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„Nothing in life is to be feared, it is
only to be understood. Now is the
time to understand more, so that we
may fear less.

— Marie Curie
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Kurzfassung

Die theoretische Grundlage dieser Arbeit bildet das Prinzip der detail-
lierten Bilanz. Es besagt, dass im thermodynamischen Gleichgewicht
alle mikroskopischen Prozesse im Gleichgewicht mit ihren entsprechen-
den entgegen gerichteten Prozessen sind. Für Solarzellen im thermody-
namischen Gleichgewicht bedeutet dies zum Beispiel, dass die gleiche
Anzahl von Photonen absorbiert und emittiert werden. Shockley und
Queisser benutzen dieses Prinzip, um ein theoretisches Effizienzlimit
einer Solarzelle mit einer bestimmten Bandlückenenergie zu berechnen.
Für diese idealisierte Solarzelle nehmen sie an, dass alle Photonen mit
Energien größer als diese Bandlückenenergie absorbiert werden und
unterhalb der Bandlückenenergie die Absorption gleich null ist. Echte
Materialien zeigen jedoch keine derart scharfe Absorptionskante. Für
die verschiedenen Solarzelltechnologien gibt es unterschiedliche Kon-
ventionen die Bandlückenenergie zu bestimmen. Die auf diese Weise
bestimmte Bandlückenenergie wird dann beispielsweise benutzt, um
die Verlustmechanismen einer Solarzelle im Vergleich zu der idealen
Solarzelle nach Shockley und Queisser zu quantifizieren.

In dieser Arbeit wird eine Vorgehensweise zur einheitlichen Bestim-
mung der Bandlückenenergie für alle Solarzelltechnologien vorgestellt,
die auf der Theorie von Shockley und Queisser basiert. Diese Meth-
ode beruht auf der mathematischen Definition einer Verteilung von
Bandlückenenergien, die einzig aus der externen Quanteneffizienz
der Solarzelle berechnet wird. Diese sogenannte Shockley-Queisser-
Bandlücke wird dann benutzt, um Spannungsverluste im Vergleich zur
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idealen Solarzelle zu berechnen. Da die Shockley-Queisser-Bandlücke
nicht von internen Materialeigenschaften bestimmt wird, ermöglicht
diese externe Definition der Bandlückenenergie den konsistenten Ver-
gleich von Verlustmechanismen für alle Solarzelltechnologien.

Um das Effizienzlimit basierend auf internen Materialeigenschaften
des Absorbers zu berechnen, müssen externe Solarparameter, z.B.
der Kurzschlussstrom, mit internen Materialeigenschaften, z.B. dem
komplexen Brechungsindex, verknüpft werden. Diese Materialeigen-
schaften können sowohl mittels first-principle Simulationen als auch
experimentell ermittelt werden. Das aktuelle Modell von Yu und Zunger,
das aus Absorptionsspektren des Absorbermaterials ein Effizienzlimit
einer entsprechenden Solarzelle berechnet, ist jedoch nicht kompat-
ibel mit dem Prinzip der detaillierten Bilanz. In der vorliegenden
Arbeit wird gezeigt, dass auch der Brechungsindex berücksichtigt wer-
den muss, um Kompatibilität mit dem Prinzip der detaillierten Bilanz
herzustellen. Ein entsprechendes Modell wird aufgestellt und eine
Selektionsmetrik für computerbasiertes Vorab-Materialscreening wird
entwickelt. Diese Selektionsmetrik wird dann auf verschiedene Ma-
terialdaten angewandt. Das in dieser Arbeit ermittelte Effizienzlimit
unterscheidet sich bis zu 20 Prozent vom aktuell gebräuchlichen Mod-
ell.

Nachdem die Solarzelle zunächst nur aus externer Sicht beschrieben
wurde und ein Modell vorgestellt wurde, um interne mit externen Pa-
rametern zu verknüpfen, werden zuletzt ausschließlich interne Prozesse
der organischen Solarzelle betrachtet. Wegen der für organische Ma-
terialien typischerweise niedrigen Dielektrizitätskonstante sind die
Elektron-Lochpaare stark gebunden und werden als Exitonen beze-
ichnet. Um Exitonen effizient zu teilen, ist ein weiterer elektronis-
cher Zustand nötig, der Charge-Transfer-Komplex. Basierend auf dem
Prinzip der detaillierten Bilanz wird ein 0-dimensionales Ratenmodell
beschrieben, welches diesen zusätzlichen Zustand berücksichtigt. Es
wird gezeigt, dass für dieses Modell die Superposition der Elektro- und
Photolumineszenz sowie das opto-elektronische Reziprozitätstheorem
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der Solarzelle gültig sind, solange keine Sättigungseffekte auftreten.
Die Besetzungsverteilung des Charge-Transfer-Komplexes sowie die
Sammlungseffizienz der Ladungsträger wird im Detail betrachtet für
Transferraten, die sowohl entsprechend des Miller-Abrahams Modells
als auch basierend auf der Marcus Theorie beschrieben werden.
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Abstract

The principle of detailed balance forms the basis of the present thesis.
It states that all microscopic processes in thermodynamic equilibrium
are equal to their respective counter processes. For solar cells in ther-
modynamic equilibrium, for example, as many photons get absorbed
by the cell as are emitted. Shockley and Queisser used this principle to
determine a theoretical conversion efficiency limit for a solar cell with
a given band gap energy, using additionally the assumption that all
photons with energies higher than the band gap energy are absorbed
and that there is zero absorption below the band gap energy. This
so-called step-function in absorption is one of the idealizations of the
model as no material shows this kind of sharp absorption edge. There
are different conventions on how to quantify the band gap energy,
each of which is preferentially used in different solar cell technology
communities. This band gap energy, for instance, is used to quantify
losses that occur in the solar cell with respect to the ideal solar cell
after Shockley and Queisser.

This thesis introduces a procedure based on the theory of Shockley
and Queisser to determine the band gap energy that is applicable to all
technologies. It is derived from a mathematical definition of a distri-
bution of band gap energies that is calculated solely from the external
quantum efficiency of the solar cell. This so-called Shockley-Queisser
band gap energy is then used to quantify voltage loss mechanisms with
respect to the ideal case. Because the Shockley-Queisser band gap
energy is not determined from internal material properties, it allows
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for the comparison of these loss mechanisms consistently throughout
all solar cell technologies.

In contrast, to determine the efficiency potential of theoretical materi-
als generated via first-principle calculations it is necessary to deduce
external solar cell parameters such as the short-circuit current from
internal material properties such as the complex refractive index. The
state-of-the-art model by Yu and Zunger used to determine efficiency
limits from computationally or experimentally derived absorption spec-
tra, however, is not compatible with the principle of detailed balance.
In the present thesis it is shown that the refractive index must be taken
into account in order to achieve compatibility with the principle of
detailed balance. A consistent model is described and a selection metric
for computational high-throughput materials screening is developed.
This selection metric is then applied to a variety of materials. The
efficiency potential is shown to differ from the state-of-the-art model
by up to 20 %.

After looking at the solar cell solely from the outside and establishing a
model that connects internal and external parameters, the final topic
in the thesis is dedicated to modelling the organic solar cell exclusively
by internal means. Due to the low dielectric constants typical of or-
ganic materials, the generated electron-hole pairs are found as strongly
bound excitons. To efficiently split these excitons an additional state
is needed, namely the charge transfer state. Based on the principle of
detailed balance a 0-dimensional rate model is described that accounts
for this extra electronic state. It is shown that for this model both the
superposition of electro and photoluminescence and the opto-electronic
reciprocity theorem by Rau hold under non-saturation conditions. The
occupation of the charge transfer state as well as the collection effi-
ciency are thoroughly discussed for the transfer rate models according
to both the Miller-Abrahams and Marcus theory.
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1Introduction

„Classical thermodynamics ... is the only
physical theory of universal content
which I am convinced ... will never be
overthrown.

— Albert Einstein

The laws of thermodynamics are undoubtedly one of the most important
laws in physics and have led to innumerable discussions not only among
physicists but also among other natural scientists, philosophers and
economists.1–11 Thermodynamics sets physical processes an efficiency
limit, and because everything is based on physical processes – as a
physicist I am allowed to have this opinion – it inevitably leads to the
question as to whether thermodynamics sets a limit to everything we
know in this world.

Life would not be possible if it were not for the second law of ther-
modynamics. How could we survive, if our blood would all a sudden
accumulate in our small toe? Or if all the heat on Earth would accu-
mulate in our living room? The second law forbids this spontaneous
accumulation of heat or blood cells. It states that in absence of an
external influence on the system every gradient of a physical variable,
e.g. temperature, pressure or concentration, becomes minimal over
time or as Boltzmann12 expresses it: every system tends towards its
most probable state. This state is the state of thermodynamic equilib-
rium, where the principle of detailed balance holds, i.e. every process is
counterbalanced by its reverse process. However, this state is equal to
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death. In other words, we need gradients in our body to be alive. If our
blood pressure would be equal everywhere in our body it would stop
circulating. Therefore, the second law of thermodynamics allows for
life but at the same time promotes its inevitable death. This has been
an argument for biologist, evolutionist and some philosophers to argue
that the second law is flawed and does not hold for living organisms.5

Their arguments neglect, however, that living organisms need an ex-
ternal source of energy to survive, to fight every moment against its
tendency towards thermodynamic equilibrium.13,14 For plants, that ex-
ternal source of energy is sunlight and plants in turn provide energy
for animals. To conclude, according to the laws of thermodynamics life
without an external energy source would not be possible. On Earth,
this energy source is the sun’s light.

An analogous conclusion has been drawn in the field of economics.
Georgescu-Roegen7 is widely considered to be the most influential
writer to address the importance of thermodynamics in economics. He
and other economists argued that any economic process is a physi-
cal process and therefore brings the Earth one step closer to thermo-
dynamic equilibrium - the heat death. Consequently, any economic
action on Earth inevitably puts a burden at the expense of future
generations.15–17 Whereas many economists argue that thermodynam-
ics does not (yet) limit our economic growth, but that it is the "fragility
of self organized natural cycles that we have to fear"18 they all come to
a similar conclusion: The use of solar energy for economic processes
is an absolute prerequisite for a sustainable economic status.18–21 The
device that converts solar energy into electrical energy and therefore
makes solar energy directly usable for industrial purposes is the solar
cell.

Unsurprisingly, the efficiency of a solar cell itself is limited by thermo-
dynamics. The first scientists to determine an efficiency limit for solar
cells based on thermodynamic principles were Shockley and Queisser
in the early 1950s.22 They concluded that the maximal conversion effi-
ciency for any solar cell cannot exceed 30 %. For more than a decade
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the relevance and potential of this paper remained unnoticed with less
than 20 citations per year. Nevertheless, it eventually became one of
the highest cited articles in the field of photovoltaics, reaching up to
30.000 citations a year. Shockley and Queisser idealized the solar cell
by assuming perfect absorption above a certain threshold energy, the
band gap energy, and perfect carrier collection, i.e. every generated
electron-hole pair is collected at the contacts. While the simplicity of
their approach is captivating, this simplicity is both its strength and
weakness at the same time. According to their assumptions, the solar
cell has to be infinitely thick (perfect absorption) and yet infinitely thin
(perfect charge carrier collection), conditions which cannot be satisfied
by any real device.

A generalization of the Shockley-Queisser model for real devices is pro-
vided by the opto-electronic reciprocity relation by Rau.23 Here instead
of perfect absorption and collection, the real quantum efficiency of a
solar cell is used. The quantum efficiency is defined as the number of
charge carriers that are collected per impinging photon as a function of
energy. It connects the quantum efficiency with the luminescence effi-
ciency, i.e. the efficiency of the same device operated as a light emitting
diode. This reciprocity between absorption and emittance is derived
by a linear extrapolation from thermodynamic equilibrium using what
is already known under equilibrium: the principle of detailed balance
holds.

The idea of a thermodynamic limit, the extrapolation from detailed
balance to steady-state condition and the objection of finding a common
framework for all solar cell technologies, as provided by the Shockley-
Queisser model, are the central ingredients of the current thesis. The
Shockley-Queisser model is nowadays excessively used to evaluate a
solar cell’s performance by quantifying the difference between the real
device and the idealized solar cell’s efficiency or voltage. However,
inevitably the question arises as to how to determine the band gap of
the idealized reference solar cell. In principle the band gap is an internal
material property with different measurement standards for different
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material classes, i.e. solar cell technologies. In the Shockley-Queisser
model, however, it is an external parameter of a device. In Chapter 3,
a new functional definition of the Shockley-Queisser band gap for real
devices is developed that follows directly from a generalization of the
Shockley-Queisser model and is applicable to all solar cell technologies.
This universal method is then readily applied to quantify the voltage and
efficiency losses across different solar cell technologies. This method is
therefore useful in evaluating the potential for improvement of existing
devices.

In contrast, the following chapter concentrates on calculating efficiency
limits for not yet existing absorber materials. In the rapidly emerging
field of computational high-throughput materials screening for pho-
tovolatic applications, internal material properties are calculated and
evaluated for their potential use as a photovoltaic absorber material. A
selection metric that provides a mapping from internal material proper-
ties to an efficiency limit is developed in Chapter 4. In contrast to the
state-of-the-art method,24 this selection metric is shown to be consistent
with the principle of detailed balance. The newly developed metric
connects internal parameters of a material with external parameters of
a photovoltaic device in a self consistent way. The introduced selection
metric uses the calculated absorption coefficient and the refractive
index as input parameters, and it is computationally not demanding.
Moreover, it is exemplarily applied to several materials in this thesis.

Last but not least, in Chapter 5 a rate model is introduced to analyze
the inside of organic solar cells. In organic devices light generates
strongly bound electron-hole pairs so-called excitons. To efficiently
split these excitons into free charges in contrast to inorganic devices an
additional electronic state is needed. The rate model is designed to be as
simple as possible, yet to include all known important electronic states
in organic cells. It is once again based on the linear extrapolation from
thermodynamic equilibrium using the principle of detailed balance.
The impact of different parameters on the occupation probability and
the collection efficiency is investigated in detail using two different
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electron transfer theories. Moreover, the validity of the opto-electronic
reciprocity for this model is shown for the case of non-saturation of
electronic states.
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2Theoretical Background

„A theory must be tempered with reality.

— Jawaharlal Nehru
(1st Prime Minister of India)

The solar cell is a semiconductor device that converts light into elec-
trical energy. Starting by introducing its basic working principle, the
thermodynamic efficiency limit of an ideal solar cell known as the
Shockley-Queisser limit is described. The underlying principle is the
principle of detailed balance that states that every process is counter-
balanced by its reverse process in thermodynamic equilibrium. This
principle is also the basis for Würfel’s generalization of Planck’s law and
Rau’s opto-electronic reciprocity as outlined in Sections 2.3 and 2.4.
The chapter closes with a description of two different electron transfer
theories that are most commonly used in solar cell simulations.

2.1 Working Principle of Solar Cells

For many decades solar cells have been suspect to intense research and
their basic working principle is therefore thoroughly explained in many
standard text books.25–27 With reference to theses text books, the band
diagram and the current-voltage characteristic of solar cells will only
be briefly introduced without going into detail of underlying physical
principles and derivations.

13



Fig. 2.1 Band diagram of a solar cell. The photon lifts an electron from the
valence band with energy Ecinto the conduction band with energy
Ev. The band gap Egis defined as Ec−Ev. Due to the internal electric
field the electrons are collected at the cathode and the holes at the
anode with the difference in energy of qV , where V is the applied
voltage and q is the elementary charge.

2.1.1 Band Diagram

For a solar cell to convert the energy of a photon into electrical energy
the photon has to: 1. enter the cell, 2. be absorbed and generate an
electron-hole pair by lifting an electron from the valence band into the
conduction band and 3. the electron and hole have to be extracted
to the selective contacts. Figure 2.1 shows schematically these three
processes in a band diagram. The band gap Eg is defined as the energy
difference between the conduction and valence band Ec − Ev. The
applied voltage is denoted with V and q is the elementary charge.

2.1.2 Charge Separation in Organic Solar
Cells

In organic solar cells, the conduction band is the lowest unoccupied
molecular orbital (LUMO) and the valence band is the highest occupied
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Fig. 2.2 Charge generation and separation in organic polymer:fullerene solar
cells. The role of the conduction band is played by the lowest unoc-
cupied molecular orbital (LUMO) and the role of the valence band
by the highest occupied molecular orbital (HOMO).

molecular orbital (HOMO) of the organic semiconductor. If a photon
lifts an electron from the HOMO into the LUMO an electron-hole pair is
generated. However, this electron-hole pair is strongly bound because
of the typically low dielectric constant in organic semiconductors and
is called exciton.

To split an exciton a state is needed that is energetically favorable but at
the same time separates the exciton spatially to decrease the attraction
between the electron and the hole. This state is called charge transfer
(CT) state. The efficiency of an organic solar cell is therefore directly
connected to the CT state and its ability to split excitons efficiently.
In chapter 5 a rate model is developed to simulate the characteristics
of the CT state and discuss the effect of the involved kinetics on the
charge collection efficiency in organic cells.

The charge transfer state is often realized by a two-material system
where the electron jumps onto a second material while the hole re-
mains in the material where it was generated. This process of charge
separation is shown exemplarily for a polymer:fullerene solar cell in
Figure 2.2.

2.1 Working Principle of Solar Cells 15



2.1.3 Current-Voltage Characteristic

The electrical energy in our homes is supplied by the combination
of electric current J and electric potential, i.e. voltage V . The basic
current-voltage (JV ) characteristic of an solar cell under illumination
is described as

J = Jsc − J0

[
exp

(
qV

nidkTc

)
− 1

]
. (2.1)

The net total electrical current J of the solar cell is equal to the gen-
erated photo current Jsc minus the diode current. The diode current
follows the Shockley diode equation with the elementary charge q,
Boltzmann constant k and the cell’s temperature Tc. The ideality factor
nid of a cell is equal to unity for voltage-independent charge carrier col-
lection and band-to-band recombination limited by minority carriers.

Saturation Current The saturation current J0 is a measure of the re-
combination loss in the solar cell. This loss can be split into a radiative
loss term J rad

0 and an non-radiative loss term Jnrad
0 ,

J0 = J rad
0 + Jnrad

0 .

The radiative saturation current J rad
0 is the radiative emission current

of the cell in thermodynamic equilibrium. Planck’s law28,29 states
that the spectrum that is emitted of a black body with constant and
uniform temperature T that is in thermodynamic equilibrium with its
environment is described by the black body radiation φbb(Eγ, T ) =
2E 2

γ h
−3c−2 [exp(Eγ/kT )− 1]−1, where h denotes the Planck constant

and c is the velocity of light in vacuum. According to Kirchhoff’s law30

the absorptance A and emissivity as a function of angle and energy are
equal. In thermodynamic equilibrium, the total emission of an arbitrary
body is therefore equal to Aφbb and hence the radiative saturation
current is given by

J rad
0 = q

∫ ∞
0
A(Eγ)φbb(Eγ)dEγ. (2.2)
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Short-Circuit Current The generated photo current Jsc under short-
circuit can be written as

Jsc = q
∫ ∞

0
QPV

e (Eγ)φsun(Eγ) dEγ. (2.3)

This expression for Jsc follows directly from the definition of the ex-
ternal photovoltaic quantum efficiency QPV

e . The external quantum
efficiency is defined as the number of charge carriers Ne− that are
generated and collected at the contacts under short-circuit when a
certain number of photons Nph with energy Eγ impinge onto the cell
divided by Nph, i.e. QPV

e (Eγ) = Ne−/Nph(Eγ). The spectrum φsun denotes
the number of impinging photons per energy interval and time.

Open-Circuit Voltage The voltage for which the recombination current
is equal to the generation current, i.e. J = 0, is called the open-circuit
voltage Voc. Solving the diode equation (2.1) for Voc yields

Voc = nidkT

q
ln
(
Jsc

J0
+ 1

)
≈ nidkT

q
ln
(
Jsc

J0

)
. (2.4)

The approximation is justified because for any reasonably performing
solar cell is Jsc � J0.

