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ABSTRACT

The Race of Man and Machine:
Implications of Technology When Abilities
and Demand Constraints Matter

In “The Race between Man and Machine: Implications of Technology for Growth, Factor
Shares, and Employment,” Acemoglu and Restrepo (2018b) combine the task-based
model of the labor market with an endogenous growth model to model the economic
consequences of artificial intelligence (Al). This paper provides an alternative endogenous
growth model that addresses two shortcomings of their model. First, we replace the
assumption of a representative household with the premise of two groups of households
with different preferences. This allows our model to be demand constrained and able to
model the consequences of higher income inequality due to Al. Second, we model Al as
providing abilities, arguing that ‘abilities” better characterises the nature of the services that
Al provide, rather than tasks or skills. The dynamics of the model regarding the impact of
Al on jobs, inequality, wages, labor productivity and long-run GDP growth are explored.
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1 Introduction

In their paper “The Race between Man and Machine: Implications of Technology for Growth,
Factor Shares, and Employment” Acemoglu and Restrepo (2018b) combine “task-based mod-
els of the labor market with directed technological change models” [Ibid, p.1492). They use
their model, henceforth the AR-model, to examine the impact of automation technologies,

such as Artificial Intelligence (AI),! on employment, growth and inequality.

While a significant contribution to the literature, there are two shortcomings in the AR-
model. The first is that its reinstatement effects (the creation of new tasks and jobs due
to the productivity gains enabled by AI) will depend, over the long-run, on the impact of
AT automation on income distribution. If income inequality worsens, such as that the labor
share in GDP declines, aggregate demand will decline. This would reduce the economy’s
actual and potential growth. Lower growth in turn would limit the reinstatement of new

jobs.

The AR-model cannot take this into account, as it is supply-driven and hence lacks a mech-
anism to take into account the consequences of an increase in income inequality, as in all
supply-driven growth models (Dutt, 2006). In a related paper, Acemoglu and Restrepo
(2019a, p.228) recognizes this shortcoming.? In the present paper, drawing on Gries (2020b)
and Gries and Naudé (2020) we address this shortcoming by allowing for growth in our model
to be demand constrained by replacing the typical assumption of a representative household

by the assumption of two groups of households with different preferences.

The second shortcoming shortcoming of the AR-model, which is due to the task-approach to
labor markets on which it is based (see e.g. Autor et al. (2003); Autor and Dorn (2013)), is

that it inadequately engages with the nature of Al and its technological feasibility. The task-

LAT is the “most discussed automation technology’ (Acemoglu and Restrepo, 2018b, p.2).
20ther scholars who have identified aggregate demand as a crucial determinant of the effect of automation
on jobs and growth include Bessen (2018) and Benzell et al. (2018) and Sachs et al. (2015).



approach is concerned with tasks and skills but not with abilities, although abilities better
characterises the nature of the services that Al provide (Herndndez-Orallo, 2017). According
to Tolan et al. (2020, p.6-7) abilities are “a better parameter to evaluate progress in Al”
because Al provide abilities to do tasks, and not skills, which are a human attribute requiring
experience and knowledge, and not an attribute of Al. In the present paper, drawing on Gries

and Naudé (2021), we incorporate Al as providing abilities.

The rest of the paper will proceed as follows. In section 2 an (semi) endogenous growth
model is introduced that includes constraints from the demand-side, and that modifies the
naive task-approach to labor markets. In section 3 the model is solved, and in section 4
the dynamics of the model in terms of the impact of Al on jobs, inequality, wages, labor
productivity and long-run GDP growth are explored. Section 5 considers the impact of Al

with simultaneous demand shocks. Section 6 concludes.

Our paper contributes to the recent theoretical literature on Al and economic growth mod-
elling, such as the AR model, but also work by Aghion et al. (2017), Cords and Prettner
(2019), Hémous and Olsen (2018) and Prettner and Strulik (2017). Unlike these models,
the model presented here incorporate demand-constraints and a modified task-approach to

labor markets.

2 A New Theoretical Model: Labor Tasks, Demand,

and Growth

We start off (in 2.1) by describing the production of final consumption goods by sales-
maximising firms who use labor, intermediate goods, as well as Artificial Intelligence (AI).
In section 2.2 the nature of the relationship between AI and labor is set out, in 2.3 in-

termediate goods production is specified, and in section 2.4 aggregate budget constraints,



income, and its distribution are derived. After having dealt with aggregate supply, we then
focus our attention on aggregate demand in section 2.5. Here we introduce a novelty of this
paper, namely the substitution of the typical assumption in endogenous growth models of
a representative household by the assumption of two groups of households with different

preferences.

2.1 Final goods-producing firms

Final goods for consumption are produced by firms using labor, Al services, and intermedi-
ate inputs. Actual sales of output may fall short of potential sales due to market frictions
and shocks in final goods markets. To maximize sales, firms will incur marketing and prod-
uct placement activities, buy labor and Al services in a competitive market, and purchase

intermediate goods. The following sub-sections elaborate this maximization problem.

2.1.1 Output of Final Goods

Let firm ¢ € F be a representative firm that produces final goods using labor, Al services
and intermediate inputs. The combination of labor and Al provide what we term human
services. We combine labor and Al into human services because Al is a software and
information technology that is human-related in that it provides abilities to produce goods,
but requires the skills and experience and knowledge of humans to add value. Skills and
experiences are not in the domain of Al (Tolan et al., 2020). We denote human service

inputs by Hg;.

In addition to human services, the firm sources NV;(t) differentiated intermediate inputs

xj; (t) which are offered by N (t) intermediate input-producing firms.

Given human service inputs and intermediate inputs, @; (t), the potential output of final



goods by firm 4, is

= Hy; “Z% i (8) H; " (¢) (1)

2.1.2 Market frictions, sales promotion, and expected sales

Due to stochastic market frictions, not all of a firm’s potential output will be sold. Assume

22—8 < 1. The firm’s

subjective interpretation of ¢; (¢) < 11is that this shortfall is due to the fact that customers are

that firm ¢ can only sell ® so that its effective sales ratio is ¢; (t) =

insufficiently informed about products, prices, qualities, and general market conditions. The
extent of this mismatch® between potential and actual sales, §; () determines the effective

sales ratio, i.e.:

¢i (t) =1 —0; (t) (2)

As a response to a sub-optimal effective sales ratio, firms allocate human services Hy, to
promote sales so as to counter this mismatch (d;) and improve the likelihood of selling all
potential output in the market. The match-improving mechanism can be formulated as

m; = my;(Hy;), with 8m’ ()) > 0. Given that §; denotes the stochastic market frictions which

the firm perceives as exogenous, the total mismatch of potential and actual sales is
0; (t) = 0; (t) — my(Hei)

Each individual firm i observes that the expected effective sales ratio E [¢;] is monotonically

increasing with Hy;, and decreasing with d;,such that

B , . OF [¢;] OF [¢]
E¢i] = E¢ (6;, Hyi)]  with O, o8

3The matching model with frictions that we draw on here is closely related to that of Gries (2020a).

> 0, > 0. (3)




2.1.3 Factor demands

Having described the firm’s output and expected effective sales ratio in the previous two
sub-sections, we can now derive the firm’s factor demands from its profit maximization. We
start by denoting the price of the human services factor as pg, and the price of intermediate
inputs x as p,. The firm’s profit maximization function then is:

max : E{IL; ()] = E[6: (0)] Qi () = ply (t) (Hgi (1) + Hei (£)) = Ni (8) pa (8) i (1) (4)

Hqi,Hyi,xi

To maximize profits, firms first have to to organize an efficient sales process, and secondly,

they need to determine optimal production.

First, consider the organization of an efficient sales process. Firm 7 allocates Hy; to the search
and information process and improves its effective sales. In order to sell all potential output,
the firm increases Hg; until all goods that have been produced and supplied can be expected
to be absorbed by the market. The firm’s total revenues E [¢;] Q); are determined by the
expected success rate of selling the produced output E [¢;] and the production of even more
goods @;. As each element depends on the respective human service input, we assume that
placing an already existing (but not yet demanded) output in the market is more effective
than producing a new unit of output. That is, until the point when all production in fact
finds a customer, the marginal revenue generated by human services in the matching process

is greater than the marginal revenue of human service in production, and zero otherwise

OB Blol (1 - a)2

— ! 1< 1.
I, o for Elp] <1

As a result, the firm will increase Hy; until the expected sales ratio becomes

Elgi] =1, (5)



and thus no unsold output remains. The firm will be in a sales equilibrium. Any time when
conditions (5) holds, (3) defines a function for the allocation of labor to each firm i’s sales

activities?
OH,,
OF [5]]

Hy, = Hys (B[]), >0 (6)

Secondly, the firm needs to determine optimal factor inputs. Under the condition that

E[¢;] =1, a firm’s profit (4) is

E Mg = Qi — Nipow: — vy (H}; + He:)

As p'; is the price payable to human services (also in production), the first-order condition

for the efficient use of labor in production gives

Hoi (t) = (1= a) Qi () ply (1) (7)

and the demand for intermediate goods can be derived as

1

0= () Ho )

2.2 Human services: Labor and Al

In this section we elaborate the human services input, and clarify the relationship between

labor and Al. We draw on Gries and Naudé (2021).

4See appendix A for the Implicit Function Theorem.



2.2.1 The production of human services

Human services H;, as already indicated, consists of labor and Al. It is produced following
the task-based approach. As such, H = H(Lp, Ar, Arr, Lir), where Ly is the number of
workers each providing one unit human experience, Ay is an index of general knowledge,
Ajr is the total number of Machine Learning (ML) abilities (e.g. software algorithms) in
the economy, and L;r the IT-labor providing IT skills. Hence, our approach enriches and
extends the naive task-approach by integrating human skills and experience with Al abilities,
as per the arguments of Hernandez-Orallo (2017) and Tolan et al. (2020). Furthermore, L,
and L;r are different groups of labor, allowing us to have two separated segments in the

labor market. The general function H = H(...) can be specified as

H= (/NN1 h(z)‘sz) o~ (9)

where z denotes each task in a unit interval [N — 1, N], and h(z) is the output of task z. As
tasks range between N — 1 and N, the total number of tasks is constant. While formally
following the task-based approach, the more explicit specification of the nature of Al and its

technological feasibility (reflected in A;r) is a novel contribution.

Each task can either be produced only with labor, [(z), or only with Al-labor services, l;7(z),
if the task can be automated. Therefore, there are two sets of tasks. Tasks z € [N — 1, N7
can be produced by both labor and Al services, and tasks z € (N, N| can only be produced

by labor. Thus, the output of a task can be generated in two ways, namely

AL’)/L(Zﬂ(Z) + A[T’}/[T(Zﬂ]T(Z) if z € [N — 1, N[T]
h(z) = (10)

AL’)/L(Z)Z(Z) if z € (N[T, N]

Here 77 () is the classic productivity of labor of task z and Ay generally available knowledge,



which is usable without rivalry and labor augmenting.

The Al service consists of three elements which reflects the fact that modern AT affects the
workplace through the combination and interaction between skills, knowledge, experience
and Machine Learning (ML) abilities. The first element is {;7(z) which is IT-specific labor- in
other words so-called IT skills. The task-related experience and expertise of these specialists
is the second element and is given by ~;r(z). The third element or ingredient in Al services
is ML abilities, denoted A;r. Arr could, for instance, indicate the number or quality of
software programs/algorithms available in the economy, reflecting for instance different ML
techniques, see e.g. LeCun et al. (2015). As each software program has no rivalry in use the
same program can be applied in each task. Therefore, the property of a software technology

(ML ability) is contained in Ajp.

For an existing stock of Al technology the number and kind of tasks which are used and which
fully substitute for labor (automation) will be endogenous. The relative factor prices and
efficiency of these services will determine the extent of the use of automation technologies.
Thus the degree of automation in this model is endogenous. In the next subsection this

process is described in detail.

