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ABSTRACT

Diagnostic Tests for Homoskedasticity in
Spatial Cross-Sectional or Panel Models

We propose an Adjusted Quasi-Score (AQS) method for constructing tests for
homoskedasticity in spatial econometric models. We first obtain an AQS function by
adjusting the score-type function from the given model to achieve unbiasedness, and
then develop an Outer-Product-of-Martingale-Difference (OPMD) estimate of its variance.
In standard problems where a genuine (quasi) score vector is available, the AQS-OPMD
method leads to finite sample improved tests over the usual methods. More importantly
in non-standard problems where a genuine (quasi) score is not available and the usual
methods fail, the proposed AQS-OPMD method provides feasible solutions. The AQS tests
are formally derived and asymptotic properties examined for three representative models:
spatial cross-sectional, static or dynamic panel models. Monte Carlo results show that the
proposed AQS tests have good finite sample properties.
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1. Introduction

Spatial econometrics has experienced phenomenal growth in the last decade. Most of the
estimation and inference methods are developed under the assumption that the errors in the
model are homoskedastic. Therefore, it is important to test the validity of this assumption.
Surprisingly, this type of test is largely unavailable in the spatial econometrics literature except
Anselin (1988, p. 122), which is in stark contrast to the big literature on heteroskedasticity
tests in the traditional (non-spatial) econometrics literature.

We in this paper endeavor to provide a general methodology for addressing the het-
eroskedasticity testing problem in spatial econometrics. We approach this problem by as-
suming, as in Breusch and Pagan (1979) and Anselin (1988), that the heteroskedasticity is
induced by some exogenous variables such as certain covariates, the size of spatial units, and
the number of neighbors, etc., through an unknown function so that the error variance has
the form o2h(z'a). The function h is such that h(0) = 1 and hence a test of heteroskedasticity
becomes a test of null hypothesis Hy : & = 0. This leads naturally to the consideration of the
score type of tests as their implementations require only the estimation of the simpler null
models. Another advantage of such an approach is that by rejecting the null the ‘source’ of
heteroskedasticity is ‘identified’ so that the model estimation and inference may proceed with
heteroskedasticity of a chosen form of h in the spirit of Breusch and Pagan (1979).! However,
the construction of classical LM tests depends upon the true score vector and information ma-
trix, which are often unavailable for reasons given below, and hence the conventional methods
fail. Moreover, the existence of spatial dependence often causes the LM tests to perform un-
satisfactorily in finite samples even if the true scores and information matrix are available.?
It is therefore highly desirable to have a general method that meets these challenges — able to
provide not only the desired tests for homoskedasticity but also satisfactory ones.

This paper introduces a general method for constructing tests for homoskedasticity in
spatial econometric models, namely the Adjusted Quasi-Score (AQS) method. We first ob-
tain an AQS function by adjusting the score-type function from the given model to achieve

unbiasedness/consistency, and then decompose the AQS function into a sum of vector mar-

LA strand of research that parallels our testing approach is the developments of estimation and inference
procedures that are robust against cross-sectional heteroskedasticity of unknown form. See, among others, Lin
and Lee (2010), Kelejian and Prucha (2010), Liu and Yang (2015b), Moscone and Tosetti (2011), Badinger and
Egger (2011, 2015), Debarsy, Jin and Lee (2015), and Kuersteiner and Prucha (2020).

2See Baltagi and Yang (2013a,b), and Yang (2015a) for tests of spatial effects in linear or panel models.



tingale differences and hence an Quter-Product-of-Martingale-Difference (OPMD) estimate of
its variance. In “standard problems”, such as the spatial linear regression (SLR) model where
a genuine (quasi) score vector is available, the AQS method leads to finite sample improved
tests over the usual methods by adjusting the concentrated (quasi) score to remove the effect
of estimating the linear and scale (nuisance) parameters. The role played by OPMD here is
to provide a simple alternative in estimating the variance-covariance (VC) matrix of the AQS
vector. However, the AQS-OPMD idea goes much beyond this — it provides feasible solutions
to “non-standard problems” where the usual methods fail due to the lack of (i) a valid (quasi)
score and (i7) a feasible method for VC matrix estimation.

For example, for a spatial panel data (SPD) model with fixed effects, the transformation
method (Lee and Yu, 2010) cannot be used to remove the unobserved fixed effects if any of
the following requirements is not met: balanced panel, additive fixed effects, time-invariant
spatial weights, and time-invariant covariate and/or spatial effects. In these cases, the best we
can have is the concentrated (quasi) likelihood/score function with the fixed effects (additive
or interactive) being concentrated out. This concentrated (quasi) score vector does not lead to
consistent estimation due to the well-known incidental parameters problem (IPP) of Neyman
and Scott (1948). However, it can be adjusted to ‘remove’ the effect of estimating the inci-
dental parameters, yielding an AQS vector that is unbiased and consistent.> Another (more
important) example is the dynamic spatial panel data (DSPD) model with short panels. In
this case, even if all the requirements as for SPD models are met, one is still unable to achieve
either (i) or (i7) due to the well-known initial values problem (IVP), another form of IPP (see,
e.g., Hsiao, 2014). In a dynamic panel data model (Hsiao et al., 2002) and a DSPD model with
only spatial error (Su and Yang, 2015), initial values are modeled to give a ‘full’ likelihood
function, but this approach cannot be applied to a general DSPD model as pointed out by
Yang (2018a). In this case, the best we can have is the ‘conditional’ (quasi) likelihood /score
treating the initial values as exogenously given. This conditional (quasi) score does not lead to
consistent estimation unless the time dimension (7') is also large along with the cross-section
dimension (n) but even in this case it incurs an asymptotic bias (Yu et al., 2008). However, it
can again be adjusted, as in Yang (2018a) for a homoskedastic FE-DSPD model, to ‘remove’
the effect of IVP and to give a set of AQS functions for the heteroskedastic DSPD model that

are unbiased and consistent — leading to valid AQS tests for homoskedasticity.

3This method finds root in Neyman and Scott (1948, Sec. 5) on modified likelihood equations.



Therefore, the proposed AQS-OPMD method does not only lead to homoskedasticity tests
that improve the conventional LM tests, but also gives the desired tests (and their improved
versions) for situations where IPP arises and hence the conventional methods fail. To provide
a full illustration of the generality and versatility of the proposed method, the AQS tests are
formally derived and asymptotic properties examined for three representative spatial models:
cross-section, static and dynamic panels. Monte Carlo results show that the improved versions
of the proposed tests have good finite sample properties. To facilitate practical applications
of our proposed tests, a guide to applied researchers is given at the end of the paper.

The rest of the paper is organized as follows. Section 2 presents the score-type tests
as well as their improved versions to test for homoskedasticity in a spatial cross-sectional
model. Section 3 presents these tests as well as their improved versions for a static SPD
model, and critically discusses their extensions to unbalanced panels, SPD models with time-
varying spatial weights and regression/spatial coefficients, and SPD models with interactive
fixed effects. Section 4 presents AQS tests and their improved versions for a DSPD model
with fixed effects and short panels. Section 5 presents Monte Carlo results. Section 6 is a
guide to applied researchers and Section 7 concludes. Proofs of all theorems are relegated to

appendices which are available as supplemental material to save space.

2. Tests for Homoskedasticity: Spatial Linear Model

To help with a quick appreciation of the general ideas and principles behind the method-
ology adopted in constructing tests for homoskedasticity in spatial econometrics models, we
start with a simple SLR (spatial linear regression) model to demonstrate how the simple
OPMD-variant of the score test can be obtained, how it can be turned into a non-normality
robust quasi score (QS) test, and how it can be adjusted to give finite sample improved score

and QS tests. The SLR model takes the form:
Yn - AIVVInY’n + Xnﬂ + Un; Un = )\QWQnUn + Vna (21)

where Y, is an n x 1 vector of observations on the dependent variable, X,, is an n X p matrix
of observations on the p explanatory variables. Wj,, j = 1,2, are the n x n weighting matrices
capturing the interactions among the n spatial units. They are assumed to be exogenously
given with zero diagonal elements. (3, A1, A2) are the common model parameters representing

the covariate and spatial effects, respectively. V,, is an n x 1 vector of independent disturbances



which may exhibit unknown heteroskedasticity. In particular, the elements {vy;} of V,, have
zero mean but heteroskedastic variances o2h(2/.a) with the k x 1 vectors z,; and a being,
respectively, the heteroskedasticity variables and the heteroskedasticity parameters.

The heteroskedasticity function h(-) is an unknown smooth function such that h(0) = 1.
Thus, when o = 0, the model becomes homoskedastic. A test for homoskedasticity against

heteroskedasticity becomes as in Breusch and Pagan (1979) a test of:
Hy:a=0 vs. Hy: aa #0. (2.2)

The literature on heteroskedasticity testing is big, but largely for non-spatial models, except
Anselin (1988, p. 122) who presents a test for a simple cross-sectional spatial error model. The
variables in z,; may contain some elements of the x,;, the ith value of the set of regressors.
In spatial models, z,; may contain variables that relate to the spatial weight matrices, e.g.,
the number of non-zero elements in each row of Wy, (number of neighbors), etc. This makes
the test of Hy in the context of spatial models more appealing. In certain spatial models such
as models with large group interaction (Lee, 2004, 2007), the elements of W,, depend on n
and hence the values z,; of the heteroskedasticity variables may also depend on n. The values
of the exogenous variables z,; are allowed to be n-dependent as well, because the models

considered are allowed to contain spatial Durbin effects (Anselin, 1988, p. 40).%

2.1. Score and Quasi-Score Tests

Let Hy (o) = diag({h(z],c)}), where diag(-) forms a diagonal matrix based on the given
elements or a given vector. Denote § = (8,02, X), A = (A1, A2)" and v = (¢',a’)'. The full

Gaussian loglikelihood function for ¢ is given by:

lar(v) = —%log(2107) + log|Bin(M)| + log |Ban(A2)| — 5 log [Hn(a)]

=502 Va8, VMG (@) Va(B,A),
where V,(8,A) = Yy (A) — Xp(A2)B, Yn(A) = Ban(A2) Bin(A1)Ya, Xn(A2) = Ban(A2) Xy, and
Brn(Ar) = Iy = My Wy, = 1,2. Maximizing fsip(10) at the null, or lgir(¢)|H,, gives the ML
estimator (MLE) or quasi MLE (QMLE) 6, of 6 for the null model. Jin and Lee (2013) show

(2.3)

that 6,, is \/n-consistent and asymptotically normal under regularity conditions.

The (quasi) score function Sgig(¢)) = %ESLRW) has the form:

4Model 2.1 can be extended by adding higher-order spatial lags in Y, and U,,. See, e.g., Elhorst (2014) and
Lee and Yu (2016) for discussions on spatial Durbin models and the associated issue of parameter identification.
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rh(0) iy [(82) — 02) nigs]

where Gyn(A\r) = Wy Bk (\), 7 = 1,2, and h(z) = d%h(x). If the errors vy; are normally

distributed, then fg1r(¢)) is the true loglikelihood and Ssir(¢)) the true score, and the three
classical principles, Wald, LR and Score (LM) can be used to test the general hypothesis, Hy :
g(1) = 0. In particular the score test takes the standard form T = S 5 (Vn) S5 " (V) Ssta(¢n),
where 1, is the null estimate of ¥, and %,(vy) = —E[;2 595t (to)] is the information ma-
trix. See Anselin (1988, Ch. 6) for a general discussion. For our homoskedasticity tests,
U = (0/,,0,), where Oy, is a k x 1 vector of zeros. Partition, according to (6, ), Ssia(t)) =
(S440(1): Shina(®)) and Ea(t) = {Sn00(8), Snoa(th); S0 (t): Snaa ()} and note that
Sstre(tn) = 0. The score tests reduces to Ts = SSLRa(wn) naag(wn)SSLRa(wn) where
Yn0a0(®) = Enaa() — Envag(@b)En,}%W)Emga(¢).5 When the errors are non-normal, the
score test may be invalid and its robust version is desired. Furthermore, the score tests may
have poor finite sample performance, in particular in the presence of spatial dependence.
We first give an OPMD-variant of the score test in line with the general AQS-OPMD
methodology adopted in this paper. The score at the null, Sg () = Ssta(?)|H,, has a simpler
form as h(0) = 1 and A(0) is a constant (see (B.1), Appendix B). Let 6y be the true value of 6.
For ease of exposition, we drop the arguments of a quantity evaluated at the true parameter
values, e.g., Vi, = Vi.(Bo, M), Brn = Brn(Mo), Grn = Grn(Aro), ete. The score vector S§;(6p)
is simplified into the following general form using W1y,Y,, = GMBQ_n1 Vo + GlnBQ_nIXnﬁo:
v,
VoV, — E(V®1V,),
Ssir(fo) = § Va@2Vy — E(V;@2V;) + Vil (2.5)
Vo3V, — E(V ®3V,),
502 (0) iy [(v3; = o8) 2ni]

®See Anselin (1988, p. 122) for a special case of Ts where only the spatlal error (\2) is present in the model.
A popular variant of T’s is to use the observed information matrix, — 5> ” SSLR(1/}n) in place of ¥, (zpn) Another
one, the Outer-Product-of-Gradients, is not available as it requires the observations Y,; to be independent.

\




where TI; = Uigxn, and T, = GLSB%GMBQ—;X”&O; P = %In, Dy = ;%B%GmB;;, and
b3 = %ng; and ‘E’ corresponds to the null model and the true parameter 6.
0
For a general n-dimensional square matrix ®,,, denote its strictly upper, strictly lower,
and diagonal matrices by ®%, ®! and ®¢. We have, V'®,V,, = V/(®¥ 4+ &l + &)V, =

V(@Y 4 &l + )V, = V¢, + VIDLV,, where &, = (¥ 4 &L)V,,. Tt follows that,
Vr/bq)nvn - E(Véq)nvn) = Z?zl [’Unzgnz + (’U?n - U§>¢n,zz] = Z?zl gni(90)7 (26)

where {¢, ;i } are the diagonal elements of ®,,. Note that the elements v,,; are independent and
that &, is F,, ;—1-measurable, where {F,, ;} is the increasing sequence of o-fields generated by
(Uni, ..., Uni), for i =1,...,n. It follows that {g,i(6o), Fn,i} form an MD sequence.

By (2.6), the quadratic forms in (2.5) have the MD decompositions: V,®,V,,—E(V!®,V,,) =

i1 Grmis T =1,2,3, where gy is as gni(6p) in (2.6). These give an MD decomposition

Sstr (o) = 22121 8ni(bo), (2.7)

where g,i(00) = (&7,6(00),80:.0(00))"s 8nio(00) = {111;Vni, G1nis g2ni + MoiVnis g3mi}', and
gnia(fo) = ﬁh(@)(vfm — 08)zni.  Clearly, {gni(fo), Fni}?-; form a vector MD sequence.
0
Thus, Q,, = Var[Sgx(00)] = D11 E[gni(00)g),;(00)], and its sample analogue, > 7" | &nigh;:
n

gives a consistent estimator in that 1 Y% | g8/, — 2 Var[Sg(60)] = 0,(1), where g; is the

null estimate of g,;.5 This gives the OPMD-variant of the score test in two equivalent forms:

Tsir = (Z:‘L:l g;n) ( Z?:l g’nig;n) _1(2?:1 gni)’ (2-8)

:( Z?:l g;n,a) [ Z?:l (gm’,a — K ngniﬂ) (gm',a ~ K ném,e)/] - ( Z?zl gm',a) 5 (2-9)

where K, = (Z?:l gm’ag;n’a)(z?:l gmﬁggi,@)_l.7 Obviously, T is invariant to the un-
known A(0) appearing in gn; (6), and hence it can be removed or simply set to 1.