Conversion Efficiency The conversion efficiency η is defined as the
quotient of the maximum power output Pmax and the total photon
energy Psun impinging on the solar cell

η = Pmax/Psun. (2.5)

The maximum power output Pmax of a solar cell is equal to the maxi-
mum of the current-voltage product JV .

2.1 Working Principle of Solar Cells 17



2.2 Shockley-Queisser Model - The
Ideal Solar Cell

Shockley and Queisser were the first to determine thermodynamic effi-
ciency limits of solar cells based on the principle of detailed balance.22

To define a conversion limit Shockley and Queisser (SQ) assume per-
fect absorption: all photons impinging on the solar cell with a mini-
mum threshold energy, the band gap energy Eg, are absorbed whereas
photons below that energy do not interact with the solar cell. Mathe-
matically, the absorptance ASQ(Eγ) in the SQ model is a step-function
defined as ASQ(Eγ) = 0 for Eγ ≤ Eg, and ASQ(Eγ) = 1 for Eγ > Eg.
Moreover, each absorbed photon generates exactly one-electron hole
pair with electrical potential energy Eg and all generated electron-hole
pairs are collected under short-circuit, i.e. QPV

e,SQ = ASQ. Therefore, the
generated photo current is according to the SQ model

JSQ
sc = q

∫ ∞
0
ASQ(Eγ)φsun(Eγ) dEγ

= q
∫ ∞
Eg
φsun(Eγ) dEγ.

(2.6)

In the original publication, the spectrum of the sun φsun is approximated
by the black body spectrum φbb at temperature T = 6000 K. However,
nowadays it is most common to use the standard AM1.5g31 spectrum
instead which is also used in this thesis.

Because the radiative recombination is the only allowed recombination
path in the SQ model and every generated photon leaves the solar
cell without being reabsorbed, the radiative saturation current can be
calculated via

JSQ
0 = q

∫ ∞
0
ASQ(Eγ)φbb(Eγ, T = Tc) dEγ

= q
∫ ∞
Eg
φbb(Eγ, T = Tc) dEγ.

(2.7)
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Using the diode equation (2.1) of a solar cell with nid = 1 and the
definition of the conversion efficiency (2.5) the SQ efficiency limit ηSQ

is calculated via

ηSQ =
max
V

[
V

(
JSQ

sc − J
SQ
0

[
exp

(
qV
kT

)
− 1

]) ]
∫∞
0 Eγ φsun(Eγ) dEγ

. (2.8)

Note that the diode equation for an ideal solar cell is not an assumption
of the SQ model but can be derived by combining the SQ model and
Würfel’s32 generalization of Planck’s law for semiconductors under
non-equilibrium.33 Würfel’s law is introduced in the next section.

2.3 Würfel’s Generalization of Planck’s
Law

Würfel’s generalization of Planck’s law states that the absorptance A
and the emission φem of a semiconductor are linked via

φem(Eγ) = A(Eγ) φbb(Eγ)
[
exp

( µγ
kT

)
− 1

]
, (2.9)

where µγ is the chemical potential of radiation.32,34,35 For an ideal
solar cell with flat quasi Fermi levels and uniform temperature µγ is
equal to qV . An inherent assumption of this generalization is the linear
extrapolation of thermal equilibrium to a non-equilibrium situation.

2.4 Opto-Electronic Reciprocity

Würfel’s law links the absorptance to the emission of a semiconductor
without considering the spatial dimension of the device and therefore
the transport of charge carriers. Rau23 extended Würfel’s law by com-
bining it with a reciprocity theorem for transport in pn-junctions. This
transport reciprocity theorem of Donolato36 connects the injection of
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carriers in the dark to the extraction of carriers under illumination. Just
like the SQ limit, the Donolato theorem is also a direct consequence
of the principle of detailed balance. With this the external quantum
efficiency QPV

e is linked to the luminescence of a solar cell φem via Rau’s
opto-electronic reciprocity theorem23 as follows

φem(Eγ) = QPV
e (Eγ)φbb(Eγ)

[
exp

(
qV

kT

)
− 1

]
. (2.10)

This relation has been experimentally verified for a number of solar cell
technologies.37–40 However, because the reciprocity relation is derived
from a linear extrapolation from thermodynamic equilibrium it does
not hold for solar cells with non-negligible non-linear effects, such as
saturation effects or voltage-dependent collection efficiencies. These
effects cause ideality factors that deviate from unity. Experimentally,
a violation of the opto-electronic reciprocity has been analyzed, for
example, for amorphous silicon solar cells.41,42

2.5 Electron Transfer Theories

In the following, the two most common theories on electron transfer
are introduced. The physicists Miller and Abrahams43 developed their
model on electron transfer rates to describe the impurity conductance
in semiconductors and around the same time the chemist Marcus44 pub-
lished his theory to explain electron transfer rates in chemical reactions.
Nowadays, both theories are used to model electron transfer rates in
inorganic and organic solar cells.45–51 Moreover, they are compatible
with the principle of detailed balance, i.e. they lead to the Fermi-Dirac
distribution for occupied states in thermodynamic equilibrium.
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2.5.1 Miller-Abrahams Model

In 1960, Miller and Abrahams published their theory on electron trans-
fer explaining the impurity conduction in semiconductors.43 The theory
is based on the phonon-assisted tunneling mechanism where the trans-
fer rate to energetically higher states is "punished" by a Boltzmann
factor and the rate to energetically lower states is independent of the
energy difference between the two involved states. The rate coefficient
of the electron transfer from a state with potential energy Ei to a state
with energy Ej is given as

R = C ·


exp

(
−Ej−Ei

kT

)
, if Ej > Ei,

1, else.
(2.11)

In the classical Miller-Abrahams Model, the factor C depends on the
phonon vibration frequency (also referred to as the attempt-to-escape
frequency) and the overlap of the electronic wave functions of the two
states.

2.5.2 Marcus Theory

Inspired by Libby’s52 idea to explain chemical reaction rates by the
Franck-Condon principle53–55 R. A. Marcus developed his electron trans-
fer theory.56 He found that in Libby’s approach the conservation of
energy is violated and searched for a way to fix this problem but at
the same time obey the Franck-Condon principle. He developed, re-
formulated and improved his theory for decades and received for his
contributions to the theory on electron transfer the 1992 Nobel Prize
in Chemistry.44,57,58

The fast success of Marcus theory is not least build on his capability to
find an intuitive visualization of his theory that is depicted in Figure 2.3.
For this simple visualization he defined the global reaction coordinate44

in the N -dimensional coordinate space of reacting systems that includes
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Fig. 2.3 Schematic sketch of Marcus’ electron transfer theory. The free energy
curves of the reactant R and products P1, P2 and P3 are quadratic
functions of the reaction coordinate. (a) In the normal region, the
electron transfer rate increases with increasing ∆G0 = G0

R −G0
P. (b)

For λ = ∆G0, the activation energy ∆G∗ is minimal and the transfer
rate maximal. (c) In the inverted region, counter intuitively, the
electron transfer rate decreases with increasing ∆G0 = G0

R −G0
P.

the position of atoms, dipole moments and vibrational coordinates to
name just a few. This globally defined reaction coordinate is equal to
the potential energy difference between the products plus solvent and
the reactants plus solvent. Moreover, he applied the "linear response
approximation" to his theory in which any change in charge of the
reactants leads to a respective proportional change in the dielectric
polarization of the solvent. The free energy curves of the reactant R
and the product P are consequently simple quadratic functions of the
reaction coordinate.

The electron transition occurs at the interception of the free energy
curves of R and P and therefore does not violate the Frank-Condon
principle. The principle states that the electron transfer is faster than
reorganization of nuclear configuration. By simple calculations of the
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intersection points of the parabolas gives the activation energy ∆G∗,
that is needed for the reactant to reach the point of intersection, as

∆G∗ = (λ−∆G0)2

4λ . (2.12)

The reorganization energy λ is defined as the energy change in free
energy if the reactant were to distort to the equilibrium configuration
of the product state without electron transfer. The difference between
the free energy in equilibrium configuration of the product G0

P and the
reactant G0

R is denoted as ∆G0, i.e. ∆G0 = G0
R −G0

P.

According to classical transition-state theory by Eyring59 or Arrhenius60

the rate coefficient of the electron transfer is given as

R = C exp
(
−∆G∗
kT

)
, (2.13)

where term C depends on the nature of the electron transfer reaction.
For λ = ∆G0, the rate coefficient R is maximal because the activation
energy is ∆G∗ = 0 as schematically shown in Figure 2.3b. In the normal
region, the electron transfer becomes more likely the bigger the energy
difference ∆G0 between reactant and product is, as intuitively expected.
In the inverted region, however, the transfer becomes less likely with
increasing energy difference ∆G0. This counter-intuitive behavior can
readily be seen and understood with the help of Figure 2.3c. In 1960,
Marcus explicitly stated the prediction of the inverted region44 but it
took more than 20 years to provide experimental evidence.61 Later,
Marcus extended his electron charge transfer theory in the dark to
photo-absorption and photo-emission processes.62 For this purpose the
energy difference of the reactant and product ∆G0 is shifted by the
photon energy Eγ.
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3The Solar Cell
Described by External
Parameters

„Users do not care about what is inside
the box, as long as the box does what
they need done.

— Jef Raskin
(Computer Scientist)

Once a solar cell is fabricated and the efficiency is measured, one
realizes that the thermodynamic Shockley-Queisser limit could not
be reached by the device. And the question arises where the losses
in efficiency have their origin. A very powerful tool for quantifying
and distinguishing between different loss mechanisms has been the
analysis of open-circuit voltage losses of the device. However, every
solar cell technology has its own and oftentimes not so-well-defined
standards to determine these losses. This variation complicates a mean-
ingful comparison of different technologies. This chapter introduces a
methodology to comparing the losses of various photovoltaic absorber
materials by using exclusively external device parameters. In the first
section the current approach and its limitation will be described. To
make the voltage analysis applicable to a wide range of technologies
a definition of photovoltaic band-gap energy via distribution of SQ
band-gap energies will be introduced in Section 3.2 and extended the
analysis to radiative ideality factors greater than one. In Section 3.3,
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this generalized approach is applied to quantify voltage losses to var-
ious technologies. At the end, the correlation between voltage and
efficiency losses will be discussed. This chapter has partially been
published before in Physical Review Applied, see List of Publications.

3.1 Quantifying Voltage Losses

Following Ross63 and later works23,64 the open-circuit voltage of a solar
cell can be separated into a radiative open-circuit voltage V rad

oc and a
non-radiative loss term as

Voc = kTc

q
ln
(
Jsc

J0

)
= kTc

q
ln
(
Jsc

J rad
0

J rad
0
J0

)

= kTc

q
ln
(
Jsc

J rad
0

)
+ kTc

q
ln
(
J rad

0
J0

)
= V rad

oc + kTc

q
ln
(
J rad

0
J0

)

= V rad
oc + kTc

q
ln
(
QLED

e
)
,

(3.1)

where QLED
e denotes the external luminescence or LED (light emitting

diode) quantum efficiency.

The combination of Equation (3.1) with Equations (2.10), (2.3) and
(2.2)37,38,65 allows one to compare non-radiative losses in solar cells
across all technologies based on a common theoretical framework and
has been used in various publications.37,38,40,63–72 However, there are
other loss mechanisms that affect V rad

oc and for these loss mechanisms
such a common theoretical framework across different technologies is
still missing.

For the analysis of such loss mechanisms within the radiative limit, a
maximal achievable Voc is needed as reference. The obvious choice
for this reference is the Voc of an ideal solar cell, the open-circuit
voltage according to the SQ model V SQ

oc . However, V SQ
oc depends solely

on the band gap energy Eg and there are different definitions and
experimental standards to determine Eg. This inherit problem of a
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deeper analysis of losses that limit V rad
oc is subject to this thesis and will

be thoroughly discussed in the next subsection before a definition of
the SQ band gap ESQ

g is developed. This new definition allows for an
experimental standard across technologies.

One possibility to quantify losses that directly effect V rad
oc is to expand

the expression for the open-circuit voltage Voc, Equation (3.1), with the
definitions given in Chapter 2

Voc = kTc

q
ln
(
Jsc

J0

)
= kTc

q
ln
JSQ

sc

JSQ
0

Jsc

JSQ
sc

JSQ
0
J rad

0

J rad
0
J0

 . (3.2)

The three last quotients in the argument of the logarithm are well-
defined for any solar cell technology and can be associated with a loss
term ∆V x

oc according to

Voc = V SQ
oc −∆V sc

oc −∆V rad
oc −∆V nrad

oc . (3.3)

In Equation (3.3), we have with V SQ
oc (EPV

g ) a reference quantity uniquely
defined by the photovoltaic band-gap energy EPV

g . For the mathemati-
cal definition of V SQ

oc (EPV
g ) see Equation (3.9). Since the open-circuit

voltage can be understood as the asymptotic energy turn over per
incident photon (i.e., each excess electron-hole pair photogenerated
and collected under open-circuit conditions delivers an energy qVoc

at the terminals of the device),73 each loss term V x
oc in Equation (3.3)

corresponds to an entropy generation term σx = q∆V x
oc/T .

The short-circuit loss term ∆V sc
oc = kTc/q ln(JSQ

sc /Jsc) results from the
difference between the real short-circuit current density Jsc and the
theoretical value JSQ

sc that is defined by a step-function-like external
quantum efficiency. As this difference for most solar cells amounts
to some ten percent at most, the resulting open-circuit voltage loss is
small (though the loss in overall performance might be significant).

In contrast, the radiative loss term ∆V rad
oc = kTc/q ln(J rad

0 /JSQ
0 ) can

amount to hundreds of mV.66 This is because an energy shift of the
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luminescent emission with respect to the photovoltaic band-gap energy
EPV

g leads to a J rad
0 that can be orders of magnitude larger than JSQ

0 ,
as can be seen in Figure 3.1.

Finally, the non-radiative loss term ∆V nrad
oc = kTc/q ln(J0/J

rad
0 ) corre-

sponds to the difference between the actual Voc of the device and the
open-circuit voltage V rad

oc = kTc/q ln(Jsc/J
rad
0 ) in the radiative limit.

The difference ∆V nrad
oc is related to the external electroluminescence

quantum efficiency QLED
e of the device via23,63,64

∆V nrad
oc = −kTc/q ln(QLED

e ). (3.4)

This relation has been proven to be extraordinarily useful for the direct,
quantitative comparison of different solar cell technologies38,40,65–70,72,74

as well as for the analysis of light trapping schemes in photovoltaic
devices.75–77

3.1.1 Challenges and Limitations

Even though the voltage loss analysis of solar cells has been widely
applied and proven to be a powerful tool to analyze solar cells and
ultimately to improve their efficiencies, there are two drawbacks that
are worth mentioning and will be addressed in the following. Firstly,
the crucial role of the band-gap energy Eg in the analysis. The cur-
rent approaches for determining the band-gap energy from external
parameters leaves room for personal interpretation and depends on
the research community, which makes a meaningful comparison of
different technologies challenging. Secondly, the necessity of using
the opto-electronic reciprocity relation (2.10) to overcome to exper-
imental limitation of the external quantum efficiency measurements
for low absorptance. However, the reciprocity relation is not valid
for all technologies and has to be verified for each material system
beforehand.
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Band Gap Definition

The current definition of the band gap Eg and its experimental de-
termination depends strongly on the respective research community.
Whereas the definition of Eg for crystalline materials is given by semi-
conductor theory of solid state physics, the situation is, even from a
theoretical point of view, not clear for disordered materials such as
amorphous silicon and many organic semiconductors.

Crystalline Semiconductors Crystalline semiconductors like the most
commonly used crystalline silicon (c-Si) or high performing III-V semi-
conductors have a well-defined band-gap energy defined via the concept
of periodic Bloch functions.78 This energy is given by intrinsic mate-
rial properties, e.g. the lattice constant. Moreover, the underlying
theory can be used to measure the band gap of c-Si very precisely by
temperature dependent measurements.79

AmorphousSilicon The band gap of amorphous silicon is much harder
to define and most commonly one distinguishes between two functional
definitions, the mobility band gap and the optical band gap80. A stan-
dard method to determine the optical band gap is the Tauc plot81 (see
for a more detailed description Section 3.2.2). However, the Tauc
plot is ambiguous for many amorphous materials and depends on the
chosen energy range for the linear fit as well as the thickness of the
material.82,83 Later, Cody et al.84 modified this approach and reduced
the uncertainties, however it could not fully resolve the problem.83

Consequently, a rather arbitrary method has become the standard in
the photovoltaic a-Si:H community, where the optical band gap is de-
termined by the energy where the absorption coefficient α is equal
to 104 cm−1, i.e. α(Eg) = 104 cm−1. This value has been shown to
be similar to the band gap derived by the Tauc method, but with the
advantage of being well-defined.85,86
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Organic Solar Cells In organic solar cells there is, in general, more
than one material needed in oder to generate free charge carriers from
an exciton. Therefore the definition of the optical band gap is usually
very functional in respect to the absorptance of the bulk material.
The band gap is usually determined by a fit to UV-Vis absorptance
spectra. This procedure is not well-defined and leaves room for personal
interpretation that directly affects the obtained value for Eg − qVoc that
is frequently used to judge a certain material combination.69,71,72,74,87,88

Here a well-defined standard would ensure data comparability and
mitigate the "massaging of data."

Functional Photovoltaic Band Gap - Outlook The band gap definition
in its original purpose is an intrinsic material property. However, with
the aim of a cross-technology comparison of voltage losses a functional
band gap definition with respect to the photovoltaic performance of the
device will be introduced in Section 3.2. This concept of a photovoltaic
band gap EPV

g is applicable to any solar cell technology and would allow
for a reproducible and reliable determination of open-circuit voltage
losses. It is worth mentioning that EPV

g is an external parameter of the
device and as such depends, for example, on the light-trapping scheme
of the cell and not exclusively on the material itself.

Opto-Electronic Reciprocity Validation

The opto-electronic reciprocity is not valid for all types of solar cells.
There are a manifold of reasons for the violation, like voltage-dependent
collection efficiencies, saturation effects or non-linear recombination
rates. All these effects have in common that they are deviations from
the linear extrapolation out of thermodynamic equilibrium. However,
this linear extrapolation is used to derive the opto-electronic reciprocity
relation (2.10).

Depicted in Figure 3.1 is the validation of the opto-electronic relation
for ten different materials. Note that on the left side of Equation (2.10),
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the electroluminescence spectrum φEL is not measured in absolute val-
ues and therefore only the proportionality can be tested experimentally.
The shown absolute values for φEL (open red circles) correspond to the
equilibrium photon flux that would be exchanged with the environment
at V = 0 V. The external quantum efficiencies QPV

e (E) (open black
circles) are measured either by FTPS (Fourier Transform Photocurrent
Spectroscopy) (b-e), taken from Reference [37] in the case of crystalline
silicon (c-Si), or from Reference [66] in the case of PTB7:PC71BM. For
each material, the EL is calculated from QPV

e (E) and vice versa based
on the reciprocity relation shown as solid lines.

In cases (a) to (d), the shape of the curves calculated via the reciprocity
relation fit well to the directly measured quantities. For organic semi-
conductors (f)-(j) the range of overlap is rather limited. However, at
the lower energy edge where the reciprocity relation is needed to ex-
tend the external quantum efficiency measurements for the open-circuit
voltage losses analysis the overlap is present. In contrast, the overlap is
not sufficient for a-Si:H, see Figure 3.1e. Since the reciprocity relation
is not valid in this case. Moreover, in the case of a-Si:H the radiative
ideality factor is greater than one and as a consequence Equation (3.1)
is not applicable. Therefore, the voltage loss analysis has to be adjusted
as will be described in Section 3.2.3.

3.2 Generalization Across Different
Technologies

To overcome the limitations outlined above and reach a meaningful
quantification of voltage losses for a wide variety of solar cell technolo-
gies, the concept of a band gap distribution is introduced. This concept
can be used to define a photovoltaic band-gap energy that is motivated
by the SQ theory as shown in Section 3.2.2. Subsequently, the voltage
loss theory described in Section 3.1 is extended for materials which
exhibit radiative ideality factors greater than one.