For now, it can be noted that if a task z with prize py(z) is produced with pure labor
h(z) = Apv(2)l(z), and labor rewards are calculated according to marginal productivity,
then pp(2)Arvr(2) = wp. Symmetrically, the same task could be produced with an Al
technology so that pp,(z)Aryir(2) = wir. Given these two conditions, and given wages in the
market, for any particular task the firm will choose choose the kind of production (automation
or not) that results in the lowest unit labor costs. Thus, if the following condition holds, the
task will be automated:
wir wr

on(2) Arryr(z)  pr(2) Apo(2)

This rule leads to condition (11) which identifies the switching point between automated



Aryr(2)

(AI) tasks and labor tasks. If tasks are ordered in such a way that
v (?)

is increasing in
z and the tasks with lower numbers z € [N — 1, N;p| are the automated tasks, task Nyp is
the switching point from an automation task to a labor task. Njr is the highest number in

this order for which

Ay (Nir) wr,
< 11
AIT’VIT(N IT) wrT ( )

holds. Apart from these automated (Al) tasks [N — 1, Nyr], all other tasks (Nyr, N| are

produced with standard labor. Thus, the costs and respectively the price py(z) for any task

z 18
Lz ifZE[N—l,N[T]
ph(z) _ Arryir(2) (12)
—A;'I;IL‘(Z) lf z € (N[T, N]

2.2.2 Human service firm’s optimization

Human services are produced by human-service firms who take the price for human services,
the price for each task, and wages for various labor inputs, as given. It is assumed that these
firms operate in competitive markets and that they will aim to maximize profits for a given

price py subject to the production process in (9), such that

o—1

T =puH — pu(2)h(2) = pu (/N h(z);d?«’)oal — pr(2)h(z)

N-1

From which the demand for task z can be derived to be:

h(z) = (13)



Combining (12) and (13) we can derive the demand for automation and labor tasks z as

follows®
o H (%)aw(z)a it 2 € [N —1,N]
h(z) = (14)
iy H (3—2) vy (2)° if z € [Ny, N]
Further, from (14) and (10) we can obtain the optimal demand for IT labor:
P (A yr(2)77 iz € [N = 1, Nig
l[T(Z) _ (wrr) (15)
0 if z € [NITa N]
and standard labor:
0 ifZE[N—l,N[T]

lr(z) = . "
S (ALY (e if 2 € (Nir, ]

Relative labor productivity can be determined from factor abundance and technology- and
productivity-related parameters. Assuming that all types of labor are fully used in the

various tasks, labor in all tasks add up to given total labor in each labor market segment

Nir
Ly = / lir(2)dz, and (17)

N-1
N
L, = / I(2)dz (18)
Nir
By using (15), (16), (17) and 18) relative labor productivity is:
1 o1 N - :
oy () (B
wyr Ly Arr f]ffvﬁ ~yir(2)7tdz

5For details see Appendix B.
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2.2.3 Optimal number of automated tasks

Combining relative marginal productivity (19) with condition (11) and applying the implicit

function theorem gives an expression for calculating the optimal number of automated tasks

in the economy, which are endogenous:®

dN. dN dN.
I 0, IT 0, T

9
dL,r dL, a0 (20

N]T = N]T (L]T, LL, A[T, ) s with

This expression indicates that the number of automated tasks crucially depends on the
relative availability of the production factors as well as the availability of Al technologies. If

IT labor is broadly available and hence its relative wage low, more tasks could be automated.

Similarly, if I'T knowledge and Al algorithms are readily available, relative wages ZUUTLT increase
and make standard labor tasks relatively more expensive. This results in a higher share of
automated tasks. The clear implication is that if an economy is advanced in terms of IT

technologies and IT labor, this economy will be more automated.

2.2.4 Optimal human service supply

From the demands for the various tasks, total human service production can be derived.

Aggregating automated tasks and labor, equation (9) leads to

Nrr o1 N o =
H = (/ h(z)adz+/ h(z)adz)
N—-1 Nir

SFor details see the Appendix B.

11



Using (14), (84) and 85), respectively, and re-arranging gives the expression for total pro-

duction of human services as:’

1 o—1

= (7 ) s () ey

In order to simplify this expression Acemoglu and Restrepo (2018a,b) and Acemoglu and
Restrepo (2019b) propose two definitions that allow for a more compact expression. With

the definitions N
fNIT vr(2)° tdz

(N, N) =
SNy (2)e -tz + [y yn(z)7dz

(21)

and

[(Nor, N) = ( / ey / i mz)”—ldz) - (22)

N-1 Nir
one may substitute By (Nir) = fjjvvﬁ Yir(2)° 'dz = (1 — T'(Npp, N))I(Npp, N)7~' and
By (Nir) = fJJV\ZT v(2)7'dz = T(Nyp, N)II(N;7, N)°~! and thus rewrite the aggregate opti-

mal human service production as

o

H =11 (N7, N) [(1 — T (N, N))? (ArrLr) s + T (Nyp, N)* (ALLL)GT_I] T (23)

This expression is similar to the familiar Constant Elasticity of Supply (CES) production

function.

2.2.5 Earning shares of laborers

From equation (23) the earning share of each group of L; and L;r can be deduced. After

rearranging these, the earning share of standard labor from revenues earned by human

services can be written as:®

“For details see Appendix B.
8For details see Appendix B.

12



U)LLL 1

oL = = : —  (non-IT labor), (24)
putl 1+ (A-T(WNi,N)\° (Lir A;r ) ©
(N7, N) L. Ar
wrrLir
= =1-— IT lab
¢ ol ¢ (IT labor)

2.3 Intermediate goods-producing firms

In our model we have final-good producing firms (whose final goods production under market
frictions was set out above in section 2.1), as well as human-service firms who produce human
services, described in the previous section (2.2). The third group of firms consists of firms
producing intermediate goods that are used by final goods-producing firms. In this sub-

section we describe these firms in greater detail.

2.3.1 Market entry of intermediate goods-producing firms

The intermediate goods-supplying firms in our model are monopolists because they each sell
an unique product which is the outcome of entrepreneurial (product) innovation. The costs
for the typical firm (denominated in units of final output) to produce one unit of x is ¢,,

and the profits this result in is 7, = (p, — ¢;) x.

—(1-a)

Using the demand function (8) and plugging in p, = aH, é_o‘x results in:

e (t) = aHyx ()" 2 (t) — e (t) (25)

From the first-order condition? and using (8) and (27), the optimal price p, and optimal

9The first-order condition is % =a?(1—-0;)H 722" —¢, =0, thus ¢, = a®> (1 —60;) H'7 271 &
21 = (¢p) ta? (1 —6;) L.

13



production of intermediate goods z (t) are, respectively:

and

v - (2) " o 1)

Given (27) and (26), maximum profits 7, (¢) are:

ml)= (1 -1) (@™ aredg (28)

(0%

The present value of this future profit flow, discounted at the steady-state interest rate r, is:

Vi(t) = —m, () = / T (1) e 7DD gy (29)
r t

Here, %7‘(':5 is the present value of profits per innovation and %ﬂ'xN are the total profits of
the intermediate goods producing firm (which is essentially a new firm) of introducing N (t)
new goods. In addition to the cost of innovation, the new firm also has to cover the costs
of market entry (e.g., commercialization costs) for the new intermediate good, which is v.
Thus, the total entry cost of the start-up with innovation rate N and thus total investment

18

Nv=1 (30)

With competitive market entry, the net rents of a new firm turn to zero and the net present

value of the new firm just about covers its total start-up costs:

14



“m()N(t) — I(t) =0 (31)

With Nv = I the steady-state interest rate is:

(1)
T = 32
. (32)
2.3.2 Supply of innovative intermediate products
Innovation in the intermediate goods market is exogenously given as A (t) = %ﬁt), which is

the number of innovative intermediate products invented at ¢. These innovative intermediate
products are not automatically successful in the market. The success or failure to find a buyer

can be modelled as an aggregate matching process.'’

In such a matching process, the number of new intermediate products successfully entering
the market NV is a function of two elements: (i) the given number of new, innovative interme-
diate products A (t) potentially ready for market entry, and (ii) the number of opportunities
for market entry that entrepreneurs (start-ups) discover. These opportunities are determined
by the capacity of the market. Absorption capacity for intermediate goods is a function of

total effective demand for intermediate goods in the economy X (¢).

Through an aggregate matching function, these two elements can be combined and the
resulting process of market entry can be described as N = f (A, XeP). For simplicity, it is
assumed here that the matching technology is subject to constant economies of scale, so that

the number of new products in the market will be given by

0For a micro-foundation of this process see Gries and Naudé (2011).

15



N(t) = (XP())" (A1) (33)

where ¢ is the contribution of market opportunities. Although the assumption of a macro-
matching process is basic, it represents the main idea behind the mechanism. Given (33), the
growth of new products in the economy is a semi-endogenous process because the number
of new products A is fixed but the number of new technologies implemented to establish

intermediate products N is endogenous.

2.4 Aggregate production and income distribution

Having specified final goods and intermediate goods production, and in having showed how
the task approach can be used to account for human service production in the preceding sec-
tions, this sub-section is concerned with the aggregate budget constraint and the distribution

of income to the various agents in the economy, starting with labor income (2.4.1).

2.4.1 Labor income

As we discussed in the preceding sections, human services H are allocated to two activities,
namely production Hg and sales promotion Hy, H = Hg + Hj. For the representative firm
H}, has already been determined by condition (5) and (6). Thus, the allocation of human
services to production must be

Hy=H—H, (34)

From (7) we know that human service in production is paid according to its marginal pro-
ductivity with the price p; (t). However, not only do firms have to pay human services used
in physical production Hg, they also need to pay human services used in sales promotion

H,. As factor rewards are paid in physical output goods at an amount (1 — )@, all human

16



services needs to be paid out of this amount. Also, with a homogeneous H in a perfectly
integrated human service market, only one price is paid to to H, irrespective of whether used

in production or sales promotion.

Finally, because total payment for H cannot exceed the contribution of H to effective pro-
duction (7), we obtain an average income that is paid to all human services. Thus, total or

aggregate human service income is py H = plyHg = (1 — a)@Q" and the price for H is

Q)

pr (t)=(1— @)T.

2.4.2 Wealth holders’ income

N (t) 7 (t) denotes total debt issued in the economy. All new products, results of innovation
(R&D), are financed by issuing new debt, N(t)v = F (). As wealth holders, profits accrue

to the owners of this debt - the financiers:

N (t) me (8) = 7 (t) F (t) (36)

2.4.3 Production and income constraints

Effective output in the economy has to be divided amongst intermediate goods x, standard
labor Ly, and the IT technology service provider L;r. The budget constraint for effective

output is therefore

Qt) = N(t)Hé)_aa:“(t) = N(t)p.(t)x(t) + wp(t) Ly + wrr(t) Lir (37)

UpwHo =pu (Ho + He) < pu = p’H(HQH% =(1- a)}%(mf% = (1—a)%. Note that Q@ depends
on Hg.

17



Note that effective output is not the same as GDP or aggregate income. As x is produced

by using ¢, units of final goods, net final output and thus income is

Y(t) = Q) = N(t)x(t)ca (38)

Further, (37) and (38) imply that Q — Nzc¢, = Np,x — Nxc, + wp Ly + wirLp. With
the definition of profits in the intermediate goods sector (25), the income constraint then

becomes:

Y(t) = N(t)ﬁx(t) + ’LUL(t)LL + wIT(t)L]T (39)

According to (39) total or aggregate income in the economy consists of profits, labour, and
technology income. Given equation (32) this means that Y = rNv, +wg(t) Ly + wir(t)Lir.
Value added generated by innovative intermediate firms therefore turns into the income
of financial asset owners r (t) F'(t). The growth process is thus essentially a process of
financial wealth accumulation through the financing of new products and (intermediate-good

producing) new ventures. It may be labelled a “Silicon Valley” model of growth.

Finally, using (36) results in the familiar income decomposition of GDP:

Y (t)=r(t)F(t)+wy(t)Ly +wir(t)Lir (40)

In addition to income of financial wealth owners, value added generated by the human service

input is distributed to labour (w,(¢) L) and the providers of the Al technologies and services

(w]T (t)L[T) .

18



2.4.4 Income distribution

To allow us to eventually trace the distributional consequences of progress in artificial in-
telligence (AI), the income shares of the three input and resource providing agents in the
model need to be derived. These are the income of standard labor (wy(t)Ly), the Al service

providers (w;r(t)L;r), and the financial investors (r(t)F(t)).

Wages and income share of labor: Using the expression for factor demand (35) and

(24), wages can be related to total income as follows:

peH _ ¢r Y(t)
LL 1+« LL

Because ¢y, is constant, wy, is the standard wage rate in the economy. The income share of
standard labour can now be derived by using (41), (27) and (38) as:!?
wr(t)Ly oL

Y (+a) ! (42)

Wages and income share of the AI provider: The factor reward, or wage rate, of the
economic agent that provides the Al at amount A;y can be derived in a symmetrical manner

as in (41) and can thus be specified as:

r=(1-¢r) L  1ta Lm (43)
The income share of providers of the Al service is accordingly:
wrr (1) Lir 11— ¢
= <1 44
Y (%) 1+« (44)
12Note that 11:—&0‘2 = —L . See also Appendix C.