The score test statistic, Tsrg, is derived under the normality assumption and hence may not
be robust. We now introduce a quasi score (QS) test allowing distributional misspecification.

Note that the construction of the QS test depends upon Sgp (0) and its VC matrix. Under

mild conditions, Taylor expansions lead to the following asymptotic MD representation:

TrSsira(fn) = J=Sstralf0) = J=Sn,a0Z, ggSsine(6o) + 0p(1), (2.10)
= % Z?:l(gm',a - anm’,@) + 0p<1)7 (2'11)

5Note that §; is obtained from gn; (6o) by replacing 6o by 0, and V,, = Vi (Bo, Ao) by Vi, = Vn(Bn, S\n)
"This first form is more general as it can be applied to test a general linear or nonlinear constraint on all
parameters under normality. The latter form connects directly to the robust QS test given latter.



where I'), = Zn’agEglee. It is clear that {gnia — 'n8nig, Fn,i} form an MD sequence. Thus,

Var[ﬁSSLR@(én)] = %Z?:l E[(gni,a - anm',@)(gm’u - anm,@)l] + 0(1)7 (2'12)

leading immediately to an OPMD estimator of the Var[ﬁssma(én)], and an OPMD form of
the QS test for homoskedasticity robust against non-normality:

TSrLR = ( Z?:l g;”"a) [Z?:l (gni,a - fném,e) (gm',oz - fngni,e),] (Z?:l gm',a)a (2-13)

where T,, = imaei;l%, with in@g and inﬁg being either the plug-in estimates of X, 4p

and X, gg, or simply —%SSOLR’Q(%) and —% SLR,Q(én)' The expressions for %ngﬂ(e)
and %S‘SDLM(H) can easily be obtained from (2.4), and are given in Appendix B following

the proof of Theorem 2.1. When the errors are normal, ¥, = €, (the information matrix
equality, or IME). Then, T = Tsis if the OPMD estimate of 2, is used. The asymptotic null

distributions of the tests are established under the following standard regularity conditions:

Assumption 2.1. The disturbances {vn;,i = 1,...,n} are independent with means 0,
variances oh(z!;a), and Elvy|*T¢ < oo for some € > 0.

Assumption 2.2. The elements of X, and zn;,i = 1,...,n, are nonstochastic and are
uniformly bounded, and lim,_, %X;LX” exists and is nonsingular.

Assumption 2.3. Wy, and Wy, are uniformly bounded in both row and column sums in
absolute value, and their diagonal elements are zero.

Assumption 2.4. Bl_n1 and Bz_nl are uniformly bounded in both row and column sums in

absolute value, uniformly in A in a neighborhood of its true value.

Theorem 2.1. Under Assumptions 2.1-2.4, if 0,, is \/n-consistent for 6y under Hy, and
%En,gg and %Qn are positive definite (p.d.) for large enough n, then, Tg gl m, D, X3 when the
errors are either normal or non-normal; Tsir|m, L, xz when the errors are normal.

The proof of Theorem 2.1 is given in Appendix B. The key tools used in the proof are
the Central Limit Theorem (CLT) for Linear-Quadratic (LQ) forms of Kelejian and Prucha
(2001), or its alternative version given in Lemma A.5, and the Weak Law of Large Numbers
(WLLN) for MD arrays in, e.g., Davidson (1994, p. 299). The former leads to the result

ﬁsgm(eo) L, N (0, limy,— 0 %Qn), and the latter to the result % Yo Bnilh: — %Qn 250.

2.2. Adjusted Score and Adjusted Quasi-Score Tests
We have shown how the OPMD method leads to a simple variant of the score test, and how

it leads quickly to a non-normality robust QS test. We now show how the AQS and OPMD



methods together lead to finite sample improved tests. The 3 and o? are linear and scale
parameters, their constrained estimates given A and « (nonlinear parameters) have analytical
expressions, and hence they can be concentrated out to give the concentrated (quasi) score
(CS or CQS) functions for A and a.® However, the CS or CQS functions are no longer
unbiased due to the additional variability inherited from the estimation of 8 and o2, which
constitutes a major source of bias or size distortion in the subsequent estimation and testing
of the nonlinear parameters (Yang, 2015b, Liu and Yang, 2015a). Therefore, an adjustment
(bias-correction) of the CS or CQS functions would potentially lead to tests with improved
finite sample performance (Baltagi and Yang, 2013a,b).

Working with (2.4), we obtain the constrained estimates of 3 and o2, given A and a = 0:

Bu(A) = X, (A2) X A2)] X (A2) Vi (A) and 67(A) = 2Y7,(A) M (A2) Yn (V) (2.14)

where M, (A2) = I, — X, (A2)[X], (A2)X,,(A2)] 71X (X2). Substituting £, ()\) and 52()) into the
last three components of (2.4), we obtain the concentrated scores at the null:
G, 2 (Y3 (N Mo (A2) [B2n(A2)G1n (M) By,y (A2) = Grn(AM)In] Ya(N) }
Sstr(As @)Ho = 4 672 (AN { Y5 (A M (A2) [Gan(A2) — Gon(A2) I | M (A2)Yn(A) },
6, > (N {h(0)Z,6a(N) },

2.15

where Z, = {2 Yoy Ca(A) = %{vfw(ﬁn()\), A)—=62(A)}, and Grp(Ar) = Ltr[Grn (M), 7 i 1, 2).

Under mild conditions, the constrained QMLE ), defined in Section 2.1 is equivalent to
the solution of the following estimating equations: Y] (A)M,(\2) [Bgn()\g)Gln()\l)B;nl()\g) -
Gin(AM) 1] Yn(A) = 0 and Y}, (A) M, (X2) [Gon(A2) — Gan(A2) ] My (X2) Yy (A) = 0, obtained
from the first two components of (2.15). However, neither estimation function has zero ex-
pectation, which constitutes a major source of finite sample bias of A, (Yang, 2015b; Liu and
Yang, 2015a), and a major source of size distortion for the tests of homoskedasticity (allowing
spatial effects) constructed in Section 2.1, and the tests for spatial effects (Baltagi and Yang,
2013a,b; Yang, 2015a, 2018b). Noting that 52 (o) EN 03, we construct a test that potentially
has better finite sample properties. This is done by working on the numerators of (2.15) or
the quantities in the curling brackets, i.e., 52(\)Sa (A, )| w, -

n

Under Hy and )y, we can easily see that Y%Mn(BgnGlntl —Ginlp)Y, = VIOV, + 1TV,

n

and Y/, M, (Gan — Gonln) MY, = V. ®3V,,, where Il = M,,(B2,G1,Bs," — G1,1,)X, 30, ®1 =

8Nonlinear parameters are those whose estimates can only be obtained through numerical maximization or
root-finding. Concentration simplifies the numerical process, especially when the dimension of (3 is large.



M, (anGlnt_nl —G1nly) and @ = M, (Gop—Gonly)M,. These show that the expectations of
the first two components of the numerator of (2.15) are, respectively, o3tr(®,),r = 1,2. Also,
for the numerator of the last component of (2.15), we have Vn(Bn()\o), Xo) = M,Y,, = M,V,.
It follows that E[v2,(8,(Xo), Mo)] = E[(M,iVa)?] = 03 30,

the ith row of M,, and M,, ;; the ijth element of M,,. Define

2
n ij = 0, where M,,; denotes

GV = 3ty ni (Bn(A), A) = 2567 (A) . (2.16)

The set of adjusted (concentrated) quasi scores (AQS) at Hp thus have the simple form:
V(0B (A a(N) — 252 (\tr[@1 (A,

n
Ssir(A) = 4 Y, (M@ (M)Ya(N) — 72552 (V) tr[@a(V)], (2.17)
Z5,Gh(N).
It is easy to see that E[S&z(Xo)|m,] = 0, and hence 5§z (Ao) may lead to a potentially improved
score-type test. To find its variance estimator, noting that 52 (\g) = 1 V’ - My Vi, we have at Hy:
Y, 81Y, — ;260 (Ao)tr(®1) = V@iV, + VoIl and ), 80Y, — 2067 (Mo)tr(P2) = V@3V,
where & = &, — ﬁtr(q)r)Mn,r = 1,2. Using (2.6) and noting that E(V/®:V,) = 0,
we have V @1V, = >0 g7, 7 = 1,2, where g7 = g7,,(00) = vnily; + (vp; — 05) i

{€) =& = (oY + &)V, and ¢y, ;i are the diagonal elements of ®7. The {g;,,;, Fn,i} form

an MD sequence. The elements of 5;2()\) are asymptotically independent. Define,

gni(00) = {ngz + I vp4, Qs,mv Z;ngfn(ko)}/- (2.18)
Then, S&r(Mo) = > i &, (6p), and it can be shown that

+Var[Sga(Mo)] = £ Xoi; Elghi(60)g(60)] + o(1).

A score-type test statistic, or the AQS test, for testing Hy : o = 0 takes the following form:

TSrikR = ( Zz 1 g:z/z oc) [Z?:l (g;i,a P* gm /\) (g;i,a anm )\),] - ( Z?:l g:zi,a)’ (219)

where 't = ¥* 31 5

8 \ _ 0 qx 3 .
maA“n AN “na\ T S;LR a(An)v and 2 AN SSLR )\()\ ) These deriva-

tives can be obtained from (2.17) after some tedious algebra, and their detailed expressions are
given in Appendix B following the proof of Theorem 2.2.° When the errors are normally dis-
tributed, one could simply use En ox = i1 Bni a8y and SE = o 85,8, leading

to an adjusted score (AS) test, denoted by Tg for easy reference.!®

Numerical derivatives can be used in place of analytical ones: %S;LR()\) = [Saa(A + (6,0)") — Séa(N)] /€
and 3 Ssm( ) = [Saa(A + (0,€)’) — Sir(N)]/€, where € is a small positive number, e.g., 0.00001.
IOThlb is justified by an IME with respect to the underlining distribution (adjusted likelihood) that generates
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The process of deriving T35 or 75 starts from the concentrated score where the vari-
ability from the estimation of 3 and o2 is captured. Then one recenters the numerator of the
concentrated scores, and then rescales the ‘recentered’ score. Thus, these tests are expected
to perform better in finite samples than Tgg or T3 ;. Note that unlike the case with joint

S

scores, Sgp /\(;\n) is not identically zero, as A, is not the solution of the estimating equation

;LR’A()\) = 0. In this case, an adjusted estimator that solves the AQS equations, i.e.,
X, = arg{Sgip A (V) = 0}, (2.20)

should be used to ensure good finite sample performance of the AQS test. This is confirmed
by the Monte Carlo results presented in Section 5. The asymptotic null behavior of Tg ; and

T&s is summarized in the following theorem:

Theorem 2.2. Under the assumptions of Theorem 2.1, Tg's|m, D, X3 when the errors

‘ D
are either normal or non-normal; and Tgg|H, — X3 when the errors are normal.

3. Tests for Homoskedasticity: Spatial Panel Data Model

As indicated in the introduction, tests for homoskedasticity for spatial panel data (SPD)
models are largely unavailable, even the three classical tests under normality. In this section,
we first demonstrate how the AQS-OPMD methodology quickly leads to the desired tests using
a ‘standard’ SPD model with fixed effects (FE), and then (more importantly) we demonstrate
how it handles the complications caused by the existence of incidental parameters, the FE,

when panels become ‘non-standard’ and hence the conventional method cannot be applied.

3.1. Homoskedasticity Tests: Standard FE-SPD Model

The ‘standard’” FE-SPD model, with a balanced panel, time-invariant spatial weights,

time-invariant parameters and additive fixed effects, takes the form:
Yo = >\1W1nYnt + Xntﬂ + tn + agly, + Unty Unt = )\ZWQnUnt + Vnt7 t= 17 27 cee ,T, (31)

where, in period t, Y,; denotes the n x 1 vector of observations on the dependent variable,
Xt the n x p matrix of observations on p nonstochastic, unit and time varying regressors,

and V,; the n x 1 vector of idiosyncratic errors {v;}, which are independent across i and ¢

the AQS (2.17). Alternatively, the generalized IME can be applied to give i:,ak = > BniaBni and
i)fl’M = 3 8niaBni, where nix is the restricted estimate of the A-element of the full gn; in (2.7).
However, the numerical results show that the former performs better in finite samples.
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with means 0 and variances o2h(z/;). The parameters 3, A\; and Ay are defined in the same
way as in model (2.1), and p, represents the vector of unit-specific effects and {a;} the time-
specific effects, which may correlate arbitrarily with unit and time varying regressors — the
fized effects. The two appear in the model additively giving rise to the additive FE model.!!

Again, a test for homoskedasticity across the cross-section dimension corresponds to the
test of the null hypothesis Hy : @« = 0. For ease of exposition, we focus on the SDP model
unit-specific FE only, i.e., dropping the time-specific FE.!? We present an OPMD-variant of
the score test, and a non-normality robust quasi score (QS) test. Then, we give a pair of

adjusted score (AS) and adjusted quasi score (AQS) tests with finite sample improvements.

Formal asymptotic theories are presented with the proofs relegated to Appendix C.

3.1.1. The ML or QML estimation

The ML or QML estimation of the FE-SPD model under Hy : &« = 0 proceeds with the
transformation approach followed by Lee and Yu (2010) and Yang et al. (2016). To eliminate
the individual effects, define Jp = (Ip — %ZTZ’T) and let [Frp_1, ﬁlT] be the orthonormal
eigenvector matrix of Jr, where Frp_; is the T' x (T" — 1) submatrix corresponding to the

eigenvalues of one, I7 is a T' x T identity matrix and Iy is a T" X 1 vector of ones. For any

n x T matrix [Ap1, ..., Apr], define the n x (T'—1) transformed matrix as [Ay,, ..., Ay 7 4] =
[Api, ..., Apr|Frr—1. This leads to the transformed vectors: Yy, Uy, V%, and X;m for the
Jjth regressor, for t =1,..., 7 — 1. Let X}, = [X}, 1, X} 0, .., X7 1] We have:

Yoo = MW Yoy + X008+ Uy, Upp = XaWonUpy + Vi, t=1,..., T — 1. (3.2)

After the transformation, the effective sample size becomes N = n(T — 1). Letting Yy =

nl»

(Y, ... vY;,/T—l)/v and similarly for Uy, Vy and Xy. Denoting W,y = I1_1 @ Wy, 7 = 1,2,

where ® is the Kronecker product, the transformed model (3.2) is compactly written as:
Yy =MWinYy +XnB+ Uy, Uy =AWonyUy+ Vy, (3.3)

which is identical in form to the SLR model. Hence, the estimation of the FE-SPD model is
similar. The key difference is that the elements {v},} of the transformed error vector V y may

not be totally independent unless the original errors are independent and normal. When the

"Similar to the SLR model, the FE-SPD model can also be extended by adding spatial Durbin terms,
higher-order spatial lags of response and disturbance.

12 At the end of this subsection, we outline how the results can be extended to allow for time-specific FE. We
further discuss how the results can be extended to allow for time-wise heteroskedasticity.
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original errors are independent but non-normal, {v},} are independent across i by definition

but only uncorrelated across ¢, as (V,11,..., V") = (Frp_1 ® 1) (Vo .., Vig)'s and
EVal Ve ) Vil Vi)
= 0} (Frp_y © In)(I1 ® Ho(a)(Frr-1 @ I) (3-4)

= JZ(IT_l X Hn(a)) = O'2HN(CV),
where H,(«) is defined in Section 2. It follows that the full quasi Gaussian loglikelihood

function for ¢ = (3,02, N, a’)" (required for the derivation of the score-type tests later) is,

lspp(¢) = —%5 log(2m0?) +log [Bin(A1)| + log|Ban (A2)]
—3 log [Hy ()] = 552 Viv(8, VHY () Viv (8, 3),
where Vv (8, A) = Yy (\) = Xn(A2)B, Ya () = Bax (M) Bin(A1) Y, Xy(A2) = Bay (o)X,
and B,y(M) = In — A W,n,7 = 1,2, Maximizing fspp(¢))|m, gives the (Q)MLE On of
0 = (3,02, N) in the null model, which is v/N-consistent as shown in Lee and Yu (2010).

