK)SQ_I (maX {O; min{%; Sg}})

, (B.16)

where Sy = Sy (1;

>. For any equilibrium values of rg, g, the entrepreneur’s choices entail



W o= (Ble—1)+1—7i)rs —r)A) (kg — kg) + (1 n RFA> P (B.I7)

c = (Y+p+ypAw (B.18)
P = (1-pAw, (B.19)
where
e=1+(1-¢) (exp <('0€i’t0i\iz - gﬁi) - 1) , (B.20)
fg <1+l’(6—1))_ eHe (§) de )
Sp(x) =1-— — , Vx € [0, - e] , (B.21)
Je (1 + z(e — 1)) He (§) de -
and .
Sp = Sy (1 — e) : (B.22)

Here Sy : [O, ﬁ} — 10,.55] is a differentiable and strictly increasing function.

Proof. Note first that the definition of ¢ implies that kg — ky = (kg — kp).

Then, the derivative of the entrepreneur’s objective function with respect to kg is

Oow

0 - w
g o o ol k) (€)= [ o+ ek — k) (5 + 0 ) AT

= (w+ (kg — k)™

w o(kp —kp)  \7
: /g <w+ ok — k) w+ olks — k:E)€> (é(e=1) + (1 = 7x)(rp = rp)A) dHe(€)

= (w+ ¢k — kg)) ™ /)5 (1—z+ze)" (d(e— 1) + (rp — rp)A) dHe(€),

where

oo 9lks —kp)
w+ (ke — kg)
Here we used that w + ¢(kg — k) > 0 at any feasible kg. This holds because the constraint
(B.15) implies that

(B.23)

0 <w+delkp —kg) <w+ ¢E[e|(kp — kp) = w+ d(kp — kg).

Since kg — kp > 0, equation (B.23) in turn implies that * > 0 at any feasible choice.

>
<

Furthermore, x 1% To show this, note that it was shown above that the entrepreneur’s



end of period consumption is proportional to
w=w+ ¢e(kp —kp) = (1 -z +ze)(w+ d(kp — kp))

Since w + ¢(kp — k) > 0, it follows that 1 — x + xze > 0, or the entrepreneur’s consumption
could be negative. Rearranging this condition, we obtain that x < ﬁ, as desired.
Now we show that z is monotonically increasing in kg. Using the definition of w in

equation (B.15) and the definition of x in equation (B.23), we obtain that
Ox ~
oo (14 RpA) P
oty > (15 fr

Since the entrepreneur can convert units of capital into consumption at rate ¢ and the risk
free rate of return is (1+}t2 rA), there can only be an equilibrium in which some entrepreneurs
put a positive amount of capital in the risk-free sector if (1 + RpA) > 0. Moreover, by
definition P > 0, leading us to conclude that % > (. So z is monotonically increasing in
kg, and z = 0 when (kg — kg) = 0, while z = l%g corresponds to the highest possible kg
the entrepreneur can choose while ensuring that consumption is non-negative.

Using that = € [0, ﬁ], the expression for the derivative of the entrepreneur’s objective

function can be further rearranged to

¢ it (e q g B rR)AQ —7x)
£+¢(kE_EE)/g(1+$(E 1)) ( 1+ 5 )ng(f)

= a zle— 1)t
= oty [ e ) aH
) <f£ (1+2(e— 1))11€ng(€) oy e re)AQ - TK)>
Jo (T ale = 1) TdH(© ;
. ¢ e — 1 (TE — TF)A<1 — TK) _ r
- e J et ag (P (2)).
where

Jo (1 et n) e

So(x) =1— — )
Jo (14 ale= 1) are(o

Since w + ¢(kp —ky) > 0and 27 +e—1 > 0 for z € (0, 1%6], with strict inequality for
€ > ¢, it follows that the sign of this derivative is given by the sign of

(TE—TF)A(l—TK)

; — Sy(). (B.24)




In the case of an interior solution, the first order condition for the optimal choice of kg is

(TE—TF)A(l—TK)
)

— Sy(x) = 0. (B.25)

We now show that Sp(z) is strictly increasing for z € (0, 1=]. We rewrite Sp(z) as

e (1 + (e — 1)) 71;pedﬂf (€)

So(w) =1~ zi—</£<x_1+6—1)_1dH5(§)>_1.

I} (1 +afe - 1>) Can(¢)

Since all the terms in Sp(z) are differentiable with respect to z, for x € (0, i}, it follows
that Sp(x) is itself differentiable over € (0, ;~]. The derivative is
-1 -2 )
Sp(x) =22 -1+ (/ (;cl +e— 1) dH, (f)) / (ml +e— 1) dHe (§)
3 3

(B.26)

Using Jensen’s inequality,

(remr) | - (()) e

Substituting this into equation (B.26)

Sh(x) > 22 (1 + (/)E <:c1 +e— 1) ﬂng (5)) - (/é <x1 +e— 1) 71dH§ (§)>2) =0,

where we used that 7' +e—1 > 0 for z € (0, ﬁ], with strict inequality for € > 0. Therefore,
1

) E
that S is continuous over = € [0, =] and so Sy(x) is also strictly increasing over z € [0, =]

Recall that the sign of the derivative of the entrepreneur’s within-period objective func-

2
E

o)’

Sp(x) is strictly increasing over x € (0, =], as desired. Equation (B.21) immediately implies

tion with respect to kg is given by (B.24) and that z is monotonically increasing in kg,

with = 0 when (kg —kp) =0 and = = ﬁ corresponding to the highest possible kg the

entrepreneur can choose. Since Sy(x) is strictly increasing over = € [0, ], it follows that

there are three cases. If w < Sp(0), then the entrepreneur optimally chooses the

corner solution kp — kp = =0. If % > Sy (ﬁ), then the entrepreneur opti-
1

1—¢?

of kg. If Sp(0) < w < Sy <ﬁ), then, by the intermediate value theorem, there

mally chooses the corner solution x = which correspondé to the highest possible choice

10



is a unique x satisfying the first order condition (B.25). In that case, since the entrepreneur’s
within-period objective function is strictly concave with respect to kg, it follows that the
first order condition (B.25) characterizes the unique optimal choice of kg.