(1+a)"
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Income share of financial investors: The income share of financial investors can be

calculated using (38), (36), and (25) as 3

2.5 Aggregate expenditure and income

To understand and analyze the role of aggregate demand it is necessary to specify the

consumption and savings behaviour of the agents in the economy.

In standard endogenous growth models, aggregate demand is typically modelled assuming
representative intertemporal choices based on a representative household’s Euler equation.*
This, however, is not adequate when asymmetries in factor rewards and potential changes in
income distribution are key features of interest - as is the case when considering automation
technology. The representative household assumption in standard endogenous growth models
assumes away differences in intertemporal decisions of rich and poor households and their
respective effects on aggregate consumption and savings. In Appendix D examples are
provided for specific intertemporal choices at individual or group level. Moreover, if group
preferences are heterogeneous, they may lead to heterogeneous consumption and savings
behaviour which needs to be taken into consideration given that it specifies that effective

aggregate supply and demand for intermediate inputs depends on aggregate demand.

The novel model proposed here does not assume away the idea of rational intertemporal
choices, as is usually the case in endogenous growth models. However, what it does reject is
the idea of a simple aggregation rule like a representative household (Gries, 2020b). Instead,

for present purposes the Keynesian tradition is followed by assuming that some households

13Details of the calculation are contained in Appendix C.
148 — TD=P with p denoting the representative agent’s time preference rate and 7y the intertemporal

C U
elasticity of substitution.
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only earn wage income wy,L; and another group of households earn only financial income
from assets rF. A third group, providers of Al-services, is also regarded as its own group.
Each group has its own consumption preferences and patterns. Labor income accrues to
poorer households while financial wealth holders and Al service providers accrue income for

richer households.

2.5.1 Consumption and investment expenditure

From (42) we know the share of labor income. We define group-specific intertemporal choice
and assume plausible group-specific parameters for the choice problem, and assume that total
wage income is fully consumed, and that labor income is the only source of consumption
expenditure. The latter is a traditional assumption in Keynesian growth models (Gries,
2020b). In Appendix D we show that motivating this assumption by suggesting group-
specific optimal intertemporal choices is not difficult. The important assumption is that

groups are different and have different expenditure behavior.

According to (42) the share of labor income is % = (l‘l:fa). As labor belongs to poorer
households, it is assumed here that total wage income will be fully consumed and that
total wage income is the only source of consumption expenditure.!® Further, in an economy
with non-perfect matching, consumers also devote income to search and matching activities

whenever their desired consumption cannot find a suitable output. Searching for appropriate

consumption goods leads to the experience that using fraction 6; of their income in the search

15In Appendix D we show that once we depart from the representative household approach, motivating
this assumption by group-specific optimal intertemporal choices is not difficult.
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and matching procedure would reduce the mismatch.'® Therefore aggregate consumption is:

Ct) = wp(t)Lp(1=0)+e=c(1—-0)Y (t)+¢ (46)
: 9L
with ¢ = —<1 +a) (47)

Note here that ¢ is the economy’s marginal (and average) rate of consumption. & denotes a

randomness in consumption demand with an expected value F [¢] = 0.

As far as investment expenditure is concerned, in our model the innovation by intermediate-
goods producing start-up ventures requires investment!”. It is assumed that such investment

v is identical for each innovation. Thus total start-up investments I(t) are described by

I(t) = vN(t) (48)

2.5.2 The Keynesian income-expenditure equilibrium

Income Y can be used for consumption C' and investment /. Thus demand for GDP is
YD = C + I. While the consumption rate is determined by (46) and a constant fraction of
total effective income, investments are driven only by the market entry of new goods (i.e.,
innovation), N. With the consumption rate (47) being a constant, the Keynesian income-
expenditure mechanism can be applied to determine effective total demand, Y?. Therefore,

in income-expenditure equilibrium, aggregate effective demand equals effective income

Y(#)=YP@)=C () + (), (49)

16Tn section 3.2 when we introduce the aggregate match-improvement function ( 56) we will see how
0 affects the matching process. This simple way of modeling the consumers’ search activity implies that
subtracting search costs theta from income is a kind of iceberg cost of this search.

1"Note that the term investment stands for start-up expenditure on final output goods. It is not a capital
formation that accumulates to a stock of real capital for production purposes.
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and we obtain the Keynesian income-expenditure multiplier for the effective expected de-

mand in aggregate goods market

Do L) +e(t)  vN(t)+e(t)
¥ (t>_1—c(1—9)_ 1—c(1-0)

(50)

2.5.3 Expected aggregate demand for total production

To determine the total or aggregate demand for final output (), we begin with the demand
for GDP, YP(t) = C(t) + I(t). We also need to add the demand for input goods taken

from final goods sector N (t)z(t)c,. The Keynesian income-expenditure mechanism tells us

that effective aggregate demand for GDP is lfgffe), adding N (t)x(t)c, gives the effective

demand for total output ), namely

VN (t) + E[e (t)]
l—c(1-10)

QY = + N(t)x(t)c,

Demand is hence an endogenous value in which investment expenditures are independent
from households’ savings decisions. Further, to determine the expected excess demand ratio
under current demand conditions, we need to divide by Q(t). As a result, the aggregate
effective demand ratio A(f) describes the ratio of effective aggregate demand to current

output

and in expected values we obtain the ratio of expected aggregate demand '3

v

B0 = T <;),~nga2 (51)
Q

Cx

— .
18E[8 I = =) % + o2 and using (1) and (27) we obtain (51).
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3 Solving the model

In this section, we depart from the perspective of individual firms and consumers and assume

the perspective of an omniscient observer of the economy.

3.1 Solving for technology growth

We start to solve the model by determining the semi-endogenous growth rate of new products

that successfully enter and remain in the market gy (t) = % From Equation (33) we
know that the growth rate of implemented technologies depends on effective demand for

intermediate goods and thus depends on labor in effective production Hg, and is

Cx

o 1) = 20 _ ((a—) B HQ) (9.7 (52

This process is semi-endogenous, as the exogenous g4 is an essential driver of gy. However,
the extent to which the exogenous innovative process g4 becomes usable and implemented

in the economy is endogenous.

3.2 From perceived individual frictions to aggregate market mis-

match

In section 2.1 we introduced the notion of a firm facing market friction in selling its potential
output.’® From the perspective of an individual firm 4, we have discussed firm i’s perception
of market mismatch ¢; which they relate to their individual market conditions and their

counter-activities. They use human services Hy; for placement and reduce their individual

19This section is closely related to the modelling in Gries (2020a).
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sales problems accordingly. Furthermore, in the preceding sections we explained that it
is not only firms that are affected by a market mismatch. In their search for the desired
consumption goods, consumers also face a mismatch and hence devote a fraction ¢; of their

income on this search.

These micro-level (idiosyncratic) problems in the market are not the only reason for firms’
sales and customers’ purchase problems. These problems are in fact, also due to aggregate

market conditions, even if individual decision-makers are not aware of this fact.

What are the reasons for firms’ sales problems? From the perspective of firms, effective sales
are determined by stochastic market mismatch 0;, [¢;(t) = 1 — ; () see 2]. Thus, to answer
this question we need to find out more about the random variable §; (t). Furthermore, what

is behind the firm’s perceived market frictions ¢ (t)?

The mismatch is clearly determined by two components, (i) aggregate market conditions and

(ii) an idiosyncratic component for each individual firm.

The first component, aggregate market conditions, reflects a shortage of aggregate demand

6P (t) - which is the difference between total supply and effective aggregate demand QP (t)

(53)

A second and additional component of the mismatch is the idiosyncratic component for each
firm. Sales problems are firm-specific obstacles and are described by the random variable € p;,
with 1 > Eleg;] > 0. For given aggregate market conditions §7 (¢), ep; is the element of the
mismatch that is due to individual firm conditions. Therefore, the friction perceived by each

firm ¢ combines the aggregate market and idiosyncratic component and can be described as

0 () = 67 (t) e (54)
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However, individual firms or consumer do not have this insight into the breakdown of the
friction. An individual firm only perceives an expected sales ratio E [¢; (t)] = 1 — E [6; (t)],
interpreting it as being caused by a friction that can be addressed by allocating more labor

towards the matching process [%@’j)] <0, % > 0 see (3) section 2.1].

We have to aggregate to connect these individual activities with total and current market
conditions to determine aggregate market equilibrium. Assuming that ep; are i.d for i € Z,
we can aggregate (ep; = £p,) and obtain as general or representative perceived friction ¢’ (¢);

and in expectations

E[§ ()] =(1—=E[N)E[er] —cov(Nep), with cov(\ep) <0 (55)

This shows the full mechanism that leads to mismatches. Further, we assume that cov (A, ep)
sufficiently lalrge in absolute terms such that E [¢' (t)] is always positive. However, we have
not specified how counter-measures by firms and customers affect the mismatch. To do
this, we define the aggregate match-improvement function m(t) for the aggregate market.
We assume that matching of the two market sides is determined by the firms’ allocation of
human services to combat mismatch Hy; (t) and of the fraction 6 (¢) of consumers’ income

spent to find the desired consumption good
m=1Lyt)(1—-0(t)"", with— >0, — >0 (56)
Thus, the rate of expected effective aggregate mismatch -after implementing counter-measures

-1is

E(0)] =B () —m (57)

When the mismatch is completely eliminated, such that the aggregate expected mismatch
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becomes zero, we obtain a perfect matching

E[5 ()] =0 (58)

Thus, (i) equation (58) implies that firms are in sales equilibrium as the expected effective

sales ratio turns to one,

1=Elo(?)] (59)

While (59) simply defines the condition for a production and sales process that is free of
any mismatch, we simultaneously need to determine aggregate market equilibrium. For
the aggregate market we know that effective sales must be equal to the effective aggregate
demand, and in aggregate market equilibrium both must equal aggregate supply E [®] =

E [QD ] = (. Thus, as the second equilibrium condition we obtain

= E[A(t)] (60)

3.3 The aggregate model in two equations

Using (52) reduces the system to the following two simultaneous equations, namely (59a)

and (60a).

3.3.1 Firms’ sales equilibrium

From (5) in section 2.1 we know that a firm allocates human services in the market place-
ment process until all output is sold. On aggregate (57) and (59) tell us that producers
and customers allocate resources to improving aggregate matching until all production is

sold. Using the constraint for human service allocation (34) we can now state firms’ sales
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equilibrium for the representative producer as?”

Ho=cov(\ep)(1—-60)+H (59a)

3.3.2 Aggregate market equilibrium

In section 2.5 we specified aggregate demand and the aggregate effective demand ratio (see
51). Aggregate goods market equilibrium requires that demand equals production and sup-

ply, such that the effective demand ratio turns to one and plugging in (60) and (52) gives®!

to = (e et 9)))(11@ (&_)H(g (602)

Two equations (59a) and (60a) hence remain to solve for the two endogenous variables,
namely human services used in production Hg and consumers’ spending on search and

matching 6.

3.4 Current market equilibrium

We can now solve for equilibrium. Combining (59a) with (60a) we are left with only equation

(61) and one variable, Hg

0=F=H!"% _ v R 61
¢ (1—a?) (1 - cﬂ) Ca (94 oy

—cov(XeF)

As we cannot explicitly solve for Hg, we apply the implicit function theorem to determine

the equilibrium [:IQ, and other interesting variables.

20For details see Appendix E.
21For details see Appendix E.
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Proposition 1 Current market equilibrium: FEquation (61) implicitly defines a func-

tion for
(i) the equilibrium value of Hyg
Hq

- d
HQ = HQ (V, gAaccr:,AIT; ..., COV ()\,EF)), with M > O, W

Further, (62) leads to

(ii) the rate of consumers’ spending on improving the matching process

H— Hy

jo1- H-Ho
—cov (A, ep)

. with cov (N ep) <0

(iii) total production of the final good

o

=N (L),

Cx

(iv) total income and hence the level of the growth path

(&3

«

T =N (- g (T)

Cx

(v) the growth rate of income (GDP) gives

and (vi) the real rate of return on financial investment

2¢ 2 —-—&

(1- 1) (1—a)ae; " Hy
14

’I::gN—

For a proof, see Appendix F.
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With ﬁQ and ]:I¢ we have determined a current market equilibrium at a level below potential
output I:IQ < H. Further, as ﬁQ depends on demand side parameters, e.g. v, the level of
the income path and the growth rate is restricted by the demand side. It is also interesting

to note that in this kind of economy, the return on investment is equal to the growth rate.