(3.5)

3.1.2. The score and quasi-score tests

The same idea as in Section 2.1 can be followed to give a score or QS test of homoskedas-
ticity in the FE-SPD model. However, it should be noted that when the original errors are
non-normal, the transformed errors are independent along the cross-sectional dimension only,
not along the time dimension although they are still uncorrelated. While this makes the deriva-
tions of the results and the proof of the theorems more difficult, it emphasizes the advantage
of the proposed OPMD method. This is because under the transformed QML approach, the
explicit VC matrix of the score vector involves the unknown 3rd and 4th moments of the
original errors v;, but only the estimated residuals on the transformed scale are available.

The (quasi) score function Sspp(1)) = %gsp]) (1) can be easily derived, which gives Sgpp(0) =

Ssep(¥) |11, as follows, using that facts that 2(0) = 1 and A(0) is a constant free of ¢ and ¢:

(

LXN () VN (B, N),

V(B NV (B N) — o,

Ssen(0) = 4 LV (B, N)Ban (M) Win Yy — tr[Gin (M), (3.6)
H VN8, )Gan (M) VN (B, X) — tr[Gan (M2)],

257 1(0) o0y oy [0 (8, A) — 0%z

where G,n(\) = Ir—1 ® Gpp(N\:), 7 = 1,2. At the null and the true parameter values
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0o = (54,08, \)', Hy'(0) = In, Viv(Bo, M) = Vi, Ban(Aao) = Baw, and Gy (Aro) = Gy

To derive a variance estimator, as in (2.5) we express Sgpp(0p) in terms of V and 6y:

IV,

VI8, Vy — E(V, &1 Vy),

Ssep(00) = § Vi@, Vy — E(V3 @2 V) + Vi1, (3.7)
Viy®3Vy — E(Vy®3Vy),

[ 222(0) ST S0 (072 = 08) 2

where II; = ULSXN(AQ), I, = U%Q)BQNGlNB;J%,XN()\Q)B, ®, = %IN, ®, = oingNGlNB;]\l,,

and ®3 = U%%GQN. In an identical way leading to (2.7), we can write Sgpp (o) = Z;V:1 gn;(0o),
where j (= 1,...,N) is the combined index for (i,¢) withi =1,...,nforeacht =1,...,T—1,
and the detailed expression of gn;(fy) is given in (C.1) of Appendix C.

If the original errors {v;t} are 7id normal, then the transformed errors {v};} or {v}} are
itd normal, and based on the same reasoning as for the SLR model, {gn;(#)} form an MD
sequence with respect to the increasing o-fields {Fy ;} generated by (v7,... ,v;-‘). Thus, a

consistent estimator for Qy = 3 Var[Sgpp(6o)] is

Qn = 5 2501 &gy (3.8)

where gy, = gNj(éN). The OPMD-version of the score statistic, for testing Hy: a = 0, has
two equivalent forms identical to those in (2.8) and (2.9) for the SLR model:

Tseo = (N1 &) [0 Eviglg ] (0 &), (3.9)

= (O &) [N @Nja — KnEnjo) (ENja — Bngnis) ] (X1 nja), (3.10)

where Ky = (>0, gNj,ag;Vjﬁe)(Z;;l gNjﬁgggvjﬁ)‘l. Again, the unknown constant A(0)
appearing in the score element for o cancels out, and hence it can simply be set to 1.

If {v;t} are iid but not normal, {v};} or {v}} are not guaranteed to be totally independent
in the sense that there may exist a higher-order dependence among {v};}. If this higher-order
dependence does not affect the asymptotic properties of the OPMD estimate given in (3.8),
then, similar to the QS test given in (2.13), a QS test for homoskedasticity in the FE-SPD
model, allowing the errors to be non-normally distributed, can be obtained by replacing Ky in
(3.10) by Ty = B ,00X g, Where By s = —E[5:Sp o (00)] and Sy g9 = —E[5;Sepp (00)]-

The resulting test is denoted by T3y, for easy reference. The analytical expressions for
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%Sé’PB’a(Q) and %SE’PQO(H) are given in Appendix C.

However, we show in Appendix C that the correlation between v, and v;2 and in particular
the correlation between v}? and v}2 induce correlation between gy ;+(6o) and gy is(6o), t # s,
which may not be ignored when the skewness and excess kurtosis of v;; are not zero. It is shown
in Appendix C that Qy = Z;V=1 E(gNjg&j)"‘Z;V:l Z]kv(;éj):l E(gnjghi) = Zjvzl E(gNjg§Vj+
ded%j), and hence an extended OPMD estimate of Qp, taking into account the possible

correlation between gy (o) and gn,is(6o), t # s, is given as follows:
~ N o o
N= Zj:l (gNjg3Vj + ded]\,/j)7 (3.11)
where gy ; is given in (3.8), and &Nj and (;l}’\,] are the null estimates of dy; and d‘]’vj, with
dn,it = {H’utvi‘t, (U;? - 08)¢1,it7 (U;? - 08)¢2,it + 1205, (U;tz - 0'(2))¢3,ita ﬁzfn(vf - 08) }/» and
?Vyit = Zzﬂ(;)zl dy,is. The coefficients ¢, ;; represent the diagonal elements of ®,., r = 1,2, 3.
Now, similar to (2.10) an asymptotic expansion for Sngvoé(G~ ~) leads to

Var[Sgep o (On)] = 2N ,aa — TNV 60 — UvaoTy + TnQy oIy + o(N), (3.12)

and using the expression for €25 given above, it can be expressed as

o 0 N o

Var[Sgep o (0n)] = Zj:l E(Sstle + fNij/j) + o(N), (3.13)
Where SN]'@ = gijé — I‘NgNjﬁ, fNjyoé = de,a — I‘Nde’g, and f](i/'j,a = Nj,a — PNd(J)\/’j,G; and
(g?vjﬁ,gg,j@)’ = gnNj, (d§Vj,07lej,a)/ = dpj, and (d%j’e,d%j,a)’ = dy;;. Either of these two
forms can be used to construct the test, and we choose the latter to be in line with the OPMD

notion. A test statistic fully robust against non-normality is thus:

T5 = (0 8vja) [0 B8y, + It T (0 &nvia). (3.14)

where Sy, f'Nj, f']‘i,j are estimates of sy, fy; and f]?,j at the null.
In a similar manner as for the SLR model, asymptotic normality of Sgpp(6o) can be estab-
lished using the CLT for LQ forms given in Lemma A.5, and the consistency of the variance

estimator can be established using the WLLN for MD arrays in Davidson (1994, p. 229).

Theorem 3.1. Extending Assumption 2.1 to {vy} and Assumption 2.2 to Xy, and keep-
ing Assumptions 2.3 and 2.4, if Oy is /N -consistent under Hy, and %2]\[799 and %QN are
p.d. for large enough N, then as n goes large (where T' can be large or fized),

(i) Tsep|m, 2, X2 when the errors are normal;

g D .
(ii) Ty — X3 when the errors are either normal or non-normal.
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3.1.3. The adjusted score and adjusted quasi-score tests

Following the same idea of Section 2.2, one can derive a potentially improved test for
homoskedasticity for the FE-SPD model by working with the concentrated (quasi) scores and
treating the elements of Vv as completely independent (recall: they are independent across ¢
but only uncorrelated across ¢ in general unless the original errors are normal). Referring to
Sections 3.1.1 and 3.1.2 for notation, the constrained estimates of 3 and o2 are

Av(A) = Ky ()X (A2)] "Xy (M) Yy (A) and 53 (A) = YN AMy(A2)Yn(A),

where My (A2) = Iy — Xy (A2)[Xy(X2)Xn (A2)] 71X (A2). Similar to (2.16), define

where m;(\g) = S, M?ije()\g). We obtain the set of AQS functions by adjusting the

numerators of the concentrated quasi-scores with 3 and o2 being concentrated from (3.6):

Yy (N @1\ YN (V) = 57505 (A tr[@1(V)],
Ssep(A) = Y (N @2(A2) Y (A) — 52553 (M) tr[@2(\2)], (3.16)

ZiyCh (),
where ®1(\) = MN(AQ)[BQN()\Q)GlN()\l)BEﬁ;()\Q)—G’lN(AI)IN], Py(N\2) = Mpy(M2)[Gan(Ae)—
Gov (M) INIMN(N2), Gonv(\) = %tr[GrN()\r)],r = 1,2, and Zy = 171 ® Z,,. We see
that E[S&p(No)|m,] = 0, and that under Hy at the true 6p, the first two components of
Séep(Xo) can be written as V@iV y + Vi IT and V) &3V y, where IT = My [BoyGinBoy —
GinINIXN(A20) B0, and @ = B, — ﬁtr(@r)MN, r=1,2. Define gj;(6o),j =1,..., N, in
the same way as g*.(6p) in (2.18), we have an AQS test for Hy for the FE-SPD model:

Tt = (X501 8%50) [ 701 (B0 — T8 (BRja — TRERG) T (S5 8h0), (B17)
where Ty = 3% 2 EZ0 0 Shar = — 3 Sena(An), and 3%, = —Z5Sip A (An). These
derivatives can be easily obtained from (3.16), and are given in Appendix C. Numerical
derivatives may provide much simpler and yet quite accurate alternatives, as indicated in
Footnote 9 for the SLR model. When the errors are normally distributed, one may simply use
5)}*\,7(1)\ = Zjvzl g;*vjyag;‘v’j’k and 27\[7»\ = Z]}[Zl gNj’AgxM based on an IME corresponding to

an ‘adjusted likelihood’, leading to an adjusted score test, denoted by Tg, for easy reference.'3

13 Alternatively, the generalized IME can be applied to give f]}kvyw = Z;\le gNja8njx and f]}k\,,M =

2,11\7:1 ggjykgmk, where gnj,x is the A-component of gn; defined in (3.8), but Monte Carlo results show
that the early version works better in finite samples.
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Again, better finite sample properties of the tests based on the AS or QS functions can be
achieved using the adjusted estimator: Ny = arg{Sgpp »(A) = 0} in place of the regular
estimator \y as it is typical that Séka,A(S‘N) # 0.

Unlike the SLR model, the statistic T35, may not be fully robust against non-normality.

Similar to the developments leading to Tgp,, a robust estimator of Q% = Var[Sgpp(Ao)] is

QrN* = Ej'vzl(g}(\fjg}(\,fj + a}ij&?\?;)7 (3.18)

b T-1
where d*N,it = {(U}k\%it _J%)¢T,it +1Livg, (U}k\%it _08)¢§,it> zniCn,it) }, and d*NO,it = Zs(;ét)zl d}k\az‘t'

The coefficients ¢} ;; represent the diagonal elements of ®7, r = 1,2. Again Var[Sng,a(S\N)]

has two equivalent forms similar to (3.12) and (3.13). We take the latter and an AQS test

statistic fully robust against non-normality takes a similar form as Tgp,:

TR N ~x N =% =/ % poxn]—1 N ~x
Tspp = (Zj:l gNj,a) [Zj:l(ijij + fNijj)] (Zj:l gNj,a)v (3.19)
ok ok T Sk P 3% P 3% Fox __ Jox T Jox .
where SN = 8Nja — INBNjA fNj = dNja NAN; N and fNj = de,a INdy;as and
=%/ oK/ I o k! T/ ! 3% Jox/ Jox/ \/ __ Jox
(8Nj 2 BNjo) = By (dja divja)' = divjy and (AR, dR )" = dy;-

Theorem 3.2. Under the assumptions of Theorem 3.1, Tgp5|m, 2, X2 when the errors

D
are normal or non-normal; Tgpp|H, — X3 when the errors are normal.

3.1.4. Tests with temporal heterogeneity and heteroskedasticity

As a panel data model allows for a much richer structure than a cross-section model, we
extend the above theory and method to a richer FE-SPD model. Besides allowing higher-order
spatial lags in the response and the disturbance as indicated in Footnote 11, two immediate
extensions are to allow time-specific FE and temporal heteroskedasticity, in addition to the
individual-specific FE and the cross-sectional or spatial heteroskedasticity.

First, the temporal heteroskedasticity can be added to the FE-SPD model consid-
ered above by simply allowing {vi;} to be independent (0, 0h(2}, ;,r)) with the values of the

heteroskedasticity variables z, ;+ changing with both ¢ and ¢. In this case, (3.4) becomes,
BVl Vilr ) (Vals oo Vil _1) = 0% (P oy @ In)Hor (@) (Frr—1 © In) = 0?Hy (a),

where H,r(a) = {h(z, )} Thus, introducing time-wise heteroskedasticity induces time-
wise non-zero correlation among {v};} although the cross-sectional independence is kept.
Changes will occur in the expressions for the a-components of the score functions. How-

ever, there will be no additional technical complications as under the null, Hy(a)|g, = Iy
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and {v;} become independent across both i and uncorrelated across t.

Further allowing time-specific FE in the FE-SPD model considered above gives it an
added feature of being able to control (partially) for temporal heterogeneity as well. When
the two types of FEs appear in the model additively, and when the spatial weight matrices
are row-normalized, another layer of orthonormal transformation can be applied to wipe
out the time FE (Lee and Yu, 2010; Yang et al., 2016). Let F),,—; be the orthonormal

eigenvector matrix of J, = I, — %lnl% corresponding to the eigenvalues of one. For n x 1

vectors Ay, t =1,...,T, where A, can be Yy,;, V,+, and a column of X,,;, define
(A1 Aniral = FrpoalAng, - Anr] P,
and W} = Fﬁ,n—lwrnFn,n—l- Let N = (n—1)(T — 1) and define Yy, Xy, Uy and Vi

accordingly. Then, the transformed model takes an identical form as (3.3). We have, when

heteroskedasticity exists along both cross-section and time dimensions,
E(VNVYy) = 0*(Frr_1 @ Fy 1) Har (@) (Frr—1 © Fypo1) = 0?Hy ().

Under the null we have Hy («)|m, = In. Model estimation and the construction of the tests
proceed as above. When the original errors are non-normal, additional complications will
occur in the derivation of the QS tests, due to the lack of independence among the elements of
V y in both cross-section and time dimensions. For the same reason, proofs of the asymptotic
properties of these tests will be more complicated as well. Along the line of (3.11), an extended
OPMD estimator for the VC matrix of the QS function can be developed to give a QS test.
The finite sample improved versions of the tests (AS and AQS) can be developed along the

same line as well. Details are available upon request from the authors.

3.2. Homoskedasticity Tests: Extended FE-SPD Models

Major extensions to the FE-SPD model occur when one or more of the following features
are allowed in the model: (i) time-varying spatial weight matrices, (i7) time-varying regression
and spatial coefficients, (7i7) unbalanced panels, and (iv) interactive fixed effects (IFE). As
discussed in the introduction, adding any of these features in the FE-SPD model would render
the conventional transformation method inapplicable in dealing with the incidental parameters
— the FEs. Estimation of the structural parameters based on the concentrated (quasi) scores
(with FEs being concentrated) would lead to inconsistent or asymptotically biased estimation

and thereby inconsistent or asymptotically biased homoskedasticity tests. However, with
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proper adjustments to remove the effects of estimating the fixed effects, the adjusted (quasi)
scores lead to asymptotically valid tests for homoskedasticity. We now present some critical
discussion on these important extensions. Many developments are straightforward following
the discussion, which are available upon request from the authors, but a full and rigorous
study of these extensions can only be done through future research.

