I Z A Institute

of Labor Economics

Initiated by Deutsche Post Foundation

DISCUSSION PAPER SERIES

|ZA DP No. 14171
Modelling Artificial Intelligence
in Economics

Thomas Gries
Wim Naudé

MARCH 2021



I Z A Institute

of Labor Economics

Initiated by Deutsche Post Foundation

DISCUSSION PAPER SERIES

IZA DP No. 14171

Modelling Artificial Intelligence

in Economics

Thomas Gries
Paderborn University

Wim Naudé
University College Cork and IZA

MARCH 2021

Any opinions expressed in this paper are those of the author(s) and not those of IZA. Research published in this series may
include views on policy, but IZA takes no institutional policy positions. The IZA research network is committed to the 1ZA
Guiding Principles of Research Integrity.

The IZA Institute of Labor Economics is an independent economic research institute that conducts research in labor economics
and offers evidence-based policy advice on labor market issues. Supported by the Deutsche Post Foundation, IZA runs the
world's largest network of economists, whose research aims to provide answers to the global labor market challenges of our
time. Our key objective is to build bridges between academic research, policymakers and society.

IZA Discussion Papers often represent preliminary work and are circulated to encourage discussion. Citation of such a paper
should account for its provisional character. A revised version may be available directly from the author.

ISSN: 2365-9793

IZA - Institute of Labor Economics

Schaumburg-Lippe-Strae 5-9 Phone: +49-228-3894-0
53113 Bonn, Germany Email: publications@iza.org WWw.iza.org




IZA DP No. 14171 MARCH 2021

ABSTRACT

Modelling Artificial Intelligence
in Economics

Economists’ two main theoretical approaches to understanding Artificial Intelligence (Al)
impacts have been the task-approach to labor markets and endogenous growth theory.
Therefore, the recent integration of the task-approach into an endogenous growth model by
Acemoglu and Restrepo (AR) is a useful advance. However, it is subject to the shortcoming
that it does not explicitly model Al and its technological feasibility. The AR model focuses
on tasks and skills but not on abilities, while abilities better characterize Al services’ nature.
This paper addresses this shortcoming by elaborating the task-approach with Al abilities for
use within endogenous growth models. This more ability-sensitive specification of the task-
approach allows for more nuanced and realistic impacts of progress in artificial intelligence
(Al) on the economy to be captured.
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1 Introduction

Until recently, there was relatively little research in economics on artificial intelligence
(Agrawal et al., 2019). This situation is rapidly changing, however. Most progress so far has
been on understanding the potential labor market implications of Al, in particular through
the task-approach to labor markets (e.g., Autor (2013)). This approach has been used to
evaluate fears that Al-automated job losses would cause mass unemployment, as for instance,

raised by Frey and Osborne (2013).

Acemoglu and Restrepo (2018) incorporated the task-approach into an endogenous growth
model, representing further progress in modelling Al in economics. The Acemoglu-Restrepo
(AR) model, however, lacks adequate modelling of the nature of Al itself, as the task-
approach is, in essence, naive about the nature of Al as automation technology. The AR-
model does not explicitly capture Al and its technological feasibility, and focuses on tasks
and skills but not on abilities, even though abilities may better characterize the nature of

the services that Al provides.

This paper addresses this shortcoming by elaborating the task-approach with Al abilities
for use within endogenous growth models. This more ability-sensitive specification of the
task-approach allows for more nuanced and realistic impacts of Al progress on the economy

to be captured.

The paper will proceed as follows. In section 2, we describe how automation is modelled in
the task-approach to labor economics. In section 3, we present the core of the AR model
which incorporates the task-approach into an endogenous growth setting. In section 4 go
beyond the AR-model, providing a novel re-specification of the task-approach. Section 5

concludes.



2 The Task-Approach and Automation

The main conceptual approach used by economists to investigate the labor market impacts
of automation has been the task-approach to labor economics, see e.g. Autor (2013) and

Autor and Dorn (2013).