While (67) is a result that is also found in other mainstream models, causality is different.
In this model gy is the driver of r. As more products enter the market, profits improve
and the return on investments increases. In endogenous growth theory, r is the result of an

intertemporal choice and drives both the growth rate and the savings rate.

3.5 Stationarity of Equilibrium

Although market equilibrium for each period is described in section 3.4, two important
questions remain. First, how can the equilibrium output steadily remain below potential
output and represent a long-term stationary equilibrium? Second, how can aggregate demand
become central and determine both the stationary level and the speed of the growth path?

The next two subsections provide the answers.

These questions are worth asking because mainstream dynamic macroeconomics is based
on the idea that the path of potential growth - often regarded as the outcome of some
kind (variety) of neoclassical or endogenous growth model - is the only relevant process for
economic growth. After a temporary deviation from this path, the economy returns to it and
continues to grow as described in the fundamental growth model. There is no permanent
deviation. In contrast, the equilibrium we derived here can indeed become a permanent,
stationary process. In other words, such a demand-restricted growth path (path level and
growth rate) is a stationary path. The economy will not necessarily return to the path of

potential growth.
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3.5.1 The stationary no-expectation-error equilibrium

In this approach we suggest a different concept for a stationary equilibrium?? that is directly
related to stochastic modeling. We describe stationary behavior from the perspective of

individual decision-makers.

We assume that a systematic difference of expectations and planning with the average out-
come of a stochastic variable is perceived as an inconsistency of one’s own behavior and
reality that leads to an adjustment in behavior towards an experience of less inconsistency.
For instance, if in a stochastic environment an individual plans and organizes a specific
outcome - according to their subjective expectations - and their plans and outcome do not
coincide with observed expected values, we refer to this difference as an expectation error.
As a consequence the individual learns from this error and changes their behavior by adjust-
ing their plans. Individual behavior becomes stationary if the planned and realized outcome
is indeed the observed expected outcome. This condition defines a behavioral equilibrium
such that it implies no (need) for a change in behavior. Thus, we refer to this condition
as the mo-expectation-error equilibrium (n-e-ee). It is an equilibrium in terms of a

stationary behavior.

In this approach, the general concept of a no-expectation-error equilibrium can be illustrated
by looking at the matching procedure. The mismatch E [d] defines the gap between planned
production @; (¢) and the mean of effective sales E [®; (t)] = (1 — E[d (¢)]) Q; (t). Thus, as
long as firms and customers do not counter the mismatch by devoting sufficient resources to
the matching they cannot expect the mismatch to disappear, and E [0] = E [0'| —m (L, 0) >
0. Thus, individuals face an expectation error as their actions do not coincide with the ob-
served expected values. In other words, there is an error in their planning as their subjective

expectations are false (expectation error). Thus, they continue to adjust their plans until

22This equilibrium concept draws on Gries (2020b).

31



they correctly expect and plan their counter-activities, such that the expected mismatch is
on average fully eliminated 0 = E [0] = E [0'] —m (L, ). As aresult, there is no expectation
error with respect to the final goods matching mechanism. Firms are in sales equilibrium
(E[¢] = 1). There is also no expectation error with respect to consumers and aggregate
markets. In aggregate market equilibrium consumers allocate income share 6 to the search
process and find a matching equilibrium for all their income planned for consumption, such

that we also obtain equilibrium in the aggregate goods market E [A (t)] = 1.

Definition 1: No-expectation-error equilibrium. Firms and customers are in "no-
expectation-error equilibrium” (n-e-ee) if (i) the expected mismatch is correctly predicted,

such that respective planned counter-activities fully eliminate the expected mismatch

E[§) = m (Ls,0) (68)

and (ii) furthermore, firms and customers exhibit stationary behavior (no change in behavior
is necessary) as they expect what they plan and realize, such that firms remain in sales

equilibrium and the aggregate market continues to remain in market equilibrium,

Elg] = 1, see (59)

E[N = 1, see (60)

Using Definition 1 above we see that the equilibrium which is determined in proposition 1

is indeed a stationary equilibrium. Thus, we can state the following proposition.

Proposition 2 Steady state equilibrium: The market equilibrium derived in proposition

1 is a no-expectation-error equilibrium and thus a stationary equilibrium.?

ZProof: As (62) and (63) in proposition 1 satisfies condition (58), (59) and (60), respectively, conditions
of Definition 1 are satisfied. Thus, firms and customers are in a no-expectation-error equilibrium and exhibit
stationary behavior.
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This outcome, a demand-restricted stationary growth path below the level of potential
growth, is the most significant difference in our model from mainstream endogenous growth

models, and a fundamental contribution of this paper.

Such as demand-restricted stationary growth path could not occur under the perfect market
conditions of typical endogenous growth models. There are two reasons why and how can this
happen here. First, firms observe a market mismatch which provides incentives for firms and
customers to act. Both can respond to this perceived mismatch by allocating resources to
reduce perceived frictions and improve the match between demand and supply. In response,
labor potentially available for production is allocated to improve the matching process and
expenditure that is potentially usable for consumption demand is spent on the search. This

resource reallocation leaves the economy below the potential production level.

Having proposed an endogenous growth model with aggregate demand constraints and that
incorporates the task approach, the next section uses this model to analyze the dynamic,

long-run impacts of artificial intelligence.

4 The Dynamic, Long-Run Impacts of Al

The previous section of this paper presented an appropriate endogenous growth model to
identify labor market and growth consequences of technological progress in Al. In this section
the model is used to analyze the long-run impacts of Al. For simplicity we assume a once-

and-for-all increase in the availability of Al technologies reflected by Ajp.
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4.1 Impact on the number of automated tasks

The first effect we consider is the impact of an increasing Al availability (dff > () on the

number of automated tasks. Taking the derivative of (20) we obtain®*

dNr dArr

= — >0
Nip "IN, Arr A

with
1 1

NNyr Arp = > 0.

T
Ov(Nrr) ( ApLp Bi(Nrr)\° + yL(Nyr)o 1 + yir(Nyp)o—! Nir
ONIT ArrLir B2(NrT) Ba(NrT)

Thus, with more Al, more tasks will be automated.

4.2 Impact on human service production

Progress in Al (dff > 0) will increase the supply of human services inputs H

dH dA ,
N UH,AITA—IT >0, with nga,, >0, for o>1
given that?
1 o—1 -
B2 (N[T)>" ( ALLL )"
1> =14 (2 =0
i <Bl (Nrr) ArrLrr

(69)

(70)

(71)

(72)

Thus, the supply of human services inputs will increase and at a rate slower than the rate of

dAIT

AT change . This is a similar result as in a standard constant elasticity of substitution

Arr

(CES) approach, as in Gries and Naudé (2018).

24Gee appendix B1.
25For calculations see Appendix H.
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4.3 Impact on inequality

dA[T

Y ) on inequality, the changes it brings about in the income

To analyze the impact of Al (
share of labor, the income share of the technology providers, and the income share of financial

wealth holders will be determined.

Income share of labor: The income share of labor was described in equation (42). The

derivative of (24) shows how the income share of labor income changes as a result of new Al

technologies:?¢
d(wLLL/Y) d¢L dA]T
= = —— <0, for 1 < 73
’LULLL/Y CbL Nér,Arr Arp , Lor o ( )
(Npr)° 1 YL (Nrr)o 1
1—(e—=1)— (WT > Ni1TnN; 7,4
with 7,4, = R — <0 (1)

1
o ApL "o ([ Ba(Nip)\
1+ (AI;LfT> (BI(NIT))

For 1 < o (high elasticity of substitution) the income share of labor will clearly decline

yrr (Nrr)° 1 Yo (Nrr)° L

B1(N[T) BQ(NIT)

since —( >NIT77N1T,A1T < 0. However, if 1 > o the income share
of labor will not necessarily increase, in contrast to what would be the case in a standard
CES approach. This shows that the integration of the task-based approach in the model

means that automation will likely decrease the share of labor income, even if ¢ is low. This

Yo (Nyr)° 1 YL (Npr)o 1
Bi(NrT) Ba(NrT)

is because — ( > Nirnn,p.4,p is always negative and for not to large
levels of o the negative effect ay still dominate. This effect is the same as that identified by

Acemoglu and Restrepo (2019b, p.9).

It can also be noted that A;r progress will not only depress the income share that labor
receives from providing human service inputs (for 1 < o), but that the share of labor income

in the total economy will also decline.

26For calculations see Appendix H.
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Income share of technology providers: Departing from (44) and taking the derivatives
shows that the income share of the technology providers increases when there is high elasticity

of substitution between Al and labour, as can be seen from:

d(wirLir/Y) 1 oy Are AApT .
= - ’ >0 th <0forl< 75
dA[T wITLIT/Y ((ZSL _ 1) AIT w1 Nor,Arr or o ( )

L

Income share of financial wealth holders: According to (45)the income share of fi-

nancial wealth holders is Gi—a) Hence this income share will not change with the technology

shock of Al progress, dA;r > 0.

4.4 Impact on demand and absorption

Impact on consumption rate: From the above it is clear that a high elasticity of sub-
stitution leads to a shift in income distribution in favor of technology providers and financial
wealth holders. Combining this insight with the result from section 3.5 that consumption

demand is determined by the labor share, the consumption rate c is affected by progress in

AT (dA;r) as follows:?7

de (- dArr

== =T 76
c nc,AIT A[T < ( )

with 7c 4, = N,,4,, < 0, for o > 1. This shows that Al unambiguously tightens the
demand constraint when the elasticity of substitution between AI technologies and labor is

high (o > 1).

2"For a proof and the respective conditions see Appendix H.
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4.5 Impact on long-term efficiency

How high current equilibrium output is compared to potential output, is measured by the
utilization or deployment rate?® which is w = Y/YF. 1 —w is a of measure of (hidden)
inefficiency. The economy is below its potential but the various agents are not aware of
it. Given current equilibrium output (65) and potential output [maximum possible output
(Ho=H),YPt)=N(t)(1-a*) H <°C“—j>1aa] the deployment rate is

Y(t) _ Ho(t)

w(t):ffp(t): e (77)

AT progress dA;r will affect w(t) through the total availability of human services H and

Hg (see 62). As the effects on H and H( are different, the effect on the deployment rate,

ie. ”ZJT%) = dHﬂ — 4 s not clear. While %L is known from (71) we need to determine the
Q

equilibrium change of human service in production, as result of Al progress which is given

by29

dHy dA;r

HQ = UHQvAITA—IT >0 (78>
<0 >0
ey [Mow e Ho + 141 0 (79)
_ >
NHq Arr [(2—)cHg + (1 — ) (—cov (A ep) — cH)]

At a first glance the total effect % is ambiguous. There are two opposing forces. First, on
the supply side, an increase in technology, which is quasi factor-augmenting, should lead to
more factors available for production 7y 4,, in (78). Secondly, the term 7y, 4,, < 0 in (78)
shows that the potential increase on the supply side is countered by a negative effect through
income distribution and a reduction in absorption on the demand side. Higher inequality

and a declining consumption rate restrict the total effect of Al on factor utilization for

28 As a reminder, @ is the result of optimal individual behavior in steady state.
29See appendix H.
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production which otherwise had been solely 1y 4,, in (78). The demand constraint can
substantially reduce the supply side expansion. However, the overall effect of progress in Al
remains positive as long as we do not assume additional effects of Al which may occur and

reduce demand further. We discuss these additional affects in section 5.

After the identification of 9y, 4,, We can turn back to the deployment rate. If we plug in and
rearrange, for the change of the deployment rate we obtain for a broad range of parameter

values that

dw (t) dAjr (2-)
= Nudgp——— <0 f Hy < — A, 80
w (t) Nw,Arr A or (1 —_ @)C ¢ COU( gF) ( )
<0 >0
(ﬁ__La) (77¢>L,A1TH¢ + HnH,A1T> >0
Nw,Arr = <0 (81)

(2 - QO) CHQ + (1 — 90) (—COU ()\, gF) _ CH) — NH,Arr

If the co-variance cov (A, ep) is sufficiently large in absolute terms w () decreases, such that
an increase in A;r increases the gap between current equilibrium steady state and potential
steady state output.® In this comparative static analysis a once-and-for-all increase in Al
technologies may lead to a positive or negative effect on deployment rate w (t). However,
from (74) and (76) we know that inequality increases and absorption declines if Al progress.
As a consequence, with higher inequality and declining consumption, the deployment rate

will decline and the economy will find itself on a long-term path of stagnating growth.