(i) Time-varying spatial weights. When the spatial weight matrices in Model (3.1)
are allowed to change with t to give Wy, and Wa,;, the transformation method cannot be
applied to handle the individual FE, u,. In fact, after the transformation pu,, is wiped out but
the ‘spatial lag’ structure is lost and a proper (quasi) likelihood function cannot be found.

In this case, we may start with the joint (quasi) Gaussian loglikelihood 4(%, pr,) of (¢, pin),
and concentrate out pu, to give the concentrated (quasi) loglikelihood ¢¢(v)) = £(3), fun, (¥)),

where f[i,,(1)) is the constrained estimate of p,, given 1):

fin(¥) = 7 24y (Buat (M) Yar = XufB),

where Bin,t(A1) = I, — AW Then, we obtain the concentrated (quasi) score S¢(¢) =
%56(1&). It is easy to show that E[S¢(¢)] = (0;), —%, —+tr[Bin (M), *%tr[BQN()\Q)],O;C)/,
where N =n x T, Biy(A1) = blkdiag{Bi,:(A1)}, and similarly, Bony(A2) is defined. Here,
the operator blkdiag{- - -} forms a block-diagonal matrix based on the given matrices. These
give the AS or AQS function as S°(g) = S(¢o) — E[S(¢00)], and the construction of the
AS and AQS tests, for testing Hyp: a = 0, proceeds with S°(¢)|g,. The OPMD estimate of
Var[S°(v0)|m,] is obtained in a similar way as (3.11). If necessary, the improved versions of
the AS and AQS tests can be obtained by further concentrating S°(1)) with respect to 5 and
o2, and then re-adjusting in a similar manner.

(ii) Time-varying parameters. In the SPD model, we allow the regression coeffi-
cients and the spatial lag coefficient to vary with time, i.e., in Model (3.1) 8 is replaced
by B¢ and A1 by Ay;. The spatial weight matrices can be time-varying as well. Clearly,
with these extensions the conventional transformation method cannot be applied. Denote
B= (B0 M = (M\i1,..., ), A = (A, A2), and ¥ = (B',0%, N, ). Redefine
Bint(M1t) = In— Wi, t = 1,..., T, and Biy(\1;) = blkdiag{Bin(A1¢)}, with N, Ba,(A2)
and Bon(A2) being unchanged. We obtain the joint (quasi) Gaussian loglikelihood £(1, )
of (P, pn), and the concentrated (quasi) loglikelihood ¢¢(p) = £(, i, (WP)), where

fin(B) = 7 S (Brat (M) Yor — Xt B1),

19



and the concentrated (quasi) score S¢(P) = %Ec(ﬂ)). One can show that

E[S° ()] = [0}, —gz, —{tr(Buine(Min) ¢ = 1., T}, — gtr(Ban (A2)), 07] -

These give the AS or AQS function as S°(\P) = S°(Pg) — E[S°(Py)], and the construction of
the AS and AQS tests, for testing Hyp: a = 0, proceeds with S°({P)|m,. The OPMD estimate
of Var[S°(Wg)|m,] is obtained in a similar way as (3.11). If necessary, the improved versions
of the AS and AQS tests can be derived by further concentrating S°(1{) with respect to
and 02, and then re-adjusting in a similar way.

(iii) Unbalanced panels. Suppose only n; out of n spatial units appeared in period ¢.
Let D, be a selection matrix obtained from the n x n identity matrix I,, by deleting its rows

corresponding to the ‘missing’ spatial units in period ¢. The FE-SPD model becomes:
Yot = MWy Yoe + Xnt/B + Dt,un + Unt; Unt = MaWantUnt + Vnta t=12...,T. (320)

where Y,; is ng X 1, Wiype,r = 1,2, are ny X ng, etc. Thus, W+ cannot be time-invariant.

With an unbalanced panel, we are facing a similar problem as the case of time-varying
spatial weights since no transformation can be used to eliminate the FE. Under a random
‘missing’ scheme (randomly dropping out and randomly joining in), our AQS method may
again be able to provide a feasible solution to the testing problem for this model by adjusting
the concentrated (quasi) scores to account for the direct estimation of the fixed effects.

Let N = Zip ny. Define W, ny = blkdiag{W,n1,..., Winr},7 = 1,2. The model can be
written in matrix form: Yy = MAWinYN+XNB+DNyun+Uyn, Uy = AaWonyUn+Vy. The
joint (quasi) Gaussian loglikelihood ¢(v, u1,,) and its concentrated version £°(v)) = (v, fin (1))

can be easily obtained, where

fin(¥) = [Byn (A2)Ban (A2)] "' By (A2) Ban (A2)[Bin (M) YN — X/,

with Bany(A2) = Ban(A2)Dy, and Byny(Ar) = Iy — A W,n,r = 1,2. Along similar lines,
one can obtain the AQS function to remove the effect of estimating i, derive the (extended)
OPMD estimate of its VC matrix, and obtain the desired tests.

(iv) Interactive fixed effects. The unit-specific and the time-specific fixed effects may
appear in Model (3.1) interactively, i.e., ppa;, where a; can be an r x 1 vector and p, an
n X r matrix. This gives rise to an SPD model with interactive fixed effects or multi-factor
structure. In this case, the transformation method again cannot be used to deal with these

incidental parameters, even though the other aspects of the standard FE-SPD model remain,
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unless 7 = 1. With the spatial weights varying over time, the transformation approach does
not offer a solution to our testing problem even when r = 1. The proposed AQS method offers
a feasible solution, at least when T is fixed. Let £(¢, iy, ar) be the joint (quasi) Gaussian
loglikelihood of (¢, un,ar), where ar = (ai,...,ar)’. Consider time-varying spatial weight
matrices Wy, 7 = 1,2. When r = 1, the results in case (i) can be extended upon dividing a;

on both sides of the model, i.e., given (¢, ar), £(, pn, ar) is partially maximized at

ﬂn(ﬂ)aaT) = % Z?:l a%(Blnt()‘l)Ynt - Xntﬁ)a

which gives the concentrated (quasi) loglikelihood ¢¢(v), ar) = (v, fin (¢, ar),ar). The rest
follows the AQS idea with proper constraints imposed on ar to ensure parameter identifiability.

When r > 1, this simple method does not apply, and a general solution is:

fin(¥,ar) = { Bint(A)Ynt — X3, t = 1,..., T }ap(alap) '
After a proper reparameterization on the T X r matrix ar to ensure parameter identifiability
(see, Bai and Ng, 2013), the same ideas may lead to the desired AQS function, and thus the

desired tests for homoskedasticity.

4. Tests for Homoskedasticity: Dynamic SPD Model

As discussed in the introduction, the AQS-OPMD idea goes much beyond merely providing
a simpler method of constructing tests for homoskedasticity and its finite sample improved
version in standard scenarios where the conventional methods are available — it provides
feasible solutions to “non-standard problems” where the usual methods fail due to the lack of
(7) a valid (quasi) score and (i7) a feasible method for VC matrix estimation. The dynamic
spatial panel data (DSPD) model with short panels provides a perfect example of this. In
this case, even if all the requirements as for a standard SPD model are met, one is still unable
to achieve either (i) or (i7) due to the well-known initial values problem (IVP), as argued
in the introduction. The conditional (quasi) score, treating the initial values as exogenously
given, may be the best we can get, but it does not lead to consistent estimation when T is
fixed and it incurs an asymptotic bias when T' goes large with n (Yu et al., 2008). Again,
this conditional quasi score can be adjusted to ‘remove’ the effect of IVP and to give an AQS
vector for the heteroskedastic DSPD model that is unbiased and consistent. Furthermore, the
OPMD method provides a feasible estimate of the VC matrix of the AQS vector — together
the AQS and OPMD methods lead to asymptotically valid tests for homoskedasticity.
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4.1. The Dynamic FE-SPD Model and its M-Estimation
The dynamic SPD (DSPD) model with fixed effects, hereafter FE-DSPD, takes the fol-

lowing form after first-differencing to eliminate the individual-specific fixed effects:
AYypr = pAY, -1 + MWinAYy + MaWo, AY, i1 + AX 0 8+ AUy, (4.1)

AUpt = MW3, AU + AV, t=2,...,T.

It extends the FE-SPD model by adding the dynamic term pY;,;—1 and the space-time lag
term AoWo,Y), ;—1, and the FE-DSPD model considered in Yang (2018a) by allowing for
cross-sectional heteroskedasticity, i.e., Viy ~ (0,0%Hp(a)),t = 1,...,T. It also allows the
time-specific effects and the spatial Durbin effects as in Yang (2018a), of which both appear
in the model in the form of additional regressors embedded in AX,,;. A test for cross-sectional
homoskedasticity again corresponds to the test of the null hypothesis Hy : v = 0.

Stacking the vectors and matrices in (4.1) fort =2,...,T,ie., AY Ny = {AY,, ..., AY .},
AY N -1 = {AY,...,AY) 7 |}, and similarly for AXy and AVy, where N = n(T — 1).
Let Wyny = Ir—1 @ Wy, r = 1,2,3, B,nv(Ay) = Ir—1 @ Brp(A), 7 = 1,3, and Ban(p, \2) =
It—1 ® Ban(p, A2), where By (Ay) = I, — AW, v = 1,3, and Bay(p, A2) = plp, + AaWay,. Let
Z,; be the diagonal matrix formed by the jth column Z,,; of Z,,, where Z,, is the n x k matrix
of the k heteroskedasticity variables. Denote A = (A1, A2, A3)’, 0 = (p, '), and 0 = (3, 02,8).
Define Cy = Cr_1 ® I,, where Cp_; is a (T'— 1) x (T'— 1) constant matrix with 2 on the
main diagonal and —1 on the two parallel diagonals and 0 otherwise.

If V,,; are independent N (0, 02H,,(a)), then AV ~ N[0, 02Cr_1®H,()]. From this, one

can easily obtain the conditional (quasi) Gaussian loglikelihood #(0, «) for (0, «), given AY,1,

and the conditional (quasi) Gaussian score function Spspp (6, ) = a(e,aa,),ﬁ(ﬁ, a). Assume,

Initial conditions (Assumption A, Yang, 2018a): (i) the processes started m periods
before the start of data collection, the Oth period, and (ii) if m > 1, AYyq is independent of
future errors {Vy, t > 1} if m = 0, Y0 is independent of future errors {Vy,t > 1}.

Under the above very minimum knowledge about the processes in the past, and as-
suming further that By,'(A10) and B! (\30) exist, one derives the analytical expression for
E[Spspp (6o, 0)] by following the method in Yang (2018a), which is a function of only the com-
mon parameters 6 and the observables and has the (p, A1, A2)-elements being non-zero and of
order O(n). This shows that Spspp(fo,0) needs to be corrected, and that it can be corrected
as Spspp(fo) = Spsep (0o, 0) — E[Spspp(fo, 0)], leading to the desired AQS function at the null:
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LAX) CY By (A3)AV (B, 6),

s AV (8,0)Cy AV N (8,6) — 5,

LAV (3,0)Cy'Bsn(A3)AY v, 1 + tr(Cy'D,—1),

pseo(0) = ¢ LAV (8, §)Cy Ban(\3)WiNAY y + tr(CR' Dy W y), (4.2)
LAV (B,8)Cy'Bsn (A3)WanAY y 1 + tr(Cy' Dy, -1 Way),
FAVN(B,0)(Crl, @ G3u(A3)) AV N(B,8) — (T — 1)tr(Gza(X3)),

S AV (B,0)(CFt, @ Z,)AVN(8,8) — T 20 1, j=1,... k,

where AVN(ﬂ, 5) = B3N()\3)[B1N()\1)AYN — BQN(p, )\Q)AY]\L_l — AXNﬂ],

I, 0, ... 0, 0
B, —2I,, I, ... 0, 0 .
Dy-1=1]. : T . By (M),
BI=4(1, — B,)?, BI=5(I,—-B,?2 ... By—2I, I,
B, —2I,, I, ... 0
(I, — Bn)?, B, — 2I,, .0 .
and Dy = . . . . Bl_N()‘l)a
BI=3(I, — B,)?, BI %I, -B,)? ... B,-2I,

Gsn(A3) = WanB3 (As) and By, = Bu(p, A1, A2) = By, (M)Ban(p, A2). Let Sygpp 4(6) and
Spspp,a(0) be, respectively, the 0- and a-component of Spepp(6). The solution of Spgpy, »(6) = 0
gives the M-estimator 6y of # in the null model, and its asymptotic properties are given in

Yang (2018a). The unknown constant /(0) in Spspp,a () is dropped for the same reason.

4.2. The AQS Test for Homoskedasticity
Note that B,, and hence Dy, and Dy depend on (p, A1, A2), and are denoted in the same
way at the true parameter values (pg, A10, A2g). For other parametric quantities at the true

parameter values, shorthand notation will again be used, e.g., Biy for Biy(\1g) and G, for

Gsn(A30). Now, from Lemma 3.2 of Yang (2018a), we have
AYy =R AYyn1 +1+SAVy, and AYN,,l =R_1AY N1 +1-1 +S_1AVy, (4.3)

where AY y1 = 17_1®AY,,1, R = blkdiag(B,, B2, ..., BL~1), R_; = blkdiag(l,,, By, ..., BL.7?),
n = BB v AX NS, n-1 = B_1ByAXyfo, S = BB xBsx, S-1 = B_1ByB;y,

L 0 .. 0 0 0 0 ... 0 0
B, I, ... 0 0 I, 0 ... 0 0
B=1. : .|y and Ba= . . .
B B .. B I, BT BT . I, 0
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From (4.3), one immediately obtains,
I, AV y,
AV P AV — 5,
AVNTAY vy + LAV Y + AV @AV + tr(Cy'Dy,—1),

Spsep(f0) = ¢ AV LAY Ny + AV N + AVA @AV + tr(Cy' Dy Wi y), (4.4)
AVNTAY vy + AV Y + AVA®,AV ) + tr(Cy' Dy, -1 Way),
AVIN®5AV y — (T — 1)tr(Gsy),

AV @5 AVy — TN 7 1, =1,k

where (I>5+j = %(C’;il & an), j=1,...,k,

I, = %CJ_VlBgNAXNy U, = UL(Q)C]—VlBgNR_l, Py = gigC]_VlB3NS_1

Iy = %CﬁlBgqu, W, = ;%CfVlBsNWwR, ®3 = %CNIBSSNWINS
3 = UigCJ’\,lBsNWmn, W3 = ;%CflegNszR—l, ®, = fgcfleE%NWQNS*l
Iy = z%gCleBBNW2N77—1, P = %C_l’ ®5 = Ui%(cfil ® Gin)

The expression for S§spp(fo) given in (4.4) shows clearly that the usual plug-in method for
estimating ¥ = Var[S§epp(00)] does not work as the analytical expression of ¥y involves the
unobservables contained in AY,1, n—1 and 1. We show that an OPMD estimate of X can
be derived when 7 is fixed, following the methods of Yang (2018a).