For the case where the first order condition holds, we may use the fact that S is monotone

and differentiable (and therefore invertible) to rearrange the first order condition as follows

) ((m — rF)j(l —~ TK)>

r =5,

Let S; = Sy < ) Then, S, '(S;) = +-. Furthermore, Sy(0) = 0 (by equation (B.21))

1
) 1—€

increasing on [0, S;]. As such, we can group the three cases above as follows

and so S,'(0) = 0. Since S is monotomcally increasing on x[0, =], S, is monotonically

S;1(0) if Lre—re2Uond <
T = 5’9—1 ((TE—TF)(ZSA(I_TK)> if (TE—"'F)QSA(I_TK) € (0,5%)
S;1(S5) if W > 5%

Combining this with (B.23) to solve for kg, and simplifying, we have

Syt (max{();min {%; Sg}}) P <1 + RFA>

b~k = ¢ — (rg —rr)A(1 —7x)S; " <max {O;min {WQ Sg}})

From equations (13) and (B.13), we have that
w=(¢(e=1)+ (1 —7x)(re —rr)A) (kg — kg) + (1 +RFA> P

Combining with equations (B.10) and (B.11) yields all the results of the proposition. ]

B.3 Proof of Proposition 1

This proof makes use of the following two lemmas.

. Se(x) _ (1—¢)%¢’z
Lemma 5. The following holds, for any x € |0; - T slima =X = R

Proof. To prove this, note first that

Sp(z) 1 1 fg (14 2(e— 1)) edHe (€) B fg (31) (L +a(e—1))""dHe (6)
A A Je(U+ale—1)"dHe (&) ) JQtz(e—1))dH: (&) )

11



Then, it remains to show that, for any x in the domain of S,

(B.27)

A—0

S (E) (e~ D) MH (O] a1 - et
Je(1+ ale = 1)) A €) 2

To prove this, we prove the following results, from which equation (B.27) follows trivially

C2(l - ?¢?’A

, e—1 1 B
ilg%) i (T) (1+z(e—1))"dHe (&) = — (B.28)

lim [(1+z(e—1))""dH: (&) = 1 (B.29)
A—0 ¢

Using (B.20), we consider a first order approximation of € — 1 around vA = 0

e—1=(1-¢ (eXp (9"5\/\?— 90;?) —1> ~ (1—5)“’%5. (B.30)

Similarly, in the neighborhood of v/A = 0

L PEVA  p?A T a(l—opeVA
(14 z(e—1)) —<1+x(1—§)<exp( 75 20)—1)) ~1— i

Multiplying the term in the limit on the left hand side of (B.28) by A, and ignoring

terms of order greater than A, we therefore can write it as

> 3 3 _ (1= epVAE[E] (1 - e*p*AE[¢’]
[ am00va S (1-a0 - oA ) ane) - L2 ZALE]

z(1—€)2p%A
0

Likewise, considering the term on the left hand side of (B.29), we have

which is equal to — since ¢ has mean zero and variance 1. Hence (B.28) follows.

oo Vo Vo
O
Lemma 6. For any z € (—o0,00), it holds that
lim S; ! (max{0; min{zA; $;}}) = max { 0; mi 0 1 (B.31)
Jim Sy (max{0; min{2A; S = max < 0; min Ao 1—¢ ) )

12



Proof. To prove (B.31), we first note that
lim 2f = = "% (B.32)

This follows immediately from the definition of Sj in (B.22) and from Lemma 5.

Now, we show that

(1=9*\ . o 20
Vz € [0, 7 , EE}S (zA) = Al (B.33)

To prove (B.33) , define the function .% (z) according to

Sg(&?)
A

F(z) =

(B.34)

where z € (O, ﬁ) Given that S is continuous and strictly increasing, it follows that .%(-)
is continuous and strictly increasing, and therefore invertible. We now show that, for any z

in the range of .#

F ) =5 (z4). (B.35)
Let = % !(z). Then z = F(z) = SA( ) s0 Sy(x) = 2zA and = S, (zA), giving (B.35).
Define the function .7 (z) = (1 — €)%p?x. Its inverse is
7l )= — 20 (B.36)
(1— )22

We know from Lemma 5 that, as A — 0, .%(z) converges to .7 (z). Since .# and .Z are
continuous, this convergence is uniform, and the inverse .% ~*(z) converges to §_1(1’). Then,
using equations (B.35) and (B.36), we obtain (B.33) for values of z in the relevant domain.

Note that, for A > 0, the domain of S, () is [0,.S;]. Therefore, the result (B.33) must
hold for all z € (O,limAﬁo %) = (O, %) since, for any such z, zA in will be in the
domain of S! for sufficiently small A > 0. Equally, it must be true that lima_,o S, 1(0) =0,
since S, '(0) = 0 for any value of A > 0. Therefore, (B.33) follows for » € [0, %)

Now, using (B.32) and (B.33), we prove (B.31) for z € (—o0,00). We proceed in cases.
First, consider the case z < 0. Then, for sufficiently small A > 0, equation (B.32) implies

that zA <0 < Sj. Then,
ol o SR — T =10 —
im% Sy (max{0; min{zA; S;}}) = EH}) S, (0) =0, (B.37)

where the second equality used (B.33).
Now, suppose that z € ( %) Then, for sufficiently small A > 0, equation (B.32)

13



implies that 0 < zA < Sj. Then,

20

. —1 . : . Qx 1 —1 .
Jim 7 (mace{O; min=4: $71) = Jim §5" () = (7= ey

(B.38)
where the second equality used (B.33).
Now, suppose that z > 1%6 Then, for sufficiently small A > 0, equation (B.32) implies
that zA > Sy > 0. Then,
lim S, ! (max{0; min{zA; S;}}) = lim S;'(S;) = lim C (B.39)
N ’ e A0 o

A501l—€¢ 1—¢

where the second equality used that, for any A > 0, 5’9_1(5’5) = 1;7 since Sy = S <1£€>.