3.2 Generalization Across Different Technologies 31



10-5

10-3

10-1

101

10-6

10-4

10-2

100

10-5

10-3

10-1

101

10-5

10-3

10-1

10-6

10-4

10-2

100

10-6

10-4

10-2

100

10-6

10-4

10-2

100

10-6

10-4

10-2

100

0.8 1.2 1.6 2.0

10-5

10-3

10-1

0.8 1.2 1.6 2.0

10-5

10-3

10-1

101

100

102

104

el
ec

tro
lu

m
in

es
ce

nc
e 

 [m
-2
s-1

eV
-1
]

el
ec

tro
lu

m
in

es
ce

nc
e 

 [m
-2
s-1

eV
-1
]

ex
te

rn
al

 q
ua

nt
um

 e
ffi

ci
en

cy
 Q

PV e

ex
te

rn
al

 q
ua

nt
um

 e
ffi

ci
en

cy
 Q

PV e

10-1

101

103

 

10-5

10-3

10-1

 

(a) c-Si (b) CIGS

(d) MAPIC(c) CdTe

(e) a-Si:H (f) PTB7:PC71BM

 

10-8

10-7

10-6

10-5

 

 

10-8

10-6

10-4

10-2

100
 

 

10-3

10-2

10-1

 

 

10-3

10-2

10-1

100

101

 

 

10-6

10-5

10-4

10-3

10-2

 

(j) PDPP3T:PC71BM(i) IDTBT:PC71BM

(h) PCDTBT:PC61BM(g) P3HT:PC61BM

energy [eV]

10-4

10-3

10-2

10-1

 

energy [eV]

10-3

10-2

10-1

100

Fig. 3.1 Graphical representation of the reciprocity relation for ten different
solar cell technologies. Each graph shows the electroluminescence
(EL) spectrum φEL (open red circles) and the external quantum effi-
ciency QPV

e (E) (open black circles). Additionally, the EL is calculated
from QPV

e (E) and vice versa based on the reciprocity relation (2.10).
The EL is given in absolute units that correspond to the equilib-
rium photon flux that would be exchanged with the environment at
V = 0 V.
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3.2.1 Distribution of Shockley-Queisser Band
Gap Energies

In line with an approach by Rau et al.89, that generalizes the original SQ-
theory by allowing for non-step function absorptances, the concept of a
distribution P (ESQ

g ) of SQ-type band-gap energies is used to determine
the voltage losses of a wide range of technologies. The original idea of
the approach by Rau et al. was to investigate the influence of variations
of band-gap energies, e.g. in a semiconductor alloy, on the radiative
efficiency limit. Specifically, a Gaussian distribution PG(ESQ

g , σEg) was
assumed and the standard deviation σEg was taken as a measure of
the fluctuations. However, the approach can also be applied to general
distributions P (ESQ

g ). Instead of Equations (2.3) and (2.2) one can
write for the saturation and short-circuit current densities

J
rad/−
0/sc = q

∫ ∞
−∞

P (Eg)
∫ ∞
Eg
φbb/sun(E) dE dEg

= q
∫ ∞
−∞

P (Eg)
∫ ∞
−∞

φbb/sun(E)H(E − Eg) dE dEg.
(3.5)

Because the functions are well-behaved (or can sufficiently be approx-
imated by well-behaved functions) the order of integration is inter-
changeable and therefore

J
rad/−
0/sc = q

∫ ∞
−∞

φbb/sun(E)
∫ ∞
−∞

P (Eg)H(E − Eg) dEg dE. (3.6)

Comparing Equation (3.6) with Equation (2.2) and (2.3) allows us
to connect the external quantum efficiency QPV

e with the band gap
distribution P (Eg) via

QPV
e (E) =

∫ ∞
−∞

P (Eg)H(E − Eg) dEg. (3.7)

Equation (3.7) thus suggests interpreting the external quantum ef-
ficiency QPV

e (E) as the result of a distribution of SQ-type band-gap
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energies. Finally, taking the derivative of Equation (3.7) with respect
to photon energy E leads to

d

dE
QPV

e (E) =
∫ ∞
−∞

P (Eg) d

dE
H(E − Eg) dEg

=
∫ ∞
−∞

P (Eg) δ(E − Eg) dEg

= P (E).

(3.8)

In Equation (3.8) the derivative theorem for convolutions as been used
and the fact that the derivative of the Heaviside function H(E − Eg)
is the delta function δ(E − Eg). Thus, the derivative of the external
quantum efficiency QPV

e (E) with respect to the photon energy is equal
to the band gap distribution of band-gap energies, i.e. P (Eg) = P (E).
Because the measurement of QPV

e (E) is a standard measurement tech-
nique of solar cells, Relation (3.8) makes the distribution of band-gap
energies easily experimentally accessible. Figure 3.2 shows schemat-
ically the original definition of the band gap of an ideal solar cell in
the Shockley and Queisser Model (red) with the continous and ex-
perimentally accessible quantum efficiency QPV

e (E) of a real solar cell
(blue). The respective distribution of band gap energies is drawn in
Figure 3.2b. The distribution of band gap energies is the result of the
approximation of QPV

e (E) by "Shockley-Queisser"-like step functions.

3.2.2 Photovoltaic Band Gap Definition

In the next step, the photovoltaic band-gap energy EPV
g is defined as

the mean peak energy at the absorption edge of the distribution P (Eg),

EPV
g =

∫ b
a EgP (Eg) dEg∫ b
a P (Eg) dEg

, (3.9)

where the integration limits a and b are chosen as the energy where
P (Eg) is equal to 50 % of its maximum, P (a) = P (b) = max [P (Eg)] /2
as exemplarily depicted in Figure 3.2e. This restriction of the integra-
tion limits is not motivated physically, but rather by practical reasons as
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Fig. 3.2 The proposed analysis of practical devices uses the measured exter-
nal quantum efficiency QPV

e (E) (blue curve in a) and interprets its
derivative (blue curve in b) as a distribution of SQ-type band gaps.
From the distribution P (E) the photovoltaic gap EPV

g is determined.
The step-like quantum efficiency (red curve in a) then defines the
reference values JSQ

0 and JSQ
sc for SQ-type open-circuit voltage V SQ

oc .

it avoids the influence of noisy data at low energies as well as negative
values for P (Eg) in case of dQPV

e /dE < 0 at high energies. (For a more
detailed discussion of the choice of integration limits see the next sub-
section.) Thus, the present definition of the integration limits should be
understood as a convention to determine the band-gap energy EPV

g that
is applicable to any solar cell. Furthermore, EPV

g represents an external
property of a photovoltaic device and not an (internal) property of a
photovoltaic material as is the case for, e.g. the Tauc-gap.81

The obtained effective band-gap energy EPV
g can then consistently

be used to define SQ-type reference values for the saturation current
densities JSQ

0 (EPV
g ) and JSQ

sc (EPV
g ). Both quantities are determined

in the classical way by substituting QPV
e (E) by the unit step function
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H(E − ESQ
g ) in Equations (2.2) and (2.3). Finally, the open-circuit

voltage

V SQ
oc (EPV

g ) = kTc

q
ln
JSQ

sc (EPV
g )

JSQ
0 (EPV

g )

 (3.10)

is established as a reference value in accordance to Equation 3.1.

It should be noted that a definition of the band gap similar to the current
proposition was given earlier by Aiken and co-workers.90 Helmers et
al.91 criticized this definition as "unphysical" and introduced their own
procedure for the analysis of the temperature dependence of band-gap
energies in multi-junction solar cells. This approach might better serve
the purpose of analyzing the temperature dependence of the direct band
gaps because it is concerned with internal semiconductor properties.
However, the external definition via a distribution of SQ-type band-gap
energies as proposed here addresses a consistent analysis of losses for a
solar cell entirely from its external properties. A comparison of different
methods for determining the band-gap energy for various solar cell
technologies is given in the following subsection.

Comparison of Band Gap Definitions Derived from External
Quantum Efficiency Measurements

The distribution of SQ band-gap energies P (Eg) is used to determine
the photovoltaic band gap via Equation (3.9), shown in Figure 3.3 as
blue half-filled circles for ten different solar cell devices. The photo-
voltaic band gap is defined via an integral over the distribution with
integration limits being 50 % of the maximum. The integral is more
robust and reproducible than the maximum of the distribution (red
diamonds), which is also shown in Figure 3.3. Low quality data more
likely influences the maximum than the integral. Moreover, changing
the integration limits of the integral from 50 % to 60 % of the distribu-
tion from c-Si, one of the most asymmetric distributions, only leads to
a difference in the calculated photovoltaic band-gap energy of 6 meV.
This shows the robustness of the integral, as the uncertainty of the
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Fig. 3.3 (Photovoltaic) band gaps of ten organic and inorganic, direct and
indirect semiconductors as defined by Equation (3.9) (blue half-filled
circles), the maximum of the derivative of the QPV

e (red diamonds),
a fit to the QPV

e
91 (green squares) and the Tauc plot81 (yellow trian-

gles).

maximum is in most cases higher. Furthermore, there are a number
of different techniques to determine the maximum of a distribution of
unknown shape. By using Equation (3.9) this ambiguity is avoided.

In the following, the values of the photovoltaic band gap as previously
defined are compared with two other approaches that determine the
band gap from external quantum efficiency (EQE) measurements.
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Tauc plot For the well-known Tauc81 plot the approximation QPV
e ∝

A ∝ α for small αd is used, where A denotes the absorptance, α
the absorption coefficient and d the thickness of the absorber layer.
Then the quantity (αEγ)k over the photon energy Eγ is plotted. For
indirect semiconductors the exponent is k = 1/2, whereas for direct
semiconductors k = 2. The band-gap energies are determined by
extrapolating the linear region of this plot to the abscissa. The band-
gap energies derived from this method are shown for all inorganic
semiconductors in Figure 3.3 (yellow triangles). As it is widely applied
for inorganic devices, its applicability to organic devices is questionable
and rarely done.

Helmers et al. An alternative approach was suggested by Helmers et
al. in 2013.91 On a logarithmic plot of the EQE a linear function is
fitted both to the low energy edge of the EQE as well as to the satu-
ration plateau for higher energies. The intercept of the two functions
determines the band-gap energy. For all devices where this method was
applicable because the data showed this linear behavior on a logarith-
mic scale (see Figure 3.1), the values determined by Helmers’ method
are also shown in Figure 3.3 (green squares).

This comparison shows once more the strength of the present method
to determine the photovoltaic band gap, as it is applicable to all tech-
nologies and therefore enables establishing an overarching, technology-
independent standard of voltage losses in photovoltaic devices.

3.2.3 Radiative Ideality Factors nrad > 1

If band-to-band recombination is not the dominant radiative recombi-
nation path in the device, luminescence does not scale with exp(qV/kT )
and Relation (3.1) linking Voc, V rad

oc and QLED
e is no longer valid. There-

fore, a general expression for V rad
oc for solar cell technologies with

non-ideal luminescence via band-to-dangling bond or tail-to-tail recom-
bination is needed, e.g. for a-Si:H solar cells.41 In the case of non-ideal
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luminescent emission, we may still describe the dependence of the EL
intensity ΦEL on voltage with ΦEL ∝ exp(qV/nradkTc).

In the radiative limit, the only loss current is via radiative recombination
which scales directly with the electroluminescence ΦEL. Therefore, the
JV characteristic of a solar cell in the radiative limit can be expressed
as J = Jsc − J rad

0 exp(qV/nradkTc). The open-circuit voltage V rad
oc can then

be consistently described via92

V rad
oc = nradkTc

q
ln
(
Jsc

J rad
0

)
. (3.11)

Note that the non-ideality of the radiative recombination has no effect
on the idealized voltage limits set by Shockley-Queisser.22 The differ-
ence between the SQ-case and the non-ideal radiative limit then reads

V SQ
oc − V rad

oc = kTc

q

ln
(
JSQ

sc
Jsc

)
+ ln

J rad
0

JSQ
0

 (nrad − 1) ln
(
Jsc

J rad
0

)
= ∆V sc

oc + ∆V rad,id
oc −∆V rad,corr

oc .
(3.12)

Thus, the radiative loss term ∆V rad
oc = ∆V rad,id

oc − ∆V rad,corr
oc is ob-

tained from the ideal value ∆V rad,id
oc by correcting ∆V rad,corr

oc for the
non-ideality of radiative recombination.

To calculate the non-radiative voltage loss ∆V nrad
oc = V rad

oc −Voc we have
to take the ideality factor nid > 1 into account because the open-circuit
voltage is given by Voc = nidkTc/q ln(Jsc/J0). Consequently, we obtain

∆V nrad
oc = V rad

oc − Voc

= −nradkTc

q

[
− ln

(
Jsc

J rad
0

)
+ nid

nrad
ln
(
Jsc

J0

)]
.

(3.13)
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Fig. 3.4 Determination of the radiative ideality factor nrad of a-Si:H by voltage-
dependent electroluminescence.

Using Jsc = J0 exp(qVoc/nidkTc), we can simplify the term and find for
the non-ideal case (nid 6= 1 and nrad 6= 1)

∆V nrad
oc = −nradkTc

q
ln
[
J rad

0 exp(qVoc/nradkTc)
J0 exp(qVoc/nidkTc)

]

= −nradkTc

q
ln
(
QLED

e
)
.

(3.14)

The radiative ideality factor for the examined a-Si:H solar cell is nrad =
1.67 ± 0.3, see Figure 3.4. The voltage losses for a-Si:H in Figure 3.6
have accordingly been calculated using Equation (3.12).

3.3 Application to Various Photovoltaic
Technologies

After the introduction to an overarching, technology-independent stan-
dard of voltage losses in photovoltaic devices, this concept will now
be applied to various devices including cells with inorganic direct and
indirect, crystalline and amorphous absorbers as well as a perovskite
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cell and different organic polymer:fullerene bulk-heterojunction solar
cells.

Figure 3.5 shows external quantum efficiencies QPV
e in black, the nor-

malized distribution of SQ band gaps obtained from dQPV
e /dE in blue,

and the measured electroluminescence (EL) spectra φEL in red for
solar cells with different absorber materials: crystalline silicon (c-
Si), Cu(In,Ga)Se2 (CIGS), CdTe, CH3NH3PbI3-xClx (MAPIC), hydro-
genated amorphous silicon (a-Si:H), and the organic polymer-fullerene
PTB7:PC71BM. The QPV

e was either determined via FTPS (Fourier Trans-
form Photocurrent Spectroscopy) measurements (b-e) or taken from
Reference [37] in the case of c-Si, and Reference [66] in the case of
PTB7:PC71BM.

The c-Si and CIGS samples display a broader distribution P (Eg) of band
gaps compared to those of CdTe and MAPIC, which display the sharpest
SQ-gap distribution and the sharpest EL emission spectra. The widening
of the CIGS distribution results from band gap grading of the direct
band gap38, whereas the widening of the c-Si distribution results from
the indirect nature of the c-Si band gap and the consequent phononic
distributions of the radiative transitions,93 as well as the influence
of light trapping in the long wavelength range.76 The photovoltaic
band-gap energy EPV

g for the c-Si cell (1.17 eV) obtained from P (Eg)
is slightly larger than the band-gap energy Eg (1.12 eV) defined by
the density of states of an ideal silicon crystal. This difference results
from the fact that the definition of EPV

g is functional with respect to
the photovoltaic action of the device. Such functional definitions of
band-gap energies are especially used for disordered materials where
different analysis methods lead to different gaps for different functional
purposes.

Unsurprisingly, for the case of the a-Si:H device EPV
g = 1.75 eV is closer

to the optical band gap than to the mobility gap. The mobility band
gap is typically about 1.7 eV as determined via the activation energy of
the conductivity of intrinsic material.94 The a-Si:H and PTB7:PC71BM
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Fig. 3.5 External quantum efficiency QPV
e (black) and the respective distribu-

tion of SQ band gaps (blue) and EL emission φem (red) of six different
technologies. The distribution of the SQ band gaps as well as the
EL emission is broader for c-Si and CIGS than for CdTe and MAPIC.
The broadest distributions are found for a-Si:H and PTB7:PC71BM
with a significant peak shift between SQ band gap distribution and
EL emission.

cells show the broadest EL spectra and SQ-gap distributions as well as
the largest shift between the peak energies. In a-Si:H, this energy shift
between absorption and emission is due to the prevailing emission by ra-
diative band-to-dangling bond recombination.41,95–97 In PTB7:PC71BM
this is attributed to radiative emission involving the charge transfer
state between the two organic components which is energetically lower
than the dominant absorption contribution of the pure polymer or
fullerene.66,98

To obtain V SQ
oc for all cells in Figure 3.5, the photovoltaic gap EPV

g
is determined with Equation (3.9) and the quantities JSQ

sc and JSQ
0
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according to Equations (2.2) and (2.3) (for a single band gap distri-
bution P (Eg) = δ(E − EPV

g ) with the help of tabulated values for the
solar spectrum AM1.5g31 and from Planck’s equation for temperature
T = 300 K. Analogously, Jsc and J rad

0 is calculated with the help of
Equation (2.10) from the measured quantum efficiencies. Note that for
the latter step the validity of Equation (2.10) is required and should be
checked experimentally by comparing the measured QPV

e values with
those calculated from the EL emission.37,38,99 However, some solar cells
do not fulfill Equation (2.10).41,100,101 This is the case for the a-Si:H
cell in the present work where radiative recombination rates change
non-linearly with increasing voltage bias.41 Here, the concept of a ra-
diative ideality factor nrad

41,92 provides the possibility to calculate V SQ
oc

in spite of this complication, as shown in Section 3.2.3.

Figure 3.6 summarizes the open-circuit voltage losses ∆V rad
oc , ∆V sc

oc ,
and ∆V nrad

oc for different solar cells. The largest radiative losses ∆V rad
oc

are present in P3HT:PC61BM as expected because of the observed large
shift between absorption and emission (see Figure 3.1g). For c-Si and
CIGS, these losses are moderate for reasons discussed above. The
virtual absence of ∆V rad

oc in Figure 3.6 because of its extremely sharp
optical absorption edge is considered a primary quality of MAPIC as a
photovoltaic material.66,102 GaAs with data taken from Reference [65]
exhibits the smallest overall losses in voltage of only V rad

oc − Voc ≈
47 mV.

The short-circuit loss term ∆V sc
oc is small for all devices, though one

should keep in mind that carrier collection losses showing up in Jsc

become significant when considering the device efficiency. Finally, the
non-radiative losses ∆V nrad

oc depend to a great extent on the optimiza-
tion of the materials and the devices. Except for the c-Si sample, these
losses are relatively large in all devices presented here, but are sub-
stantially reduced when considering champion efficiency devices.65
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Fig. 3.6 Open-circuit voltage losses ∆V sc
oc due to a non-ideal short-circuit cur-

rent density (green), ∆V rad
oc due to radiative recombination (red),

and ∆V nrad
oc due to non-radiative recombination for a variety of dif-

ferent solar cell technologies. The SQ band gap is indicated by a
black line and the measured Voc as a blue bar.

3.4 Voltage vs. Efficiency Losses

To determine the loss mechanisms in solar cells the quantification of
voltage losses as shown in the previous sections have been a very
powerful characterization tool. However, optimizing the voltage alone
does not make a good solar cell. In truth, the power output and
therefore the current multiplied by the voltage is the figure of merit
that needs to be optimized. However, the efficiency η normalized by
the Shockley-Queisser limit ηSQ is strongly correlated to the non-ideal
voltage losses ∆V sc

oc + ∆V rad
oc + ∆V nrad

oc .

This correlation is shown in Figure 3.7. It shows the normalized ef-
ficiency η/ηSQ versus the non-ideal voltage losses for 13 solar cell
devices of different technologies. The organic solar cells (black) show
the weakest correlation because low performance devices usually have
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Fig. 3.7 Correlation of the non-ideal voltage losses ∆V sc
oc + ∆V rad

oc + ∆V nrad
oc

with the normalized efficiency η/ηSQ. The broadest scattering is
shown for low performance organic solar cells with η/ηSQ < 11 %
whereas high performance cells exhibit a strong correlation between
normalized efficiency and voltage loss.

additional performance losses due to insufficient collection efficiency.
Perovskite solar cells are shown in green, solar cells based on inorganic
absorber materials in red. The correlation between efficiency and volt-
age is especially strong for high performing devices, where they usually
exhibit charge carrier collection efficiencies close to unity.