Now, for the general matrices II, ® and W appearing in (4.4), denote by II;, ®;5 and
W, their submatrices partitioned according to t,s = 2,...,7T. Define ¥, = 23:2 Wi, t =
2,...,T, © = Wy (BsoBi1g) ™!, AY,?, = B3gB19AYn1, and AY,Y, = Uy, AY,,1. Let {Gy,i} be
the increasing sequence of o-fields generated by (vj1,...,vjr, 7 =1,...,i),i=1,...,n,n > 1.
Let F,, o be the o-field generated by (vg, Ayp), and define F,, ; = F;, 0®Gp . Clearly, Fp, ;-1 C
Frjiy 1e., {Fni}i is an increasing sequence of o-fields, for each n > 1. Using Lemma 3.3 of
Yang (2018a), the typical terms in (4.4) can be written as I'AVy = >"" | g1, AV PAV y —
E(AVN®AVY) = 37 go, and AVANTAY N — E(AVPAY N) = D7 g3i, so that

{(d1; 92, 93i), Fni}i—q form a vector MD sequence, where

g0 = 3y Wy Avy, (4.5)
921 = 2o (Avir Abiy + Avy A}, — 02dit), (4.6)
g3 = AvgiAG + O3 (Avai Ays; + 020) + 3015 Avie Ay, (4.7)

{AGii} = AL = Y1, (94 + B ) AV, AV, = Y1, &8 AV, {di} = diagonal elements of
Cn®, {AG} = AC = (0% + OYAYY, AY,S = B3, B1,AY,1, and diag{©;;} = 6%

nl»
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Finally, for each Il,.,r = 1,2, 3,4, appearing in (4.4), define gi,; according to (4.5). For each
®,,r=1,...,5+k, appearing in (4.4), define gs,; according to (4.6). For each ¥,,r = 1,2, 3,
appearing in (4.4), define gs,; according to (4.7). Let

!/

8ni = (9114> 92105 9310 + G12i + G226, 9320 + 9130 + 9230, 933i + G14i + G24i, 92505 - - -5 G2(5+k)i)

Then, Sggpp(6o) = D iy 8ni, and {gni, Fn:} form a vector MD sequence. It follows that
Qn = Var[S§epp(60)] = D1 E(gnigh,;)- The ‘average’ of the outer products of the estimated
g5 at Ho, ie., & > 1| il gives a consistent estimate of 3-Qy. Partition Sgepp(6), ni
and Qy according 0 and «, and denote the subvectors and submatrices by adding subscripts
6 and/or a, as in Section 3. Let Xy g9 = _E[%SSSPD,G(GO)] and XN 49 = _E[%SSSPD,Q(GO)]'
For the same reasoning, an asymptotic MD representation is developed for SSSPD,a(éM)a and

an AQS test statistic robust against nonnormality is obtained:

TgSPD = ( Z?:l g;n',a) [Z?:l (gni,a - f‘Ngni,Q) (gni,a - f‘Ngni,G)/] - ( 2?21 gni,a)a (48)

where T'y = f]N’agi;,’lae, f)Nae = _%Sgspn,a(éM% i]\/’ﬁ@ = —% SSPD,G(éM)’ and By is the M-
estimator of Yang (2018a) for the null model, which solves Sgepp 4(f) = 0. These derivatives

can be easily obtained from (4.2) and are given in Appendix D.!4

Theorem 4.1. Ezxtending Assumption 2.2 to AXy and assuming %QN is p.d. for large

enough N, under the regularity conditions of Yang (2018a) we have under Hy, Thspp 2, X%-

4.3. Finite Sample Improved AQS Test

To improve the finite sample performance, the test given above can be further adjusted

by working with the AQS function concentrating 3 and o2 from (4.2):

75 AV (0)Cy Ban (M) AY y -1 + tr(Cy' D),
Ca'Ban(A3)WinAY y + tr(Cy' Dy W),

Cy'Bsn(A3)WaonAYy 1 + tr(Cy' Dy, -1 Way), (4.9)

Crty ® G3n(X3))AVN(8) — (T — 1)tr(Gan(A3)),

(C7t, ® Zo)AVN(0) - TN 7! 1, j=1,.. K,

(
(

Soeen(0) = | 52 AV
(

(
2 H AV ()

where § = (p, '), AV () = AV N (Bn(6),6), Bn (6) = [AXN(A3) AXy(A3)] TTAX Y (A3) AY x(6),
5%(5) = LAVH (5)CH AV N(S), AYN(S) = Cy/*Ban(As)[Bin (M) AY n—Ban(p, M) AY x4,

AXpy(A3) = C&l/2B3N()\3)AXN, and CJl\{? is the symmetric square-root matrix of Cy.

4Note that even when the errors are normal, this test does not have a simplified version as for SLR or
FE-SPD model, as in this case the AQS function is not the true score function and the information matrix
equality (IME) does not hold. The generalized IME cannot be applied as the true score function is unknown.
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It is not difficult to see that plimz S5&pp(do) = 0, but E[+-S5%p(60)] # 0. Therefore, a
direct use of Sggpp(6) to construct a test statistic would incur finite sample bias as it does not
take into account the variability from the estimation of 3 and ¢2. To have a set of unbiased
AQS functions for § and « (at Hy), we work with 6% (8)S5gep (0)-
One can show that Cy'/?AVy(8) = MyCy?AVy and 52(5) = ZAVAMYAVy,
where My = Iy — AXy(AXAXy)LAXY, and M3, = Cy/*MyCL"%. By Lemma 3.1
of Yang (2018a): E(AY y,_1AVYy) = —02Dn B3y and E(AYNAVY) = —0ZDyBjy, one
can easily show that E[5%(80)S5sep(00)] = o8 (i + %,u]v), where p, has the elements,
1y = —tr(M3BsyDy_1B3y), 1, = —tr(M3BsyWinyDyB3y),
1, = —tr(M3BsyWaonDy,_1B3y), w4, = trMpy(Ir-1 ® Gsp)),
ph, = st MN(Ir-1 ® Znj)), j=1,..., k.

and gy is the vector containing the second (non-stochastic) terms in (4.9).

Re-centering 53 (80)S5spp(d0) by subtracting it by NL_I)&%V(%)(M}V + %MN) and simpli-
fying, we obtain the further adjusted AQS functions:

(

AV (8)Cx' Ban(A3)AY y 1 — 15(8)532(6),
AV (8)Cy' By (\s) WinAY y — ,U,\l() 2(0),
Sperp(6) = 3 AV (8)CH'Ban (M) WanAY y 1 — p13, (8)532(0), (4.10)
(6)

AV (8)[Crly @ Gan(A3)] AV N () — MA?,( 3)512(6),
SAVN(0)(Crly @ 20j) AVN(6) — i, (Ma)532(0), G =1, K,

\

where 32(8) = NN 53:(0). Tt is easy to show that E[532(0p)] = o8 and E[Sjgpp(d0)] = 0.

Solving {Sispp s(9) = 0} gives an adjusted AQS or M-estimator d;; of &, which has better

finite sample properties. At the true do, using (4.3), Spspp(d0) can be written as:

;

AV?V‘I’TAYNl + HT/AVN + AV?V{)TAVN,
AV;V\I/;AY]\H + H;’AVN + AV?V@EAVN,

Spsep(00) = & AV WEAY yp + [IFAV Y + AV @5AV (4.11)
AV ®IAVy,
AV®; AVy, j=1,... k

where @7, . = M}’V(CT_l ® Zn;)MG; — mM;jM?V’ j=1,...,k,
= MSBann_1, Ut = M BayR_g, @7 = MyBsnS-1 — glpusMy,
II5; = MyBsnWinn, 5 =MyBsyWinyR, @5 =M3yBsxyWinS — mﬂAlM?Vv
115 = My BanWonn-1, 5 = MiBanWaonR_1, @5 = M3 BayWanS_1 — o3, My,
&) = M3(Cr1 © G3)MYy — w5, M3y
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The AQS function (4.11) has a similar structure as (4.4), containing the same three
types of terms so that (4.5)-(4.7) can be applied. Using these newly defined quantities,
an MD representation can be developed for Sispp(do), i.e., Spgpp(do) = D.iy &r;, which
gives Q% = Var[S3epp(d0)] = Do E(gF,87.) and hence a consistent OPMD estimate of
Qy as ﬁ}“\, = >, gh.gr. Partition Sispp(d), g, and Q% according to 6 and «. Let
XNas = —E[%Sﬁsma(éo)], and X3 55 = —E[% bspp,5(00)]- A potentially improved test

statistic can be constructed on the basis of Sjgpp(do) in an identical manner as for Thgpp:
- - S ~ - S~ n-1 -

Togen = (2im1 Bia) [ 2im1 (Bhia — TNEris) (Bria — ThBiis) | (X1 Bhia)s  (412)
where g;; , and g, ;5 are the estimates of g;, , and g, 5 at 0% f‘*N = i}‘\ﬂaéi}‘\ﬁé, i?\l,ad =
—%SSSPD@(E;Z), and f]’}‘\,,&; = —% f)kspn,s(gffl% where & is the improved M-estimator of &
defined above. These derivatives can be obtained from (4.10), taking use of the expression

AVy(6) = C}\{QMN()\g)AYN((S). See Appendix D for details.

Theorem 4.2. Under the assumptions of Theorem 4.1, we have under Hy, T{3pp 2, Xz-

5. Monte Carlo Study

Extensive Monte Carlo experiments are performed for assessing the finite sample perfor-
mance of the four tests proposed in Section 2 for the SLR model, the six tests introduced in
Section 3 for the FE-SPD model, and the two tests presented in Section 4 for the FE-DSPD
model. An important purpose is to solicit accurate and reliable tests based on the Monte

Carlo results, and to make recommendations for practitioners.

5.1. General Settings

Cross-Sectional Case. We use the SLR model (2.1), where the matrix X,, contains a
constant (t,,) and one regressor (z,). Throughout the experiment the parameters are set at
Go =5, 01 =1, A1, Aa = 0.2, 0.8, and n = 50,100, 200 and 500. For the spatial weight
matrices, we assume that Wy, = Wy, = W,,. We have taken the spatial matrix W,, proposed
by Kelejian and Prucha (1999), which is labelled “J ahead and J behind” with the non-zero
elements being 1/2J. Clearly, as J increases, the number of non-zero elements in the spatial
weight matrix increases, which is in turn increases the ‘degree’ of the spatial dependence.

Moreover, following Baltagi and Yang (2013a), we have also considered three other schemes
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for generating the spatial weights matrices: (i) Rook contiguity, (#7) Queen contiguity and
(#ii) Group interactions. In the last one, the degree of spatial dependence grows with the
sample size, which is achieved by relating the number of groups k to the sample size n,
e.g., k = n%5 see Lee (2004). Two Data Generating Processes (DGP) are considered to
generate the elements {x;} of the regressors x,. The first one (DGP1) assumes that {xz;}
are itd N(0,1), whereas the second one (DGP2) considers that there might be systematic
differences in {z;} across the different ‘sets’ of spatial units, see Baltagi and Yang (2013a) and
Lee (2004). In this case, the ith value in the jth group, {z;;} of z,, are generated according
to {zi;} = (25 + €;)/V/2 where {z;} ~ iid N(0,1), {¢;;} are iid N(0,1), and z; and ¢;; are
independent. This second scheme gives non-iid {z;} values in contrast to the first one, or
different group means in terms of group interaction, see Lee (2004). The heteroskedasticity
is generated according to agm_ = o2 exp(azn;), where z,; is taken to be x,;, o is set to 1,
and o = 0,1. If a = 0, the disturbances are homoskedastic. For the DGP of disturbances,
we assume that v,; = agmei, where {e;} are generated from either N(0,1), or a chi-square

distribution with 3 degrees of freedom, standardized to have zero mean and unit variance.

Static Panel Case. We use the FE-SPD model (3.1), which includes a single time-
varying regressor X,;:. The fixed effects are generated by setting u, = % Zthl Xt +wy where
wp ~ N(0,I,). Two DGPs are also considered for generating the regressor’ values. In DGP1,
we have z;; = 2z + 0.1t, where {z;;} are #4d N(0,1). Thus the regressor includes a time trend
0.1t. In DGP2, we first generate X,; for each t according to the DGP2 for the SLR model
and then add a time trend 0.1¢ on each X,, t = 1,...,T. Four individual dimensions are
considered n = 50, 100, 200 and 500 combined with the time dimension 7' = 5. Throughout the
experiment the parameters are set at 6 =1, A1, Ao = 0.2, 0.8. The spatial matrices are those
that have been defined for the SLR model. The heteroskedasticity is generated according to
U%m_ = 02 exp(azp;), where z,; = % Z?zl Zit, 0 = 1, and a = 0,0.5. If « = 0, the disturbances
are homoskedastic. For the DGP of the disturbances, we assume that v, ;; = agmeit, where

{eit} are generated from either N(0,1) or a chi-square distribution with 3 degrees of freedom,

standardized to have zero mean and unit variance.

Dynamic Panel Case. As discussed in Sections 1 and 4, this is the most important case
(among the three studied in the paper) used to demonstrate the usefulness of the introduced

AQS-OPMD methodology in constructing tests of homoskedasticity in ‘non-standard’ situa-
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tions. We now use the Monte Carlo tool to assess how the introduced tests perform in finite
samples. We use the FE-DSPD model (4.1), which contains a single time-varying regressor
Xt generated in the same way as for the FE-SPD model, i.e. by DGP1 and DGP2. The
same individual and time dimensions are also retained, with the exception of n = 500 which is
replaced by n = 400. This substitution simply aims to save time in simulations. Throughout
the experiment the parameters are set at § = 1, p = 0.3, and (A1, A2, A3) = (0.2,0.2,0.2) or
(—0.2,-0.2,—0.2). The spatial matrices are those that have been defined for the FE-SPD
model as well as the heteroskedasticity disturbance processes, where the heteroskedasticity

parameter « is set at 0 (homoskedasticity) for size simulation and 0.5 for power simulation.

5.2. Monte Carlo Results

In all the experiments, the regressors are treated as fixed. Each set of results, correspond-
ing to a combination of the value of n, the values of (A1, A2) for SLR and FE-SPD models
and also (p, Ag) for the FE-DSPD model, a DGP, a set of spatial weight matrices and an error
distribution, is based on 5,000 Monte Carlo replications. Three nominal sizes are considered:
10%, 5% and 1%. Empirical size and size adjusted power of the tests are recorded. Due to
space constraint, only partial results are reported, corresponding to queen and group inter-
actions spatial layouts. Other results, corresponding to DGP2 and (A1, A2) = (0.8,0.2) for
SLR and FE-SPD models, and circular world and rook contiguity spatial layouts for all three

models, are available upon request from the authors.

Cross-Sectional Case. Tables 1 and 2 report partial results on, respectively, the empir-
ical sizes and the empirical size adjusted powers of the four tests: Tsig, Ta1p, Torp and 155,
introduced in Section 2 for the SLR model. From the results (reported and unreported), the

following general observations are in order:

() Among the four tests, the AQS test Tg; performs the best in the sense that its empirical
sizes are in general quite close to the corresponding nominal levels. The score test Tsrg
performs the worst, much worse than the other three in terms of size;

(7i) Non-normality can have a big impact on the finite sample performance of the tests —
size distortion can be much bigger when the errors are non-normal than when they are
normal, except for the AQS test T3y where the size distortions are at an ‘acceptable’
level even when n = 50;

(7it1) When the errors are normal, the size converges to its nominal level, for all tests consid-
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ered, as the sample size n increases. When the errors are non-normal, the two robust
tests converge as expected. For the two non-robust tests, the score test Tsip still has
a large size distortion even when the sample size is 500, but the AS test Tg; g has size
quite close to its nominal level when n is large enough, showing that it is fairly robust;
(1v) Neither the values of spatial parameters nor the spatial weight matrices have a signifi-
cant effect on the finite sample performance of the tests. One exception is that under
normality and when n is not large, the last three tests can be slightly under-sized;

(v) As n increases, all four tests have empirical size adjusted powers converging to 100%.
As expected, the two finite sample adjusted tests (AS and AQS) have lower powers than
the other two (score and QS), but as n increases, their powers quickly catch up.

Comparing the quasi score test Tg; 5 with the score test Tsip (see Section 2.2), we see that
the simple changes on Tsrg not only offer robustness against non-normality but also lead to
huge improvements in its finite sample performance. Comparing the adjusted score test 7g g
with the score test Tgrr, we see that some simple adjustments on the concentrated scores can
lead to huge improvements in the finite sample performance of the test. Thus, a combination
of the idea leading to the AS test and the idea leading to the QS test, we obtain an AQS test
that not only is robust against non-normality but also has the best finite sample properties. In

light of the overall performance, the AQS test T3/ is recommended for practical applications.