Defining a task as “a unit of work activity that produces output” (Autor and Dorn, 2013,
p.186) a final good or services is produced according to a Constant Elasticity of Substitution

(CES) production function, as in Autor and Dorn (2013, p.187):

v=[[ vorval B ()

Where Y is the output of a final good, y(i) the different tasks needed to produce the output
Y, and 7 the elasticity of substitution between tasks. Because a task can be produced
or performed by either low (L), medium (M), high-skilled (H) labor or capital (K), the

production function for a task is, following Autor (2013):

Where 1(i), m(i), h(i) are respectively the number of low, medium and high-skilled laborers
doing task (i), and k(i) the capital used for task (i). The productivity of labor and capital
in a task (i) are expressed by ay, ay, ay and ax. The A represents a factor-augmenting

technology in the carrying out of tasks.

According to Autor and Dorn (2013, pp.188-189) “the most important innovation offered by
this task-based framework is that it can be used to investigate the implications of capital (em-

bodied in machines) directly displacing workers from tasks that they previously performed.”



If improvements in algorithms (AI) occur (reflected in Ag) the ax would improve, not for
all tasks, but for a specific range (i) C [I’, I| of tasks - maybe those than can be more easily
codified, such as routine tasks. Then, if some of these tasks are performed by medium-skilled
workers, some of the m(i) will be replaced by machines, robots and computers - i.e. their

tasks will be automated.

The replacement of workers is however not the only consequence of automation in the task-
based approach. A further consequence is that it can lead to creation of new tasks and
jobs, through what has been termed “reinstatement” effects. These are due to the positive
supply-side effect of Al on productivity - which generates higher wages, profits and demand,
and thus new jobs. Autor and Salomons (2018, pp.12-13) decompose these reinstatement

effects into three categories, namely Uber, Walmart, and Costco effects.

A shortcoming of the task-approach is that the extent of the reinstatement effect is funda-
mentally uncertain. This is because it depends on (i) the extent of economic growth created
by Al, and (ii) the extent to which economic growth stimulates the demand for labor, which
in turn depends (iii) on growth in labor productivity, labor wages, and the income share of

labor (Gries and Naudé, 2020).

Because the task-approach is not an economic growth model, it is unable to model these
dynamic aspects. Standard endogenous growth models on the other hand, although capable
of tracking economic dynamics, typically fail to make the distinction between jobs and tasks,
and hence tend towards extreme and unrealistic outcomes, such as infinite (singularity)
growth or a collapse in employment. The evident solution is to incorporate the task-approach,
or something like the task-approach, into endogenous growth models. This is the contribution

of Acemoglu and Restrepo (2018), which will be described in the next section.



3 The Acemoglu-Restrepo (AR) Growth Model

Acemoglu and Restrepo (2018) (henceforth the AR-model) proposed a production function

(p.1494) similar to that in (1), where f is a constant and y(i) a unit measure of tasks:

y =8 [ / i y(z‘)”nldz} v 3)

Whereas Autor and Dorn (2013) specify the production factor of a task incorporating the
automation technology A in (2) as a factor-augmenting technology, Acemoglu and Restrepo
(2018) specify separate production functions for tasks that can be automated, and for tasks
that cannot be automated but provided only with labor. This follows from their indexing
(3) tasks ranging from N — 1 to N so that there can be a point I € [N — 1, N] with tasks
1 < I that can be automated, and tasks ¢ > [ that cannot be automated - the assumption is
that labor has a comparative advantage in tasks high up in the index. For tasks ¢ > I they

specify the following CES production function (p.1494):
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And for tasks i < I a similar specification is used, except with the inclusion now of capital

(k), which is a perfect substitute for labor | with CES elasticity n € (0,1) :
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Where 7(i) is the productivity of labor in task i, ¢ € (0,00) the elasticity of substitution

between intermediate inputs (¢) and labor inputs ({).



Where is artificial intelligence (Al) in this model?

Al is, as in the task-approach, not explicitly modelled; rather it is firstly contained in ¢, which
the authors define as “a task-specific intermediate [...] which embodies the technology used
either for automation or for production with labor.” Furthermore, technological progress (e.g.
progress in Al) can be of two kinds: it can either make more tasks amendable to automation
(reflected in a shift of I) or transform old tasks that could be automated into new tasks in
which labor has a comparative advantage, reflected in an increase in N — I and a reduction
in I — (N —1). In a static version of the AR-model, £ is fixed and technology (including
AT) exogenous. As such, technological innovation changes the allocation of tasks between
capital and labor, and this in turn will change relative factor prices - with consequences for

employment and the wage share of labor.