This path of stagnating growth has a simple intuitive explanation. If progress in Al tech-
nologies generate asymmetric benefits in favor of financial wealth holders and the owners
of the AT technology, at the cost of the labor share of income and the consumption rate,
the demand side will grow less than the supply side. Since our model has jettisoned Say’s
Law and market adjustments takes place through search and sales promotion decisions, the

demand side can become a constraint on growth. Resources that could be used for more

30See Appendix H.
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production and absorption are increasingly used to achieve a match between supply and
demand. The economy could produce more, but has to deploy more and more resources to

find the equilibrium.

4.6 Impact on wages and labor productivity

Changes in the expected ratio of market absorption df have implications for wages, labor
productivity, and GDP growth. Because wages are equal to marginal labor productivity, the
effects of Al on wage and labor productivity growth are:

dwr(t) (i) <0 (&) >0 dApp
’LUL(t) = |Nér.Arr +/)7HQ7AIT A—IT§O (82)

The result in (82) shows that there are again two effects of Al on labor productivity and
wages. First, growth in human service input and more human services in production is
driven by IT and AI growth and described by 7y, ,, [see (i) in 82 and (78)]. Second, if
the elasticity of substitution is high (¢ > 1) labor share of income and the consumption rate
decline, i.e. ng, 4, < 0. This demand-constraining effect occurs because aggregate demand
is not growing sufficiently to absorb all additional supply [see (ii) in 82]. Even more, if the
co-variance cov (A, er) is sufficiently large in absolute terms wage and labor productivity

growth may stagnate or even decline.?!

4.7 Impact on long-term GDP growth

The implementation of IT and Al technologies affect not only wages and labor, but also
the GDP growth rate. The same mechanisms that were discussed in section 4.5 are also

responsible for a negative net impact on GDP growth. These mechanisms are again (i)

31See Appendix H.
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a positive productivity effect and (ii) a negative effect of a tightening demand constraint.
Overall, however, the net impact is ambiguous. From (66) we know that the GDP growth
2

©
—a [ ® . . .
rate is gy = (i‘—) ' (HQ> (ga)'~%. Taking the derivative

T

dg dA
g — SOUHQ,AITJ >0 with NHo,Arr > 0 see (78) (83)
gy Arr

we see that the direction and extend of this effect depends on 7p, 4,,. As section 4.5 provides
an extensive discussion of equation (78), we can conclude: If A;r increases, the overall growth
rate increases as well. However, demand side effects restrict the growth expansion to a lower

than potential level.

5 Effects with simultaneous Al-related demand shocks

Simultaneous demand shock: Al progress is often modelled or described as essentially
process innovations - for instance the presentation of algorithms can learn in an unsupervised
manner from data to process natural language. Think for example of advances in Machine
Learning (ML) or Natural Language Processing (NLP). In the model presented in this paper
we have however Al progress showing up in product innovations, specifically in the form of
new intermediate products which are brought to the market following start-up investments by
entrepreneurs. These intermediate products could be seen as embodying ML or NLP. Think
for instance of a cobot that assists online shoppers. If Al progress changes the characteristics

of such innovative intermediate goods and reduces start-up investment expenditures - as we

dv

dan < 0. In

found for IT and computer equipment - then v in (48) declines, specifically,

this case the impact of Al on the economy will be a combined, simultaneous shock on both
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the supply and the demand sides. In terms of GDP growth (gy) we now have that

diy _  dAm

- Now Arr— - <0 with
Gy gNAIT AIT =

p—a

A cov(, 2\ I-a _
c [UC,AITH¢> + nHvAITH] ﬁ - (1(7;21;)1) (%) (]?1_22)1 @nv,Am

(2 =) cHg + (1 = @) (—cov (A ep) — cH)]

<0

Ngn,A;r = ¥

for sufficiently large |cov (A, ep)|, see appendix I.

Total production and the overall growth rate can turn negative if in absolute terms cov (), er)
is sufficiently large. This will be the case if a positive (but potential weak) supply-side effect
on process innovation is overcompensated by a simultaneous sufficiently large demand-side

shock triggered by Al.

Simultaneous innovation shock: A second example illustrates, perhaps more forcefully,
that progress in Al can lead to perverse innovation effects, particularly if it crowds out
product innovations, for instance innovations in the intermediate goods sector. If Al progress
does not fall from heaven, but is subject to opportunity cost, then in our model an increase
in Al process innovations will lead to a reallocation of innovation away from the intermediate
product sector. This effect could counter the positive Al resource shock. Al only becomes
available through reallocation or reources and less intermediate innovation. Even if dAI > 0
is positive, the growth rate of innovation g4 may decline. With the simultaneous demand

side effect of Al, total growth will be reduced as can be seen from the fact that

dgy dArr .
-— = Ar——— S0 with
Gy Ngn,Arr AIT =
<0 <0
Ngn, A = |PNHG,Arr + (1 - 90) Nga,Arr | < 0,

for sufficiently large |cov (A, er)|, see appendix .
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This example describes a potential perverse innovation process where more resources are
allocated towards process innovation and away from product innovation. As result then of a
simultaneous demand and supply shocks, income and growth could decline even in absolute

terms.

6 Concluding Remarks

In this paper we provided a semi-endogenous growth model that addressed two shortcomings
of the growth model proposed by Acemoglu and Restrepo (2018b) - the AR-model. The
first is that its reinstatement effects will depend, over the long-run, on the impact of Al
automation on income distribution. If income inequality worsens, such as that the labor
share in GDP declines, aggregate demand will decline. This would reduce the economy’s
actual and potential growth. Lower growth in turn would limit the reinstatement of new
jobs. Unfortunately, the AR-model cannot take this into account, as it is supply-driven. We
addressed this shortcoming by allowing for growth in our model to be demand constrained
by replacing the typical assumption of a representative household by the assumption of two

groups of households with different preferences.

The second shortcoming shortcoming of the AR-model, which is also a more general short-
coming of the task-approach on which it is based, is that it inadequately engages with the
nature of Al and its technological feasibility. AI may perform tasks or help to perform
tasks, but this depends on the abilities of Al and the abilities of labor. We addressed this
shortcoming by adjusting the naive task-approach to incorporate Al as providing abilities.
We modelled these abilities as the result of a combination of IT specific labor, I'T specific

abilities, and ML algorithms.

By integrating the task-based approach with a more nuanced specification of the nature of
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AT and its technological feasibility in the form of abilities, we showed that Al automation can
decrease the share of labor income evn for an substitution between AI and labor below one,
and increase the income share of financial wealth owners and the owners of the technology.
We also showed that when the elasticity of substitution between AI technologies and labor
is high, AT will unambiguously reduce the aggregate consumption rate and retard aggregate
demand expansion. With higher inequality and a declining consumption rate, the economy
will move towards a declining utilization (deployment) rate of production potentials and

increasing structural inefficiency.

Since our model has jettisoned the typical assumption of Say’s Law - most often motivated
by perfect price adjustments, and instead model market adjustments through search, sales
promotion decisions and matching mechanisms, the demand side can become a binding con-
straint on the supply side. Resources that could be used for more production and absorption

are used to match supply and demand. As a result the growth potential from Al is reduced.

Further, while progress in Al technologies would generate additional growth, this growth may
turn negative if innovation activities and resources for Al simultaneously reduce innovation
in traditional, non-Al fields. In our model progress in Al technologies amount to process
innovations, and traditional innovations are product innovations. If AI process-innovations
displace traditional product innovations, economic growth may turn negative. Furthermore,
wages can stagnate in line with slower GDP and productivity growth so as to maintain
employment levels. Thus, in the model presented here we can explain why contemporary
advanced countries experience the simultaneous existence of high employment with stagnat-
ing wages, productivity and GDP, all in spite of Al-progress. Hence, there is no race between

man and machine, only a race of man and machine.
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Appendices

A. Final-goods-producing firm

Implicit Function Theorem for optimal H,; Condition for applying the implicit func-

tion theorem hold: 0 = F' = E [¢; (0;, Hg)] — 1, and d(ﬁ; = 9EB] . For the effect of

OH y;(t)
dF  __ 0E[¢i(t)]
5] = ok < V-

E [6;] we use

B. The task-based approach

B1. The optimal allocation of tasks, and task production

Demand for tasks: Human service firms

max s =t~ () = ([0 0) T =G

F.O.C. -
" () ih(z)“cfdz) e b = (=) =0
o ([ nea) " = =
pu ([ 7)ot =

arriving at h(z) = %p}‘{, see (13).
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Demand for task z: Using marginal production and productivity rules

h(zrr) = Arryir(2)lr(2) production (10) h(zr) = Ay (2)lL(2)

marginal productivit
Ay (2)lr(2) = L (2)wir & Y PrALYL(2)lL(2) = lL(2)wg
and factor reward

wr,

~ Arvi(zr)

pr (ziT) = iy g price = unit labor costs  py (21)

and plugging in gives (14) as being the optimal demand for h(z),

h(Z) = %p?{, h(Z) = %p}'{,
(AIT’YIT(Z)> - (AL’YL(Z>> .
M=) = o H (22) yrr(2)7, (=) = o H (22) (2)7.

Demand for various kinds of labor: In order to determine the marginal productivity
for each total labor input, the productivity for each kind of labor is derived from (14) and

(10), and we can obtain the optimal demand for IT labor :

M) = M (@)Umz)“

A @) = it (22 ey

lr(2) = p5H (A)”  wifym(2)77Y, see (15),
and standard labor:
I0(z) = pfH (A" wpyi(2)7", see (16).

To determine wages for each kind of labor we have to rearrange. As the following calculations

are symmetric for each kind of labor, we present the details only for L
Lir(2) = P H (Arr)” wifyir(2)77

Total IT labor is fully employed and allocated to all tasks using I'T labor.

Nir
L]T = / l[T(Z)dZ.

N-1
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With the integral in (15) [l;7(z) = 55}; Hryr(2)7" (Arr)” '] we obtain

Nrr Nrr p?{ . o1
Lr(z)dz = o Hyr(2)7 (Arr)” dz
I

N-1 Wip

v A
Ly = H (Arr)? / Yir(2)7 tdz
H o Nrr -
wip = p%rL— (Azr) 1/ Yrr(2)7 tdz
T
such that with fully employed I'T labor we can determine their wages as

H % o1 Nrr %
wrT = PH <L_IT> (Arr) < (/ ’YIT(Z)J_le) , (84)

N-1
and, in a symmetrical fashion we obtain for standard labor

o (Lﬂ) 0= ([ N mz)“—ldz)i . (85)

The resulting internal relative factor productivity for labor is:

o () (A0 ([ ulerde)

) Am) T (S8 ()7 dz)
M _ <£><ﬂ) S 10(2)7 Nz \
wrr Ly, Arr fN i (2)7dz

Endogenously automated tasks N;r : From the discussion of (11) it is known that

tasks are ordered such that v (z) = ;’L((Z), and 87 Z) > 0. If it is assumed that task N7 is the

task that exactly separates the production mode, and if tasks are continues, the condition

Qe

wrr puH

(11) can be rewritten as follows:

ALP)/L(NIT) < & _ (@) (AL) fNIT rYL )U—le -
Arryrr(Nir) wrr Ly Arr fN Ly (2)°tdz

T a—ldz
- omom-(32) (Brnes) @

|

Q=
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If ﬁ # 0, G implicitly defines a function Ny = Nyp (L, Lp, Ajr, ...). Thus, we need to

calculate the respective interesting derivatives.

P R A R 6 et B
1 rLir IT

dG _ 87 (N[T) " o ( ApLyp ) (fI{,_l'y]T(z)Uldz)
dNrr ONpr [ YL(Nir)° L Yrr(Nrr)? !