Static Panel Case. Tables 3 and 4 present partial results on, respectively, the empirical
sizes and the empirical size adjusted powers for the six tests introduced in Section 3 pertaining
to the FE-SPD model: Tspp, T3pp, Tapps Lopp, Lapp and Tapp.

The results (reported and unreported) show similar patterns for the FE-SPD model as for
the SLR model. In particular, the score test Tspp can have large size distortions when n is
small and the errors are non-normal, irrespective of the values of the spatial parameters, the
spatial weight matrix structures, and the way the regressor is generated. Similar patterns are
observed for the tests Tgpp, Tgpp, and Tgpy, though the size-distortions are on a smaller scale
when compared with the score test. The sizes of these four tests do not seem to converge to
the nominal levels as the large size distortions remain even when n = 500 with 7" = 5.

In contrast, the two fully robust tests Tgp, and Tgpf in general offer a great reduction in
size distortion and their power converges to 100% as n increases. The empirical sizes of these

two tests converge to their nominal levels as n — oo where T can go large with n or stay

fixed. Hence the two fully robust tests are both recommended for practical applications.
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Dynamic Panel Case. Tables 5 and 6 report partial results on the empirical sizes and
the empirical size adjusted powers for the two tests introduced in Section 4 pertaining to the
FE-DSPD model: Tjgpp and T3gpp, under DGP1 and DGP2, respectively.

By construction, both tests are robust against non-normality. Therefore, it is important to
assess and to compare their finite sample performance. The results (reported and unreported)
show that both tests perform well in finite sample in that the empirical sizes are all quite close
to their nominal levels even when n is as small as 50. The (surprisingly) good performance
of Tispp is perhaps due to the fact that the AQS function used to construct Tjgpp has already
gone through some major adjustments, or the fact that dim(3) is low so that the effect of its
estimation is small in this situation. The results (reported and unreported) further show that
Thépp is slightly less powerful than Thepp when n is not large, but both converge to 100% very
fast. Both tests are very powerful. In fact, for & = 0.5 all the empirical powers are quite close
to 100%, showing that FE-DSPD model is very sensitive to departures from homoskedasticity.
Thus, both tests can be used in practical applications, with T3ds, being more preferred when

dim(f) is big.

6. A Guide to Applied Researchers

To facilitate practical applications, we have implemented in Matlab all the tests proposed
in this paper using real data sets. First, download the zip folder, package.zip, from the
author’s website: http://cred.u-paris2.fr/PIROTTE/package.zip. This folder contains
all the matlab files, data files, and an instruction file readme. txt.

The readme.txt file gives clear instructions on (i) which test to follow, (i7) which file
to run, and (i4) how to modify the input part of the code to change the data set, the
spatial weight matrices, and to redefine the variables. Based on our theoretical arguments

and empirical findings, we recommend the following:

e for SLR models, the AQS test T&y, given in (2.19), should be used;

e for SPD models, the two fully robust AQS tests T¢g, and T35, given respectively in
(3.14) and (3.19), can both be used,;

e for DSPD models, the AQS tests T5gpp and T1dpp, given respectively in (4.8) and (4.12),
can both be used.
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7. Conclusion

We introduce an Adjusted Quasi-Score (AQS) method for constructing diagnostic tests
for homoskedasticity in spatial econometric models, by first adjusting the score-type function
from a given model to give a set of AQS functions that are unbiased and consistent, and
then developing an Outer-Product-of-Martingale-Difference (OPMD) estimate of its variance.
We use a spatial cross-section model to demonstrate that in standard problems where a
genuine (quasi) score vector is available, the AQS method leads to finite sample improved
tests over the usual methods by adjusting the concentrated (quasi) score to remove the effect
of estimating nuisance parameters. We then consider a “not-so-standard problem”, the spatial
panel data model with fixed effects where the transformed errors are not totally independent,
to further demonstrate its ability to yield finite sample improved tests. Finally, we focus on
a “non-standard problem”, the spatial dynamic panel data model, to demonstrate that the
AQS-OPMD method is able to provide a feasible solution to non-standard problems where the
standard methods fail. Asymptotic properties of the tests developed for these three models
are formally studied, and Monte Carlo results show that our testing procedures perform well
in finite samples, especially for the robust versions of the tests.

The method is seen to be quite general. It can be easily applied to many other stan-
dard problems to take into account the time-wise fixed effects and heteroskedasticity, spatial
Durbin effects, higher-order spatial lags and spatial errors. It has potential to provide feasible
solutions to testing problems in many other non-standard problems such as spatial panels
with temporal heterogeneity (time-specific fixed effects, time-varying spatial weights, time-
varying regression and spatial coefficients, etc.), unbalanced spatial panels, spatial panels
with interactive fixed effects, etc. Moreover, the tests can be repeatedly run with different
choices of the heteroskedasticity variables, to identify the ‘source’ of heteroskedasticity: the
heteroskedasticity variables with which the test is rejected. In this case, one may proceed
with a heteroskedastic model by ‘specifying’ a form for the unknown function h(-), e.g., the

popular exponential form, or non-parametrically estimating it.

Appendix. Supplementary data

A supplementary material, containing Appendices A, B, C, and D that the paper refers

to, is available from the journal’s website.
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Table 1 — Empirical Size of the Tests for the SLR Model, DGP1

Queen contiguity Group interaction
Normal Non-normal Normal Non-normal
disturbances disturbances disturbances disturbances
A1) n Tests 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(0.2,0.2) 50 ToLr 22.0 13.66 4.86 40.78 31.26 17.00 22.72 1486 4.62 42.08 32.48 17.94
50 TR 9.70 5.42 1.52 15.08 9.22 3.06 11.74 5.90 1.20 18.04 11.22 398
50 Tsir 12.24 5.92 1.38 19.44 1036 1.66 13.38 7.70 1.58 20.44 11.74 3.18
50 TSk 9.72 4.46 0.86 13.98 6.68 0.82 11.06  5.52 1.00 1458 7.58 144
100 Tsir 17.72 10.62  3.20 37.86 29.00 15.42 17.30 9.98 2.88 38.12 29.52 15.84
100 TR 8.94 4.20 0.86 13.76  7.62 2.36 9.12 4.54 0.84 1492 9.28 330
100 Tsir 12.00 5.90 1.00 15.86  7.56 1.62 11.64 5.82 1.08 16.38 9.36  2.18
100 TSk 10.68 4.98 0.66 12.28 5.56 1.16 9.90 4.98 0.76 12,68 7.06 1.20
200 Tsir 13.30 7.18 1.82 33.80 25.52 14.20 13.86 7.82 2.26 33.30 24.78 12.60
200 TSR 8.52 4.36 0.98 13.28 7.62 2.26 10.74 5.46 1.20 13.76  7.42  2.18
200 TSR 10.26 5.00 0.88 13.54 7.00 1.18 11.00 5.34 1.06 13.02 6.72 1.26
200 TSR 9.72 4.52 0.74 11.48 5.58 1.02 10.22 498 0.90 10.80 490 0.74
500 Tsir 11.98 6.08 1.62 29.42 20.70 9.34 12.26  6.54 1.40 30.54 21.38 10.12
500 TSR 10.08 4.82 1.08 11.82 6.18 1.32 10.08 5.12 0.98 1220 6.66 148
500 TSR 10.42 4.82 1.02 11.24 5.74 1.02 10.78 5.36 0.98 12.06 6.02 1.06
500 Tk 10.26 4.68 1.00 10.28 5.22 0.88 10.42 5.18 0.98 11.08 5.34 0.80
(0.2,0.8) 50 Tsir 21.80 13.44 5.06 41.80 32.76 18.46 22.82 15.04 5.16 40.92 3228 17.92
50 TSR 12.00 6.44 1.70 21.10 14.18 4.86 14.04 8.00 1.68 21.78 1436 5.08
50 Tir 12.38 5.74 1.30 19.90 9.84 1.48 14.58 7.32 1.10 16.40 9.40 2.40
50 TSR 9.32 4.60 0.84 13.68 6.04 0.68 9.32 4.00 0.42 10.38 4.88 1.10
100 Tsir 16.44 10.02 2.98 36.58 28.88 15.56 17.26 10.10 2.82 38.02 28.42 16.18
100 Téir 11.28 6.10 1.42 16.26  9.82 3.10 16.13  6.72 1.54 18.70 11.70 3.92
100 Tsir 11.52 5.98 0.92 15.86 7.84 1.30 1046  4.90 0.86 14.72  8.02 1.80
100 Tk 10.34 4.82 0.56 11.82 5.08 0.80 8.84 3.64 0.54 10.74 478 0.82
200 Tsir 13.72 7.88 2.04 34,10 25.42 13.30 14.04 7.64 2.16 32.72 23.98 12.20
200 Téir 10.74 5.68 1.04 15.20 8.38 2.36 11.84 6.00 1.38 14.04 832 240
200 Ts1r 10.56 5.28 0.76 13.26 6.72 1.30 11.12 5.44 0.86 13.34 6.92 1.32
200 TSk 9.76 5.10 0.58 10.98 5.30 0.94 9.88 4.62 0.68 1024 486 0.78
500 Tsir 11.72 6.24 1.42 27.84 19.28 8.66 11.32  6.18 1.24 28.54 20.00 9.22
500 Téir 10.22 5.12 1.12 11.56 6.02 1.18 10.38 5.44 1.04 11.68 6.20 1.24
500 Tsir 10.36 5.16 1.00 11.44 5.62 0.88 10.14 4.96 0.78 11.48 572 0.82
500 TSk 10.00 5.02 0.96 9.92 4.76 0.64 9.38 4.28 0.64 9.76 450 0.48
(0.8,0.2) 50 Tsir 21.84 13.56 4.86 42.32 32.20 18.32 21.94 13.72 4.42 40.72 3136 17.12
50 Tdir 10.68 5.84 1.66 19.58 12.28 4.00 10.24 5.30 1.08 18.38 11.58 3.92
50 Tsir 12.28 6.02 1.20 18.40 10.60 2.54 11.24 5.36 1.14 17.80 9.32 1.74
50 TR 9.52 3.98 0.76 13.66 7.22 1.22 8.18 3.46 0.50 12.02 4.94 0.62
100 Tsir 16.82 10.02 2.72 38.00 29.46 16.32 16.62  9.62 2.74 38.30 29.32 15.92
100 TSR 8.52 4.18 0.58 15.38 9.08 2.94 9.62 4.46 1.18 15.80 9.36  3.02
100 TSk 11.24 5.26 0.82 15.56  7.66 1.46 11.46  4.88 0.80 1590 8.32 1.50
100 SIR 10.00 4.44 0.50 12.10 5.56 0.96 9.80 4.08 0.60 12.26 576 0.70
200 Tsir 14.48 8.16 2.06 32.72 24.00 12.36 13.44 7.30 1.54 35.80 26.58 13.78
200 TR 9.76 5.24 0.98 12.08 6.74 1.72 10.14 4.86 1.04 15.02 8.08 2.28
200 Tk 11.44 5.54 0.92 12.48 6.20 1.22 10.58 4.78 0.72 14.06 6.82 1.18
200 TSk 10.82 5.10 0.76 10.64 5.38 0.88 9.76 4.08 0.62 11.00 5.46 0.88
500 Tsir 11.44 5.82 1.48 29.08 21.00 10.50 11.34 5.80 1.48 29.86 20.72 9.62
500 TR 9.32 4.62 1.20 11.74 6.24 1.34 9.74 4,76 1.18 11.48 6.16 1.82
500 Tsir 10.16 5.02 1.00 11.92 5.86 1.00 9.90 4.72 1.10 11.54 5.56 1.32
500 TSk 9.86 4.90 0.96 10.84 5.04 0.86 9.76 4.54 0.96 1026 496 1.06
(0.8,0.8) 50 Tsir 20.66 13.02 4.60 4190 32.54 18.24 22.58 14.58 4.74 43.44 3460 19.48
50 Tir 12.76 7.42 1.62 21.76 14.08 4.80 13.98 7.76 1.84 23.44 15.26 6.02
50 Ts1r 12.14 5.48 0.98 18.12 9.06 1.86 14.06 7.60 1.28 19.56 10.94 3.44
50 Tsir 9.18 3.98 0.50 11.66 4.98 0.92 9.26 4.32 0.50 9.98 4.66 0.78
100 Tsir 16.60 9.64 2.44 37.02 2830 15.46 16.86 9.74 3.18 40.16 31.40 17.14
100 Tir 11.86 6.24 0.96 17.36 10.52 3.24 12.80 6.78 1.78 19.16 11.74 3.88
100 Tsir 11.48 5.06 0.68 15.74  8.20 1.32 10.32  4.92 0.86 15.54 854 2.40
100 Tsir 10.00 4.12 0.36 11.74 5.66 0.62 7.64 3.28 0.54 10.62 520 1.40
200 Tsir 14.18 7.58 1.58 34.66 25.46 13.00 14.14 8.28 2.02 3494 2548 13.28
200 TR 11.50 5.82 1.04 14.82 8.80 2.62 11.62 6.48 1.32 15.62 8.98 2.54
200 Tsir 10.80 4.96 0.64 13.38  6.40 1.40 11.38 5.70 0.78 15.12 786 1.64
200 TSR 9.96 4.52 0.54 10.86 5.06 0.90 10.38 4.74 0.64 11.68 5.58 0.78
500 Tsir 11.96 6.40 1.60 28.22 19.72 9.28 16.70 10.32 3.10 38.60 29.80 16.08
500 TR 10.56 5.80 1.34 11.84 6.14 1.36 12.64 6.86 1.84 18.40 11.00 3.32
500 Tsir 10.38 5.50 1.16 11.48 5.60 0.84 11.92 5.80 1.18 16.60 8.36 1.40
500 TSR 10.10 5.34 1.10 10.02 4.40 0.70 8.72 3.84 0.52 11.18 4.70 0.50
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Table 2 — Empirical Size Adjusted Powers of the Tests for the SLR Model, DGP1 - Disturbances Heteroskedastica = 1.0