3.5 Summary and Outlook

In summary, the concept of a distribution of SQ-gaps bridges the gap
between the idealization underlying the SQ-theory and the physical
properties of any real world photovoltaic device. Moreover, the voltage
loss analysis can be extended to materials with non-unity radiative ide-
ality factors, given a high sensitivity of the absorptance measurement
setup. The concept is the basis for a quantitative and intuitive detailed
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balance analysis of thermodynamic losses that can be readily applied
to any solar cell. The extension of this concept to the analysis of pho-
tovoltaic absorber materials without the need for preparing complete
devices is straightforward. Additionally to the analysis of the difference
between the voltage losses, a similar metric for the comparison of the
other solar cell parameters are needed for a complete picture of the
cell’s performance. For a complete analysis of the solar cell performance
in respect to the ideal case in the SQ-theory, the respective difference
in the short-circuit current and the fill factor is needed.
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4Efficiency Limits of New
Absorber Materials

„Life is the continuous adjustment of
internal relations to external relations.

— Herbert Spencer
(Polymath)

This chapter is motivated by the rapidly evolving field of computa-
tional and experimental high-throughput materials screening for pho-
tovoltaics. In this research field new absorber materials are rated for
their potential use in photovoltaic applications by calculating their
efficiency limits. In contrast to the extended Shockley-Queisser limit
that uses exclusively one external parameter to describe a solar cell,
namely the absorptance, the efficiency limit in materials screening has
to be calculated starting from internal material properties such as the
absorption coefficient. Consequently there is a need to connect internal
and external parameters consistently and this is what will be described
in this chapter. Results of this chapter have partially been published
before in Physical Review Applied, see List of Publications.

Initially, an explanation will be given as to what exactly is referred to
as external and internal parameters and how these are connected by
the principle of detailed balance and the fundamental laws of optics. It
follows a detailed comparison of the model developed in the current
thesis to the state-of-the-art selection metric introduced by Yu and
Zunger in 2012, thereby pointing out the major drawback of their

47



model. Finally, an alternative and physically sound selection metric
is introduced that is specifically designed to fulfill the needs of PV
absorber materials screening. Results of this chapter have partially been
published before in Physical Review Applied, see List of Publications.

4.1 From Internal to External
Parameters

The original SQ-theory is in general straightforward to generalize
because Equations (2.3) and (2.2) are also valid for non-step-function-
like absorptances, thereby allowing for the calculation of the radiative
efficiency limit of real materials, see Equation (2.8).67,77,89,103–106 For
computational materials screening, however, one has to go one step
further and connect the internal material properties with external
device properties. This is frequently not implemented correctly and has
led to confusion and mistakes in the past.24,107–118

Internal parameters describe material properties that are independent
of any solar cell geometry. Here, the path of the photons inside the
volume or bulk and their interaction with electron-hole pairs are con-
sidered as depicted on the bottom left of Figure 4.1. Such material
properties are volume or bulk properties like the absorption coeffi-
cient α, the refractive index n, the radiative recombination rate Rrad,
the non-radiative recombination rate Rnrad, and the internal lumines-
cence quantum efficiency Qi.

In contrast, external parameters are described as a property per surface
area and serve as input and output parameters to describe the solar
cell. Such cell properties are, for example, the short-circuit current den-
sity Jsc, the radiative saturation current density J rad

0 , the non-radiative
saturation current density Jnrad

0 , and the external luminescence quan-
tum efficiency QLED

e . One commonly committed mistake, for instance,
is the assumption that the internal and external luminescence quantum
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Tab. 4.1 Internal vs. external parameter. The radiative and non-radiative
recombination rates as defined here are the recombination rates in
thermodynamic equilibrium.

INTERNAL PARAMETER EXTERNAL PARAMETER

absorption
coefficient

α 1− exp(αd) = A(E) absorptance

non-radiative
recombination rate

Rnrad
0 q

∫
Rnrad

0 dx = Jnrad
0

non-radiative
saturation current

radiative
recombination rate

Rrad
0 pe q

∫
Rrad

0 dx = J rad
0

radiative
saturation current

internal
(luminescence)
quantum efficiency

Qi
pe Qi

1+(pe−1)Qi
= QLED

e

external
luminescence
quantum efficiency

efficiency is equal, however, the Qi is a material property while QLED
e is

a property of the cell and as such depends on things like the texturing
of the surface, i.e. light trapping in the cell. Those two quantities
are therefore only equal for Qi = 1 because if all electron-whole pairs
recombine exclusively radiatively any generated photon will eventually
escape out of the cell and therefore the emission probability is pe = 1.

The internal and external parameters used within the scope of this
work as well as the equations that connect the internal parameter with
its external counterpart are listed in Table 4.1. These equations are
explained and discussed in the following section.

4.1.1 Model - Consistent with Detailed
Balance

It is obvious that materials screening will provide internal parameters
while efficiency estimates require external properties. Any sensible
selection metric, therefore, has to provide a way to self-consistently
and correctly calculate external parameters from internal parameters.
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Fig. 4.1 Illustration of the internal material description and the external de-
vice description of a solar cell. On the left the path of the photons
inside the volume of the cell and their interaction with electron-hole
pairs are considered, on the right side light and current are described
as input and output parameters of a photovoltaic device. For the
calculation of the efficiency limit of a device from material prop-
erties (absorption coefficient α, refractive index n, (non-)radiative
recombination rate R(n)rad, and internal luminescence quantum ef-
ficiency Qi) towards external variables (short-circuit current den-
sity Jsc, (non-)radiative saturation current density J (n)rad

0 , and exter-
nal luminescence quantum efficiency QLED

e ) these two descriptions
have to be carefully connected. The maximum device efficiency is
obtained by assuming a specific light-trapping scheme and optimizing
the cell thickness d.

Figure 4.1 illustrates the “internal material world” and the “external
device world” where the solar cell is treated as a black box with optical
and electrical inputs and outputs. The connection between the internal
and the external picture is light incoupling and outcoupling, i.e. optics,
and will henceforth be described consistently with the principle of
detailed balance.
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Fig. 4.2 The two light-trapping concepts used in this work. (a) Flat front
surface and back reflector. (b) A Lambertian scatterer as front surface
combined with a flat back reflector.

Absorption Coefficient and Absorptance

To begin with, the absorptance A(E) is an external property that needs
to be computed from the absorption coefficient α(E), a volume related
internal property of the photovoltaic absorber material. This requires
assumptions on both the thickness d and on the applied light-trapping
scheme.103 As discussed below, two different light-trapping schemes
are considered in this chapter.

Flat Solar Cell This first model represents the case of a solar cell with
flat front and back surfaces as depicted in Figure 4.2a. For simplicity,
the reflectance at the front surface is set to zero and the reflectance at
the back is assumed to be unity. The absorptance can then be written
as

A(E) = 1−
∫ θc
0 exp

(
−2αd
cos θ

)
sin θ cos θ dθ∫ θc

0 sin θ cos θ dθ
, (4.1)

where θc = arcsin(n−1) is the critical angle of total internal reflection.119

In contrast to the widely applied Lambert-Beer approximation A ≈
1− exp(−2αd), this equation takes into account that the solar cell
emits light into the solid angle 2π of a hemisphere. One might ar-
gue that the absorptance used to calculate the short-circuit current
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Jsc = q
∫
A(E)φsun dE for a flat cell is best given by the Lambert-

Beer approximation, to better resemble the normal incidence used for
standard testing conditions, whereas the radiative saturation current
J rad

0 = q
∫
A(E)φbb dE needs to be calculated with the help of Equa-

tion (4.1). In practice, however, the difference between these two
equations is rather small and one can argue that the angle of incidence
varies throughout the day and year. Therefore Jsc as well as J rad

0 is
calculated with the absorptance given by Equation (4.1).

Lambertian Scatterer The second model is identical with respect to
the assumption of zero front and unity back reflectance but it assumes
a Lambertian scatterer at the front surface (see Figure 4.2b). In this
case, the difference between emission and absorptance is not relevant,
as the angle of light is randomized at the front surface. To calculate
the absorptance the analytical solution published by Green120 is used
where he calculates the absorptance via the exponential integral func-
tion. Combining Equation 3, 9 and 13 in Reference [120] leads to the
absorptance

A = (1− Tr)/[1− (1− 1/n2)Tr], (4.2)

where Tr is the fraction of light that is transmitted from the front to the
rear surface, reflected there and transmitted back to the front surface.
Green calculates the transmittance via

Tr = exp(−2αd)− 2αd exp(−2αd)− (2αd)2Ei(−2αd), (4.3)

with Ei(x) being the exponential integral function given by Ei(x) =∫ x
−∞ exp(y)/y dy.

Recombination Rates and Currents

A similar step from volume to surface properties with careful distinction
between internal and external parameters is required for the descrip-
tion of recombination. Here the internal volume parameters are the
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radiative and non-radiative recombination rates Rrad and Rnrad defining
the internal luminescence quantum efficiency Qi as follows

Qi = Rrad

Rrad +Rnrad . (4.4)

For the calculations in the following sections it is assumed that the
radiative and non-radiative recombination rates show the same voltage
dependence, i.e. Rrad/Rnrad = Rrad

0 /Rnrad
0 .

The external surface property, i.e. the saturation-current densities, are
related to the recombination rates as follows

J0 = Jnrad
0 + J rad

0 = q
∫
Rnrad

0 dx+ peq
∫
Rrad

0 dx. (4.5)

It is worth mentioning, that the integral
∫
dx over the depth of the

absorber material connects the non-radiative recombination rate Rrad
0 in

thermodynamic equilibrium directly with the non-radiative saturation
current Jnrad

0 , whereas the emission probability pe of a generated photon
has to be considered in the case of radiative recombination. Using
the van Roosbroeck-Shockley121 equation to describe the radiative
recombination rate Rrad as a function of n, α, and φbb and combining
it with Equation (2.2), the quantity pe is given by

pe = J rad
0 /q∫
Rrad

0 dx
=

∫
A(E)φbb(E) dE

4d ∫ n2(E)α(E)φbb(E) dE (4.6)

for non-concentrating solar cells.76 The emission probability pe is the
factor that connects the internal description of a recombination rate
Rrad to the external description of a current density J rad

0 . This factor
depends on the refractive index, i.e. pe(n).

Therefore, it is evident that the refractive index n(E) must be consid-
ered in addition to the absorption coefficient α(E) for a consistent de-
scription of the solar cell behavior from internal to external properties.
This holds even if the Lambert-Beer approximation A ≈ 1− exp(−2αd)
is used where n(E) is not needed to calculate the absorptance A.
The influence of total internal reflection and subsequent reabsorp-
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Fig. 4.3 Illustration of the calculation of SLME from internal material prop-
erties. The external luminescence yield QLED

e is set equal to the
internal parameter fr without the necessary consideration of the light
outcoupling probability pe. For comparison see Figure 4.1.

tion pe ≤ 1/n2 in the absorber material can intuitively explain the
dependence on the refractive index. Note, however, that in the widely
applied selection metric proposed by Yu and Zunger (spectroscopic
limited maximum efficiency – SLME)24 the refractive index is neglected,
as shown in the following section.

4.1.2 State-of-the-Art Model by Yu and
Zunger

In 2012, Yu and Zunger24 introduced their spectroscopic limited max-
imum efficiency (SLME), which has now become the state-of-the-
art selection metric for absorber materials screening. The authors
modified the SQ approach to calculate efficiency limits in two ways:
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They included non-step function absorptance and non-radiative re-
combination losses. The absorptance A is calculated from the ab-
sorption coefficient α using the Lambert-Beer approximation A(E) =
1− exp(−2α(E)d). Here, thickness is set to a rather arbitrary constant
value of d = 0.5 µm. From the calculated absorptance the radiative
saturation current J rad

0 and the short-circuit current Jsc is determined
analogously to Shockley and Queisser via Equations (2.2) and (2.3).
Consequently, the radiative efficiency ηrad follows directly from Equa-
tion (2.8).

To calculate efficiency limits beyond the radiative limit, Yu and Zunger
introduce the fraction of the radiative recombination current fr =
J rad

0 /J0. This fraction is approximated by fr = exp
(
Eg−Eda

g /kT
)
, where

Eda
g is the dipole-allowed transition energy that is given by electronic

structure simulations. This is motivated by the assumption that the
electron densities are governed by Boltzmann statistics and that the
ratio of electron concentrations at the different energy levels determines
the ratio of radiative to non-radiative recombination. This implies
fr = 1 for all direct semiconductors where Eg = Eda

g , and fr < 1 for
all indirect semiconductors with Eg < Eda

g . In their model α(E) and fr

fully determine the non-radiative efficiency limit η.

Discussion

Despite the convincing simplicity of estimating the fraction of the ra-
diative recombination current fr with the band gap energy difference
Eg − Eda

g , the physical meaningfulness of this approximation is ques-
tionable. For crystalline silicon (Eg = 1.2 eV and Eda

g = 3.3 eV), for
example, the fraction of the radiative electron-hole recombination cur-
rent is estimated to be fr = 10−39, a value more than 30 orders of
magnitude off from state-of-the-art devices. In addition, the simplified
approach to calculate the potential for one thickness only might be
misleading. For a differently chosen standard thickness the materials
would also be ranked in a different order. Choosing, for example,
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smaller thicknesses would favor higher absorption coefficients with low
fr over materials with lower absorption coefficient but high fr.

More importantly, the selection metric has a major flaw in that it
does not distinguish between internal material properties and external
device properties in a thermodynamically correct way. The authors
derive an external parameter (the ratio of current densities fr) directly
from an internal parameter (the band gap energy difference Eg − Eda

g )
without taking the refractive index into account, see Figure 4.3 for an
illustration. This directly contradicts the fundamental laws of physics,
given that Qi 6= 1, as revealed in the previous Section.

To show the implications of ignoring the refractive index the present
model will by systematically compared to SLME in the following sec-
tion. For this purpose, SLME is not considered to be a method that
determines the efficiency limit for a fixed thickness and a fixed fr given
by the band gap differences, but rather as a model that describes a
way to calculate the efficiency limit of a device starting from internal
material properties. Note that SLME does not introduce the internal
luminescence quantum efficiency Qi in a strict sense. Nonetheless,
given the explanation in Reference [24] fr is interpreted as Qi for the
comparison of the here introduced model to the SLME. Due to the
unsatisfactory approximations of this parameter in the current state
of theoretical solid state physics the internal (luminescence) quantum
efficiency Qi will be treated as an adjustable parameter in the following
comparison.

4.2 Model Comparison

The influence of the internal luminescence quantum efficiency Qi, the
refractive index n, and the thickness d on the efficiency limit is dis-
cussed for both models in this section in order to understand the
dependencies on these parameters and their resulting difference in the
calculated efficiency limit. This systematic study on two exemplarily
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designed model absorption coefficients in combination with three freely
adjustable parameters, e.g. d, Qi and n, lead to the selection metric
that will be introduced in Section 4.3.

Up to this point, we have learned that the absorption coefficient and re-
fractive index of a photovoltaic absorber material are mandatory inputs
for a consistent evaluation of the material’s prospective photovoltaic
efficiency limit. Moreover, the step from treating a solar cell in terms of
a mere surface with the property of an absorptance towards a bulk ma-
terial, volume-related model requires taking the thickness into account.
In the first part of this section, the influence of the cell’s thickness on
the predicted efficiency potential is systematically investigated with the
help of model absorption coefficients defined by

α =



0 for E < E0

α0 exp
(
E−Eg
Ech

)√
Ech

2 exp(1)kT for E0 ≤ E < Eg + Ech/2

α0
√
E−Eg
kT for Eg + Ech/2 ≤ E


. (4.7)

For photon energies E ≥ Eg + Ech/2 the absorption coefficient follows
the square root law of a direct semiconductor,26 for E < Eg + Ech/2
the absorption is described by an exponential band tail with Urbach122

energy Ech, and for all energies below the cut-off energy E0 the absorp-
tion is set to zero. The cut- off energy is motivated by the unavoidable
experimental and computational limitations in the determination of α
in practice.

Figure 4.4 depicts the two model absorption coefficients that are used
in this work as well as the well-known curve of the SQ efficiency limit
over band gap energy Eg (black dashed line). One model absorption
coefficient has a band gap energy of Eg = 1.0 eV and a cut-off energy
of E0 = 0.9 eV (red) and for the other one Eg = 1.5 eV and E0 = 1.4 eV
(blue). The band gap energies as well as the cut-off energies have
been selected in a way that they are either both below or both above
the two local maxima of the SQ limit. The motivation for this specific
choice of energy values becomes clearer in the ensuing discussion of
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Fig. 4.4 Two model absorption coefficients versus energy. One absorption
coefficient curve (red) is chosen so that both the band gap energy
Eg = 1.0 eV and the cut-off energy E0 = 0.9 eV are below the two
maxima of the SQ efficiency limit (black-dashed). The other one
(blue) with Eg = 1.5 eV and E0 = 1.4 eV is only non-zero for en-
ergies above 1.35 eV (second maximum of SQ). In both cases the
characteristic energy of the tail is set to Ech = 1/2kT .

the optimal absorber thickness. The tail slope is in both cases equal to
Ech = 0.5kT , a reasonable value for common solar cell materials.102

The scaling factor α0 can vary strongly for different materials, but the
absolute value is of no importance in the following discussion, as all
functions that are going to be referred to are functions of the normalized
thicknesses α0d. For the sake of simplicity, the absorption coefficients
in Figure 4.4 are exemplarily shown for α0 = 1× 105 cm−1.

4.2.1 Impact of Thickness on Conversion
Efficiency

In the Radiative Limit Figure 4.5a shows the efficiency as a function
of normalized thickness α0d for these two exemplary materials in the
radiative limit (Qi = 1) for flat devices. For devices with a Lamber-
tian scatterer as front surface see Figure 6.1 in the appendix. In the
case of Eg = 1.0 eV (red), the maximum efficiency is reached at a
finite normalized thickness of α0dopt = 0.7. In contrast, in the case
of Eg = 1.5 eV (blue) the efficiency approaches its maximum at infi-
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nite thickness. The monotonic increase in efficiency with thickness for
the latter case can be explained by the fact that both Eg and E0 are
above the energy of the maxima of the SQ limit. Making the absorber
thicker and thicker leads to an absorption that is closer and closer to
a step-like absorption at E0. As the SQ limit monotonously decreases
from 1.4 eV to 1.5 eV, the maximum efficiency for the exemplary system
with Eg = 1.5 eV and E0 = 1.4 eV increases with increasing thickness.
The efficiency asymptotically reaches the efficiency of the SQ limit at
1.4 eV, ηSQ(Eg = 1.4 eV) = ηrad(d = ∞)|E0=1.4 eV ≈ 33 %. Following
this reasoning, all absorption coefficients with a cut-off energy higher
than 1.33 eV, the energy of the second maximum of the SQ limit, reach
their radiative maximum efficiency at infinite thickness. The gain in
short-circuit current with increasing thickness in those cases is higher
than the loss in open-circuit voltage.

The situation is different for band gap energies below the energy of the
SQ maxima. For the absorption coefficient with Eg = 1.0 eV (red line)
the efficiency for infinite thickness is still equal to the SQ limit of the
respective cut-off energy: ηSQ(0.9 eV) = ηrad(d =∞)|E0=0.9 eV. However,
this limit ηSQ(0.9 eV) is lower than the SQ limit of its corresponding
band gap energy ηSQ(1.0 eV). Therefore the nrad(d)-curve increases
until it reaches its maximum of nrad = 31.17 %, and finally decreases
asymptotically towards ηSQ(0.9 eV) for infinite thickness.

These simulations shows that apparent subtleties of the optical data
(namely the cut-off energy E0, the photon energy of the first data
point with α > 0) become increasingly important when looking for the
optimum thickness in the radiative limit. Note that in the radiative
limit there are no differences in the calculated efficiency limits between
the newly developed model and SLME.