N - ~
fNIT yo(Nir)o~ldz I yrp(Npp)o—1dz

> 0

and defining By (Nrr) = [y"4 vrr(2)7 " dz = (1=T(Nyr, N))I(Nyp, N)* Y, o =y (Nip)7 ™
and B, (N[T) = fJ]\XT ’}/L(Z)Uile = F(N]T, N)H(N]T, N)o-717 dﬁ; = —’)/L(N[Tyjil we obtain

oG _ 07 (Nrr) 1 (AITL1T>" <Bz (NIT))" |:'7L<NIT)U_1 N Yrr(Nrr)7 ! -0
ONr ONr o ALy B, (NIT) By (NIT) B, (NIT)
oG 1 (AITLIT)J* (32 (NIT>)G Lir _,
0Arr o ALy By (NIT) ALy
and the derivative of the implicit function Ny = Ny (Arr) is
oG
ANt 3A;7 -0
- oG
dArr N
More specifically:
1 (AL e Ba(Nrr) - 1
AN () ()
dAIT v(Nir) + 1 (AITL1T>‘1’ <BQ(NIT)>CIT |:’YL(NIT)071 + WIT(NIT)071:|
ONT o\ ArLg B1(NrT) Ba(NrT) B1(NrT)
dNir Arr 1 1
’]’IN ,A —= =
12T dA]T N[T O_a’Y(NIT) ArLp Bi(Nir) % 4 v (Nyp)o—1 + v (Npp)o—1 NIT
ONrT ArrLrr Ba(Nrr) Ba(Nrr) Bi(Nrr)

B2. Total supply of human service inputs

From (14) it is known that h(z) = pGH (AJ>UWT(2)" for z € [N — 1, Nyr., and h(z) =

wrT

Py H <ﬂ> ve(2)? for z € [Nyp, N]. Plugging this in (9) generates an expression for the

wr
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total value of H:
Nrr o N o -3
H = (/ h(z)adz—i—/ h(z)odz)
N-1 Nyt
Nir A =1 N A \° =1 o—1
() ) o [ () i) )
N—-1 wrr Nyp wi,
| | gL e
Using (84) and (85) results in: wir = py <m> (Ar) ~ (
Nrr A = N o1 AN\ @
H = (/ (yir(2)°)7 dz (pHH( IT) ) +/ (.(2)7) " dz <p;,H (—L) )
N-1 wrr Nrr wr,
Nir A N A o—1\ o-1
= (/ rYIT( )U lep?{ lH < [T) +/ ’}/L(Z>U_1d2p}‘;[_1HT (_L) )
N-1 wrr Nir wy,

o—1 o—1
mei Yrr(2)7~ 1d2p?{_1HU?_l AIT
ZDH(

Q\»—‘

T
= %) (Arr) %7 (fN 7 (2)7~ 1dz 7
Y e i |
pH(#) (AL (fNIT,YL(Z)J 1dz

fN 1’YIT o—1dz)

fN a1dng[1H ((p;,HoL A 1)

N o— o— == tH™ aLGAff
iy ()7 ey H << : )

fNIT yL(2)~ 1d2

o— (a l)H L A o‘dl
I g a7
= (fzv 1 VIT Z)" 1dz)
a (O’ 1) 0-1
+ ffi’\i:r ye(z)7~ 1dzp}'{ Lg% H™ 7 (LyAp)

(fNIT “/L(Z)Gfldz) =S

Nrr

LipAm) = N L AN
- / () oA T / e ()7t AL)

o o™ T )
Nrr % P N % o o—1
H= ((/ WT(Z)U_IdZ) (LirArr) = + </ VL (Z)U_ldz) (LLAL)U>
Nt Nrr
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B2.1 Earning shares

To determine the contribution of standard labor to total service production one can start
from (87)

o

Nrr o A o—1 N . A o1\ 35T
e ([ et (22) [ g (1)
v wrr Nir wr,

Nir A o—1 N A o—1\ oo1
1 = (/ yir(2)7 " dz (i) +/ ye(2)7 dz (—L> ) Py
N—1 wir Nir wr,

I = ((1 — I(Nyp, N))I(Npp, N)7 (E

wrr wr,

o—1 o—1 o—1
A
) + (N, N)II(N;p, N)7! <—L> ) v

Plugging in definitions (22) and (21),]13; v(2)7tdz = T(Npp, N)II(Ny7, N)° 71 fji,viTl Yrr(2) 7tz =

(1 — F(N[T, N))H(N[T, N)o_l we obtain

0ty ()7 T AL\
1 = - \VHT ek 1 T(N;p. NII(N; NY [ Z£) p2
W, N) - ()7 ' R Ty R
wr,
(1_F(NIT7N)) wr, AIT T\ _o_ AL 7
1 = [1 (N7 N)a3 (N, N [ 22} o
+ P(N]T7N) wir AL ( IT, ) L ( IT, ) wy, pH

Rearrange this equation gives:

__o_ _ (1 —F(N]T,N)) <UJL A[T>U_1 ot (AL>U
I'(Nyr, N) "7 I(N;p, N)™° = |1+ ALy o
(Nrr, N) (N, N) ( T(Nr, N) wir AL w, Pu

['(Nir, N)

(AL)(U_I) (p_H>(U_1) — 1
o—1
W (1 + (LW V) <&A£> ) H(Nrr, N)o='I'(Nir, N)

wrr AL wr,

H(N[T,N>071F(N]T,N) _ <1+ (1—F(NIT,N)) <wL AIT)U—1>_ (AL)_(U_I) (p_H

T'(Nrr,N) wrr AL

49

)

—(o—-1)
(88)



Further, from definition (18) and (16) the following expression can be derived:

N o H c N
L= [P (A e e = P (4 [ s

Nrr (wL) (wL) Nir

using the definition of labor share of income ¢; = ;";f[ and using the definitions (22) and

(21), [y, v2(2)° " dz = T(Nyz, N)II(Nyp, N)°~! results in:

L 1 p3,H N

= S (A [ ey

pHH PH H (’LUL) Nip

Liwy, w7 o—1 1
= | = A (N, N)II(N;p, N)?

okl (pH> (Ap) (Nir, N)II(Nrr, N)

Combining these with (88) gives labor’s share of income as fully depending on relative labor
rewards -2k

wrr
F(N]T, N)H(N]T, N)O-il

qu - o—1
(0 5t () ) Mo N0 )

wrr AL
N -1
¢L _ 1+(1—F(N[T,N)) <’ZUL A]T)U !
F(NITaN) wrr Ag

Labor’s share of income in the human service sector is determined by relative factor abun-

dance and productivity parameters. Thus, plugging in the relative factor rewards (19) finally

- (et () () (e ) 2) )
(et () G (s ) )
(R () () )

- (et () (")
() CGrn))



Which results in expression (24).

C. Income distribution

Income Y (GDP) and total production ). Before determining the income shares it
is necessary to determine the relation between income Y (GDP) and total production Q.
According to (38)

V(1) = Qt) - N(t)r(t)e, = (1 - Ng"’x) 0]

Applying (27) gives

Nze, Ne, G
Q B 1—q, —0=0)2 _% —(1-a) N 04_20&: -
NHQ Q I-a ¢y HC2

and for Y (t) the result is:

Y(t)=(1-0*)Q(t) = (1 —a®) N(t)aT=c, " Hg (89)

Income share of labor: If Ay is time depending )(i.e. Ag (t)) and continuously increasing

the long-term position is:

wr Ly, _ (1—a)dr _ or
Y 1—a? 14+«
L 1
lim 2L oL = lim ¢y = - — =0 for o>1.
Ajp—oo Y 1 + « Arp—o00 1 ((1—F(N1T,N))>; (LIT AIT>T
T Uty ) T A

Wages and income share of IT providers:

wir(®) Lir _ (1—a)(A—¢r) 1-¢5
Y (t) 1—a? 1+a
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Income share of financial wealth owners: From (25), (27) an (38) it can be seen that:

N(L=1)(c) [a&czllaHQ]

N (t) 7, (t)
Y (t) B NHé_axO‘ — Nzc,
(é — 1) Nc,x
NHCB_O‘:EO‘ — Nzc,
B N (é — 1) Cy
N Nzcy l—a,.a
(1 - T) NHY
Using % = o? results in:
Nt)m () (Q—-a)ia® (a—a?)  «a
Y(t) — (1—-a?) (1—-a2) (1+4+a)

D. Inter-temporal choices for labor and capital owners

In standard endogenous growth models, aggregate consumption expenditure and savings
are determined by a representative household conducting an optimal intertemporal choice
according to the Euler equation .

C r—p

¢ o

However, this assumption of a representative household is rather restrictive and is introduced

more for the sake of simplification. Therefore, in the model proposed in this paper, this
assumption is replaced by assuming two groups of households differing with respect to inter-

temporal choice behaviour.

(i) It is assumed that workers with wage income represent the low income group. The sec-
ond group, the owners of financial assets F', represents the high income group. For these
households returns r are the only source of income. (ii) Households in each group make their
own intertemporal choices. Both p and ny vary across low- and high-income households.
a) Low-income, wage-earning households: 1If it is assumed that the time preference rate of
low-income households is high, e.g. pr > r, and if household debt is not allowed, then the
Euler equation % = % implies that these households do not intend to shift intertemporal
consumption and simply consume what they earn from wage income. b) High-income house-

holds: High-income households obtain their total income from returns on financial assets
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F(t)r.

Thus, the budget constraint of high-income, financial asset ownersis Sg (t) < F (t)r—Cg (t) .
As savings are used to purchase newly issued financial assets F'(t) and these assets finance
investments, we obtain F (t) = F (t)r — Cp (t), and

Et) F() Cr(t)

o) - FQ) FO (A1)

Applying the Euler equation for financial investors g—i = ’;Ui and using the fact that in
F

long-term steady-state growth of consumption cannot exceed the economy’s growth rate gy,

g—i = %. However, this group’s consumption growth remains below GDP
F

growth if gy > “£5  and this holds for values of 7y, and pp that satisfy nu, > =E-&.
F

Cr(t) _

)

we obtain gy >

Further, if F'(t) grows equal to the economy’s rate of growth gy we obtain for

Crt) _ Cr(0)e'°r! . Cp(0) —(gn—ge )t _
J\]/!’?(t) - ]I\:/(O)egNt and thus t&%%e (9N QCF) —0.

This condition fits the requirement of dynamic consistency and allows us to determine the

start value % .

When taking the limit, financial investors’ consumption rate turns to zero in steady state,

3 -1 K
tlggoCF — C;/F(g) — N(t)(AL(ilj&t;a_uw) = %(it)) (ALI*C%O‘ - :"E'cx> = 0, for steady state values \
and 7.

This illustrates the assumption that financial investors only save and do not consume - at

least in the long term steady state.

E. Calculations to solve the model

1

Determine the growth rate gy:  From (33) and (27) we obtain X¢P = Nz = Nozﬁc;mHQ.
1 2 . . 1 Y .

and N = (oﬂzaczlaHQ) N¥(A))!=%. Rearranging gives —%8 = (04120090 e HQ) (%)1_‘9

for N(t) = A(t).

—

Firm’s sales equilibrium: Combing (2) for the aggregate economy ¢ (t) =1 — 6 (t) with
d(t) =6 (t) —m (see 57) leads to ¢ (t) = 1 — 4’ (t) +m , and with the definition of the firms

53



sales frction friction ¢ () = (1 — \) e, and taking expectations gives
=1—FElep] + EN E[ep] + cov (N ep) + Hy (1 —6)7"
Thus, in sales equilibrium described by condition (59) E [¢ (t)] = 1, leads to
Hy(1-0)"=FElep] — ENE[ep] — cov(\ ep).
Using (34) and (60) we obtain (59a)

Determine current aggregate market equilibrium: According to (60) market equi-
librium requires 1 = E [A\(¢)]. With (51)

and (60a)

F. Proof of proposition 1

Implicit Function theorem: Function F' can be derived by:

Hy(1—-0)" = —cov(\ep).
H - Hy

1—¢) = e

( ) —cov (A, ep)

and

o4



" T Lgfa<§>hﬂwmlv

plugging in gives

p—a

H — Hg v 1 a?\ - 1 1
—cov(Nep)  c(l—a?) Hé{w <Cx) (94) 77 + ¢
—cov (N, ep) HY # —cov (N, ep)v [a? =
H— Hp) H-% — e - oo e
(H ~ Ho) HS : R G AT
- 1 —cov (N ep)v [ a? =a 1
0 = F:_C(H_HQ>HQ@_COU(A’gF)HQ@+W(a (ga) %
—cov () 2\ Toa
F = —cHHé?_“’ + cHé_‘p —cov (N eF) Hé?_‘p - % (i— (ga)' %

_,  —cov (A, 2\ e _
= cHé_sp + (—cov (N, ep) — cH) Hé? v — % (a_) (g4)' 7%

To apply the Implicit Function Theorem djl,{—FQ #0,:

dF _ _
YT (2—¢) cHCl2 P+ (1 =) (—cov(Aerp) —cH) Hy?
Q

= [(2—¢)cHg+ (1 — ) (—cov (A er) — cH)] Hap >0
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= — HH} % — HS %) — HL ¢
dArr 2y o o)~ cqa e
dc dH 7,
= |- H— Hp) — o5
[ Ay~ Ha) CdAIT] Q
de A[T dA[T dH A[T 1 1—
= |- H—-Hp) — H H, 7
{ DA ¢ A T H) e T o e
dc A[T dH AIT 1 1—
- AT g g H| —H)*
‘ LzA,T o = Ho) oo = | o Ha
dHg
dArT
<0 >0 _
dHQ . 8(25T _ —C |:776,A1TH¢ + HnHAIT] A_iTHCIQ v
dAir = (2= @)eHg + (1— ) (—cov (X ep) — cH)| Hy*
dHg
dga e
dF cov (N ep)v [a®) 7o _
P — 1 _ I S A _ (%2} O
= (1- ) R () (g <
dHo (1 =) cov(Nep)v (3—5) e (ga)~* 0
=— >
dga (1—a?)[(2—¢)cHg+ (1 —¢) (—cov (N ep) — cH)] Hao
dHg
dv oo
dF a?\ e
Ty cov (Aer) <—x) (94)' =%
dHo cov (N, ep) (3—5) T (ga)'e
=— >0
dv (1—a?)[2—p)cHg + (1 =) (—cov (X ep) —cH)| Hy”
With cov (A, ep) < 0 the derivative % < 0 and the implicit function theorem (requiring

(2—¢)cHg —cov(MNep)(l—¢)—(1—¢)cH > 0

(1—)
(2— ) Hg
(1-¢) > A
Hg (1-¢)
H - (2—)

dF dc dH

56



ddL—FQ # 0) can be applied.

q.e.d.