Comparing equation (B.31) with (B.37),(B.38) and (B.39), we see that we have proven

(B.31) for any z € (—o0,00) except for z = . In particular, (B.31) must hold for all

z# ﬁ in the neighborhood of i Note that the left hand side of (B.31) is continuous and
weakly increasing in z for any A > 0. The right hand side of (B.31) is continuous and weakly
1

increasing in z. Continuity arguments then imply that (B.31) also holds at z = . O

Proof of the Propositon
First, we derive the worker’s continuous time solution. Consider the discrete time solution
with period length A

NA = (y+p—ypA) (14 RpA)APY, (B.40)
PN = (1—pA)(1+ RpA)PY. (B.41)
pN'_pN

Taking the limit of equation (B.40) as A — 0, we obtain ¢". Now consider “—*— =

[(1 — pA)RF — p} PN, Taking the limit of this as A — 0, we get dPY = { |:RF - P] PN} dt.

Using the solution for ¢V, we obtain dP".

Now we derive the entrepreneur’s continuous time solution. Taking the limit of equation
(B.16) as A — 0, and using Lemma 6, implires (14). Combining (B.17) and (B.18) implies

c=(p+7=prA) [P (14 RpA) + (k= kg) (6 (e = 1)+ (1= 7i0) (1 = 7))

Taking the limit of this as A — 0 and noting that, as A — 0, ¢ — 1 in probability, we obtain
(14). Finally, we note that Proposition 10 implies that

1
P =
1 —~A

( [P (1 v }?FA) 4 (ks —kp) (6 (e — 1) + (1 — 75) (rm — TF)A)} _ cA) ,
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so that

P-P =

Rep+~) P+ (kg —kp) (re —rp) (1 — ) — ¢ 5 — kg)o(e
(e +1) el ]M(w iskte- 1)

Considering A close to zero, using (B.30), and dropping higher order terms in A, we obtain

PP = [(Re+7) P+ (ks — k) (rp =) (1= 1) — | A+ (ke _EE\)/%“ —9%cyA
Since £ has mean 0 and variance 1, it follows that the variance of P’ — P is proportional to
A. Standard arguments then imply that, as A — 0, P evolves according to an Ito process.
Replacing A with d¢ and £€v/A with dIW, in the expression above, we obtain dP.

It remains to show that in the continuous time case, all entrepreneurs choose kg = 0.
The entrepreneur will not hide capital if ¢ < (1 — 7x4)rgs + (1 — ). With period length A,
this inequality immediately becomes ¢ < (1 — 7x4)rp:A + 1 — 6A, In the limit as A — 0,
this is ¢ < 1, which is trivially satisfied since ¢ € (0, 1) by assumption.

[

B.4 Proof of Proposition 2

As a first step, we characterize a steady state equilibrium in Proposition 11, as per Definitions
1 and 2. As a second step, we show that the aggregate variables {Y*, K*, K},, C*, N*} and
post-tax prices {f}, R}}, w*, 7?}} constitute an equilibrium according to Proposition 2 if and
only if the aggregate variables {K*, K%, C*, N* F* FN* IP’*}, prices {1}, 7, R, w*, 75} and
taxes {7y, Tj, T} constitute an equilibrium according to Proposition 11.

B.4.1 Alternative characterization of the steady state equilibrium

Proposition 11. There exists a steady state . which is consistent with the particular values
of aggregate variables aggregate variables {K*, K3, C* N* F* FN*, IP’*}, prices {ry, ri, Ry, w*, m5}
and tazes {T}},, Tje, Th } and in which no entrepreneurs hide capital or intermediate goods, if

and only if the following conditions hold

1. The government’s budget constraint is balanced every period
G=1w'N* + 715 (Y —w*N* — 0K*) + 75, K*. (B.42)
2. Aggregate consumption satisfies

C*=(p+7) (K*+ N*F¥* 4+ (1 - N*) F*). (B.43)

15



We derive aggregate steady state consumption (B.43) by integrating over the consump-

tion policy function of workers and entrepreneurs

= ([ pras [ pa),
1EN* i>N*

C*=(p+7) </ (al¥* + FN*)di + / (af + F*)dz’) ,
iEN* i>N*

where FN* and F* are obtained by evaluating P;; and Pf\t’ at steady state prices

and steady state tar rates and taking the limit as A — 0, and using Rpy = 1 +
(1 —7x,t) (rpe — 0) — Twy to simplify

* 1 _ *
P = % (B.44)
F
P ok ?zr(lR_ Tic)h (B.45)
F

. Aggregate risky capital respects the solution to the entrepreneur’s optimization problem,

as derived in equation (15):

Kp = ky(1— N*)+ IP’/I e (6)27(0) b, (B.46)

where /%E(G) is given by the continuous time policy function (14).