With these production functions for tasks carried over into a dynamic setting, Acemoglu and
Restrepo (2018) endogenize capital and technological progress, and tease out the long-run
implications of automation on jobs and inequality. Now, the price of capital relative to the
wage rate will determine the extent to which new tasks are created, and they show that a
stable balanced growth path is possible if progress in automation and creation of new tasks
are equal. Any deviations from this will set corrective market forces in operation. In other
words, the reinstatement effect (creation of new tasks) of the static task-approach continues
to hold. As they put it (Acemoglu and Restrepo, 2018, p.1491) “This stability result high-
lights a crucial new force: a wave of automation pushes down the effective cost of producing
with labor, discouraging further efforts to automate additional tasks and encouraging the

creation of new tasks.”



4 Human Service Production

The AR-model, despite being a welcome addition to the economic growth literature con-
cerned with Al, has two shortcomings for present purposes. The first, and more serious
shortcoming, is that it does not take into account the specific nature of Al and its tech-
nological feasibility. A second, but less serious shortcoming, is that it is a rather complex
model. Acemoglu and Restrepo (2018) do not provide a definition of Al, and as was noticed
in the previous section Al is not explicitly modelled. As such, the task-approach as it is
incorporated into the AR-model cannot model some of the distinguishing features of Al as
an automation technology, which is different from the way in which robotics for instance au-
tomate jobs. Moreover, the AR-model seems to be more consistent with pre-Al automation
technologies for which the task-approach to labor markets was initially developed - before
the advent of Machine Learning (ML)-based Al, which started only after 2006/2007 (Naudé,
2021).

The task-approach is useful, but - in the context of the nature of Al - cannot simply trans-
formed 1:1 into an Al-model. It focuses on tasks and skills but not on abilities, while abilities
better characterizes the nature of the services that Al provide (Herndndez-Orallo, 2017). Ac-
cording to Tolan et al. (2020, p.6-7) abilities are “a better parameter to evaluate progress in
AT” because ML provide abilities to do tasks, and not skills, which are a human attribute
requiring experience, knowledge, and common sense. Skills are not an attribute of Al. This
means that, with Al providing abilities, such as the ability to understand human language
or recognize objects, it is necessary to go beyond skills and tasks when evaluating any labor
market impacts of Al, because the adoption of Al will ultimately depend on its abilities

relative to the abilities of human labor.

Some abilities may be more (or less) likely to be provided by Al which means that “Al may

cause workplaces to transform the way a task is performed” (Tolan et al., 2020, p.6). In



other words, the technological feasibility of Al in automation will depend on the extent that
is changes the very nature of tasks. This however cannot be modelled adequately by the task
approach to labor markets and its incorporation into the AR-model. In the remainder of
this section we attempt to address this shortcoming by proposing a model of Al as providing

abilities in line with Tolan et al. (2020).

4.1 Human service as intermediate good

If AT is essentially a technology that provides certain abilities, it will always need to be
combined or used in tandem with skills, which are, as we pointed out above, distinct human
attributes requiring experience, knowledge and common sense. We define this combination of
Al and human skills as human services, H. To be precise, a human service is an intermediate
service good that is generated by variously skilled human labor and AI. Human service
|[H = H(Labor, AI)] is produced following the task-approach to labor markets specification;
however it can be easily included in any conventional production function leading to a nested
production process Y = Y (H, K). Due to this nested structure, the human service task-
approach that we propose here allows us to analyze and separately discuss effects specific to
the task-approach, without much increase in model complexity. Thus, a shortcoming of the

AR modeling - its high complexity - is (somewhat) addressed.