For Low Internal LuminescenceQuantumEfficiencies As evident from
Figure 4.5b, the behavior drastically changes when an internal lumi-
nescence quantum efficiency of Qi = 10−4 is assumed. For Qi < 1, the
efficiencies calculated from the new model (solid lines) and the SLMEs
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Fig. 4.5 Efficiency as a function of normalized thickness α0d for the model
systems Eg = 1.0 eV (red) and Eg = 1.5 eV (blue). The corresponding
absorption coefficients are as presented in Figure 4.4, the refractive
index is set to 3.5. (a) In the radiative limit, Eg = 1.0 eV reaches max-
imum efficiency at an optimal normalized thickness of α0dopt ≈ 0.7.
In contrast, in the case of Eg = 1.5 eV the efficiency approaches its
maximum at infinite thickness. (b) For Qi = 10−4, the efficiencies as
calculated with SLME (dashed lines) and the present model (solid
lines), which takes the refractive index into account, are seen to
deviate from one another. The difference in the two models leads to
differences in (c) the optimal thickness, for all Qi 6= 1, as well as (d)
the absolute maximal achievable efficiencies ηmax, which are signifi-
cantly overestimated by SLME. Note that in the case of Eg = 1.0 eV,
the SLME does not predict an optimal thickness, whereas the present
model always leads to an optimal efficiency for d 6= ∞ (given that
Qi 6= 1).

(dashed lines) deviate from one another. In the case of Eg = 1.0 eV
(red), both models predict similar optimal thicknesses. The absolute
maximum efficiency of about 20 % is, however, highly overestimated by
SLME in comparison to the present model, which predicts an efficiency
limit of about 16 %.
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Note that when Eg = 1.5 eV (blue) not only the maximum efficiencies
deviate strongly, but the curves also show a qualitatively different be-
havior. If one neglects the refractive index (SLME, dashed blue line),
the efficiency over thickness curve no longer exhibits a global maxi-
mum. To explain the observed differences between the two approaches
the equations introduced in Section 4.1 will now be analyzed more
thoroughly.

The short-circuit currents in both models follow directly from Jsc =
q
∫
Aφsun dE and are therefore independent of Qi. The saturation cur-

rent J0 scales with 1/Qi in the SLME model, which leads to the same
normalized J0(d)-curves for Qi = 1 and Qi = 10−4. Therefore, J0 sat-
urates for large thicknesses for all Qi 6= 1, just like it saturates in the
radiative limit. This leads to efficiencies greater than 0 % for infinite
thickness for all Qi 6= 1, which is physically unreasonable. In the sug-
gested model on the other hand, the outcoupling efficiency pe decreases
with thickness, which leads to a linear increase in J0 for sufficiently
large thicknesses due to the non-radiative term. Consequently, J0 does
not saturate for Qi < 1 and the present model predicts an efficiency of
0 % for infinite thickness, as one would expect.

Optimal Thickness as a Function of Internal Luminescence Quantum
Efficiency Figure 4.5c shows the effect of the internal luminescence
quantum efficiency on the optimal normalized thickness. The optimal
thicknesses for Eg = 1.0 eV (red) and Eg = 1.5 eV (blue) are of the
same order of magnitude. The same holds for the SLME in the case of
Eg = 1.0 eV (dashed line). Nevertheless, it should be pointed out that
the SLME does not predict this strong increase in optimal thickness
for the last 10 % gain of internal luminescence quantum efficiency
(Qi = 0.9 to 1) that is visible in the present model (solid lines). As stated
above, for the SLME metric the maximum efficiency for Eg = 1.5 eV
is reached at infinite thickness, and is therefore not included in this
graph.
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4.2.2 Impact of the Internal Luminescence
Quantum Efficiency on the Maximum
Conversion Efficiency

In the following, the impact of the internal luminescence quantum
efficiency on the efficiency at optimal thickness is analyzed. The maxi-
mum efficiency at optimal thickness versus the internal luminescence
quantum efficiency is plotted in Figure 4.5d. The SLME exhibits a linear
decrease in efficiency with decreasing ln(Qi) for the entire range of
Qi shown in this graph. The proposed model shows the same linear
decrease solely for Qi � 1, in contrast, however, a dramatic drop in
maximum efficiency with decreasing Qi close to the radiative limit of
Qi = 1 is seen.

As the underlying equations for the maximum efficiency calculation
cannot be solved analytically, a different approach is needed to make
the observed dependency of the maximum efficiency on Qi plausible.
For this purpose the efficiency is written as η = JscVocFF/Psun, where
Psun is the power density of the incident sunlight. According to Equa-
tion (2.3), Jsc is independent of the internal luminescence quantum
efficiency Qi. The fill factor FF can also be considered to be almost in-
dependent of the internal luminescence quantum efficiency. Therefore,
the derivative of η can be approximately calculated via

dη

d ln(Qi)
= JscFF

Psun
× dVoc

d ln(Qi)
. (4.8)

For the SLME metric, J0 scales with 1/Qi and consequently the open-
circuit voltage can be written as Voc = V rad

oc + kT/q ln(Qi), where V rad
oc

is the open-circuit voltage in the radiative limit. These considerations
explain the linear increase in efficiency with ln(Qi) for the SLMEs
(dashed lines) depicted in Figure 4.5d.

For Qi = 1, the SLME limit reaches a value that is between the SQ limit
of the band gap energy Eg and the cut-off energy E0, and is identical
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to that predicted by the present model (solid lines). However, even
small deviations in Qi away from the radiative limit lead to significant
differences in the predicted efficiencies. Following Equation (24) in
Reference [76], the open-circuit voltage can be written as

Voc = V rad
oc + kT

q
ln
(

peQi

1 + (pe − 1)Qi

)
, (4.9)

where pe denotes the emission probability of a photon that has been
generated by radiative recombination. Note here that the influence of
parasitic absorption is neglected in the calculation of efficiency limits.

For Qi � 1, the denominator in the logarithmic argument is close to 1
and Equation (4.9) simplifies to Voc = V rad

oc +kT/q ln(peQi) implying the
same linear increase in efficiency with ln(Qi) as in the SLME, whereas
the absolute efficiency is overestimated in the SLME by approximately
∆η = JscFF/Psun × kT/q ln(pe).

For Qi ≈ 1, the denominator in Equation (4.9) cannot be neglected
anymore. Now, the open-circuit voltage, and as a result the efficiency,
increases rapidly as Qi approaches the radiative limit. In the radiative
limit Voc reaches the same value as predicted by the SLME. Note that
the slope in the linear range (Qi � 1) is the same for the proposed
model and the SLME. The absolute gradient depends on the band gap
energy Eg as will be discussed in the following paragraphs.

Figure 4.6a shows the maximum efficiency versus internal luminescence
quantum efficiency (as in Figure 4.5d) but for various band gap energies
and shown for the proposed model only. Here, flat surfaces are one
again assumed. (For the case of a Lambertian scatterer as front surface
see Figure 6.2 in the Appendix) All absorption coefficients used are
defined by Equation (4.7) with Eg = 0.7 to 1.9 eV in steps of 0.2 eV (red
to blue, (i) to (viii)), the characteristic energy is set to Ech = 0.5kT and
the cut-off energies are 0.1 eV below the respective band gap energies,
i.e. E0 = Eg − 0.1 eV. The maximum efficiency in the radiative limit is
reached for band gaps of 1.3 eV and 1.5 eV with cut-off energies of 1.2 eV
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Fig. 4.6 (a) Maximum efficiency versus internal luminescence quantum effi-
ciency Qi for band gaps Eg = 0.7 to 1.9 eV in steps of 0.2 eV (red to
blue, (i) to (vii)) assuming flat devices. Note how both the absolute
efficiency for Qi = 1 and the slope of the efficiency depend on Eg. (b)
The derivative dη/d ln(Qi) plotted as a function of Eg for flat surfaces
(green) and Lambertian scatterers (purple) at Qi = 10−4.

and 1.4 eV respectively. This is expected given that the SQ efficiency
maxima are reached in the range of these band gap energies. All curves
show the already discussed significant drop in efficiency as Qi decreases
from 100 % to 60 %. For all Qi < 60 %, the efficiency decreases linearly
with decreasing ln(Qi) until it asymptotically approaches 0 %, as can
be surmised for very low Qi in the case of Eg = 0.7 eV (red line).

Let us concentrate now on the range where η (ln(Qi)) increases lin-
early. Figure 4.6b presents the derivative dη/d ln(Qi) as a function
of the band gap energy for Qi = 10−4. The plotted function in
the case of the Lambertian light scatterer (purple) only slightly de-
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viates from the curve corresponding to a flat front surface (green)
for very low band gaps Eg < 0.7 eV. For band gap energies above
0.7 eV, the gain in efficiency dη/d ln(Qi) monotonically decreases from
3 % to 1 % in absolute efficiency per decade of internal luminescence
quantum efficiency. As the gain in efficiency can be expressed by
dη(Eg)/d ln(Qi) ≈ Jsc(Eg)FF (Eg)kT/q/Psun, the shape of the curve
dη/d ln(Qi) plotted in Figure 4.6b can be explained by the dependency
of the product FFJsc on the band gap energy Eg. Whereas Jsc de-
creases monotonously with band gap energy, the fill factor FF increases
strongly for small band gaps and saturates for higher band gap energies.
The product of Jsc and FF explains the behavior of the efficiency gain
dη/d ln(Qi). The efficiency gain is illustrated in Figure 4.6b.

4.2.3 Impact of the Refractive Index on the
Maximum Conversion Efficiency

After discussing the impact of the internal luminescence quantum
efficiency and the thickness on the maximum efficiency, this section will
close with an analysis on how the refractive index affects the maximal
achievable efficiency. For simplicity only the case Eg = 1.5 eV will be
discussed as there are no qualitatively different effects in the case of
Eg = 1.0 eV.

Figure 4.7 illustrates the dependency of the efficiency limit on the
refractive index calculated by the newly developed model and the SLME
model. For Qi = 1 (solid line), there is no difference between the new
model and the SLME as has been pointed out before. The maximum
efficiency in the radiative limit is approximately 33.4 % independent
of the light-trapping scheme (see Figure 4.7a for a flat front surface
and Figure 4.7b for a Lambertian scatterer as front surface). The value
reached is equal to the SQ limit for Eg = 1.4 eV which corresponds to
the cut-off energy E0 = 1.4 eV of the examined absorption coefficient.
In the SLME model the achievable efficiency is independent of the
refractive index and the texture of the front for all Qi. In contrast,
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Fig. 4.7 Dependence of the maximum efficiency ηmax on the refractive index n
for Eg = 1.5 eV. In both the radiative limit (Qi = 1, solid lines) and
the SLME for Qi = 10−4 (dashed lines) the efficiencies are indepen-
dent of n. (a) The new model presented here (dashed-dotted line)
shows a significant efficiency drop of almost 20 % as the refractive
index n varies from 1 to 10 for flat devices. (b) Assuming a Lamber-
tian scatterer, the refractive index has a much weaker influence on
ηmax of a mere 4 %.

the present model (dash-dotted line) shows a relative decrease in
efficiency of 20 % as the refractive index varies from 1 to 10 for flat
surfaces. Therefore the overestimation of the maximum efficiency by
SLME increases with increasing refractive index.

The decrease in efficiency with refractive index in the new model is a
direct consequence of Equation (4.6). The radiative recombination rate
Rrad is proportional to n2, and because Qi = 10−4 is held constant, the
non-radiative recombination rate Rnrad and Rrad have the same depen-
dence on n. The same dependence follows directly from Equation 4.4.
Note that Qi = 10−4 implies Rrad � Rnrad. Consequently, the saturation
current J0 inreases with n2 and the efficiency η decreases linearly with
ln(n), as seen in Figure 4.7a in the case of flat devices. For devices
with a Lambertian scatterer as front surface the absorption A(E) and
therefore the short-circuit current Jsc increase with n. This increase
in Jsc compensates the increase of J0 to some extent and the loss in
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efficiency with n for fixed Qi = 10−4 is smaller, as can be seen from the
dashed-dotted line in Figure 4.7b.

4.2.4 Towards a Meaningful Selection Metric

The detailed examination of different models and their behavior under
certain circumstances deepened the understanding of how to calculate
a reasonable and also practical efficiency limit from available optical
data, either gathered experimentally or from electronic structure cal-
culations. Given the strong dependence of the maximum efficiency on
the refractive index it cannot be neglected. Moreover, the calculated
efficiency is also very sensitive to the internal luminescence quantum
efficiency.

The internal luminescence quantum efficiency Qi arises from a complex
interplay between energy levels in the material, defects, and kinetics in
the device. It is therefore very challenging to determineQi computation-
ally though it might be possible to determine it experimentally without
having to fabricate devices.123 Approaches based on first-principles
calculations of non-radiative recombination rates due to point defects
are emerging124–126 and could provide in the future at the very least an
estimate of the upper limit of Qi under idealized situations.

In practice, it is useful to treat the internal luminescence quantum
efficiency as an independent parameter, in particular at an early stage
of material investigation when layer growth and device fabrication
have not yet been optimized. A third point that needs to be stressed is
the thickness dependency of the efficiency. The results presented in this
section show that a comparison of different materials at a fixed thick-
ness favor certain materials over others without proper justification.
Therefore, the optimal thickness should be considered in the figure of
merit for all cases for which Qi < 1.
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4.3 Selection Metric for Photovoltaic
Absorber Materials Screening

After the detailed discussion of the present model and the state-of-
the-art selection for absorber materials screening, finally a recipe for
calculating efficiency limits will be introduced in this section. By apply-
ing this recipe to computationally determined material properties an
physically sound selection metric is developed.

4.3.1 Recipe for Calculating Efficiency Limits

To make full use of the available optical data from electronic structure
theory the potential of a new material should be estimated as follows:

1. Decide on a light-trapping scheme (α→ A), e.g. for a flat device
use Equation (4.1) and for a Lambertian scatterer as front surface
use Equations (4.2) and (4.3).

2. Calculate the short-circuit current Jscand the radiative saturation
current J rad

0 from the absorptance A according to Equations (2.3)
and (2.2), respectively. This calculation yields the radiative effi-
ciency limit via Equation (2.8).

3. Calculate the efficiency for numerous thicknesses to end up with
an efficiency-over-thickness curve η(d).

4. Find the maximum ηmax of this curve, i.e. ηmax := maxd(η(d)),
and determine the corresponding optimal thickness dopt for which
η(dopt) = ηmax.

5. For reasons stated above it is advisable to repeat steps 2-4 for a
number of reasonable internal luminescence quantum efficiencies.

To determine the efficiency limit for Qi 6= 1 Equations (4.4) to (4.6) are
needed in addition to Equations (2.3), (2.2) and (2.8). Additionally,
it is worth mentioning that this selection metric just like the selection
metric from Yu and Zunger can only be applied to materials with a tail
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slope Ech smaller than kT , for more details see Section 4.3.3 "Outlook
and Limitations".

4.3.2 Application to Calculated Material
Properties

The suggested method is exemplarily applied to a few complex refrac-
tive indices that have been determined via first principles calculations.
These calculations were performed within the GW approximation,127 as
implemented in the VASP code,128,129 and are part of a larger database.
A more detailed description of the approach is given in Reference [130,
131]. For this dataset the dielectric function is calculated in the inde-
pendent particle approximation. Figure 4.8 presents the input data in
the form of absorption coefficients α and the refractive index n as a
function of photon energy E.

The described method is applied to eight selected materials, namely
CuInSe2 (grey), Cu2ZnSnSe4 (CZTSe - red), CuSbSe2 (orange), Sb2Se3

(green), CZTS (turquoise), CuGaSe2 (blue), CuSbS2 (purple), Sb2S3

(pink). All these materials have sharp absorption edges with Ech < kT ,
a reasonable absorption coefficient for high energies between 105 cm−1

to 106 cm−1, and band gap energies between 1 eV and 2 eV. At first sight
they all appear as promising photovoltaic absorber materials.

Figure 4.9 illustrates the maximum efficiencies calculated for internal
luminescence quantum efficiencies log(Qi) = 0 to − 7 in steps of −1
(dark to light) sorted according to the energy of the direct band gap.
In the radiative limit (Qi = 1) the highest efficiencies are reached for
CZTSe (red), CuSbSe2 (orange), and Sb2Se3 (green). This corresponds
well with the maxima of the SQ limit (see Figure 4.4 at the beginning
of Section 4.2), which predicts the highest efficiencies for materials
with band gap energies of 1.1 eV to 1.3 eV. Assuming more realistic
quantum efficiencies of Qi < 10−2, the highest efficiency is reached
for CZTS with a band gap energy of approximately 1.56 eV. This is a
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Fig. 4.8 Absorption coefficient α and refractive index n of CuInSe2 (grey),
CZTSe (red), CuSbSe2 (orange), Sb2Se3 (green), CZTS (turquoise),
CuGaSe2 (blue), CuSbS2 (purple), and Sb2S3 (pink) as a function of
energy as simulated via electronic structure theory.

direct consequence of the band gap dependent loss in efficiency due
to the internal luminescence quantum efficiency. This effect has been
addressed in detail in Section 4.2.2. Note that all these efficiencies have
been calculated assuming flat devices, with a perfect back reflector and
no reflectivity at the front surface.

However, these results are not yet very conclusive: For instance, in
the radiative limit a very weakly absorbing material could outperform
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Fig. 4.9 Maximal efficiencies of 8 materials (sorted by direct band gap, see
Figure 4.8) for different internal luminescence quantum efficiencies
log(Qi) = 0 to -7 in steps of -1 (dark to light colors). For Qi = 1,
CuSbSe2 achieves the highest efficiency, whereas for Qi < 10−2 CZTS
takes the lead.

other materials with higher absorption if one does not consider the
thickness of the device. As the non-radiative recombination in the
bulk can normally not be neglected, the carrier collection efficiency
decreases significantly with thickness. Additionally, very thick devices
will exhibit very low efficiencies in real life due to the finite mobility of
the investigated materials. Therefore, in a realistic scenario the aim is
to identify materials that can reach as high efficiencies as possible at as
small a thickness as possible.

Figure 4.10 shows the maximum efficiency over the optimal thick-
ness dopt for the same eight materials (colors and symbols allocated
analogously to Figure 4.9) to address the importance of thickness on
a selection metric. Here, the case of Qi equals unity is not shown
as some of the samples then reach their efficiency maximum at in-
finite thickness, which is unreasonable for a realistic estimation of
the photovoltaic potential of a certain material. For flat surfaces as
shown in Figure 4.10a, CuSbSe2 (orange) exhibits the smallest optimal
thicknesses between 6µm for Qi = 10−7 and 1µm for Qi = 0.1. In Fig-
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Fig. 4.10 Efficiency at the optimal thickness for the same materials (see
Fig. 4.8) for internal luminescence quantum efficiencies log(Qi) =
−1,−2,−3,−4,−5,−6,−7 (colors and symbols same as in Fig-
ure 4.9) with (a) a flat front surface and (b) a Lambertian scatterer
as front surface. For both systems a flat perfect back reflector is
assumed.

ure 4.10b a Lambertian scatterer as front surface and a perfect flat back
reflector is assumed. This light-trapping scheme leads to considerably
smaller optimal thicknesses and higher efficiencies for all materials.
The quantitative gain in efficiency and loss in optimal thickness is,
however, distinct for each material. This becomes especially apparent
when looking at the difference in optimal thickness between CuInSe2

(grey), and CuSbS2 (purple). For flat devices the optimal thicknesses
for CuInSe2 are on average 5µm smaller than for CuSbS2. In contrast,
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assuming a Lambertian light scatterer this difference in optimal thick-
ness diminishes, e.g. dopt(CuSbS2) < dopt(CuInSe2) for high Qi and
dopt(CuSbS2) > dopt(CuInSe2) for low Qi.

From Figure 4.10 it can finally be concluded that CuSbSe2 reaches
the highest efficiencies for the smallest thicknesses and therefore is
an excellent candidate for a high performance photovoltaic absorber
material based on its complex refractive index. Given that the materials
presented in Figures 4.8 to 4.10 are all materials that have already
been used for photovoltaics, it is worth briefly comparing the results
of the assessment based on the complex refractive index and inter-
nal luminescence quantum efficiency with the empirical results for
these technologies. A technology like Cu(In,Ga)Se2 is based closely on
CuInSe2 and it is capable of achieving efficiencies higher than 22 %,132

the analysis at constant Qi does not suggest that this material is supe-
rior to the others based just on its complex refractive index. This is
not particularly surprising given that the here exemplarily chosen ma-
terials generally exhibit quite good optical properties for photovoltaic
applications. The current lack of success of materials such as CZTSe,133

CuSbS2
134,135 or CuSbSe2

136 is a matter of Qi being lower than that of
Cu(In,Ga)Se2. Thus, there is a need for computational materials screen-
ing to focus on parameters that are related to the presence of defects,
such as those based on the search for defect-tolerant materials.