. The no-arbitrage condition: entrepreneurs are indifferent between investing in the pro-

duction of the risk-free intermediate good and lending capital to the bank

Rp=1—=715)(rp—20)— 1. (B.47)

. The stationary distribution of entrepreneurial wealth respects transition probabilites and

entrepreneur’s policy functions

(a) Total entrepreneurial wealth, P*, is given by

P* = V(1= N (B.48)

oyt (R = 1) = [y — 1) (1 — i)k (0)u* (0) d
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(b) The fraction of wealth owned by entrepreneurs of type 0, pu* (0), is given by

. Aoho(8) + yho(6) TN
w*(0) = P (B.49)

Y+p+ g — (R}+/%E(9)(TE—7’?)(1—T§))

The details of the derivation of the above characterizations of steady state wealth can
be found in Appendiz B.J.3 below.

6. Optimality in the production of the final good and market clearning

rp=fi (Kp, K" — Ki, N*), (B.50)
re = fo (Kp, K" — Ki, N¥), (B.51)
w* = f3 (Kp, K" — Kp, N¥). (B.52)

7. The aggregate fraction of workers N* is determined by the fraction that choose this

occupation at birth

N* = Hz(log«l ) — log((1 — i) (r — ri)kp)
1 [(1L=75) (g — rp)k(0)
_ /0 — : ] ng(G)) (B.53)

To deriwve this, we note that the occupational choice implies that in a steady state
N* = H((p+7)(VY(FY, X*) — ByV(F,0, X)), (B.54)

In Appendiz B./J.J and B.J.5 we show that the steady state value functions are

(4 AV (BYX) = log(ly+ pp) + D=
. Rp—p 1 (rp —rr)(1 = ) kp(9)
(v +p)V(P,0,X") = log((y+p)P)+ oy 7Jr,()JrM( 5

~

(v +p)t (M re—rF) (1 — TK)kE(0)
v | ( : )dm.

Substituting these into (B.54) yields (B.53).
8. The final goods market clears
C*+0K*+G =YY"= f(KpK*— KpN*). (B.55)
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9.

10.

The following inequality conditions are satisfied

(1% = 1)1 = %) > 0, kg(l— N") < Kj < K, (5.56)
Rp+7>0, M+p+7y—Rp> (ry —ri)(1 = 7i)ke(1). (B.57)

These follow from entrepreneurial optimization. In particular, equation (B.46) implies
that K}, > kp(1—N*) must hold. In the main text we argued that (ry,—7r5)(1—75) >0
and K3, < K* must hold in equilibrium because of the Inada conditions. Rp 4+~ >
0 must hold, since otherwise (B.45) is inconsistent with F* > 0, implying newborn
entrepreneurs cannot have positive consumption. The last inequality holds because the

denominator of (B.49) must be positive at 0 = 1, or p*(1) would not be positive.
Lastly, l%E(G) is given by

oy (E =R (1 =)0

bu(0) = (B.58)

This follows because the inequalities(B.57) and the parameter restrictions imply that

(s —7r3)( ) % min (1% — 1rE)( TK),l

2
> X+ p+2v> 1],
’ (1 —¢) O(1 — €)¢?

where we used that kg(1) is given by (14). Dividing by ©2, it follows that

(%~ ri)(1 = 75)

P(1 — €)p?

< 1.

That kg (0) satisfies (B.58) follows from the entrepreneur’s problem in (14).

Note that the asset market clearing condition holds by Walras’ law.

B.4.2 Showing equivalence between Proposition 11 and Proposition 2

Proposition 12. The aggregate variables {K* K%, C*, N* Y*}, functions kg(0),1(0) and

post-tax prices {fﬁ(, R}‘;, w }

*

constitute a steady state according to Proposition 2 if and only

if the aggregate variables {K*,Kg,C’*,N*,F*,FN*,IP*}, , functions ];ZE(Q),,U,(Q) and prices

{r, v, Ry, w*} and tazes {m};,, 7, TA } constitute a steady state according to Proposition 11.

Proof. <=: Suppose that aggregate variables {K*,KE, C*, N*,F*,FN*,IP’*},

functions kg (6),u(0), prices {rf, %, R, w*} and taxes {rj;, 75, 7%} satisfy the equilibrium

conditions in Proposition 11: (B.42) - (B.55), and the inequalities (B.56). Define post-tax

prices: W = w(l —7y) and 7x = (rg —rp)(1 — 7x).

18



Replace any occurrence of pre-tax prices in the equilibrium conditions with their post-
tax price counterpart, noting that we may replace (r}, —r5) with 7%. The new set of
inequality conditions follows directly. By substituting (B.44),(B.45) and (B.48) into the
other equilibrium equations to eliminate the variables {F * FN *,IP’*}, and rearranging, we
may arrive at the set of equilibrium conditions of Proposition 2.

=: Suppose that aggregate variables { K*, K},, C*, N*, Y*}, functions I%E(H),,u(@)
and post-tax prices {f}, }N%}}, w*, 7?}}} satisfy the equilibrium conditions of Proposition 2.

Define 3, 75 and w* according to (B.50)-(B.52); define 75 and 75 so that @ = w(1 —7y)
and 7y = (rg—rp)(1—7x); define Ty according to (B.47); define { F*, FN*,P*} according to
(B.44),(B.45) and (B.48). Then, it follows by inspection that the resulting variables satisfy

the equilibrium conditions of Proposition 11. O

B.4.3 Derivation of P* and p*(f) (equations (B.48) andb (B.49))

Derivation of P*. Consider the model with period length A. In a steady state, each period
a fraction yYA of entrepreneurs die and a fraction (1 — N*) of the vA newborn agents choose

to become entrepreneurs, each with initial wealth F'. The law of motion for P is then

P =(1- ’yA)/ Pdi +~yA(1 — N*)F.
ieN

This can be written as

1
P'=(1—~A)(1—pA) [(T*E — ) Al — TI*()/ kg(@)p (0)d0 + (1 + RpA) | P+~yA(1 — N)F,
0
where we evaluate the integral fi> ~ Pidi by combining the expression w (equation (B.17))
and the entrepreneur’s policy function for P* (equation (B.19)) and the entrepreneur’s policy
function for kg (equation (B.16)). Using that in steady state P’ = P = P* and taking the
limit as A — 0, we obtain equation (B.48), as required.