The human service production function can be written as H = H(Ly, A, Arr, Bir). Here
Ly is the number of workers each providing given hours of work, Ay is an index of human
skills (reflecting experience and human abilities), A7 is the total number of ML abilities (e.g.
algorithms ) in the economy, and Bjr are the IT-business owners or experts providing and
running Al services. Hence, our approach enriches and extends the simple task-approach by
integrating human skills with AT abilities, as per the arguments of Hernandez-Orallo (2017)
and Tolan et al. (2020).



The production function for human services can be specified as (note the similarities as well

as the differences with (3) and (4) and (5)):

H= (/N]i1 h(z)ooldz> o (6)

where z denotes each task in a unit interval [N — 1, N], and h(z) is the output of task z.
As tasks range between N — 1 and N, the total number of tasks is constant. Note that
whereas Acemoglu and Restrepo (2018) define total production as result of N-1 to N tasks,
we propose to define total production as the result of human service inputs and other inputs
like capital or other intermediates, where human service inputs consists of the outputs of
different tasks. Further, with L; and B;; we separate between labor and owners respectively

providers of Al as a more or less disembodied productive technology.

Each task z can either be produced with labor, I(z), or only with AI services provided by
Al-businesses, brr(z), if the task can be done by Al. Therefore, there are two sets of tasks.
Tasks z € [N — 1, Ny7| can be produced by both labor and AT services [described by process
(a) in (7)], and tasks z € (Nyr, N] can only be produced by labor [process (b) in (7)]. These
tasks can be the niche in which labor can continue to specialize in the presence of Al driven
services or automation, as per Arntz et al. (2017). Thus, the output of a task can be stated

in two ways

vo(2)U(2)AL + vir(2)bir(2) A D process (a) if z € [N — 1, Ny
h(z) = (7)
v (2)(2)AL process (b) if z € (N, N]

Note that the production process (a) implies perfect substitution of human labor abilities
by Al, as the human labor ability (Azy.(2)l(z)) is not a necessary input for this task. To

provide further justification for the specification in (7) we can note the following:



First, while [(z) is the volume of hours employed in the specific task z, Ay, is a description
of generally available skills, which includes human abilities and ezperiences. So humans
who are employed, irrespective which tasks they perform, are endowed with Ay. Humans
can identify problems, understand social signals and social interactions, detect and handle
positive and negative social externalities in groups, can use common sense, and can think
ahead. These very human skills have emerged over hundreds of thousands of years of biolog-
ical evolution interacting with the environment and culture, including education. As these
human skills indexed by A; are homogeneously related to all human labor L; this endow-
ment is potentially available in each task z without rivalry and similar to a public good,
Arl(z). However, in some tasks these human skills are particular valuable while in others
they are not really needed. This task specific productivity is indicated by 7. (z). Thus, in

(7) total human contribution to a task is v (z)ALl(2).

Second, as far as production with Al is concerned, A;r denotes the total number and quality
of ML algorithms or machine abilities in the economy that can provide a general Al service.
The idea here is that an Al service contains two components. One is a general Al algorithm
or code and the other is specific application of the algorithm based on particular data. For
example, A;r would include various generic Machine Learning (ML) models and techniques,
from logistical regressions to Deep Learning (DL) and Convolutional Neural Networks(CNN).
These algorithms are non-specific with respect to a particular domain of usage. As such
they can be used without rivalry, and to the extent that they may be excludable through
licensing may have the characteristics of a club good. Since ML algorithms are trained on
data (training can be either supervised or unsupervised by a skilled human), data D is the
raw material needed to produce an Al service. Hence, we can denote the complementarity
between data and algorithms as A;p D, which is the fundamental infrastructure for specific
Al services. Since the use of data is non-rival, A;rD is a club good. Note however that A;rD
is yet not an Al service. The Al service is obtained when A;rD is applied to a particular task

- where it creates value. This application is facilitated by IT experts b;r(z) who tailor A;rD



for a particular purpose or business opportunity, z, adding up in total to B;r applications.

Finally, Al services that have been tailored to a particular task will be characterised by
different levels of task-specific productivity, v;7(z). In total therefore, Al services production

for a particular task z can be described as y;7(2)brr(2)ArrD in (7a).