Other equilibrium values: From (59a) and (62) we dictly obtain (63). From Production

a2

function (1) and the optimal intermediate goods input (27) (z (t) = <Z> = Hg) we obtain
(64). Using (89) in 6 we obtain the Y. Combining with (64) gives (89). Taking the time
derivative of (65) in equilibrium we obtain Y (t) = N () (1 — a?) Hg (Cc“—j)m and thus

_ Y@ _ N@
9y YO = N@)

I(t) = N(t)v and from (32) we know r(t) = “T(t) With all profits being saved we obtain
N(t)v=1I1,(t)=5(t) = N (t) 7, (t). Plugging in (32) gives ( 67).

and using (52) we arrive at (66). According to (48) investments are

G. Dynamic consistency

Consistent start values of financial and technology stocks: It can be shown that
derived savings can finance the process from the start. According to the discussion in section
2.4 financial wealth income is 7F (t). As it is assumed that only labor income consumes,
the income of financial asset holders and technology owners only serves for savings and
these savings are financing investments for newly introduced goods. Two version of the
budget constraint can be derived: one that describes the real investments and innovation

which becomes possible (S = [,) and the second that describes the finance mechanism

(S(t) = F(t))

(i) : N(t)7my (t) +wip (t) Lir = S (t) = L(t) = N(t)v,
(ZZ) rF (t) + wrr (t) L[T =5 (t) = F (t)

Equation (43) describes factor rewards for technology owners. wyr () = i—‘z’;%, with

Y(t)=(1-a*)Q(t) = (1-a?) N(t)a%cgﬁ}[@ and (1 —a?) = (a+1)(1 — a) the im-

e

plication is that wrr (t) = N(t) (1 — ¢r) (1 — ) al%c;mHQLL.

IT

Defining Z;r = (1 — ¢r) (1 — ) al%c;mHQ, results in wrr (t) = N (t) %, and total in-

come of technology owners is wrr (t) Lyr = N (t) Zyr.
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Thus from (i) the implication is that:

(2) N(t) ve = N(t)mg (t) + N (t) Zrr
N (1)
N—(t)yx = m.(t)+ 277
N(t) N Zm
N—(T,) = T—FV—:BZ[T. or ’I"—N—(t)— ”

From (ii) the implication is that:

(i) F(t) = rF{t)+N (@) Zir
E (t) N(#)
— = A
ONEEN TOR
plugging in from (i) r = % - V%_ZIT into (ii) results in:
F(t) 1 N (t)
L2 ) 1 Ry
F ) 9N o T+ ) "
N (0)e~w 1
or = o+ [Fiojer )

and this holds if in steady state growth gy = gr and F5 = .

q.e.d.

H. Effects of automation

Effects on human service H:
Departing from (23) H = I (N;r, N) [(1 — T (Nyr, N))
and thus

o

(AITLIT)UT_I + I (Nyr, N)% (ALLL)%] !

ql=

o

1 o—17 o—1
(o2

(ALLp) ~ ] ;

1
o

H = [((1 — T (Nyp, N)) I (N, N7 (AggLir) = + (0 (Nypy N) (N, N)YY)

and using the definitions, B; (N;r) = fNNiTl Yir(2)° tdz = (1 = T(Nyp, N)II(Nyp, N)7,
dB,  _ P)/IT(NIT)U_Ia and By (NIT) = f]\]fiT ’yL(Z)U_le = F(Z\/'[T,]\[)1_[(]\][]‘,]\[)U_l7 d%VBIQT =

dNIT
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—vL(N77)7~! we rewrite H as

N-1 Nyt
= (B Ner))? (ArrLir) ™™ + [Ba (Nix))? (AuLe) ™ |
Taking the derivative with respect to A gives
1 o—1 <1
dH o (B1(Nrr))e (ArrLir) = M | 1 dBy dNpr
- = 1 o—1 ArrL  (B; (N
dAIT o—1 + (B2 (N[T>); (14[/‘[/[/)T ( 1T IT) ( 1( IT)) dNIT dAIT
— 1 o—1 A ca—
By (Nip))7 (AppLyp) = |77 10—1 o1 ,
+ ? ( 1( IT)) ( " IT)LI (Bl (NIT))" d (AITLIT) 7 1LITAIT
0 =1 | +(By(Ni2))7 (ApL1) 7 |
r 1 o—1 7 -2=-1
By (Nip))7 (AppLip) = |7 1, dBy dN
+ o ( 1( IT)) (1 1T IT)0771 (ALLL) = (BQ (N[T)) —1 2 IT
o =11 +(Ba(Nir))7 (ApLL) = | dNypr dArr
(B (Ni7))7 (ArrLir) "1 o 1y dBy dNir
1 - o—1 ArrL o (B; (N
By (Ni7)]7 (ALLy)"" (o =17 (Arrkan) = (B (Vi)™
1 -1 9-%-1
By (Nir))° Lip) = |7 1 o-1_
+ ( 1 (Vo)) g " IT)L—l (By (Ni2))? (ArrLir) = ' Lip
+[B2 (Nrr)]e (ALLL) = |
1 o-1 7 -2-1
(B1(Nir))e (ArrLir) = o 14 dBy dNpr
+ 1 o—1 oc—1 ArL By (N,
[By (Ni7)]7 (ArL)™" | (o= )7 (ALe) = (B (Nom))* N7 dArr

(ArrLer)= (B (Nr)) ¥~ .

H | +(0 = 1) (B (Nir)” (ArrLir) = " Lir
+(ALLL)™ (By (Nyp))e ™! e dlir
(Bl (N[T))i (14ITLIT>Tl

1 o | (0—1)
+[By (Nir)|7 (ArLy) <
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ol B 1
))3,1 o ) L 4 (o — 1) (B (Nir))7 (ArrLir) = ' Lir

dArr

(AITLIT>GT_1 B, NIT))%_I Yrr(Nrr)o !
+(ArL) = (B2 (Ni7))7 ' (=) Yo (Npp)o
(Ni7))° (AlTLIT)?_1 Lt
(0= 1) |(By (Nim))* (ArrLer)™® + [By (Niz)]* (ApLy) 7 |
<1_ (ApLy) s (32(N1T)) "y (Npp)o Tt )
(

AITLIT) o (Bl(NIT))“ "/IT(NIT)071
A | Nz Arr

s NN (AITLIT) e (B (NIT)) ’Z{:rl’(NIT)"‘l
i +(0 = 1) (By (Nir))7 (ArrLir) =

(0-1) [(Bl (N]T))% (AITLIT)% + [Bsy (NIT)]% (ALLL)%]

- o-1
1 — < (ALLyp) Bl(NIT)> 7 <7L(NIT) )Ul
. (ArrLir) B2(Nrr) yrr(NrT) .
_ (AITLIT)T (Bl (N]T))
A 82 Nyp (By (Nip)) ™ e (Npp) 7!
I +(oc—1)

(0= 1) (Bt (Ni2))7 (ArrLin) = + [By (Nir)]

Q=

al=

(ALLL)%]

Using the switching condition from automated tasks to labor tasks (86),77];((]\7]\,[[2)) = <AAZ£’2T>; <gf%;§)
we obtain
1 1
0 — ’YL(NIT) _ (AITLIT) (BQ (NIT))"
vir(Nir) ALLy (Nrr)
’YL(NIT) _ (AITLIT) (Bz NIT )
”YIT(NIT) ArLy B NIT
o-1 o-1
0 = 1— ( (ALLL Bl NIT ) (AITLIT) 7 (BQ (NIT)) 7
(ArrLir) B2 (Nrr) ArLy By (Nrr)
o—1
(ArLy) Bi(Nir)\ ° Ner) \7T _ .
1-— <(AI;LfT) B;(Nﬁ)) <%> = 0, and thus we can write
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(0 -1) (ArrLir)7 (By (Nir))7 1

— H . ¥
(0= 1) (B (Nim))* (ArrLyr) ™=+ [By (Nir)]? (AgLy) = | Arr

1+

1 o—1 -1
By (Nir)]e (ApLp) =
Loy = |14 B2Vl (ALLy) ] .

1By (Ni7)]7 (ArrLir) =

Effects on the income share of labor in the service sector and total economy:

¢L7wLLL

Effects on labor share of income in service sector: ¢; Departing from (24) with ¢; =

o—1

1 o—1y\ —1
(1 + (—(1 (F]SZIVTITN];I))> ’ (ﬁ—f%) 7 ) and using the definitions, By (N;7) = f]yﬁ yrr(2)° Nz =
(1 = D(Nyp, N)I(Npp, N)7=Y, B — 5 (Np7)o Y, and By (Nip) = [y u(2)7 'dz =

> dNiT
D(Npp, N)I(Nyp, N)° 1, % = —v1(Nrr)° ™1 we rewrite ¢, as
1
¢L = o—1

.
Lt A "o ([ Bi(Nir)\°
(Ldm) ™ (L) 41

Taking the derivative gives:

ot o1 (mw)i (A_>1 a1
d¢L 1 L[T g ) o2 BQ(N[Q;) AL / AL 4
= — _ o— N N
dAr ()2 L 41 A\ ° ( Bi(WNir) a1 dgfl\ng dAﬁ . Bl(NIT)d‘j\iQT dAﬁ
o AL BQ(N]T) BQ(NIT) B2(ANIT)2
I o—1 ( | 1 _o=1_1q
Lir) ° Bi(N 7 (A o 1
dor 1 ( Ly ) (0—1) (Bi(Nf?)) (ﬁ) A
_— = Y o1 1
dArr ¢1, (.)o i (ﬂ)T (Bl(NzT))”_l Bi(Nir) ( dB; 1 dN;r _ dBy 1 dNIT>
L Ba(N1T) Ba(Nrr) \ dNrr B1(NrT) dAIT dNrr B2(Nrr) dArr
o—1 1 o—1
_(Lir\ ° (BiWNip)\° (A °
doy 1 _ (=) 7 (mvm)” () [(U b, < o1 R A L ) 1
o dB; N dNir A
dArr o1 (-)o Arr —ing Bk da vy ) AT
o—1 1 o—1
L "o ([ Bi(Nip)\° o o1
a6, 1 (%) 7 (B)” () ()t I
dAITE = o—1 o—1 1 (J - 1) + _i_a,L(NIT)"*l NITT]NITyAIT A_IT
((5) (3)" (3%%)" +1)o0 B



N o—1 N o—1
doy Arr —100 =D+ (PR + ) Nevnwir e

Moy Ay = _ — < 0.
r.Arr dAir ¢, o 1+ ( ApLp )"1 <B2(NIT)>‘1’
ArrLir B1(NrT)

For 1 < o the share will clearly decline, 74, 4, i0. If 1 > o the share will not necessar-

ily increase. Introducing more IT tasks — <A’”;3(1]ZZIV7;)T(;71 + WLI%\Z@);; 1) NN A < 0 will

decrease the share of labor income and overcompensate the potentially positive effect from

complementarity, 1 > o.