Derivation of p*(f). Recall that we define p*(6) as the fraction of total entrepreneur
wealth, P*, held by entrepreneurs of type 6 in the steady state

Prdi

() = Jiex *’GIE;@ (B.59)

The law of motion for p/(#) in an economy of length A is given by

1 (OB =XgAhg(8)(F' — yA(L — N)F) +7Ag(6)(1 — N)F

(1= AA)(1 = MA)u(B)P /g P(6,€)dH(€) (B.60)
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At the end of each period, entrepreneurs die with probability yA. Out of the (1 — vyA)
entrepreneurs that survive, they keep the same 6 with probability (1 — A\gA). The left hand
side corresponds to the total capital held by entrepreneurs of type # in the next period. The

three right hand terms are derived as follows

1. The first term indicates the capital held in the next period by surviving entrepreneurs
who draw a new ability level that period and happen to draw 6. In total, surviving
entrepreneurs hold P’ —yA(1 — N)F of capital. Since the probability of drawing a new
ability level is orthogonal to ability type, the fraction of entrepreneurs drawing theta

as their new type is equal to the fraction of wealth these entrepreneurs own.

2. The second term is given by the wealth owned by newborns, (1 — N)F, scaled by the

fraction of newborns who happen to draw 6.

3. Fraction (1 — yA)(1 — AA) of entrepreneurs of type 6 surive and retain their type
in the next period. Due to the linearity of the policy function in P, the cumulative
wealth of these entrepreneurs in the next period is equal to the expected wealth of an
entrepreneur who owns their cumulative wealth, (1 —~vA)(1 — A\gA)u(0)P. Note that
we have defined P'(0, ¢) := %.

In a steady state, i/ = pu = p* and P’ = P = P* and equation (B.60) simplifies to

_ Molhg(0) + AL = N*)feho(0)(1 = AoA)
L= (1= 7A)(1 = M) [, P'(0,€)dHe(€)

*

(B.61)

To find the expression for [ P'(0,€)dH (€), we substitute the expression for w given by
equation (B.17) into the entrepreneur’s policy function (B.19). We then use the fact that
kg is linear in P and that E[¢] = 1 to show that

/€ P'(6,e)dH(e) = (1 — pA) / w(f, &, 1)dHe(€)
= (1= p2) [ (6= 1)+ (1= 7} = ) A)Rs(6) + (1 + Retd))aAH(E
= (1—pA) <(7’E —rp)(1 — %) Akg(0) + (1 + ﬁFA)>

Taking the limit as A — 0, we obtain equation (B.49), as required.

B.4.4 Derivation of the worker’s steady state value function

In this section, we show that that the worker’s steady state value function is given by (B.55).
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We derive this continuous time Bellman equation by taking the limit of the Bellman

equation of the problem for a given period length A

VN(PY, X*) = max <log(cN)A + (1= pA) (1 —yA) VY (PN X7) )
VN (PN/,X*> o VN<PN7X*)
A )

(p+7 = pyA)VY(PY, X*) = max (1og(e") + (1= pA) (1 = 74)

Hence, taking the limit as A — 0, and using equation (14) and substituting ¢, we obtain

(p+ NV (P, X7) =log((p+7)PY) + lim

—0

<VN (PN/*’X*)A_ VN(pN,X*)> (B.62)

J/

-

A

As the next step, we compute the term A. Asin Appendix A.1, we can write the worker’s

steady state value function in an economy with period length A as

1
1= (1—=pA)(1—~A)

VN(PN X" = Q(A) + log(PM)A. (B.63)

Using the policy function for P’ for the economy of period length A, given by equation (B.9),

and I’Hopital’s rule we obtain

, 1
A:ili’%<1—(1—pA)(1—7A) log((l_pA)(H(RF_l)A)))
. 1 —p(1+ (Rp —1)A)+ (1 — pA)(Rp—1)\  Rp—p
S A0\ pty —20A (1= pA)(1+ (Rr —1)A) EER

B.4.5 Derivation of the entrepreneur’s steady state value function

In this section we solve for the entrepreneur’s steady state value function. We evaluate

equation (B.4) at X = X’ = X* and substitute in the policy functions for ¢ and P’

V(P 6,X") = /5 (log(c(P, 0,6, X*))A+ (1 — pA)(1 —~A)

X

E {V(P’(P, 0.6, X%)), 0, X*)

91 ) dHe(€) (B.64)

Using the process for 6, we can write out the conditional expectation as

E [V(P’, 0, X"

9} =[1 = NA]JV(P',0, X*) + MAE[V (P, 0, X")]
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As in Lemma 1, we write the entrepreneur’s value function when the period length is A as

1

V(P,0,X) = V(0,X,A) + 1— (1—pA)(1—~4A)

log(P)A. (B.65)

Hence, as A — 0, we obtain the continuous time entrepreneur value function

* . [/ * 1
V(P,0,X") = ilg%) V0, X", A)+ Py log(P). (B.66)
It remains to derive V (6, X, A) and take the limit as A — 0. Since we have already
derived the solutions for ¢, P’ and kg, deriving V (6, X, A) is simply a matter of substituting

these expressions into the value function and rearranging. To simplify the algebra, define
apa = (1 = pA)(1 —~vA) to obtain

w=wtbeks = (((b(e S 1)+ (1= 1) — rR)A)kp(8) + (1 + RFA))/P (B.67)
:ZD(‘TG,A)

¢ (p+7+pyA)w = (p+7+pyA)D(0,e,A)P, (B.68)

Pl = (1= pAw = (1= pA)D(0, ¢, A)P (B.69)

Combining the closed form solution for the value function (B.65) with the Bellman equa-

tion (B.64), and substituting in for ¢ and P’ with the expressions above, we obtain

Ve, X" A)+ :

log(P)A = /g (log ((p+v+pyA)D(0, e, A)P) A+ an

x{[l SWN (V(e, X% 8) + log (1 — pA)D(6, ¢, A)P) A)

log (1 — pA)D(8, ¢, A)P) A) })dH(e).