If a task z with price py,(z) is produced with pure labor h(z) = Ay, (2)l(2), and labor rewards
are calculated according to marginal productivity, then pp,(2)Arvr(2) = wr. Symmetrically,
the same task could be produced with an Al technology so that pp,(z)Aryr(2) = wir, with
wyr as the reward for the Al supplying expert or business. Given these two conditions, and
given wages in the market, for any particular task the firm will choose the kind of service
composition (Al service/automation or not) that results in the lowest unit labor costs. Thus,

if the following condition holds, the task will be provided by the Al service:

wrr < wr,
pr(2)Arryr(2)  pr(2)Aryn(2)

This rule leads to condition (8) which identifies the switching point between automated (Al)

Aryr(2)

tasks and labor tasks. If tasks are ordered in such a way that A ()

is increasing in z
and the tasks with lower numbers z € [N — 1, N;7| are the automated tasks, task Nr is the
switching point from an automation task to a labor task. N;r is the highest number in this

order for which
Ay (Nir) oW
AIT%T(NIT) wir

(8)

holds. Apart from these automated (Al) tasks [N — 1, Nyr], all other tasks (Nyr, N] are
produced with standard labor. Thus, the costs and respectively the price py(z) for any task
z 18

—A[;lf]ylfq;(z) if z € [N — 1, N[T]

pi(z) = (9)
WL ifZG(N]T,N]

Aryr(z)

10



We can use this to calculate the endogenous optimal number of tasks provided by Al in an

economy with an efficient supply of the human sevice:!

dN. dN dN.
I 0, IT 0, T

Nir = Nir (Brr, Ly, Agr, ...) , with
T ]T( 1T, &L, 44T, )7 Wl dBIT dLL dAIT

>0 (10)

This result indicates that the number of automated/machine produced tasks crucially de-
pends on the relative availability of various input factors which are important for Al tech-
nologies. The extent of implementation and diffusion of Al technologies and automation of
human services will depend on the relative availability of the specific inputs of the human
service production. In particular we have to look at the relative availability of human skills to
machine abilities Ay, /Arr; the relative abundance of the volume of labor to Al-supplying ex-
perts Ly /Byr; the relative task-specific productivity at the switch point v (Nyr)/vrr(Nir);
and the volume and veracity of data available to run all these AI services, D. Thus, our

modelling of Al provides a level of detail of specification that is lacking in the AR-model.

4.2 Optimal human service supply

From the demands for the various tasks, total human service production can be derived.

Aggregating automated tasks and labor, equation (6) leads to

Nrr o1 N o oo
H= (/ h(z)oder/ h(z)odz) |
N-1 Nrr

1See the appendix.
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Using (13), (18) and 19), respectively, and re-arranging gives the expression for total pro-

duction of human services as:?

Nrr . % o1 N ) % o o—1
H = (/ Yir(2)7 dZ) (ArrLir) = + (/ vo(2)7™ dz) (ALLp) <
N-1 Nir
With the definitions 'y (N7, N fN " yir(2)°"tdz and T (Nyp, N fNI ) ldy =

['(Nip, N)II(Nip, N)°~1 we can rewrite the aggregate optimal human service production as

o

o—1

Q=

H = [(FIT (Nrr, N))e (ArrLir) = + ' (Nip, N )i(ALLL) g ] (11)

This expression is similar to the familiar Constant Elasticity of Supply (CES) production

function.

5 Concluding Remarks

In this paper, we contributed to the modeling of Artificial Intelligence (AI) in economics by
adapting the task-approach to labor markets to reflect the distinctiveness of Al not as a task
or skill, but as an ability. Our ability-sensitive specification of the task-approach allowed
us to model in a more detailed and more nuanced manner, the labor market consequences
of AI progress. A critical insight from our reformulation is that an economy will broadly
(large Ny7) utilize Al technologies if (i) the economy is relatively abundant in sophisticated
programs and machine abilities compared to human skills; (ii) the economy hosts a relatively
large number of Al-providing businesses and experts; and (iii) the task-specific productivity
of Al services are relatively high compared to the task-specific productivity of general labor

and labor skills. Further, as access to data is essential for task-specific Al in our model, its

2For details see the Appendix.
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relative abundance will be another determinant the diffusion of Al

From a country perspective, the comparative abundance of the factors identified in the pre-
vious paragraph will determine the composition of human service in that country. If, for
instance, I'T experts or business solutions are widely available, more tasks will be auto-
mated. Similarly, if I'T knowledge and Al algorithms are readily available, relative wages
;"TLT will increase, and human labor tasks will become relatively more expensive, furthering

automation.