4.3.3 Limitations and Outlook

Requirement on the Tail Slope The introduced selection metric can
only be applied to materials that fulfill the requirement Ech < kT . This
is also a requirement for the selection metric of Yu and Zunger. This
restriction can readily be understood by taking a closer look at Equa-
tion (2.2), J rad

0 = q
∫∞
0 A(E)φbb(E, T = 300K) dE. The black-body ra-

diation φbb(E, T = 300K) decreases approximately with exp(−E/kT )
close to energies relevant for photovoltaic applications, Eg = 0.8 eV to
2.0 eV. As a consequence, the radiative saturation current can only be
determined via Equation (2.2) if the absorption A(E) increases stronger
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than exp(E/kT ). In other words, the integral has to be well-defined
and not defined by the cut-off energy E0 that is not an intrinsic property
of the material. For both light-trapping concepts used here, Ech < kT

is a sufficient condition to fulfill this requirement. This limitation on
the applicability is, however, not of major importance for materials
screening for photovoltaic absorbers, as all known high performing
solar cell absorbers fulfill this requirement.

Infinite Mobility and Contacts For the proposed selection metric, per-
fect carrier collection is assumed. Therefore any limitations due to
finite mobility of the absorber have not been taken into account at
this stage. Furthermore, device specific challenges like contacts have
not been considered but are known to considerably influence device
performance.

Internal Luminescence Quantum Efficiency Besides these simplifica-
tions, Figures 4.9 and 4.10 show that the calculated efficiency is enor-
mously influenced by the internal luminescence quantum efficiency Qi.
Up to this point Qi is an independent and unknown parameter in the
present model that is not given by the difference between direct and
indirect band gap as suggested in the concept of SLME as it oversimpli-
fies the complex kinetic interplay of material properties and Qi. So far,
computational materials screening for the discovery of new absorbers
for PV applications has focused on the band gap and absorption co-
efficients. However, material properties such defect formation, grain
boundaries and many more have been shown to significantly affect Qi.
Therefore, extending the scope of high-throughput computations to
more of these properties will have a high impact on successful selection
and implementation of novel PV materials.

4.4 Summary

The Shockley-Queisser theory describes a solar cell device solely by
a single external surface property, a step-like absorption. However,
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for computational materials screening there is a need for a theory to
calculate efficiency limits from internal volume material properties such
as the absorption coefficient. It was shown in this chapter that the
refractive index of photovoltaic absorber materials is a necessary input
parameter for a consistent evaluation of their prospective photovoltaic
potential which has often been neglected in the past. A generalized
Shockley-Queisser theory has been introduced that describes solar cells
by their internal properties. In addition, the effect of the internal lu-
minescence quantum efficiency, the thickness and the refractive index
on the predicted efficiency limit have been comprehensively analyzed.
Based on this detailed examination it was concluded that all of these
parameters have to be fully considered in a selection metric for pho-
tovoltaic absorber materials. Consequently, a selection metric was
suggested to rate a material’s potential for PV applications that on the
one hand is easy to apply to a large amount of data and on the other
hand does not neglect important readily available information. Note
that the rating of the material depends on the assumed light-trapping
scheme which has to be decided on beforehand. The selection metric is
applicable to either simulated or experimentally determined complex
refractive indices.
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5The Organic Solar Cell
Described by Internal
Parameters

„The real Jihad is an internal process,
not an external one.

— Abhijit Naskar
(Neuroscientist)

In this chapter a rate model is developed to describe the kinetics within
an organic solar cell. The included states and transfer rates are kept to
an absolute minimum, namely, an exciton state, charge transfer states,
a ground state as well as a free carrier state. Two different theories for
transfer rates are applied and compared: The hopping model by Miller-
Abrahams43 which is most often applied to inorganic semiconductors
and the Marcus Theory57 developed to explain the rates of electron
transfer reactions from one chemical species to another. Section 5.1
introduces the rate model, including the mathematical description
of the transfer rates. In Section 5.2 the occupation probability of
the charge transfer state under steady-state conditions is discussed
in detail for electro- and photoluminescence. A proof for the validity
of superposition of electro- and photoluminescence as well as the
opto-electronic reciprocity for this rate model under non-saturation
conditions is provided in Sections 5.3 and 5.4. The chapter closes
with an analysis of the collection efficiency for various illumination
intensities and parameter variations in Section 5.5.
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5.1 Introduction to the Rate Model

The 0-dimensional rate model used in this chapter is designed to be as
simple as possible, yet at the same time to include the currently-known
most dominant interstate transfer paths of charge carriers in organic
photovoltaic devices. The charge carriers can occupy a total of three
different states, namely, two bounded states, the exciton/singlet state
and the charge transfer (CT) state, and the state of free charges. The
energy of the excitons is referred to as Ex, the energy of the CT state
Ect and the energy difference of the free electrons and holes Eg.

Figure 5.1 shows schematically the states and the considered transfer,
recombination and generation rates. An exciton is generated from a
photon flux φin

x with a generation rate given by

rgr→x = Rgr
x φin

x (1− fx)Nx ,

where Nx is the number of exciton states with occupation probability
fx and Rgr

x is the respective rate coefficient. The exciton recombination
rate can be described analogously by

rx→gr = Rx
gr fxNx .

The transfer rate of excitons from the polymer into the CT state is given
by

rx→ct = Rx
ct fxNx (1− fct)Nct ,

where the occupation probability is fct, number of CT states is Nct and
the respective rate coefficient is Rx

ct . The inverse process is expressed
by

rct→x = Rct
x (1− fx)Nx fctNct .
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Fig. 5.1 Schematic drawing of the rate model including the considered states
along with the associated transfer, generation and recombination
rates.

The recombination and generation rate of the CT state can be described
analogously to the exciton generation and recombination as

rgr→ct = (1− fct)Nct

∫
Rgr

ct φ
in
ct dEγ and

rct→gr = fctNct

∫
Rct

gr dEγ,

where Eγ stands for the photon energy.

The dissociation rate of bounded CT electron-hole pairs into free carri-
ers rct→np and its inverse process rnp→ct are given by

rct→np = Rct
np fctNct and

rnp→ct = Rnp
ct np (1− fct)Nct ,

where np denotes the number of free charge carriers, Rct
np and Rnp

ct the
respective rate coefficients.
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Detailed Balance All introduced rates fulfill the principle of detailed
balance which states that in thermodynamic equilibrium every rate is
counterbalanced by its reverse process , i.e. rct→x = rx→ct, rct→gr =
rnp→gr, rct→np = rnp→ct, and rx→gr = rgr→x. Therefore, each respective
pair of coefficient rates bears only one free parameter, which are in the
following referred to as the rate constants.

In the following, two different electron transfer theories that provide a
mathematical description of the newly introduced rate coefficients are
introduced. The two theories will be applied and compared throughout
the subsequent sections.

Rate Coefficients by Miller-Abrahams Obeying the principle of de-
tailed balance the rate coefficients according to Miller-Abrahams are
given by

Rct
np =


knpNnp eEct−Eg/kT

knpNnp
Rnp

ct =


knp

knp eEg−Ect/kT
for

Ect < Eg

Ect ≥ Eg

Rct
x =


kx eEct−Ex/kT

kx
Rx

ct =


kx

kx eEx−Ect/kT
for

Ect < Ex

Ect ≥ Ex

Rct
gr = kgr δ(Ect − Eγ) Rgr

ct = kgr/φ
in
y,0 e−Ect/kT δ(Ect − Eγ)

Rx
gr = k̃x Rgr

x = k̃x/φ
in
x,0 e−Ex/kT

where knp, kx, kgr, and k̃x denote the respective rate constants, φin
ct,0(Eγ)

is the incoming photon flux at photon energy Eγ per unit energy in
thermodynamic equilibrium. The photon flux φin

x,0, however, is indepen-
dent of energy and denotes the flux of all photons in thermodynamic
equilibrium with energies high enough to generate excitons.

Rate Coefficients by Marcus According to the Marcus theory the rate
coefficients exhibit an inverse regime in which the transfer rate A→ B
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Fig. 5.2 Schematic drawing of the rate model with the reaction coordinate
and typical parabolic representation according to Marcus theory. For
clarity, only the predominant transfer rates of a solar cell under
illumination are shown.

decreases for increasing energy difference EA−EB. The rate coefficients
can be written as

Rct
np = knpNnp e−(Eg−Ect+λ)2

/4λkT Rnp
ct = knp e−(Eg−Ect−λ)2

/4λkT

Rct
x = kx e−(Ex−Ect+λ)2

/4λkT Rx
ct = kx e−(Ex−Ect−λ)2

/4λkT

Rct
gr = kgr e−(Ect−Eγ−λ)2

/4λkT Rgr
ct = kgr/

[
φin

y,0( eEγ/kT − 1)
]

e−(Ect−Eγ+λ)2
/4λkT

Because the Marcus Theory and Miller-Abrahams theories are both
compatible with the principle of detailed balance, the parameters for
the rate coefficients Rx

gr and Rgr
x in the Marcus theory can be chosen

to be the same as for Miller-Abrahams without changing the kinetics of
the model.
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Tab. 5.1 Overview of introduced variables and their units.

transfer and generation rates

rgr→x s−1 rx→ct eV−1s−1 rgr→ct eV−1s−1 rnp→ct eV−1s−1

rx→gr s−1 rct→x eV−1s−1 rct→gr eV−1s−1 rct→np eV−1s−1

rate coefficients

Rgr
x − Rx

ct s−1 Rgr
ct − Rnp

ct s−1

Rx
gr s−1 Rct

x s−1 Rct
gr eV−1s−1 Rct

np s−1

rate constants

k̃x s−1 kx s−1 kgr eV−1s−1 knp s−1

weighted rate coefficients (defined in Equation 5.3)

W out
x s−1 W out

gr s−1 W out
np s−1

W in
x s−1 W in

gr s−1 W in
np s−1

photon fluxes and number of states

φin
x s−1 φin

ct eV−1s−1 Nx − Nct eV−1

In addition to Figure 5.1, a schematic drawing of the rate model is
illustrated in Figure 5.2. This drawing is for the reader that is more
familiar with the well-known picture of the transfer rates according to
Marcus theory where states are represented as parabolas over the reac-
tion coordinate. In the interest of greater clarity, only the predominant
transfer rates of a solar cell under illumination are shown this time.

Units of Introduced Variables For clarity Table 5.1 summarizes the
introduced variables and their units. Even though the units are chosen
here as 0-dimensional, it is straightforward to interpret these variables
also as properties in the 3-dimensional space.
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5.2 Occupation Probability of Charge
Transfer States

The change of the occupied exciton x and CT states ct over time can
be calculated by summing up all incoming rates and subtracting all
outgoing rates

dx
dt = rgr→x − rx→gr +

∫
rct→x dEct −

∫
rx→ct dEct

dct
dt = rnp→ct + rx→ct + rgr→ct − rct→np − rct→x − rct→gr.

(5.1)

Under steady-state conditions the number of occupied CT states is
constant, i.e. dct

dt = 0, and Equation (5.1) can be solved for fct as

fct =
(
W in

np +W in
x +W in

gr
)

(
W in

np +W in
x +W in

gr
)

+
(
W out

np +W out
x +W out

gr
) . (5.2)

For simplicity, the weighted rate coefficients for all rates into and out
of the CT state are introduced

W in
gr =

∫
Rgr

ct φ
in
ct dEγ W out

gr =
∫
Rct

gr dEγ

W in
np = Rnp

ct np W out
np = Rct

np

W in
x = Rx

ct fxNx W out
x = Rct

x (1− fx)Nx .

(5.3)

Figure 5.3 shows the incoming weighted rate coefficients W in
np (red),

W in
x (blue), and W in

gr (green) as solid lines. The respective outgoing
weighted rate coefficients are depicted as dashed lines. The weighted
rate coefficients for the electron transfer between the CT and the
ground state W in

gr and W out
gr are in relation to the other coefficients

almost constant as a function of energy for Miller-Abrahams (a) and the
Marcus Theory (b). In the case of the Miller-Abrahams theory, all other
outgoing rates increase exponentially for low CT state energies Ect and
then stay constant above a certain energy. In contrast, the incoming
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Fig. 5.3 The incoming (dashed) and outgoing (solid) weighted rate coeffi-
cients W in

np (red), W out
np (red), W in

x (blue), W out
x (blue), W in

gr (green)
and W out

gr (green) defined by Equation (5.3) according to (a) Miller-
Abrahams and (b) the Marcus Theory.

rates are first constant and then decrease exponentially. The turning
point for the weighted coefficient describing the transfer between
bounded charge carriers in the CT state and free carriers W in

np and W out
np

is at Ect = Eg, and the turning points for W in
x and W out

x are at Ect = Ex

respectively. For the Marcus theory, the four weighted rates W in
np, W out

np ,
W in

x and W out
x follow a Gaussian distribution with maxima at Eg − λ,

Eg + λ, Ex − λ and Ex + λ and a width of σ =
√

2λkT .
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5.2.1 Occupation According to Miller-Abrahams
Transfer Rates

In this subsection the occupation probability fct will be analyzed assum-
ing Miller-Abrahams transfer rates for two different excitation paths:
electroluminescence and photoluminescence. A solar cell is consid-
ered to be under electroluminescence condition if the applied voltage
is high enough that the weighted rate coefficient W in

np dominates all
incoming coefficients, i.e. W in

np � W in
gr + W in

x . An illuminated solar
cell is under photoluminescence condition if fct is dominated by W in

x ,
i.e. W in

x � W in
gr + W in

np. Theoretically there is a third option, where
the input rates are dominated by a direct excitation of the CT state.
However, this case is highly unrealistic for state-of-the-art solar cells
and therefore not treated in this thesis.

Electroluminescence

Figure 5.4 depicts the interplay between weighted rate coefficients
and occupation probability in the case of electroluminescence. As can
be seen in Figure 5.4a, he weighted rate coefficients W out

gr (green),
W out

x (blue) and W out
np (red solid) as well as the incoming coefficient

W in
np (red dashed) for V = 0.5−2 V in steps of 0.25 V are shown. The

corresponding occupation probabilities fct are shown in Figure 5.4b.
According to Equation (5.2) the slope of fct is completely determined
by the energy range and the dominant outgoing weighted coefficient.

Non-Saturation Figure 5.4c depicts the dependence of fct on Ect

in the case of non-saturation for all possible dominating outgoing
weighted rate coefficients (W out

gr , W out
np and W out

x ) and energy ranges
Ect < Eg (left column), Eg < Ect < Ex (middle column) and Ect < Eg

(right column). A constant occupation probability (light gray horizon-
tal line) can only be observed in the case of dominating W out

gr with
Ect < Eg. If W out

x dominates in the interval Eg < Ect < Ex, it holds
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Fig. 5.4 Miller-Abrahams, Electroluminescence (EL): (a) Weighted coeffi-
cients W out

gr (green), W out
x (blue) and W out

np (red solid) in the case of
EL where W in

np (red dashed) is the dominating input coefficient shown
for voltages from 0.5 V to 2 V in steps of 0.25 V. (b) Corresponding
occupation probability fct of the CT state. (c) Gives a schematic
overview on how the weighted rate coefficients determine the slope
of fct assuming non-saturation. The slope of fct is determined by the
energy range and dominant weighted outgoing coefficient. There
are three possible dependencies of fct on energy: it can be constant
(light gray), proportional to exp(−E/kT ) (gray), or exp(−2E/kT )
(black). The light blue background indicates the cases displayed in
(b).

that fct ∝ exp(−2Ect/kT ) (black line). In all other cases fct decreases
with exp(−Ect/kT ) (gray lines). The light blue rectangles highlight all
cases that can be seen in Figure 5.4a and 5.4b.

Saturation With reference to Equation (5.2), it can be shown that
the CT state is saturated if W in

np is much greater than all outgoing
coefficients leading to fct ≈ 1. For the chosen parameters saturation
occurs for example at 1.5 V for energies lower than 1.5 eV and for 2 V
all states with Ect < 1.85 eV are saturated.
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Fig. 5.5 Miller-Abrahams, Photoluminescence (PL): (a) Weighted coefficients
W out

gr (green), W out
np (red) and W out

x (blue solid) under PL conditions
where W in

x (blue dashed) is the dominating input coefficient for
log(fx) = −9,−7,−5,−3,−1 (i-v) and log(1 − fx) = −1,−3,−5 (vi-
viii). (b) Corresponding occupation probability fct of the CT state. (c)
Gives a schematic explanation on how the weighted rate coefficients
determine the slope of fct assuming non-saturation. The metric
distincts different energy ranges and dominant weighted output
coefficients. There are two possible dependencies of fct on energy:
proportional to exp(−E/kT ) (dark gray) or constant (light gray).
The light blue background indicates the cases presented in (b).

Photoluminescence

Analogously to Figure 5.4, Figure 5.5 shows the weighted coefficients
(a) and the resulting occupation probability fct (b) under eight ex-
emplarily chosen illumination levels. The variation of illumination is
simulated by different occupation probabilities fx of the exciton states
log(fx) = −9,−7,−5,−3,−1 (i to v) and log(1 − fx) = −1,−3,−5 (vi
to viii). The values for fx have been chosen to logarithmically approach
0 and 1 to clearly visualize the effects of the full range of illumination
intensity. The weighted coefficients W out

gr (green) and W out
np (red) are
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chosen to be the same as in Figure 5.4 and independent on fx. However,
W out

np (blue solid) is proportional to 1− fx and therefore decreases with
increasing fx. For cases (i) to (v) the effect is too small to be visible, in
contrast to cases (vi) to (viii) where the decrease becomes significant.
The ingoing coefficient W in

x (blue dashed) is proportional to fx and an
increase of W in

x with fx is evident for (i) to (vi) in Figure 5.5a.

Saturation Under saturation, the occupation fct is close to unity which
holds if W in

x �
∑

j={gr,np,x}W
out
j . The saturation of fct can, for example,

be seen in the energy range 1.2 eV to 1.7 eV for fx = 0.1 (v). For fx > 0.1
(vi-viii), the outgoing rate W out

x decreases such that W out
np is dominant

even for higher energies and fct ≈ 1 is valid for energies up to 1.9 eV.
Saturation of fct for Ect < 1.9 eV is prevented by the then dominating
W out

np .

Non-Saturation The CT state is non-saturated for cases (i) to (iii),
i.e. W in

x �
∑

j={gr,np,x}W
out
j . Figure 5.5c shows the dependence of

fct on Ect for the case of non-saturation for all possible dominating
outgoing weighted rate coefficients (W out

gr , W out
np and W out

x ) and energy
ranges Ect < Eg (left column), Eg < Ect < Ex (middle column) and
Ect < Eg (right column). The occupation probability fct is constant for
energies where the dominating ingoing and outgoing rate coefficients
are constant, i.e. from approximately 1.2 eV to 1.4 eV where W out

gr
dominates and from 1.5 eV to 1.6 eV with dominating W out

np . Under
non-saturation, fct decreases with exp(−Ect/kT ) for 1.4 eV < Ect <

1.5 eV and approximately Ect > 1.6 eV. The cases that are shown in
Figure 5.5a and 5.5b are highlighted in the overview table shown in
Figure 5.5c.

5.2.2 Occupation According to Marcus Transfer
Rates

Analogously to the previous analysis of fct for Miller-Abrahams, the
occupation probability fct will now be discussed for transfer rates
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Fig. 5.6 Marcus, Electroluminescence (EL): (a) Weighted coefficients W out
gr

(green), W out
x (blue) and W out

np (red solid) in the case of EL where
W in

np (red dashed) is the dominating input coefficient for voltages
V = 0.75−2 V in steps of 0.25 V. (b) Corresponding occupation
probability fct of the CT state. (c) Gives an overview on how the
dominating weighted outgoing coefficients determine the slope of fct
under non-saturation.

according to Marcus theory. Again, two different excitation paths are
distinguished: electro- and photoluminescence.