+)\9A<E9[V(9, XA +

This simplifies to the following expression for V (6, X*, A)

OéAA

(1—aa(l = XAV (0, X", A) = log(p+v+pyA)A+ log(1 — pA)

1

+ aaNAEG[V (0, X A)] + 1 —AaA /élog(D(Q,e, A))dHe(§)
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Taking expectations and rearranging, we have

_ 1 A)A >
E,V (6, X", A) = Og(pﬂi;fv =K (= e (=02
A
+ —)21[39 {/glog(D(@,e,A))st(ﬁ)}

(1—OAA

Substituting this into the previous expression and dividing both sides by A, we obtain

1— _
( AO‘A + aA)\9> V0, X*,A)

A A log(1 — pA
= (1+aak log(p + 7+ pyA) +aa o5l — )
1—OéA l—OéA A

A ) K, [fglog (6, ¢, A))ng(ﬁ)] N ( A ) fglog (0,¢,A)) d}%@

+ OZA)\Q <1

— QA A 1—0[A A U'U

It remains to take the limit as A — 0. The following limits obtain

lim log(p + 7+ pyA) = log(p +7) (B.71)
ilino ap =1 (B.72)
A 1
lim = (B.73)
A=01l —an  p+7
_log(l —pA)
e Sy (B74)

It is immediate that equation (B.71) holds. Equation (B.72) is immediate given that ap =
(1 — pA)(1 —~vA). Then, equations (B.73) and (B.74) follow from L’Hopital’s rule.

We prove below that the following limit also obtains

lim [fg log\ D6, A))dH£<€)] = (TE—TF)(l—TK)I%(G)‘i‘RF_l (W) (B.75)

A—0 A 2

We now take the limit of (B.70), using (B.71)-(B.75). We obtain

rar) Vi) = (1420 floglp+ )+ () (-0

+ A (ﬁ)QEe [(TE —rp)(1 = i)k (0) + Bp — % <¢(1 - g)é(e)@ﬂ

(L) [(TE —rp)(1 — 7x)k(0) + Rp — % <¢(1 _ g);;.(@)@ 2] '

p+
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Combining this with (B.66), using (B.58) and rearranging, we obtain (B.55). It remains only
to show that the limit (B.75) obtains. Using the definition of D(6,¢, A), we have

lim %/IOg (D<07€7A))dH§(€)

~ % /Elog (16c = 1)+ (e — ) AQL = )] hp(6) + (1 + Re ) ) dH(€)

1 pVAL A .
= ilg%)z/glog ( lgb(l —€) <exp ( N B, ) — 1) + (rg —rp)A(1 — TK)] kg(0)

s Rm)ng(s)

We now take the Taylor expansion of the integrand in units of v/A around the point v/A = 0.

To do this let a = ¢(1 — )k, b = ﬁ\o/—%, c= 52”—;, d = (rg —rp)(1 — 7)k + Rp. Then, we can

write the integrand as f(v/A), where f(v/A) = log(a(exp(bA — cA) — 1) 4+ dA + 1) and so

, ~alb—2eVA) exp(bV/A — cA) + 2dVA
fva) = a(exp(bV/A — cA) — 1) + dA + 1
f'"(VA) = (a(exp(0VA —cA) — 1) +dA +1)72

X {(a(exp(b\/z — ¢A) — 1) 4+ dA + 1) exp(bVA — cA)(=2ac + a(b — 2eV/A)? + 2d)

— (a(b=2cVA) exp(bVA — cA) + Qd\/Z)z}

Then, the Taylor expansion of the integrand above around v'A = 0 is as follows

- - A
+A(7’E—T’F>(1—TK)]€+ARF——(

pEo(1 — kv A N 2 - 1Do(1 — ky?

Vo 0 2

)

Integrating this over £ and using that E[¢] = 0 and E[¢?] = 1, we therefore conclude that

lim [ 108 (D(6, ¢, 8)) dH €)

A—0 ¢
—lim (Al — ) (1 — )k + ARp — 2 (g1 — k) + R
— lim - (A(rs —rr)(1 = i)k + ARy — 22 (61— ) +
.- 1 ~ N2
=(rg —rr)(1 — 7))k + Rp — % (Qb(l —E)kSO) ;
where R are some terms of higher order in A. This is the same as equation (B.75). .
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B.5 Characterizing Partial Equilibrium Elasticities of Tax Changes

To obtain Propositions 3-5, we precisely define and compute the partial equilibrium derivative
% for each X € {K;Kg;N;Y} and j € {K;W}. To fix ideas, we first discuss how to
J
compute 8‘97—’;, that is the marginal effect of 7 on the steady state value of Y, holding fixed
pre-tax prices. All partial equilibrium elasticities can then be defined in a similar fashion.
We write all steady state variables without asterisks, for simplicity.
We formally define aaT—i using Proposition 2, equation (B.47) and the definition of 7x.
First, differentiate the latter two with respect to 7, holding constant pre-tax prices to obtain
87: X aRF
— =(rg—r and —— =rp—0.
87' K ( E F) 87 K F
Then, we make use of Proposition 2 and invoke the implicit function theorem to show that
in the neighborhood of some initial steady state ., we can write the steady state values of
seven of the equilibrium variables as continuously differentiable functions of the two variables
7x and Rp.? Therefore, we cantreat K, Y, Ky and C as functions of 7y and Ry, and use
oY

the equations of Proposition 2 to compute the partial derivatives x and (;%F. Combining

these partial derivatives with the values of g’% and ?9%? found above, we can write

g e — r
0Tk B oy E ORy
and so 6¥K = _1*)/7:}(. ((TE — TF)(%}; + (rp — 5)%),

The same logic can be used to define % for any aggregate steady state variable X, and
for j € {K;W}

X_1—TK8_X__7:_X.8X_(1—TK)<TF—§)8X
K X aTK_ X afx X 8RF
x 1ax 10X

= = B.77
™w XaTW XaRF’ ( )

e (B.76)

(&

and the derivatives g;}i and % can all be defined as described above.