Thus, our modification of the task-approach to labor markets provides not only a more
detailed, but also a more nuanced description of Al automation, by describing how progress

in Al abilities can turn more tasks into tasks that are amenable to automation.

13
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Appendices

Efficient production of human services

Optimal allocation within the task approach: Human service firms

max : 7y = pirH — pu(2)h(2) = py (/N h(z)galdz> L pu(2)h(2).

N-1
F.O.C.
g N o—1 Uil g — 1 o—1
PH (/ h(z)odz) h(z) = 7 —pu(2) =0
o—1\Jn_1 o
N o—1 1
PH (/ h(z)vdz) h(z) L= pr(2)
N-1

arriving at

h(Z) = p%ﬁ (12)

see (12).

Demand for task z: Using marginal production and productivity rules

h(zrr) = Arryir (2)lr(2) production (7) h(zr) = Ay (2)lL(z)

marginal productivit
Ay (2)lr(2) = L (2)wir 8 Y PrALYL(2)l(2) = lp(2)wg
and factor reward

i (21r) = g—d—s price = unit labor costs  py (21) = 527

and plugging in gives (13) as being the optimal demand for h(z),

h(z) = ﬁpﬂ, h(z) = ﬁpﬁ,
Arrp ) ALvL(2) . (13)
M=) = 0 H (22) yrr(2)7, h(z) = o H (22) (2)7.

15



Demand for each kind of labor in task z : In order to determine the marginal pro-
ductivity for each total labor input, the productivity for each kind of labor is derived from

(13) and (7), and we can obtain the optimal demand for IT labor :

A (o
Arryir(2)lr(2) = h(z) = pyH (w_Z) Yrr(2)7,
; ( ) (%) H(A]T)gil ’)/IT(Z)Uil if z € [N — 1,N]T] (14)
IT\?) =
0 if z € [N]T,N]
and standard labor:
oo (ALY’ -
App(n(2) = h(z) = piH (w—) 1 (2)
L\?) = o
(B2)" H (A ()7t if 2 € (N, N]

Total IT labor is fully employed and allocates to all tasks using I'T labor. This holds for

standard labor respectively
Nir
L[T = / ZIT(Z>dZ, and (16)
N-1

Nyt

Income of IT expert wyz: expert With the integral in (14) [I;7(z) = 5;’}; Hryr(2)° (Ar)” ]

we obtain

Nrr Nrr p?{ . o1
ZIT(Z)dZ = p H’)/[T<Z) (A[T) dz

N-1 N-1 Wypp
P L
Lip = —-H(Ar) / Yir(2)7 tdz
Wi N-1

o o H o—1 Nir o—1
Wl = P (Arr) / Y (2)7

such that with full employed IT labor we can determine the wages of I'T labor as
H > o1 Nir . :
wiT = Py <L_> (Arr) = (/ Yir(2)7” dZ) ; (18)
T

N-1
16



Symmetrically for standard labor,

N E
/ ”yL(z)”_ldz>
Nt

The resulting internal relative factor productivity for labor is:

w () (40 (R, e )’

1 -1
o () o™ ()

Q=

<£)001 ffvvfﬂL >"‘1dz ’
Arr fN )o-ldz

Endogenous switch to AI/automated tasks N;r : From the discussion of (8) it is

known that tasks are ordered such that v (z) = VL(Z)), and 8'5(;) > 0. If it is assumed that

yrr(z

task Npr is the task that exactly separates the production mode, and if tasks are continues,

the condition (8) can be rewritten as follows:

al=

Ay (Nir) < wL _ (ﬁ)
AIT%T(NIT) wir Ly,

( AL ) fNIT 7L )U_ldz
Arr N (2)7 Nz

Q=

0 = GZV(NIT)_(ALLL

17

AITLIT> (fN,TfVL (2)7"'dz

fN—l Yrr ()7 dz



If ﬁ # 0, G implicitly defines a function Ny = Nyp (L, Lp, Ajr, ...). Thus, we need to
calculate the respective interesting derivatives.