Electroluminescence

In Figure 5.6a the outgoing weighted coefficients W out
gr (green), W out

x
(blue) and W out

np (red solid) are depicted. As noted previously, un-
der electroluminescence the incoming weighted coefficient W in

np (red
dashed) dominates the incoming fluxes and is shown here for voltages
of 0.75 V to 2.0 V in steps of 0.25 V. The occupation probabilities fct

resulting from the applied voltages are shown in Figure 5.6b.
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Saturation The CT state is saturated for W in
np �

∑
j={gr,np,x}W

out
j as

can be seen for example for the highest applied voltage V = 2 V for all
energies below 1.8 eV.

Non-Saturation One can distinguish between three cases under non-
saturation, where W in

np �
∑

j={gr,np,x}W
out
j , as noted in Figure 5.6c.

(A) denotes the case for which W out
gr is the dominant output channel.

In this case the occupation fct is proportional to W in
np, thus, follows a

Gaussian shape with maximum at Eg + λ. For the chosen parameters,
(A) holds for energies Ect < 1.4 eV. For 1.4 eV < Ect < 1.7 eV, the
outgoing coefficients are dominated by W out

np . This is referred to as
case (B) where the occupation fct decreases exponentially. Finally, case
(C) denotes the steepest decrease exhibited for Ect > 1.7 eV. In this
case the weighted coefficient W out

x is higher than all other outgoing
coefficients. It follows that the peak occupation in the CT state can be
reached at any energy with Ect ≤ Eg − λ.

Photoluminescence

Depicted in Figure 5.7, are the weighted rate coefficients and result-
ing occupation for an exemplarily chosen case of photoluminescence.
The outgoing weighted rate coefficients W out

gr (green), W out
np (red)

and W out
x (blue solid) are chosen to be the same as in the case of

electroluminescence in Figure 5.6. The input coefficient W in
x (blue

dashed), the dominant channel under photoluminescence, is shown for
log(fx) = −5,−3,−1 (i-iii) and log(1 − fx) = −1,−3,−5 (iv-vi). Note
that the inverse channel W out

x is also dependent on the occupation prob-
ability fx of the exciton state which becomes visible for high excitation
levels fx ≈ 1 (iv-vi). The resulting occupation probabilities fctof the
chosen excitation levels are shown in Figure 5.7b.

Saturation For W in
x � ∑

j={gr,np,x}W
out
j , the CT state is saturated

(fct ≈ 1). The saturation can readily be seen in Figure 5.7b for the
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Fig. 5.7 Marcus, Photoluminescence (PL): (a) Weighted coefficients W out
gr

(green), W out
np (red) and W out

x (blue solid) in the case of PL where
W in

x (blue dashed) is the dominating input coefficient for log(fx) =
−5,−3,−1 (i-iii) and log(1 − fx) = −1,−3,−5 (iv-vi). (b) Corre-
sponding occupation probability fct of the CT state. (c) Gives an
overview on how the weighted rate coefficients determine the slope
of fct under non-saturation conditions.
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highest excitation levels (v) and (vi) at CT state energies between
1.53 eV and 1.96 eV.

Non-Saturation In the non-saturated case three cases are once again
differentiated. An overview of the different cases with their respective
fct functional proportionalities is provided in Figure 5.7c. Case (A)
denotes the case for which W out

gr is the dominating output channel. In
this case the occupation fct is proportional to W in

x following a Gaussian
shape with maximum at Ex − λ. For the chosen parameters (A) holds
for energies Ect < 1.4 eV. For 1.4 eV < Ect < 1.7 eV, the outgoing
coefficients are dominated by W out

np and the occupation fct decreases
exponentially which is referred to as case (B). Note that in contrast to
the occupation under electroluminescence, fct can also increase in case
(B) under photoluminescence. The occupation fct decreases in case
(B) only if Ex − Eg < 2λ. The weighted coefficient W out

x dominates all
other outgoing coefficients in case (C). For case (C), the occupation
fct is always exponentially decreasing and can be seen in Figure 5.7b
for Ect > 1.7 eV. In summary, under photoluminescence, in contrast
to electroluminescence, the peak occupation of the CT state can be
reached at any energy Ect.
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5.3 Superposition of Electro- and
Photoluminescence

The luminescence φout
ct of the CT state is given by

φout
ct (Eγ) =

∫
fctNctR

ct
gr dE. (5.4)

The superposition of electroluminescence EL, the photoluminescence
via CT state excitation PLct and the photoluminescence via exciton
excitation PLx can therefore be proven by showing that the overall
occupation probability fct is the sum of the occupation probabilities of
each individual input channel. As can be seen from Equation (5.2), the
occupation probability fct can directly be expressed by the weighted
coefficients.

It follows that the superposition is only valid in the non-saturated
case, i.e. for 1 − fct ≈ 1 − fx ≈ 1. Under non-saturation conditions,
the denominator is determined by the sum of the outgoing weighted
coefficients

∑
W out = W out

gr +W out
np +W out

x . Moreover, as 1−fx ≈ 1, the
sum

∑
W out is independent of the different injection/excitation rates

np, φin
ct , and fx. Equation (5.2) can thus be written as

fct
non. sat.=

W in
np∑
W out︸ ︷︷ ︸
EL

+ W in
x∑

W out︸ ︷︷ ︸
PLx

+
W in

gr∑
W out︸ ︷︷ ︸
PLct

(5.5)

in the non-saturation case. Hence, the occupation of the CT state fct is
the sum of the occupation probabilities for each individual excitation
path. Consequently, Equation (5.5) in combination with Equation (5.4)
proves, due to the linearity of integration, that the superposition of
electro- and photoluminescence is valid if and only if the exciton and
CT states are not saturated.
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5.4 Opto-Electronic Reciprocity

The opto-electronic reciprocity relation, Equation (2.10), also holds
for the introduced model for organic solar cells if no saturation effects
occur. A proof will be presented by discretization of the charge transfer
energy (E1

ct, ... , En
ct) and the photon energy (E1

γ , ... , Em
γ ). This

approach is legitimate because only continuous functions are involved.
In the case of non-saturation (1− fct ≈ 1− fx ≈ 1), Equation (5.1) can
be written as

dx
dt = Nx

Rgr
x φin

x −Rx
gr fx +

∑
Ect

Rct
x fctNct − fx

∑
Ect

Rx
ctNct

 = 0

dct
dt = Nct

∑
Eγ

Rgr
ct φ

in
ct − fct

∑
Eγ

Rct
gr +Rx

ct fxNx −Rct
x Nx fct

+Rnp
ct np−Rct

np fct

 = 0.

Note that the photon fluxes φ and the number of states N are di-
mensionless, i.e. number of photons/states per chosen discretization
interval. Moreover, the later equation represents a set of equations as
it holds for each charge transfer energy.

Motivated by the principle of detailed balance that connects each
electron transfer with its inverse process, the normalized rate constants

ρgr
x/ct := Rgr

x/ct φ
in
x/ct,0 = Rx/ct

gr fx/ct,0

ρx
ct := Rx

ct fx,0 = Rct
x fct,0 and

ρnp
ct := Rnp

ct n0p0 = Rct
np fct,0

(5.6)

are introduced.

With the normalized excess occupation probabilities χ = (fx−fx,0)/fx,0

and ξ = (fct − fct,0)/fct,0, as well as the normalized parameters of
the optical input ϕx/ct = (φin

x/ct − φin
x/ct,0)/φin

x/ct,0 and of the electrical
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input ν = (np− n0p0)/n0p0, the above equation system can be written
in matrix notation as

A ·
χ
~ξ

 =



ρgr
x + ∑

i ρ
x
ct (Ei

ct) −ρx
ct (E1

ct) . . . −ρx
ct (En

ct)
−ρx

ct (E1
ct)

...
−ρx

ct (En
ct)

D

 ·


χ

ξ(E1
ct)

...
ξ(En

ct)



= B


ϕx

~ϕct

ν

 =



ρgr
x 0 . . . 0 0
0 ρgr

ct (E1
ct, E

1
γ) . . . ρ

gr
ct (E1

ct, E
m
γ ) ρnp

ct (E1
ct)

...
... . . . ...

...
0 ρgr

ct (En
ct, E

1
γ) . . . ρ

gr
ct (En

ct, E
m
γ ) ρnp

ct (En
ct)

 ·



ϕx

ϕct(E1
γ)

...
ϕct(Em

γ )
ν


where the diagonal matrix D is given by

Dnn = ρx
ct (En

ct) + ρnp
ct (En

ct) +
∑
i

ρgr
ct (En

ct, E
i
γ). (5.7)

This matrix equation links the normalized optical and electrical input
potentials of an organic solar cell with the normalized occupation
probabilities of its exciton and charge transfer states. Analogously,



δφout
x

δφout
ct (E1

γ)
...

δφout
ct (Em

γ )
δjoutnp


= Btr



χ

ξ(E1
ct)

...
ξ(En

ct)

 (5.8)

describes the influence of the occupation probabilities χ and ξ on the
optical and electrical output terminals of the solar cell, namely, the
excess output photon fluxes δφout

x/ct := φout
x/ct − φout

x/ct,0 and the excess cur-
rent δjout

np resulting from electron-hole pairs in the charge transfer state
dissociating into free carriers. The matrix Btr denotes the transposed
matrix of B.
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Therefore the electrical and optical input potentials ϕ and ν and output
fluxes are directly connected via matrix S



δφout
x

δφout
ct (E1

γ)
...

δφout
ct (Em

γ )
δjout

np


= BtrA−1B︸ ︷︷ ︸

=: S
is symmetric

·



ϕx

ϕct(E1
γ)

...
ϕct(Em

γ )
ν


. (5.9)

Note, that S is symmetric because A is symmetric, see definition of
matrices A and D.

The opto-electronic reciprocity relation connects the experimentally
accessible electroluminescence φem of a solar cell with the external
quantum efficiency QPV

e . In the present model the electrolumines-
cence is equal to the outgoing excess photon flux δφout

ct that is caused
exclusively by the electrical potential ν.

The external quantum efficiency QPV
e is determined by the quotient

of the outgoing excess current δjout
np generated by the incoming excess

photon flux δφin
ct (Eγ), QPV

e (Eγ) = δjout
np /δφ

in
ct (Eγ). Under the conditions

of electroluminescence or external quantum efficiency measurements,
Equation (5.9) states

δjout
np = Sm+2,k+1 · ϕct(Ek

γ) and

δφout
ct (Ek

γ) = Sk+1,m+2 · ν.
(5.10)

By using the symmetry of S we finally attain the opto-electronic reci-
procity relation

φem(Eγ) = δφout
ct (Eγ) =

δjout
np

ϕct(Eγ)
ν

= QPV
e (Eγ)φbb(Eγ, Tc)

[
exp

(
qV

kT

)
− 1

]
,

(5.11)

where φbb denotes the black body radiation and Tc temperature of the
cell, i.e. φbb(Eγ, Tc) = φin

ct,0(Eγ).
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This proof shows that the opto-electronic reciprocity relation that was
originally derived for inorganic pn-junction solar cells23 also holds
for the rate model for organic solar cells introduced in this chapter
under the assumption of linear recombination and generation rates as
well as non-saturation. This model includes CT states and is valid for
the Miller-Abrahams as well as the Marcus transfer rates. It is in fact
valid for any recombination rate that fulfills the principle of detailed
balance.

5.5 Collection Efficiency

For high power conversion efficiency it is crucial to optimize the over-
all collection efficiency of a cell defined by the fraction of generated
excitons that dissociate into free charge carriers. For an exciton to
dissociate in the present model, and therefore contribute to the current
of the cell, it has to be captured by the CT state and then transferred
into the state of free charges. Those two processes scale with the rate
constants kx and knp. Intuitively, one would guess that collection be-
comes more efficient the faster the capture and transfer occurs, thus,
that the collection efficiency increases with increasing kx and/or knp.

However, Figure 5.8 shows that the collection efficiency ηcoll decreases
for increasing kx. The contour map visualizes ηcoll as a function of kx

and knp for (a) Miller-Abrahams and (b) Marcus theory. This counter-
intuitive effect can be seen for both theories and is emphasized by the
cross-sections in red at (a) knp = 104s−1 and (b) knp = 105s−1. The
decrease in collection efficiency with increasing kx cannot be explained
by saturation effects since the occupation of the CT state is lower than
10−3 for the chosen parameters.

In order to more deeply understand the underlying mechanisms, it is
necessary to take a closer look into the energy-dependent efficiencies.
The following subsection defines the energy-dependent capture, trans-
fer and collection efficiency as well as the respective overall efficiencies.
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Fig. 5.8 Contour map of the overall collection efficiency ηcoll as a function
of rate constants for capture and transfer kx and knp for (a) Miller-
Abrahams model and (b) Marcus theory. Counter-intuitively ηcoll
decreases for increasing kx as illustrated exemplarily by the cross-
sections (red) through the contour plots.
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The effect of different parameters on the transfer efficiency will be ana-
lyzed in Section 5.5.2 and on the capture efficiency and its influence
on the average efficiencies in Section 5.5.3.

5.5.1 Definition of the Capture, Transfer and
Collection Efficiency

The overall collection efficiency ηcoll is defined by the total current J
of the cell divided by the generated current Jgen in the polymer. From
there the energy-dependent collection, capture and transfer efficiencies,
ηcoll, ηcapt, and ηtrans are derived as follows

ηcoll = J

Jgen
=
∫ rct→np − rnp→ct

rgr→x
dEct =

∫
ηcoll(Ect) dEct

=
∫ rct→np − rnp→ct

rx→ct − rct→x︸ ︷︷ ︸ ·
rx→ct − rct→x

rgr→x︸ ︷︷ ︸ dEct

=
∫

ηtrans(Ect) · ηcapt(Ect) dEct.

(5.12)

The transfer efficiency ηtrans is a measure of how efficiently bound
charge carriers in a CT state, originating from the exciton state X, are
transferred into a free charge carrier state np. The average transfer
efficiency ηtrans is defined as

ηtrans =
∫
rct→np − rnp→ct dEct∫
rx→ct − rct→x dEct

. (5.13)

The capture efficiency ηcapt states how efficiently generated excitons in
the polymer are captured into a CT state before they would otherwise
annihilate without getting the chance to be transferred into the state of
free charges. The average capture efficiency can be calculated via

ηcapt =
∫
ηcapt(Ect) dEct =

∫
rx→ct − rct→x dEct

rgr→x
. (5.14)

5.5 Collection Efficiency 99



Fig. 5.9 Illustration of the interplay of the energy-dependent collection, cap-
ture and transfer efficiencies, ηcoll, ηcapt, and ηtrans. Exemplarily two
possibilities of ηcaptwith different peak positions and heights but sim-
ilar shapes (1-red and 2-blue) are shown and two possible ηtranswith
same peak position but different shapes (A-dashed and B-solid). All
cases are simulated cases according to the Marcus model. This leads
to four cases for ηcoll. The corresponding average efficiencies ηcapt,
ηtrans, and ηcoll are listed in the overview table.

Note that rgr→x is independent of energy Ect and therefore

ηcoll = ηtrans · ηcapt .

Figure 5.9 illustrates the interplay of the introduced efficiencies and
respective average efficiencies. Two different energy-dependent capture
efficiencies ηcapt labeled η1

capt (red) and η2
capt (blue) as well as two

transfer efficiencies ηtrans designated as ηA
trans (dashed) and ηB

trans (solid
line) are exemplarily shown. These capture and transfer efficiencies
are then combined to four different cases 1A, 1B, 2A and 2B indicating
the respective capture and transfer efficiencies used to calculate the
energy-dependent collection efficiency ηcoll. For these four cases the
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values of the corresponding average efficiencies ηcapt, ηtrans and ηcoll

are listed in the overview table.

Capture efficiency η1
capt has a lower peak energy than η2

capt and a higher
average efficiency η1

capt = 100 % > 88 % = η2
capt. Note, that the average

capture efficiency ηcapt is according to Definition (5.14) equal to the
area underneath ηcapt. The two exemplarily shown transfer efficiencies
have the same peak energy, however, the distribution of ηA

trans is much
wider than ηB

trans. Additionally, the maximum of ηA
trans is higher and

is almost the same value for the peak energies of η1
capt and η2

capt. The
corresponding collection efficiencies η1A

coll and η2B
coll therefore resemble

the functions of η1
capt and η2

capt. In contrast, ηB
trans is much lower at

peak energy of η1
capt than of η2

capt and the collection efficiency is scaled
accordingly. Leading to a smaller overall collection efficiency ηcoll in
case 1B than in case 2B even though η1

capt > η2
capt.

It is important to point out that the average transfer efficiency ηtrans is
not the integral over ηtrans. The transfer efficiency ηtrans(Ect) states how
efficiently each CT state with energy Ect dissociates charge carriers into
free carrier. On the other hand ηtrans is a measure of how efficiently
the cell dissociates charge carriers meaning that only the CT states
that capture efficiently excitons are important for the overall transfer
efficiency of the CT state and hence η1B

trans 6= η2B
trans. In case 2B the state

that most efficiently capture excitons are at the same time the one that
most efficiently transfer them to the free charge carrier state whereas
in case 1B most carriers that are captured by the CT states recombine in
the CT state. Accordingly, only 37 % are transferred to the free charge
carrier state.

In the following, the focus will first be on the analysis of the energy-
dependent transfer efficiency and its dependency on the relevant rate
constants because this analysis is independent of saturation effects. In
a second step, the dependency of the capture efficiency on the rate
constant kx under non-saturation are discussed for one exemplarily
chosen ηtrans. Last, the effect of saturation on the capture efficiency
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as well as the consequences for the overall collection efficiency are
presented.

5.5.2 Analysis of the Transfer Efficiency

If the solar cell is under collection condition, meaning that photons are
converted into free charge carriers, we can assume that the overall rates
from the exciton state to the CT state is much higher than its reverse
process

∫
rx→ct �

∫
rct→x. Moreover, under collection conditions more

free charge carriers are generated from bounded charges in the CT
state than vice versa

∫
rct→np �

∫
rnp→ct. Furthermore, it is assumed

that the main generation path is via an exciton and not directly via
excitation of the CT state and consequently

∫
rct→gr �

∫
rgr→ct.

These assumptions hold under a wide and reasonable parameter range
at each CT state energy, i.e. rx→ct � rct→x, rct→np � rnp→ct and
rct→gr � rgr→ct. The transfer efficiency can then be simplified under
steady-state conditions, see Equation (5.1), to

ηtrans ≈
rct→np

rct→np + rct→gr
=

Rct
np

Rct
np + ∫

Rct
gr dEγ

=
W out

np
W out

np +W out
gr

. (5.15)

Figure 5.10 shows the transfer efficiency ηtrans as a function of Ect for
different dissociation-to-recombination quotients β := knpNnp /kgr =
0.1, 1, 10, 102, 103, and 104. (a) In the case of Miller-Abrahams, ηtrans

follows a mirrored Fermi-Dirac function 1/[exp−(Ect − µ)/kT +1] with
µ = Eg − kT log(β) for Ect < Eg. Like any Fermi-Dirac distribution
it reaches 50 % at Ect = µ. For Ect > Eg, the transfer efficiency ηtrans

is constant and equal to 1/(1 + β−1). (b) For Marcus Theory W out
gr

is constant whereas W out
np is proportional to a Gaussian distribution

with peak energy at Eg + λ and width of
√

2λkT . Therefore ηtrans

exhibits the Gaussian shape scaled by β with attenuation if the efficiency
approaches 100 %. Note, that the transfer efficiency only shows a
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Fig. 5.10 The transfer efficiency ηtrans is shown for the rate coefficient ratio
knpNnp /kgr = 0.1, 1, 10, 102, 103 and 104. (a) The transfer efficiency
increases monotonously with energy for Miller-Abrahams whereas
(b) the Marcus Theory shows its typical inverse regime with decreas-
ing ηtrans.
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significant dependency on Eg and β, and in case of Marcus Theory
additionally on λ.

5.5.3 Analysis of the Capture Efficiency

Because charge conservation holds in every CT state its capture effi-
ciency can be written as

ηcapt = [Rx
ct fx(1− fct)−Rct

x (1− fx)f ]NCT∫ [
Rx

ct fx(1− fct)−Rct
x (1− fx)f

]
NCT dE + fxR

x
gr

. (5.16)

In the following the effect of different parameters on the capture effi-
ciency under non-saturation and saturation will be discussed. Note that
the recombination rate Rx

gr is independent of the CT state energy Ect

and therefore is not varied in the following analysis.