Queen contiguity Group interaction
Normal Non-normal Normal Non-normal
disturbances disturbances disturbances disturbances
A,4) n Tests 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(0.2,0.2) 50 Tser 99.34 98.74 94.32 86.86 75.72 44.78 95.02 91.54 79.56 73.14 59.86 32.40
50 Tér 9158 89.00 81.28 81.06 70.98 46.20 86.84 81.04 63.64 65.54 52.06 27.28
50 T,k 97.28  91.30 71.28 85.48 70.74 34.94 91.82 80.98 48.06 71.12 53.58 19.58
50 Tl 9436 86.34  63.20 80.26 64.88 28.98 81.08 66.96 36.78 61.32 4454 16.94
100 Torr 100.0 99.98 99.98 99.30 97.66 88.90 100.0 100.0 99.96 96.96 92.62 73.16
100 Tér 97.60 97.08 95.56 96.14 94.50 85.62 98.08 97.78 96.42 96.90 93.40 72.38
100 Tr 99.34  96.76  85.28 93.34 85.22 61.02 99.52 97.00 84.20 96.02 87.58 53.88
100 Tgir 9838 9514 81.50 89.32 80.36 55.42 98.28 94.26 77.56 90.92 80.70 52.68
200 Torr 100.0 100.0 100.0 100.0 99.96 99.50 100.0 100.0 100.0 99.98 99.94 99.28
200 Tér 9936 99.20 99.06 99.56 99.42 98.24 99.32 99.20 98.76 99.50 99.24 97.64
200 Tsir 100.0 100.0 99.14 98.40 94.78 79.06 100.0 99.94 98.46 99.02 96.66 85.70
200 TR 99.98  99.90 97.56 96.38 91.40 72.80 97.94 96.86 91.94 89.88 84.94 70.42
500 Tsir 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
500 TR 100.0 100.0 100.0 100.0 100.0 99.98 100.0 100.0 100.0 100.0 100.0 100.0
500 Tsir 100.0 99.94 99.54 99.48 98.40 93.18 100.0 100.0 100.0 99.96 99.48 97.34
500 TR 99.96 99.92 99.12 98.92 97.08 89.78 95.70 95.40 94.58 92.32 90.94 86.00
(0.2,0.8) 50 Tser  97.72  95.04 83.52 76.86 64.76 39.46 95.80 92.04 77.54 71.14 59.34 34.02
50 Tgr 9144 8776 72.90 73.54 62.68 38.42 92.14 87.20 65.50 67.24 54.78 31.14
50 T,k 8854  73.06 36.08 70.52 53.08 20.94 88.38 74.84 37.92 69.96 51.82 21.50
50 TSk 61.28 64.02 30.18 64.12 46.64 18.14 79.28 62.72 28.74 59.22 43.14 16.18
100 Tsir 100.0 100.0 99.98 98.18 95.66 80.88 100.0 100.0 99.96 97.16 92.80 73.06
100 Tqr 9752 96.98 95.28 95.98 93.24 79.96 99.66 99.62 98.90 97.62 94.88 74.60
100 T,k 99.18  95.82  76.38 93.30 85.50 57.40 99.48 97.54 84.72 97.54 91.06 58.36
100 TR 96.80 91.62 70.22 87.66 78.94 51.28 97.90 93.48 75.42 90.96 81.26 49.68
200 Tsir 100.0 100.0 100.0 99.92 99.80 98.72 100.0 100.0 100.0 99.94 99.92 98.86
200 T 99.60  99.42 99.22 99.30 99.08 97.40 99.96 99.96 99.88 99.84 99.68 98.24
200 Tsir 100.0 99.96 98.86 99.38 97.46 89.18 99.92 99.32 95.28 98.80 96.10 85.66
200 Tk 99.80 99.56 97.42 97.30 94.06 82.44 98.54 95.54 82.10 93.46 85.92 65.04
500 Tsir 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
500 T 99.98  99.98 99.98 99.98 99.98 99.84 100.0 100.0 100.0 100.0 100.0 99.98
500 T,k 99.80 98.84 94.82 98.58 96.48 91.68 100.0 99.98 99.46 99.64 98.64 94.08
500 T 99.60  98.58 94.42 98.34 95.88 89.42 99.76 99.50 97.04 97.14 94.16 83.08
(0.8,0.2) 50 Tgr 99.60 98.76 93.20 87.20 76.98 37.72 99.38 98.46 94.76 88.06 79.18 51.46
50 Tgr 9320 91.00 83.00 82.70 72.50 45.54 93.16 90.70 83.50 82.26 73.14 51.10
50 T,k 97.66  93.06 70.54 88.18 74.92 35.94 98.12 93.92 74.30 89.30 79..70 44.84
50 Tir 9330 86.58 59.92 81.98 67.90 32.76 93.12 85.72 62.10 81.34 69.02 33.76
100 Tsir 100.0 100.0 99.98 98.32 95.90 84.50 100.0 100.0 99.86 95.04 89.78 66.20
100 Tgr 97.60 96.76 94.96 95.72 92.30 81.12 99.28 98.92 97.24 90.84 84.04 62.80
100 Tsir 93.42 84.12 60.08 84.74 67.74 21.04 89.56 77.68 54.28 90.48 77.76 37.94
100 Tyr  87.70 77.90 52.92 79.06 62.60 22.60 79.54 67.28 46.40 80.00 65.36 29.00
200 Tgr  98.30 100.0 100.0 99.96 99.92 99.30 100.0 100.0 100.0 99.92 99.56 95.40
200 T 9830 98.00 97.12 98.16 97.82 96.08 98.60 98.14 96.64 98.46 97.42 90.70
200 Tk 97.90  93.54 81.76 94.04 88.78 73.74 98.86 95.28 77.50 97.46 92.86 63.28
200 Tir 9750 93.04 80.76 93.00 86.60 69.24 94.00 85.88 66.00 89.40 81.06 53.38
500 Tsir 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
500 Tk 99.02 98.84 98.52 99.06 98.94 98.48 99.86 99.84 99.80 99.86 99.84 99.74
500 Tk 99.96  99.74 98.04 98.94 97.58 93.22 100.0 100.0 100.0 99.96 99.86 98.40
500 TR 99.92  99.54 97.44 98.50 96.94 91.48 99.94 99.94 99.72 99.38 98.96 96.08
(0.8,0.8) 50 Tser 98.94  97.54 89.54 87.72 76.18 41.20 98.76 97.20 88.66 77.34 6330 36.32
50 Tér 9692 9474 84.38 87.98 78.70 51.44 96.38 93.30 81.24 78.86 67.02 42.06
50 T 86.38 70.96 33.28 86.30 72.96 36.32 91.56 78.70 46.46 85.60 71.28 33.58
50 SIR 77.48 61.74 27.54 78.06 63.72 30.24 81.16 64.66 34.98 66.90 53.42 25.22
100 Tsir 99.96 99.94 99.76 96.84 93.78 75.74 100.0 100.0 99.96 98.44 96.16 84.38
100 Tér  99.48  99.28 98.20 96.52 92.64 75.38 99.98 99.98 99.76 98.28 96.30 86.98
100 Tsir 96.36 87.74 63.10 91.90 81.22 52.52 98.96 98.96 67.06 93.88 85.92 58.42
100 SIR 88.42 76.24 51.46 83.56 7294 44.16 86.02 86.02 46.10 82.60 71.66 44.24
200 Tsir 100.0 100.0 100.0 99.96 98.78 98.00 100.0 100.0 100.0 100.0 99.92 98.84
200 Tér 99.74 99.70 99.54 99.86 99.78 96.94 99.76 99.76  99.62 99.46 99.32 96.90
200 Tsir 99.26 96.86 85.40 96.78 91.64 75.08 98.04 93.66 81.24 97.38 93.02 77.48
200 SIR 96.90 93.34 80.44 92.54 86.54 68.26 92.80 86.34 70.02 90.02 80.34 55.70
500 Tsir 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
500 TR 100.0 100.0 100.0 100.0 100.0 99.84 100.0 100.0 100.0 100.0 100.0 99.96
500 Tsir 99.92 99.22 95.32 98.46 96.46 91.78 100.0 100.0 99.48 99.54 98.72 94.54
500 Sk 99.74 9856 94.36 97.48 95.44 89.94 99.52 99.02 93.72 96.34 9220 77.92
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Table 3 — Empirical Size of the Tests for the FE-SPD Model, DGP1

Queen contiguity Group interaction
Normal Disturbances Non-normal Disturbances Normal Disturbances Non-normal Disturbances

() n Tests 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(0.2,0.2) 50 Tepp 13.08 7.02 1.74 24.56 16.82 7.20 13.58 7.68 2.02 2422 15.80 6.50
50 Thp 7.48 3.84 0.76 15.58 9.38 3.30 10.24 5.16 1.08 18.28 10.48 3.00
50 D 7.20 3.54 0.60 9.94 4.94 0.94 9.80 4.60 0.64 11.02 5.32 0.82
50 Tspp 10.68 5.18 0.88 18.72 10.52 2.44 11.14 5.50 1.04 18.20 9.92 1.66
50 Tdpp 10.12  4.76 0.74 17.10 9.40 2.14 10.56  5.06 0.80 16.94 8.86 1.28
50 TED 9.82 4.64 0.52 9.48 4.08 0.54 10.50 4.80 0.66 9.32 3.56 0.38
100 Tepp 11.12  5.90 1.22 21.62 14.06  5.40 1146 6.28 1.32 22.38 14.60 5.36
100 T&p 8.92 4.70 0.70 17.20 10.68 3.70 9.76 5.20 0.94 19.12 11.10 3.56
100 THD 9.24 4.50 0.80 10.74 5.32 1.00 9.98 5.10 0.84 11.54 5.76 1.28
100 Tépp 9.50 4.76 0.80 17.30 10.34 2.82 10.06  5.18 0.84 18.78 10.30 2.64
100 Tén 9.32 4.64 0.80 16.56 9.74 2.60 9.84 4.82 0.78 18.02 9.60 2.44
100 TED 9.64 4.54 0.84 9.42 4.22 0.60 10.08 4.82 0.78 9.70 4.28 0.68
200 Tspp 10.68 5.66 1.02 21.22 1342 498 10.04 5.00 1.10 20.52 13.44 5.26
200 Toep 10.04 5.04 0.80 19.42 11.48 3.98 9.46 4.48 0.92 18.66 11.78 4.16
200 TSD 10.08 5.06 0.78 11.40 6.16 1.04 9.38 4.32 0.86 11.68 6.44 1.18
200 Tspp 10.00 4.88 0.82 18.78 10.28 3.32 9.36 4.38 0.74 17.94 11.06 3.22
200 Tépp 9.88 4.80 0.80 18.34 10.28 3.14 9.12 4.34 0.74 17.66 10.74 3.12
200 T38p 9.98 4.94 0.70 10.24 5.38 0.72 9.06 4.16 0.64 10.36 5.34 0.74
500 Tspp 10.38 5.18 1.16 19.00 11.82 3.94 11.12 5.62 1.16 19.10 12.26 4.10
500 Téep 9.96 4.90 1.08 18.04 11.08 3.28 10.42 5.00 1.06 17.82 10.94 3.38
500 o 9.90 5.12 1.02 10.54 5.44 0.94 10.28 5.00 1.00 10.74 4.98 1.10
500 Tspp 9.94 4.82 1.08 17.78 10.44 2.84 10.80 5.34 1.10 17.94 11.14 3.22
500 Tipp 9.84 4.74 1.08 17.54 10.22 2.78 10.76  5.30 1.06 17.86 11.04 3.12
500 T3pp 9.86 5.00 1.00 9.64 4.90 0.74 10.68 5.24 0.88 10.54 4.80 0.88
(0.2,0.8) 50 Tspp 13.80 7.42 1.92 24.30 16.52 7.22 13.00 7.44 2.00 25.36 17.00 7.14
50 T&p 10.88 5.36 1.24 19.20 12.32  4.18 11.08 5.96 1.40 20.40 12.90 4.82
50 TEp 10.70 5.26 0.94 12.40 6.12 1.04 11.28 5.82 1.22 13.56 7.10 1.60
50 Tspp 11.22 5.12 0.98 18.00 10.84 2.42 9.78 5.08 1.22 18.40 10.52 3.42
50 D 10.52 4.60 0.76 16.92 9.58 1.98 8.84 4.50 0.90 16.12  8.68 2.44
50 T3t 10.74  5.00 0.70 9.76 3.70 0.54 8.36 3.84 0.50 9.20 4.46 0.64
100 Tsep 12.02 6.94 1.82 22.28 14.44 5.12 11.76 5.84 1.08 22.34 14.92 5.78
100 T&p 10.68 5.82 1.44 19.24 11.76  3.36 10.38 5.16 0.82 19.64 12.06 3.88
100 o 10.90 5.54 1.16 11.58 5.46 1.14 10.32 4.78 0.90 11.94 594 1.14
100 Tspp 10.84 5.66 1.34 18.84 10.78 2.54 10.28 4.76 0.64 19.06 10.92 2.84
100 Tén 10.60 5.54 1.28 17.98 9.84 2.28 9.44 4.26 0.42 17.44 9.24 2.28
100 T&D 10.92 5.28 1.04 9.82 4.20 0.64 9.20 3.98 0.52 9.48 4.02 0.68
200 Tspp 10.24 5.04 1.00 20.46 12.56 4.46 11.10 5.82 1.18 20.42 12.60 4.36
200 Tiop 9.56 4.60 0.88 18.38 10.96 3.56 10.68 5.36 1.08 18.68 11.00 3.28
200 TSD 9.54 4.62 0.80 10.68 5.76 1.12 10.56 5.16 1.04 11.12 5.28 1.02
200 Tspp 9.62 4.48 0.80 18.28 10.16  2.92 10.10 5.22 0.92 17.78 10.12 2.72
200 Tén 9.32 4.36 0.80 17.68 9.92 2.74 9.58 4.72 0.80 16.74 9.10 2.12
200 Tsip 9.46  4.50 0.74 9.54 480 0.56 940 430 074 941 4.50 0.64
500 Tspp 10.86 5.98 1.06 18.64 11.58 3.92 1042 5.42 1.22 19.14 12.00 4.44
500 Téep 10.56  5.80 0.98 17.82 10.88 3.58 10.18 5.26 1.16 18.30 11.00 3.80
500 TSD 10.22  5.66 1.04 10.40 5.48 1.00 10.12 5.36 1.18 10.56 5.62 1.32
500 Tspp 10.40 5.68 0.90 17.38 10.44 3.28 10.20 5.14 1.16 18.06 10.58 3.42
500 Tén 10.36  5.66 0.90 17.14 10.30 3.02 10.00 5.04 1.10 17.66 10.28 3.16
500 TStp 10.06  5.50 0.96 9.90 4,78 0.86 9.96 5.04 0.98 9.92 4.94 0.98
(0.8,0.8) 50 Tspp 12.68 6.70 1.80 25.32 16.98 6.52 1444 7.70 2.00 23.38 16.06 6.22
50 Téep 10.80 5.48 1.28 20.98 12.80 3.48 12.64 6.14 1.48 19.74 12.22 3.86
50 D 10.64 5.32 0.72 12.68 6.04 0.82 12.62 5.76 0.96 12.64 5.96 1.12
50 Tépp 1.00 4.96 0.84 18.48 9.84 2.00 11.92 5.62 1.00 17.86 10.12 2.24
50 Téo 9.32 4.54 0.64 17.22 8.86 1.60 10.76  5.00 0.86 16.10 8.44 1.62
50 T3th 9.88 4.52 0.46 9.28 3.56 0.51 10.70 4.64 0.62 8.88 3.18 0.40
100 Tspp 11.24 5.96 1.16 22.42 14.90 6.02 11.94 6.56 1.62 23.36 15.60 6.24
100 Téop 10.24 5.16 0.90 19.70 12.32  4.18 11.10 5.84 1.38 20.52 13.08 4.12
100 o 10.60 5.16 0.84 12.50 6.70 1.32 11.00 5.72 1.14 12.56 6.68 1.50
100 Tépp 10.02 4.82 0.74 18.74 10.94 2.90 10.54 5.26 1.04 19.40 1154 2.86
100 D 9.80 4.58 0.68 17.88 10.44 2.54 9.68 4.60 0.86 17.20 9.86 2.22
100 TéD 10.04 4.64 0.70 10.44 4.52 0.58 9.80 4.44 0.68 9.70 3.98 0.46
200 Tspp 10.34 5.18 0.92 19.52 12.54 454 10.72 5.70 1.36 20.58 13.68 5.06
200 Téep 9.62 4.74 0.74 17.88 10.62 3.36 10.16 5.24 1.24 18.92 12.40 3.94
200 o 9.92 4.82 0.76 10.50 5.54 1.14 9.96 5.44 1.24 11.92 6.36 1.48
200 Tspp 9.28 4.54 0.66 17.12 9.62 2.70 10.00 4.98 0.98 18.30 11.46 3.26
200 Tépp 9.08 4.32 0.60 16.64 9.16 2.54 9.54 4.70 0.90 17.04 10.24 2.80
200 TSh 9.64 4.48 0.66 9.18 4.52 0.50 9.32 4.50 0.86 9.60 4.50 0.80
500 Tepp 11.30 5.88 1.20 18.64 11.72  3.60 10.92 5.66 1.22 18.90 11.86 4.00
500 Tépp 11.02 5.68 1.12 17.76 10.96 3.22 10.70 5.54 1.10 1794 11.20 3.44
500 D 11.30 5.76 1.08 10.32 4.92 0.86 10.80 5.38 1.22 10.54 5.08 1.00
500 Tspp 11.00 5.58 1.06 17.54 10.60 2.82 10.58 5.32 1.10 17.74 10.86 2.98
500 Térp 10.90 5.56 1.06 17.32 1042 2.80 10.30 5.14 1.06 17.30 10.28 2.70
500 Tén 11.12 5.68 1.04 9.82 4.30 0.70 10.32 5.14 1.06 9.80 4.38 0.72
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Table 4 — Empirical Size Adjusted Powers of the Tests for the FE-SPD Model, DGP1 — Disturbances Heteroskedastica = 0.5