1 N o—1 :
1 AL o fN 'YL(Z) dz 7
dG__ 9y (Nir) | g ( ﬁLﬂ (mfmu)vldz)

dNrr ONrr [

>0
YL (Nrr)° L yrr (Nrr)° 1
N — N
fNIT YL (Nrr)o—1dz ST v (Npr)o—1dz

and defining Lyr (Nir) = [ 3r2(2)7 e, SR = 30 (Vi)™ 5 and Ty (Vi) = [, 90(2)7

ddz\EILT = —y(Ny7)? ™t we obtain
0G —_ 0y (Niw) 1 (AITLIT) ’ (FL (Nir) )" |:'YL(NIT)U_1 n Yir(Npr)7 -0
aNIT (9NIT g ALLL F[T (NIT) FL (NIT) FIT (NIT>
I 1
aG _ _l (AITLIT>0 1 (FL (]\[[T))‘7 LIT <0
0Arr o\ ArLp L7 (Nir) A; Ly

and the derivative of the implicit function Nyr = Ny (Ar7) is

oG
ANt 3A;7 -0
- oG
dArr ONir
More specific:
1 Nom 1
1 (Al | (LoWVir) 7 _1_
dNir - o ( AZLLT> (FIT(NIT)> Arr
- 1 1
dArr 9y(NiT) +1 (AITLIT>; <FL(NIT) )E [VL(NJT)‘“1 + VIT(NIT)071:|
ONT o\ ALLL Tir(Nrr) I'L(NrT) Tir(Nrr)
dNir Arr 1 1
NN, Arr =

= 1
dArp Nrr o Wir) (ApLy Tir(Nir) ) 7 + YL (Nrr)°=t | v (Nrr)o 1 Nir
ONrT ArrLir T (Nrr) I'r(Nrr) Trr(Nrr)

Total supply of human service inputs

From (13) it is known that h(z) = p§, H (AJ>UWT(2)" for z € [N — 1, Nrr., and h(z) =

wrr
Ap

Py H (w—L> ve(z)? for z € [Nyp, N]. Plugging this in (6) generates an expression for the
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total value of H:
Nrr o N o -3
H = (/ h(z)adz—i—/ h(z)odz)
N-1 Nyt
Nir A =1 N A \° =1 o—1
() ) o [ () i) )
N—-1 wrr Nyp wi,
. | gL e
Using (18) and (19) results in: wir = py <m> (Ar) ~ (
Nrr A — N o1 AN\ @
H = (/ (yir(2)°)7 dz (pHH( IT) ) +/ (2.(2)7) " dz <p;,H (—L) )
N-1 wrr Nrr wr,
Nir A N (A o—1\ o—1
= (/ rYIT( )U lep?{ lH < [T) +/ ’}/L(Z>U_1d2p}‘;[_1HT (_L) )
N-1 wrr Nir wy,

o—1 o—1
mei Yir(2)7~ 1d2p?{_1HU?_l AIT
ZDH(

Q\»—‘

T
= %) (Arr) %7 (fN 7 (2)7~ 1dz 7
Y e |
pH(#) (AL (fNIT,YL(Z)J 1dz

fN 1’YIT o-1qdz)°

fN a1dng[1H ((p;,HoL A 1)

N o— o— == TH™ aLGAff
iy ()7 ey H << : )

fNIT yL(2)~ 1d2

o— (a l)H L A o‘dl
I g nan’?
= (fzv 1 VIT Z)" 1dz)
a (O’ 1) 0-1
+ ffi’\i:r ye(z)7~ 1dzp}'{ g% H™ 7 (LyAL)

(fNIT “/L(Z)Gfldz) =S

Nrr

LipA) = N LA
- / () e AT T / e ()7t AL)

o ™ T )
Nrr % o1 N % o o—1
H= ((/ WT(Z)U_IdZ) (LirArr) = + </ VL (Z)U_ldz) (LLAL)U>
Nt Nrr
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