For all graphs in this section the energy-dependent transfer efficiency is
chosen to be the one that corresponds to β = 102, shown as light blue
curves in Figure 5.10.

Non-Saturation

In the case of non-saturation, 1−fx ≈ 1 ≈ 1−fct, the capture efficiency
simplifies to

ηcapt
non. sat.= [Rx

ct −Rct
x (fct/fx)]NCT∫ [

Rx
ct −Rct

x (fct/fx)
]
NCT dE +Rx

gr

. (5.17)

Under collection conditions the CT states incoming fluxes are dom-
inated by W in

x . Therefore it follows directly from Equation (5.2)
and (5.3) that under the assumption of non-saturation fct/fx is con-
stant and consequently the capture efficiency is independent of fx.
Hence, the following discussion and conclusion on the capture effi-
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ciency is generally valid in the case of non-saturation independent of
the absolute occupation.

Figure 5.11a displays the effect of the rate constant kx, the scaling factor
of Rx

ct and Rct
x , on the energy-dependent capture efficiency ηcapt of the

CT state assuming Miller-Abrahams kinetics. The rate constant kx is
varied from 102s−1 (rot) to 1010s−1 (blue). The efficiency ηcapt decreases
at high energies with increasing kx. However, the tremendous increase
for low energy states outweighs this loss at higher energies leading to an
increase in the overall capture efficiency ηcapt, see Figure 5.11b colored
triangles. Note, however, that the transfer efficiency is much smaller
below the band gap energy Eg than above, see Figure 5.10a, which
leads to an monotonously decreasing overall transfer efficiency ηtrans

(grey diamonds). The overall collection efficiency ηcoll (black circles)
exhibits consequently a maximum between kx = 104s−1 and 106s−1.

Figure 5.11c shows the capture efficiency ηcapt over energy assuming
Marcus theory. The rate constant kx is varied from 104s−1 (yellow) to
1012s−1 (purple). The efficiency ηcapt follows the for Marcus typical
Gaussian shape. For kx = 104s−1 the position of the maximum is at
CT state energy Ect = Eg − λ and shifts toward lower energies with
increasing kx. The height of the maximum increases with kx whereas
the width narrows. The overall capture efficiency ηcapt increases with kx,
see Figure 5.11c colored triangles. Because the transfer efficiency ηtrans

reaches its maximum at Eg + λ = 1.6 eV the overall transfer ηtrans

increases as long as the capturing becomes more efficient in this energy
range, i.e. for kx ≤ 108 but drops for even higher kx. Like in the case
of Miller-Abrahams, the average collection efficiency ηcoll as a function
of kx exhibits therefore a maximum which might be contra intuitive at
first sight.

Under non-saturation and assuming Miller-Abrahams kinetics, the anal-
ysis shows that the overall collection efficiency can be improved by
increasing the energy difference of the exciton states and the band gap
Ex − Eg. A reduction of Eg improves the transfer efficiency ηtrans for
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Fig. 5.11 The energy-dependent capture efficiency ηcapt for (a) Miller-
Abrahams and (c) Marcus theory for varied rate coefficients kx =
102, 104, 106, 108, 1010 and 1012s−1. The resulting average efficien-
cies ηcoll (black circles), ηtrans (grey diamonds) and ηcapt (colored
triangles) are shown exemplarily for knpNnp /kgr = 102. Both mod-
els, (b) Miller-Abrahams and (d) Marcus, show an initial rise in
overall collection efficiency ηcoll with increasing kx. However, to-
wards high kx the efficiency ηcoll decreases, due to the favored
capture of excitons into low energy CT states, see (a) and (b), that
are less likely to dissociate, see Fig. 5.10.
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low energy states whereas an increment in Eximproves the capture
efficiency of high energy CT states leading to an overall improved ηcoll.
In contrast, for Marcus theory this simple rule-of-thumb to enhance ηcoll

does not hold. Here, the product of the energy-dependent efficiencies
ηtrans and ηcapt has to be optimized. The transfer efficiency ηtrans is
maximal at Eg + λ, see Figure 5.10b, the maximum of ηcapt is sen-
sible to kx, making it impossible to come up with a simple rule of
parameter variation to improve the average collection efficiency. For
both models, however, the collection efficiency can be improved by
increasing the number of CT states Nct at energies that maximize
ηcapt(Ect) · ηtrans(Ect).

After discussing the effect of kx, Eg, Ex and λ and therefore Rx
ct and

Rct
x as well as the density of CT states Nct on the capture efficiency ηcapt

and the consequences for the overall collection efficiency ηcoll, the last
missing parameter in Equation (5.16) the occupation fx of the exciton
states and its effect on collection is analyzed in the following.

Saturation

The effect of saturation on the collection efficiency is analyzed by
varying the occupation probability of the exciton states fx. The rate
coefficient kx is hold constant at 106s−1. In order to visualize saturation
effects the values of fx are chosen to approach 0 and 1 logarithmically,
i.e. log(fx) = −9,−7,−5,−3,−1 and log(1− fx) = −1,−3,−5. Accord-
ingly, the occupation metric ζ := log(1/fx − 1) is introduced to facilitate
the graphical representation in Figure 5.13.

Figure 5.12 displays the occupation probability of the CT states over en-
ergy Ect for (a) Miller-Abrahams and (c) Marcus theory and its resulting
capture efficiencies ηcapt(Ect) in (b) and (d). The occupation probability
fct is exemplarily displayed for fx = 10−9, 10−7, 10−5, 10−3, 0.1 and 0.9
for Miller-Abrahams and fx = 10−5, 10−3, 0.1, 0.9, 0.999, 0.99999 in the
case of Marcus theory. Note, that the lowest two occupation probabil-
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Fig. 5.12 The impact of saturation on the energy-dependent capture ef-
ficiency ηcapt. (a) The CT state occupation probability fct is
varied by changing the occupation of the exciton states fx =
10−9, 10−7, 10−5, 10−3, 0.1, 0.9 in the case of Miller-Abrahams, and
(b) for Marcus theory fx = 10−5, 10−3, 0.1, 0.9, 0.999, 0.99999. Note
that the first two occupation levels are chosen to be in the non-
saturation case (red and yellow) and the respective capture effi-
ciencies are indistinguishable (b) and (d). (b) For Miller-Abrahams,
the lower energy CT states saturate first, see (a), and therefore the
capture efficiency decreases for lower energies whereas the capture
of excitons into higher CT states become more likely. For Marcus
theory, the CT states with energies Ect ≈ 1.7 eV saturate first which
leads to a loss of ηcapt into these states and gain of ηcapt for lower
and higher energy states.
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ities fx (red and yellow) represent the non-saturation case and lead
to the same capture efficiency (dashed red and yellow in (b) and (d)).
Moreover, the highest two chosen occupation levels for Marcus theory
fx = 0.999 and 0.99999, cannot be distinguished in the graph. For
Miller-Abrahams, the lowest CT states saturate first and therefore be-
come less efficient in capturing excitons, leading to a higher ηcapt for
energetically higher CT states. Assuming Marcus kinetics, however, the
CT states at Ex − λ = 1.7 eV saturate first for the chosen parameters.
The capture efficiency is suppressed for these energies and slightly im-
proves for lower and higher energies. The consequence for the average
efficiencies are discussed with the help of Figure 5.13.

Figure 5.13 shows the average efficiencies over the occupation metric
ζ := log(1/fx − 1) that is introduced to facilitate the graphical repre-
sentation. With rising occupation, the overall capture efficiency ηcapt

(colored triangles) decreases as intuitively expected for both models.
For Miller-Abrahams, the overall transfer efficiency ηtrans (grey dia-
monds) increases with ζ which can be explained by the more efficient
capturing into high energy states resulting in a maximum of average
collection efficiency ηcoll (black circles) at ζ = −3. For Marcus, ηtrans

falls monotonously for higher occupation and therefore leads to an
overall loss of collection efficiency ηcoll.

5.6 Summary and Outlook

The 0-dimensional rate model was introduced that was designed to
be as simple as possible but at the same time to include the most
current and widely used dominant interstate transfer paths of charge
carriers in organic photovoltaic devices. It was proven that the opto-
electronic reciprocity relation and the superposition of electro- and
photoluminescence are valid for this rate model if no saturation effects
are considered. Moreover, the occupation probability of the CT state
under photo- and electroluminescence was analyzed for two different
transfer rate theories: Miller-Abrahams and Marcus. The two theories
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Fig. 5.13 The impact of saturation on the average CT state capture, transfer
and collection efficiencies ηcapt(grey diamonds), ηtrans (colored tri-
angles) and ηcoll(black circles). As x-axis the occupation metric ζ
is chosen for improved visibility, the shown data points correspond
to the exciton occupation probabilities fx presented in Fig. 5.12.
(a) For Miller-Abrahams, ηcapt is relatively constant for low occupa-
tion whereas ηcapt rises explained by the more effective capturing
of higher CT states, see Fig. 5.12. However, for ζ > −3 capture
becomes inefficient and limits ηcoll. (b) For Marcus theory ηcoll falls
monotonously with occupation as well as ηcapt and ηtrans.
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lead to qualitatively different occupation probabilities and possible peak
positions. In the last section the collection efficiency was examined with
the counter-intuitive outcome that the overall collection efficiency can
increase with decreasing transfer rate from the exciton state into the CT
state. Further investigations have to show if this effect can explain the
efficient charge collection of polymer/non-fullerene acceptor organic
cells despite the small energy difference between the CT state and the
exciton state.
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6Conclusion and Outlook

„Next to love, balance is the most
important thing.

— John Wooden
(Basketball Coach)

The foundation of the current thesis is the approach by Shockley and
Queisser who determined a theoretical efficiency limit by applying the
laws of thermodynamics on an idealized solar cells. The underlying
concept is the principle of detailed balance and its extrapolation to
steady-state conditions, which are the operating conditions for conven-
tional solar cell technologies.

The developed concept of a distribution of Shockley-Queisser band
gaps allows for a meaningful comparison of voltage and efficiency
losses across different solar cell technologies. It leads to a functional
definition of the band gap that is by definition an external parameter of
the device and not an internal parameter of the absorber material and
thereby dependent on the solar cell device structure. The voltage loss
analysis could self-consistently be extended to materials with non-unity
radiative ideality factors, as shown for a thin film amorphous silicon
solar cell. A prerequisite for this analysis, however, is a high sensitivity
of the absorptance measurement setup. The concept allows for a
quantitative and intuitive detailed balance analysis of thermodynamic
losses that can be readily applied to any solar cell. The extension of
this concept to the analysis of photovoltaic absorber materials without
the need for preparing complete devices is straightforward. For the
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quantitative analysis of losses of the solar cell performance in respect to
the ideal case in the SQ-theory, the respective losses in the short-circuit
current and the fill factor would complete the picture.

A generalized Shockley-Queisser theory has been introduced that de-
scribes solar cells by their internal properties. This inside view is
needed, for example, in the field of high-throughput materials screen-
ing for photovoltaic absorber. The presented theory allows for the
calculation of an efficiency limit from material properties derived from
first-principle calculations or calculations based on electronic structure
theory. It was demonstrated that the refractive index is a mandatory
input parameter for a consistent evaluation of the potential of any
material as a photovoltaic absorber, a fact that has often been neglected
in the past.

The method takes as input parameter the complex refractive index
and its calculated efficiency limit is dependent on the assumed light-
trapping scheme, the thickness of the absorber layer and the internal
luminescence quantum efficiency. Based on this theory, a selection
metric was suggested to rate a material’s potential for photovoltaic
applications that on the one hand is computationally not demanding
and on the other hand does not neglect important readily available
information. In addition, this selection metric is applicable to either sim-
ulated or experimentally determined complex refractive indices. Fur-
ther improvement of high-throughput materials screening for absorber
materials must be driven by the improvement of the first-principles
calculations to reliably calculate transport properties, defect formation
and the internal quantum efficiency of potential materials.

Moreover, a 0-dimensional rate model was introduced that was de-
signed to be as simple as possible, but at the same time to include the
most current and widely used dominant interstate transfer paths of
charge carriers in organic photovoltaic devices. Two different transfer
rate theories, namely the Miller-Abrahams and the Marcus theory, were
applied and the occupation probability of the charge-transfer state
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under electro- and photoluminescence conditions was analyzed. The
occupation is strongly dependent on the assumed electron transfer
theory leading to quantitatively different behavior, ranging from differ-
ent possible peak positions in the non-saturated case to different peak
shifts under saturation. Therefore, further experimental investigation
might be able to show which theory can more reliably describe the
experimental data.

It was proven that under non-saturation, the superposition of electro-
and photoluminescence and the opto-electronic reciprocity relation are
valid independently of the electron transfer theory, as long as the theory
fulfills the principle of detailed balance. The validity of both concepts
is in good agreement with experiments. The detailed analysis of the
collection efficiency had the counter-intuitive outcome that the collec-
tion efficiency can increase with decreasing exciton to charge-transfer
state electron-transfer rate. Further theoretical and experimental inves-
tigations will have to show if this counter-intuitive effect could explain
the surprisingly efficient charge collection of polymer/non-fullerene
acceptor organic cells. These solar cells exhibit a much higher collection
efficiency than expected by the small energy offset between the exciton
state and the charge-transfer state.
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Appendix

Tab. 6.1 Key to the appreviation of molecules

P3HT Poly(3-hexylthiophene-2,5-diyl)

PCDTBT Poly[N-9’-heptadecanyl-2,7-carbazole-alt-5,5-(4’,7’-di-
2-thienyl-2’,1’,3’-benzothiadiazole)]

IDTBT Poly[(2,1,3-benzothiadiazole4,7diyl)alt(4,9dihydro
4,4,9,9-tetraoctylbenzo[1”,2”:4,5;4”,5”:4’,5’]
bissilolo[3,2-b:3’,2’-b’] dithiophene-2,7-diyl)]

PTB7 Poly[[4,8-bis[(2-ethylhexyl)oxy]benzo[1,2-
b:4,5-b’]dithiophene-2,6-diyl][3-fluoro-2-[(2-
ethylhexyl)carbonyl]thieno[3,4-b]thiophenediyl]]

PDPP3T Poly[2,5-bis(2-hexyldecyl)-2,3,5,6-tetrahydro-3,6-
dioxopyrrolo[3,4-c]pyrrole-1,4-diyl- alt -[2,2’:5’,2”-
terthiophene]-5,5”-diyl]

PC61/71BM [6,6]-phenyl-C61/71-butyric acid methyl ester

MAPIC CH3NH3PbI3-xClx
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Fig. 6.1 Analogously to Figure 4.5, here with a Lambertian scatterer as front
surface and not a flat front surface as shown in Figure 4.5. See Figure
4.2 for more details on the different light trapping concepts.

Fig. 6.2 Maximal efficiency as a function of internal luminescence quantum
efficiency for band gaps Eg = 0.7 eV to 1.9 eV (red to blue) in steps of
0.2 eV, analogously to Figure 4.6. Here with a Lambertian scatterer
as front surface.
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List of Symbols

A Absorptance

ASQ Idealized absorptance in Shockley Queisser model

c Speed of light in vacuum

ct Number of occupied charge transfer states

d Thickness of absorber layer

dopt Optimal thickness of absorber

E0 Cut-off energy

Ec Conduction band energy

Ech Band tail or Urbach energy

Ect Energy of the charge transfer state

Eg Band-gap energy

Eda
g Dipole-allowed electron transition energy

EPV
g Photovoltaic band-gap energy (defined via Eq. 3.9)

ESQ
g Shockley-Queisser type band-gap energy

Ev Valence band energy

Ex Energy of the exciton state

Eγ Photon energy

fct Occupation probability of the charge transfer state
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fct,0 Occupation probability of the charge transfer state in thermody-
namic equilibrium

fr Fraction of radiative recombination current

fx Occupation probability of the exciton state

fx,0 Occupation probability of the exciton state in thermodynamic
equilibrium

FF Fill factor of the solar cell

h Planck constant

H Heavy-side or step function

J Electric current

J0 Saturation current

Jnrad
0 Non-radiative saturation current

J rad
0 Radiative saturation current

JSQ
0 Saturation current according to Shockley-Queisser model

Jsc Short-circuit current or photo-generated current

JSQ
sc Photo-generated current according to Shockley-Queisser model

k Boltzmann constant

kgr Rate constant of the electron transfer between the charge trans-
fer state and the ground state

knp Rate constant of the electron transfer between the charge trans-
fer state and the state of free carriers

kx Rate constant of the electron transfer between the charge trans-
fer state and the exciton state

n Refractive index

nid Ideality factor

nrad Radiative ideality factor

np Number of free charge carriers
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Nct Number of charge transfer states

Ne− Number of electrons

Nph Number of photons

Nx Number of exciton states

pe Photon emission probability

Pmax Maximum power output of solar cell

Psun Total power of sun radiation on solar cell

P (Eg) Distribution of band-gap energies

PG(Eg) Gaussian distribution of band-gap energies

q Elementary charge

QLED
e External electroluminescence quantum efficiency

QPV
e External quantum efficiency

Qi Internal luminescence quantum efficiency

ri→j Electron transfer rate from state i to state j

R Total recombination rate

Ri
j Rate coefficient of the electron transfer rate from i to state j

Rnrad Non-radiative recombination rate

Rnrad
0 Non-radiative recombination rate in thermodynamic equilibrium

Rrad Radiative recombination rate

Rrad
0 Radiative recombination rate in thermodynamic equilibrium

T Temperature

Tc Temperature of solar cell

Tr Transmittance of solar cell

Voc Open-circuit voltage

V rad
oc Open-circuit voltage in the radiative limit
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V SQ
oc Open-circuit voltage of idealized solar cell/according to

Shockley-Queisser model

W in
gr,np,x Incoming weighted rate coefficient (defined via Eq. 5.3)

W out
gr,np,x Outgoing weighted rate coefficient (defined via Eq. 5.3)

x Number of occupied exciton states

α Absorption coefficient

δ Delta function

δφout
x/ct Excess output photon flux from recombination in exciton/charge

transfer state

δjout
np Excess current resulting from electron-hole pairs in the charge

transfer state dissociation into free carriers

∆G∗ Activation energy in Marcus theory

∆G0 Difference between free energy in equilibrium configuration of
product and reactant in Marcus theory

∆V sc
oc Short-circuit loss term of open-circuit voltage

∆V rad
oc Radiative loss term of open-circuit voltage

∆V nrad
oc Non-radiative loss term of open-circuit voltage

ζ Occupation metric defined as ζ := log(1/fx − 1)

λ Reorganization energy

η Conversion efficiency of solar cell

ηmax Maximal conversion efficiency

ηrad Efficiency limit in the radiative limit

ηSQ Efficiency limit according to the Shockley Queisser model

ηcoll Energy-dependent collection efficiency (defined via Eq. 5.12)

ηcoll Average collection efficiency (defined via Eq. 5.12)

ηcapt Energy-dependent capture efficiency (defined via Eq. 5.12)
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ηcapt Average capture efficiency (defined via Eq. 5.14)

ηtrans Energy-dependent transfer efficiency (defined via Eq. 5.12)

ηtrans Average transfer efficiency (defined via Eq. 5.13)

µγ Chemical potential of radiation

ν Normalized excess free charge carriers (ν = (np− n0p0)/n0p0)

ξ Normalized excess occupation probabilty of the charge transfer
state

ρgr,x,np
x,ct Normalized electron transfer rate constants (defined via Eq. 5.6)

φbb Black body radiation spectrum

φem Emission/luminescence spectrum

φsun Sun spectrum

ΦEL Integrated/total electroluminescence

φin
ct Incoming photon flux capable to excite an electron into the

charge transfer state

φct
ct,0 Incoming photon flux capable to excite an electron into the

charge transfer state in thermodynamic equilibrium

φin
x Incoming photon flux capable to generate excitons

φin
ct,0 Incoming photon flux capable to generate excitons in thermody-

namic equilibrium

ϕx/ct Normalized excess incoming photon flux

χ Normalized excess occupation probability of the exciton state
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