B.5.1 Proof of Proposition 3

Differentiate Y = f(Kg, K, N) with respect to 7x and Rp, using that the derivatives of f
are given by (B.50)-(B.52). Thus, for « € {7x; Rp}

oy 0Kg 0K ON

%:(TE—TF) +rp—+w——

oz oz ox

25This holds is the relevant Jacobian is invertible, which is the case outside of knife-edge situations.
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Substitute a%( and ;TYF into equations (B.76) and (B.77). The result follows immediately.

B.5.2 Proof of Proposition 4

Differentiate (19) with respect to 7x and Rp. Substitute into equations (B.76) and (B.77)
and rearrange. The result follows.

B.5.3 Lemma 3 Proof

Given the definitions of eﬁj, for j € {K; W}, in Proposition 4, it is sufficient to show that

lim (1 —TK)ilog (/M(e)i@(e)de) =-1 and lim i1og </u(9)/%E(0)d0) = 0.

Ag—00 0Tk 0 o—00 OTyy 0

Using (21), since 7x = (rg — rp)(1 — 7), it follows that

olog(hu(1) _ . dloglhp(1)

= 0.
aTK aTW

(1—TK)

Then, to prove the Lemma, it is sufficient to show that, for j € {K; W},

lim -2 (kEu)—l /9 M(@)l%E(e)de) =0,

Ag—ro0 aTj

which follows from kg(0) = Okg(1) if, for all 6 € [0,1], limy, o0 85—@ = 0. Using equation

(20), this follows from the quotient rule of differentiation if, for all 6 € [0, 1],

0 he (6
lim — 9~( ) 0,
Ag—>00 87']' 1 — ( 7’;(]@‘3(9)~ )
Ao+p+y—RE
ho(0)

i kg (0)

since, in that case, the derivative of the integral over 8 of
- (m

) must also approach

0 in the limit. Now,

9 ho(0) B ho(0)0 a( (1) )

or; 1_( "ihp(0) ) N (1_< Pk (0) ))23_%' Xo+p+v— Ry
Ag+pty—RE No+p+y—Ri
Using (21), it follows that:
he(0)6 0 kg (1
lim o) s =hp and  lim —— Heke) )
Ag—r00 (1 _ ( 7:}19}3(9)~ )) Ag—00 87']- Ao + p+vy— R}}
No+ptr—R
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B.5.4 Proof of Proposition 5
Let 2 € {Fx; Rp}. Combining equations (16) and (17) and differentiating, we obtain

WK ped

C OMPC
ox ox ox (

Y—(SK—G—TX(KE—(1—N)EE)+’}/K)+M—PC or

where M PC' = E% From the proof of Proposition 3 above, we have

8_Y_( - )8KE+ 0K | ON
or VBT TR T TR T

Combining these expressions, substituting into equations (B.76) and (B.77) rearranging, we

obtain the desired result.

B.6 Effects of Tax Changes on Worker Lifetime Utility

We focus first on the discrete time case, before moving to the continuous time case discussed
in Lemma 4 . Since workers choose aé\ﬂrl optimally each period, envelope theorem arguments
imply that we may calculate the resulting change in their lifetime utility as if workers continue
to choose the same level of aé\frl each period irrespective of the tax change.”® Then, the
worker’s budget constraint implies that the tax change has an effect on his welfare equivalent

to increasing worker consumption by dc in each period s, where dcl satisfies
del = di + dRpalY

where dw and dRp are the change in @ and Ry as a result of the tax change. In such a case,

the tax change increases the present value of the worker’s lifetime resources by
oo 1 o S o 1 - S _
Z( 7) del = Z( ?) (dw+dRFAN)
o \1+ Rp — \1+ Rp

S
oo < — ) ay’
= 1+RF S
S Y
Zoo 1—:y
s=0 < 1+Rp )
26Tn particular, the total change in worker welfare is equal to the change holding ai,\fH constant each period,

plus the effect of the resulting changes in each period’s choice of aé\g_l on worker welfare. But the worker’s
first order condition implies that the latter effects must be zero.

where

AN =
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is the average value of the worker’s discounted lifetime assets. Applying envelope theorem
arguments further, the change in worker lifetime utility from a small tax change must then

be equivalent to the change in worker utility if the worker consumed all the extra resources

S
Yooto ( 1:%) ded in the first period of their life, since on the margin, workers are indifferent
about which period they consume each extra unit of lifetime resources they receive. That

is, the change in welfare satisfies

w 1 > 1—7~ s B -
AVN(FN, X*) = 7 (Z (1 +RF> ) (dw +dRFAN> :

s=0

where CLN is the worker’s marginal utility of consumption in the first year of her life.

0
Combining this with the definition of FV we have

1 FN .
dvN(FN, X* _—<—~) dw +dRpAY) .
( ) o \w(1 + Ry) <w r >

Using that the worker consumes ¢ = [1 — (1 — p)(1 —7)](1 + Rp)FY, this simplifies to

AVV(FN X*) = % <[1 —a —1;))(1 - 7)]) (dw +dRFAN> .