Effects on labor share of income in the total economy: %
dwpLp]Y
wrLp, _ oL dLAILT/ _ dor _ dArr <0
Y  (I+a) wly/Y o, rma
Effect on income share of technology providers “’%“
wiyr (t) Lir _ 1-4
Y (%) 1+«
deT(t)LIT
Y(t) 1 1+ Jor, dAITA
—wITY(Z)LIT 1+al—¢pdA;r Arp T
_ =1 09 A dArr
¢LL —10Arr ¢ Arr
If A;r is repeatedly increasing, the limit is:
lim wir () Lir _1-9r 1 0
Ajr—ro0 Y(t) 1+« 1+«
Effects on consumption rate: ¢
. oL de — ¢, O¢r dArr Arr
(I+a) (1+a)0Arr Arr ¢r
de A 0p Aw_
¢ dA;r OArr o1 Ne,Arr = Nlpr,Arr
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Effects of human service in production: Hg We reconsider the discussion of the
implicit function H and restate the effect of a change of A;p on Hg as we have derived in

section F of this Appendix.

<0 >0 1—
dHQ _ 3184% - —C |:TIC:AITH¢ + HnH,AIT] ﬁHQ v
dArr ;TFQ (2 =) cHg + (1 — @) (—cov (N ep) — cH)] Hy*
<0 >0
dHQ A (l(iLa) |:T]¢L’AITH¢ + nH,AITH}
NHg A = = >0

Ho dAir  [(2—¢)cHg+ (1 —¢) (—cov (N ep) — cH))

Effects on deployment rate: w

Y (¢ Hol(t
w (t) - ( ) _ Q( )
VP H
b = | B ] dArr _ dHg(t) Arr _dH App @dz‘lm _
e i =i Are Arr dArr lfo dArr H H Apr
dw _ ¢ (Mg arr s + Hni,a,r) B dAr
w 2= @) cHg+ (1 — ) (—cov(\ep) —cH) TAT| AL,

In order to have a negative deployment effect we want to show that

(fi_La) [77¢L7AITH¢ + HTIH,A]T]
[(2—p)cHg+ (1 =) (—cov (A ep) — cH)]

—NH A < 0

¢ [77¢L7AITH¢ + HUH,AIT] < NHArr [(2 - 90) CHQ - (1 - 90> cov <)‘7 5F) - (1 - 90) CH]

Cn¢L7AITH¢ +cH < (2 — CP) CHQ — (1 — gp) cov ()\,5F> - (1 - W) cH
NH,Arr

Mg (2~ g) et — (1 g)eon (\ er) — 2eH + gl
NH,Arr

Cn¢L7AIT Hy < (2—¢)cHg—(2—¢)cH — (1 —¢)cov()er)
NH,Arr
<0
. 77¢L,AITH¢ < —(2—9)¢c[H — Hgl — (1 — ) cov (A ep)
NH,Arr
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A sufficient condition for this suggestion is

0 < —(2—p)c[H—Hgl—(1—¢)cov(Aep)

(2—¢)
(1-¢)

cH, < —cov(\ep)

and this condition holds if cov (A, er) is sufficiently negative, and thus, for a large variety of

parameters.

Effects on wages: wy (t)

from the authors on request.

dwr,(t) (i) <0 >0

(@ >0

dAr

wL(t) = nC,AlT + 77HQ,H nH,AIT AIT § 0
H t
wy = ¢Lp§L , pu(t)=(1- a)%()
QH Q
wy, ¢L( a>H LL qu( Oé) LL
dwy, dor, Q 1 dQ
1— o)< 1—a)—
dA;; aa,, L torll—a)maae
dQ dHo 1 dHo 1

N; (t) Hey;

i (1)

dAr dAr Hy  CdAgr Hey
d do; A dHp A
v Do Airg ) D1 - )2 e A
dArr dArr ¢r Ly, Ly dA;r Hg
de A[T d¢L A[T dHQ A[T <0 >0
DO = N¢p,Arr + T]HQ7AIT
dArr wi, dArr ¢ dAr Hg
N o—1 N o—1
gy, Ay 1701~ (W%(l(fvi;) + %E(zg(ﬁ)ﬂ > NN Arr
77 7A = = — o—1
dL,ArT dArr ¢p o 1+ ( A Ly >T (32(NIT)>;
ArrLir B1(Nrr)
<0 >0
dHQ AIT (14—31-La) |:?7¢L7AITH¢ + nH,AITH:| 0
= = >
1Mt Arr Hg dAir [(2—¢)cHg+ (1 —¢) (—cov (A ep) — cH)]
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<0 >0
(lﬁLa) |:77¢L7AITH¢ + NH,Arr H]
howsdrr = Tider T (2—9)cHg+ (1 — ) (—cov (A er) — cH)
Nor,Arr [(2 — 90) CHQ + (1 - @) <_COU (/\7 6F) — CH)] +c [7]¢LaAITH¢ + nH,AITH]
(2—¢)cHg+ (1 —¢) (—cov (N ep) —cH)
Nér,Arr (2 — (:0) CHQ + CT]¢L,A1TH¢ + N, Arr (1 — 90) <_COU ()‘7 €F> — CH) + CnH,AITH
(2—¢)cHg+ (1 — @) (—cov (N, ep) — cH)

<0

oA (L= @) cHg + 0y a0 CH + 10,0 (L= ) (—cov (A ep) — cH) + enua,n H
(2—¢)cHg+ (1 —¢) (—cov (N, ep) —cH)
Nop, A (L — @) cHg + gy a,,¢H — cov (A ep) Mg, (1= 0) = Mgy, a,0¢H (1 — ) + cnpa,, H
(2—¢)cHg+ (1 —¢) (—cov (N ep) —cH)
Mo, Arr (L= @) cHg + gy a,,¢H — cov (A ep) a0 (1= )
Ny A CH +Ng, A coH 4 enp a,. H
(2—¢)cHg+ (1 —¢) (—cov (X ep) —cH)

Nop.Arr (1 = @) cHg — cov (A €r) Mgy arr (1 = @) + Moy A COH + ey H

- (2—¢)cHg+ (1 —¢) (—cov (N, ep) —cH) <0

0< Nér,Arr (1 - 30) CHQ — Cov ()‘75F) Nér,Arr (1 - 90) + n¢L,A1TC(pH + CUH,AITH <0

iy NH Arr H < (1-¢)cHg—cov(Nep)(l—p)+cpH
Nor,Arr

—cov(\ep)(1—y¢) > —c ((M —¢> H—(1-y) HQ>

Nér,Arr
NH.Arr H
cov (N ep) < c((’——gp) —HQ)
Ner,Arr (1 - 90)

Effects on the growth rate ?—YY: From Equation (52) we know

gN = ((:—j) . H@) “’ (9a)' 7%

Taking the derivative gives

1 p—1 1
dgn a?\ = Lo [\ T° dHg
_ @ H N it
dA;r ¥ (( s ) Q) (9a) o dA;;

dgy Arr _ _ ,4Hq Arr
dA[T gN SOnHQ,AIT ngA[T HQ

>0

Ngn,Arr
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I. Simultaneous demand shocks
Simultaneous demand shock: We depart from equation (52)

d gN 1 d Hgtal
= YN 77— .
dA]T HQ dAIT

In addition to the pure supply side mechanism which we derived in (78) we now consider a

simultaneous demand shock with dthI]T < 0. Thus, labor in production is now determined by

d Héotal AIT 6H22UPP1Y AIT a ngmand AIT

dA]T HQ 8A[T HQ 8A[T HQ
total _ supply demand
Mhgdrr = MHo A T THg Arr
. supply . . . . O Hdemand dH d
While —%— > 0 is the effect derived in (78) we need to determine —%—— = 7% 9.

cov(Mep) <a2 ) == (04)1—%

3 dI—I_Q = — (170‘2) o
With o [(Q_SD)CHQ+(1_<p)(—cov()\,EF)—cH)]Héso

> 0 (see appendix F and (62))

<0 >0 —
aHauPply - —C [nC,AITH¢ + HT’HaAITi| ﬁHé i
OArr (2 =) cHg + (1 — ) (—cov (N, ep) — cH)] Hy”
<0 >0
supply 8H22upply Arr ¢ |:7707A1T H¢ + HUH,AIT]
MHodr = ThAr Hy  [2—¢)cHo + (1—¢) (—cov(X.ep) — cH)
cov(\e a? Ta _
8ngmand (1(—>\a2};) <Z> (gA)l ) g .
- @ = _ <
OArr [(2—=@)cHg + (1 =) (—cov (A ep) — cH)| Hy” dA;r
cov(\e a? f:g _
demand angmand Amr (1(—0421;)” (5) (9a4)'% A dv
"Hq.Arr OArr  Hgq [(2—¢)cHg+ (1 — ) (—cov (N, ep) —cH) Hy ¢ v dArr

Combining both elements gives
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>0

A

-~ Y p-o
<0 >0 — cov(\e A — v
¢ nchITH¢ + HUH,AIT ﬁHCIQ - (1(_(121;) <Z> (gA)l SOdeT
dHtotal
¢ = - <0
dArr [(2—p)cHg + (1 =) (—cov (A ep) — cH)| Hy”
0 >0 1 1, cov(\ep) (a? = L, dv
0 > [ C< H,+ H ] — H Y- ——"— — ¢
C\Ne,Arr e + HNH Apr Arr Q (1 — ag) s (gA) dA;r

p—a
0 0 1 _ cov (N e a? e _, dv
c [ncfAITHQﬁ + HUH?AIT] _Hl o< M (_> (gA)l v

Arr Q (1 — a2) Cy dArr
>0
c(1—a?) [en, H n H] (@)Hﬁ 5
Te, Arr ﬁa "H,Arr 94 > cov (A er)
o2 T—a Mo, Arr
v (a) <0

This holds if in absolute terms cov (A, er) is sufficiently large.

dgn E o c [UC,AITH¢ + T’HvAITH]

Ngn Arr =

Simultaneous innovation shock: The effect on the growth rate

1 p—1 1 ®
dgn a?\ e Lo [\ T° dHg a2\ e ., dga
_ N e (2 1 N 0
I @ (( - ) Q) (9a) - A, + (1 =) - Q| (g94) A,y

1 dHy 1 dga
N 1— R
SOQNI‘IQ dA[T +< SO)QN_QA dA[T

dgy Arr
dArr gn

Ngn,Arr = ©NHg,Arr + (1 - 50) Nga,Arr

As in the previsous section of this appemdix we depart from

total __ supply demand
NHg,Arr = MHg Ay T THG, Arr-

supply o demand
While the supply effect Bim > 0 is known [see (78)] we need to determine }2?4” =
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A gn  © {[(2 —¢)cHg + (1 —¢) (—cov (A, er) — CH)]] (@ -9 eHg + (1= ¢) (—cov (A,



Cf;;—f ddAf’;‘T, the effect related to the demand side. And we follow the idea that an increase in

AT leads to a shift in resoources that simultaneously reduces the product innovations rate

ga, with - gA < 0. Thus, labor in production is now determined (see appendix F and (62))
by

0 0
chsgupply C |:7707<AITH¢ + HT,H>7A]Ti| A]}T Hl ®
OArr  [(2—¢) cHg + (1 — ) (—cov (A ep) — cH)| Hy”
0 0
supply ¢ [n;AI oo + HnH?AIT]
THadir T (2= ) cHg + (1= ) (—cov (A, 25) — cH)]
—p)cov(Nep)v [ a? 1:3 _
angmand a (p()lfoEQ) F) <Z> (gA) » dgA .
. = >
OArr (2= @) cHg + (1 =) (—cov (A ep) — cH)| Hy” dApr
_ (A=p)cov(Aer)v (o2 =a ga \1—
ndemand _ (1-a?) (CI> (HQ) 7 AIT dgA
Hq Arr [(2—¢)cHg+ (1 —¢)(—cov (A ep) —cH)] ga dArr
The overall effect on Hg is i, = ni}l(gpiym + e, which is negative if
dHtOtal 1 (1 . ) ()\ ) 2 % d
o <0 >0 } - p)cov (N ep)v [« _, dga
- C H H _H - - ® < 0
dArr ‘ [77 Ar b T HH A Aip 9 (1—-a?) (Cz ) (94) dArr
p—a
(1—¢)cov (N ep)v [a?) T ., dga
|:nc AITH¢ + HT/HA[T] 1 v < (1 — CYQ) C_ (gA) pdAIT

A
o1 =) 150 o+ Huith] (55)

> cov (N ep)
v(1—¢p) <a_2>h Nga,Arr

e <0

and thus,

total
nHQ A < O

With this effect on Hg and the assumption dcff;‘T < 0 we can now determine the overall effect

o 0
on the growth rate [from gy = ((‘j—j) o HQ) (94)'~%] and obtain

<0 <0
Ngn, Arr = PNHG,Arr + (1 - @) Nga,Arr < 0
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