Repeating the same arguments in the model with period length A, we obtain

AVV(FN, X*) = ule <[1 = pi)(l - 7A)]> (Adu? + AdRFAN) ,

where

s
oo 1—A N
zoo 1—:yA s

s=0 1+RpA

Simplifying and taking the limit as A — 0, we obtain the result of Lemma 4.

AN =

B.7 Proof of Proposition 9

Repeating the same steps as used in Appendix B.6, we obtain that the change in a newborn

worker’s lifetime utility from a change in taxes in the continuous time case is given by
FN .
dVN(0, X) = /() (—> [du? + ANdRF] : (B.78)
W

where w0, AV, FY and Ry are all defined as before. We omit reference to FV in the value

function and instead write it in terms of the newborn’s assets, a” = 0. We also omit asterisks
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denoting steady state variables. The only change from the formula obtain in Appendix B.6
1

is that u/(c)’) is no longer the same as g

As before, the condition for optimal occupational choice is

*

VN0, X) = EgV (0,0, X) +

p+

This implies that the change in N from a change in taxes satisfies
AN = H.(z")[dVY(0, X) — dEgVE (0,6, X)) (B.79)

Since a change in w does not directly affect Vg, this implies that the elasticity of NV with

respect to a change in w satisfies

N WON  H(z)ioVD

““Now N ow

Combining this with equation (B.78) and rearranging, we obtain

Ne&N -
AV (0, X) = ijm dib + ANdRF] (B.80)

Now, the change in total welfare from a change in taxes satisfies
dW = dv¥(0,X) — (1 — N)(dVN(0, X) — dEyVE(0, 60, X))

Substituting in (B.79) and (B.80), we obtain

Nel¥ _ (1—N)dN Nel _ (1— N)wdN
AW = —"2_ |dw NdRp| — = @ dw NdRp — ~— 21—
W = figog 40+ A"k | - Tre= = s [ R }

Using that @ = (1 — 7w)w, Rp = (rp —6)(1 — 7x) — 7w, BY. = (rp —§)AY and BN = AN,
it follows that the change in welfare from a change in 7; € {7x; 7w }, holding pre-tax prices
constant, satisfies

ey

dWw = —>">"— {—wdTNN — BgNde —

\ (1—-N)w
Hl(z*)w

Now, under the assumptions of the Proposition, the government budget constraint is
identical to the baseline model. Furthermore, since elasticities and aggregate variables are
finite and non-zero, it follows that the budget constraint can be differentiated, as done in

the derivation of Proposition 7 in the main text. Thus, it follows that, for a change in
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7; € {7k Tw }, holding pre-tax prices constant

T

aBTm
0= B‘I‘NdTN + B-,-dej + ZTma—dej.

Combining this with the expression for the change in welfare above, we obtain

ey 0B (1= N)w(l —7y5) 0N
AW =—>=__|B, Ej m | — BNN — — | dr;.
w H!(z*)w 5+ 0T i e oT;j 7

Then, as in the derivation of Proposition 8, the first order condition for the optimal choice

of 7; is that the resulting change in welfare from a small tax change is zero, so that

S 0B., | BN - (=N =) ON _

By, + - i gy _
Tj €u~] aTj

me{K;W;N}

which is the same first order condition as in the derivation of Proposition 8.
Rearranging this to solve for optimal taxes and writing in matrix form, we arrive at the

optimal tax formula in Proposition 8. ]

B.8 Values of Terms in the Optimal Tax Formula

The remaining terms used in the Optimal Tax formula in Proposition 8 at the calibrated

initial steady state are as follows

0.12 0 —0.075 —4.197
B: s g1: .
0 3 ~0.004 —0.110
C Data

To calibrate the entrepreneur’s stake in the business, we use data from two sources: the
Survey of Consumer Finances (SCF) and the (National) Survey of Small Business Finances
(SSBF). Both surveys contain information regarding business ownership, with the difference
that the first is a household survey, while the second is a survey of small businesses. We
can identify in each of them groups of respondents that are in line with our notion of
entrepreneurship. We use both sources as validation for our results.

The Survey of Consumer Finances is a a triennial cross-sectional survey of U.S. families
which provides information on individual household portfolio composition, including invest-

ment in private firms. While the SCF was initially administered in 1983, it was not until
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1989 that questions about business ownership were introduced. Therefore, we use all survey
waves from 1989 until 2013. We restrict the sample to households who report owning a busi-
ness in which they have an active management interest, and are between 25 and 65 years
old. This represents, on average, 14.3% of the sample. If a household is an active participant
in multiple businesses, we examine the average share across businesses.*’

The (National) Survey of Small Business Finances collects information on private, non-
financial, non-agricultural businesses in the U.S., with fewer than 500 employees. Only the
surveys collected in 1993, 1998 and 2003 have ownership share information. The surveys
detail the demographic and financial characteristics of the firms and their principal share-
holder. Approximately 90% of these firms are managed by the principal shareholder. We
apply the same sample restrictions as in the SCF.

Figure 4 displays the evolution of the ownership share over time. Both surveys indicate
that ownership is highly concentrated, entrepreneurs holding, on average, 84% of their firm’s
equity. In particular, the average share is 85% in SCF and 83% in (N)SSBF. Ownership
rates are very stable not only across surveys, but also across the time horizon we consider,

so for our calibration exercise we work with their average over time and surveys, 84%.

Figure 4: Ownership Share in the U.S.
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Notes: The orange bars show the average share that entrepreneurs in SCF own in their business. The black
bars show the average share of small businesses in the (N)SSBF that is owned by the principal shareholder.

2TWe obtain similar results if we focus on the business in which the household has the largest investment.
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