Queen contiguity Group interaction
Normal Disturbances Non-normal Disturbances Normal Disturbances Non-normal Disturbances
() n Tests 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(0.2,0.2) 50 Tepp 90.14 82.42 60.04 50.74 38.14 16.42 74.10 62.60 37.60 52.70 38.68 16.94
50 Thp 79.34 70.60 48.00 46.34 33.92 15.38 72.70 60.66 35.58 52.28 38.94 16.66
50 D 77.70 66.62 40.88 44.42 32.38 14.48 71.40 59.30 31.74 52.18 37.60 15.88
50 Tspp 88.20 78.90 51.36 55.78  43.40 20.74 64.96 48.04 15.46 50.28 34.86 13.42
50 Tspp 87.80 78.86 49.68 55.82 42.66 19.88 63.92 47.06 14.18 48.96 33.50 12.58
50 TED 84.56 71.00 41.70 52.70 39.78 18.14 62.30 43.26 12.78 47.84 31.92 11.18
100 Tepp 95.66 91.56 76.46 71.34 58.78 30.42 96.48 92.82 79.56 69.06 55.76 31.14
100 T&p 95.18 90.66 74.02 71.32 58.76 31.10 95.94 9196 76.26 68.90 57.10 29.38
100 o 94.46 89.50 69.34 70.44 56.40 28.84 95.20 90.74 70.18 68.80 55.78  37.64
100 Tépp 95.14 89.64 68.20 69.46 54.82 24.36 95.36 89.10 67.76 67.02 5296  22.82
100 Tépp 95.06 89.34 68.00 69.12 54.62 24.54 95.30 88.86 67.26 67.00 5190 22.70
100 TED 93.98 86.82 60.28 67.98 51.52 23.36 93.84 86.24 58.72 66.22 50.00 21.62
200 Tspp 99.94 99.92 99.24 95.16 91.36 75.60 100.0 99.96 99.50 93.56 87.72 68.46
200 Tiop 99.68 99.56 98.68 94.82 90.74 75.02 99.90 99.86 99.30 93.54 87.66 68.94
200 TéD 99.70 99.52 98.18 9454  89.98 72.84 99.90 99.86 99.12 93.02 86.46  65.82
200 Tspp 99.92 99.84 98.80 95.76  91.54 75.06 100.0 99.96 99.14 93.82 87.88 68.08
200 Tépp 99.92 99.84 98.82 95.62 91.42 74.86 100.0 99.96 99.12 93.70 87.62 67.70
200 Tdpp 99.92 99.76 97.80 95.26  90.08 72.18 100.0 99.94 98.44 93.06 86.54 63.30
500 Tspp 100.0 100.0 100.0 99.96 99.90 98.98 100.0 100.0 100.0 100.0 99.88  99.38
500 Teep 100.0 100.0 100.0 99.96  99.90 99.02 99.98 99.98 99.98 99.96 99.84 99.30
500 TSD 100.0 100.0 100.0 99.96 99.80 98.68 99.98 99.98 99.98 99.96 99.84 99.16
500 Tspp 100.0 100.0 100.0 99.96 99.90 98.70 100.0 100.0 100.0 99.98 99.90 99.32
500 Tipp 100.0 100.0 100.0 99.96 99.90 98.68 100.0 100.0 100.0 99.98 99.90 99.22
500 T3pp 100.0 100.0 100.0 99.96 99.76 98.08 100.0 100.0 100.0 100.0 99.84  99.04
(0.2,0.8) 50 Tspp 63.68 49.44 23.04 39.16 27.30 11.00 60.98 48.10 24.06 37.56 26.62 17.94
50 Teop 61.56 45.64 19.28 38.48 26.20 10.51 59.06 45.30 22.32 37.66 27.44 16.66
50 TSD 60.40 46.00 19.20 38.24 26.48 10.43 57.52 4336 20.16 35.60 24.58 14.16
50 Tspp 61.06 43.00 15.14 44,16 32.82 13.60 55.12 38.68 14.28 37.24 25.96 12.40
50 D 60.40 42.36 14.02 43.76 31.60 12.80 54.28 37.58 12.32 36.92 24.58 11.36
50 T3t 57.08 40.08 12.56 42.22 31.18 12.76 49.90 33.36 12.02 3490 22.36 10.44
100 Tspp 96.74 93.44 79.78 71.54 59.14 30.80 97.08 93.62 80.66 73.66 61.72 36.08
100 T&p 95.74 92,52 78.14 71.36 58.48 30.68 97.06 93.48 79.62 73.88 61.78  35.64
100 o 95.50 91.72 74.46 71.62 57.46 30.56 96.44 91.74 76.58 72.54 59.04  33.88
100 Tspp 96.18 91.36 70.16 72.62 59.32 30.70 96.80 93.48 77.72 75.88 64.62  38.72
100 Tépp 95.98 91.46 69.86 72.06 58.74 30.50 96.76 92.74 75.88 7452 62.48  34.00
100 T&D 95.42 89.78 61.66 71.50 58.02 30.76 95.90 90.00 70.70 72.58 59.86  29.86
200 Tspp 99.92 99.80 99.00 93.58 87.94 72.46 99.90 99.66 97.88 90.28 83.10 60.60
200 Tiop 99.88 99.74 98.88 94.08 88.40 73.26 99.90 99.64 97.58 90.72 82.70 58.96
200 Téo 99.84 99.74 97.98 93.54 88.00 70.84 99.88 99.48 96.36 90.06 80.52  55.48
200 Tspp 99.92 99.76 98.18 94.04 88.06 70.86 99.90 99.40 95.48 89.86 79.68  48.16
200 Tépp 99.90 99.76 98.16 94.06 87.96 70.90 99.44 98.10 90.16 86.52 73.90 39.26
200 TSpp 99.84 99.68 96.80 93.46 87.68 68.58 98.46 95.82 80.80 84.28 70.46  36.48
500 Tspp 100.0 100.0 100.0 99.94  99.78 98.62 100.0 100.0 100.0 99.98 99.88 98.62
500 Térp 100.0 100.0 100.0 99.94 99.80 98.64 100.0 100.0 100.0 99.98 99.88 98.84
500 TSD 100.0 100.0 100.0 99.92 99.74 98.24 100.0 100.0 100.0 99.98 99.80 98.54
500 Tspp 100.0 100.0 100.0 99.94  99.80 98.48 100.0 100.0 100.0 99.98 99.88 98.86
500 Tén 100.0 100.0 100.0 99.94  99.78 98.50 99.90 99.88 99.80 99.48 99.04  96.88
500 TStp 100.0 100.0 100.0 99.92 99.72 98.10 99.88 99.86 99.64 99.36 98.88 96.12
(0.8,0.8) 50 Tspp 7190 59.24 32.62 53.20 40.70 18.80 72.66 61.54 37.10 51.62 39.50 17.58
50 Térp 70.22 57.22 29.84 53.94  40.70 18.16 72.42 6096 35.30 53.42 41.64 19.06
50 o 69.06 55.50 25.84 53.20 40.46 18.74 70.50 57.70 30.94 51.58 38.30 16.88
50 Tépp 61.54 44.24 22.22 52.06 36.32 14.38 69.76  55.72 28.26 50.16 36.68 15.26
50 Téo 61.14 42.88 21.30 52.10 35.06 13.48 69.54 55.04 29.88 48.94 35.62 14.20
50 T3th 58.04 37.78 19.40 49.56 35.30 13.08 66.38 51.94 23.40 47.24 33.42 12.48
100 Tspp 98.84 97.60 88.12 82.00 71.14 45.58 98.10 9598 86.44 72.80 60.66 34.32
100 Téop 98.76 97.24 85.92 82.30 70.88 45.38 98.00 95.92 85.52 73.16 60.58 34.62
100 o 98.28 95.46 77.84 80.72 69.18 42.68 97.84 94.92 80.56 72.26 59.38  30.20
100 Tépp 98.40 95.50 73.46 80.16 66.50 34.52 97.44 94.48 78.06 74.08 61.54 36.04
100 D 98.28 9540 72.40 79.66 65.06 33.16 97.16 93.76 76.12 72.22 58.28 31.44
100 TéD 97.28 91.50 58.54 77.64 62.42 29.76 96.36 90.90 64.90 69.86 57.02  27.30
200 Tspp 99.88 99.76 98.64 92.00 86.22 66.32 99.88 99.64 98.32 93.62 88.48  68.98
200 Téep 99.92 99.74 98.58 92.20 86.38 65.28 99.86 99.62 98.24 93.62 88.40 68.56
200 o 99.88 99.74 98.10 91.84  85.54 64.28 99.86 99.56 97.84 93.26 87.28  66.38
200 Tspp 99.90 99.70 97.62 92.02 85.04 61.70 99.76 99.46 97.34 93.48 86.66 62.10
200 Tépp 99.90 99.68 97.58 91.94 84.68 61.62 99.28 98.70 95.52 92.16 83.80 56.44
200 TSh 99.82 99.67 96.62 91.64 84.18 60.08 99.14 98.20 92.86 91.10 82.10 52.02
500 Tepp 100.0 100.0 100.0 99.90 99.64 98.22 100.0 100.0 100.0 99.82 99.52 97.96
500 Tépp 100.0 100.0 100.0 99.88 99.60 98.34 100.0 100.0 100.0 99.82 99.52 97.96
500 D 100.0 100.0 100.0 99.82 99.58 98.02 100.0 100.0 100.0 99.78 99.32 97.38
500 Tspp 100.0 100.0 100.0 99.88  99.62 97.94 100.0 100.0 100.0 99.86 99.56  98.12
500 Térp 100.0 100.0 100.0 99.88 99.62 97.94 100.0 100.0 100.0 98.32 97.64 94.76
500 Tén 100.0 100.0 100.0 99.84 99.64 97.56 100.0 100.0 100.0 98.22 97.44 93.72
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Table 5 — Empirical Size and Size adjusted Powers of the Tests for the FE-DSPD Model, p = 0.3, DGP1

Empirical Size

Queen contiguity Group interaction
Normal Disturbances Non-normal Disturbances Normal Disturbances Non-normal Disturbances

A,25,25) n Tests 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(0.2,0.2,0.2) 50 Thspp 10.48 4.78 0.76 10.68 5.36 0.54 11.68 5.68 0.86 12.14 6.04 1.20
50 Thspp 9.40 3.90 0.50 9.58 4.54 0.48 10.50 5.06 0.42 8.72 3.40 0.28

100 Thsep 10.56 5.42 0.92 11.26 5.92 1.12 11.04 5.38 0.92 12.18 6.22 1.12

100 Théep 9.86 4.78 0.74 10.74 5.40 0.90 1036 4.72 0.76 10.04 4.52 0.44

200 Thsep 10.24 5.20 1.02 10.22 4.62 0.68 11.02 5.72 1.08 12.04 6.50 1.06

200 Thspp 10.00 5.02 0.90 9.96 4.34 0.58 10.64 5.38 0.88 10.92 5.24 0.72

400 Thspp 10.32 5.16 0.84 11.00 5.04 1.12 10.88 5.30 1.10 11.02 5.58 1.02

400 Thérp 10.08 5.02 0.80 10.86 4.86 0.96 10.64 5.18 1.04 10.26  4.88 0.80

(-0.2,-0.2,-0.2) 50 Thsep 11.52  5.66 0.98 13.94 7.42 1.46 12.30 6.00 1.10 13.64 6.98 1.16
50 Thérp 10.30 4.80 0.68 10.50 4.62 0.54 10.96 4.94 0.76 10.24 4.28 0.32

100 Thspp 11.70 5.78 1.02 12.66 6.24 1.36 11.30 5.64 0.94 12.24 6.18 1.16

100 Thspp 10.94 5.34 0.72 10.36 4.36 0.56 10.66 4.86 0.64 10.22 4.46 0.42

200 Thsep 10.76 5.32 1.10 11.48 5.74 1.12 9.76 5.26 1.00 11.52 5.36 1.20

200 Thérp 10.36  4.04 0.98 10.22 4.64 0.58 9.56 4.96 0.92 10.30 4.42 0.72

400 Thspp 9.84 5.02 1.02 10.92 5.22 0.74 10.30 5.02 0.94 10.74 5.36 1.10

400 Thspp 9.62 4.92 0.94 10.36 4.64 0.64 10.12 492 0.84 10.00 4.70 0.66

Size adjusted Powers - Disturbances Heteroskedastic « = 0.5

(0.2,0.2,0.2) 50 Thsep 99.56 99.10 93.28 92.08 84.48 159.66 94.34 93.82 91.68 89.52 86.08 71.18
50 Thérp 99.38 97.54 81.24 89.68 77.96 45.92 97.42 96.90 91.60 92.58 86.18 66.90

100 Thsep 100.0 100.0 100.0 99.92 99.46 96.16 99.82 99.82 99.82 99.42 99.04  95.88

100 Thspp 100.0 100.0 99.96 99.78 98.64 89.62 99.88 99.86 99.36 99.60 98.04 89.10

200 Thspp 100.0 100.0 100.0 100.0 99.98 99.12 99.64 99.64 99.62 99.26 99.24  98.72

200 Thépp 100.0 100.0 99.92 99.84  99.38 96.82 99.92 99.92 99.90 99.92 99.70 98.14

400 Thspp 100.0 100.0 100.0 100.0 100.0 99.92 100.0 100.0 100.0 100.0 100.0 99.98

400 Thérp 100.0 100.0 100.0 99.98 99.90 99.06 100.0 100.0 100.0 100.0 99.96 99.78

(-0.2,-0.2,-0.2) 50 Thspp 99.76 99.46 95.52 93.96 88.26 63.28 99.46 99.38 97.82 95.28 91.74 76.42
50 Thsep 99.54 97.76 86.66 91.48 81.42 49.40 99.92 99.60 94.96 94.80 88.70 70.40

100 Thspp 100.0 100.0 100.0 99.70  99.38 96.74 100.0 100.0 99.98 99.78 99.26  95.48

100 Thérp 100.0 100.0 99.96 99.62 98.68 91.92 100.0 100.0 99.66 99.44 97.68  89.12

200 Thsep 100.0 100.0 100.0 100.0 100.0 99.34 99.98 99.98 99.98 99.98 99.96 99.50

200 Thsep 100.0 100.0 99.84 99.88  99.48 97.58 100.0 100.0 100.0 99.92 99.80 98.38

400 Thspp 100.0 100.0 100.0 100.0 100.0 99.96 100.0 100.0 100.0 100.0 100.0 99.98

400 Thsrp 100.0 100.0 100.0 100.0 99.98 99.62 100.0 100.0 100.0 100.0 99.98  99.90

Table 6 — Empirical Size and Size adjusted Powers of the Tests for the FE-DSPD Model, p = 0.3, DGP2

Empirical Size

Queen contiguity Group interaction
Normal Disturbances Non-normal Disturbances Normal Disturbances Non-normal Disturbances

(A,25,25) n Tests 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(0.2,0.2,0.2) 50 Thsep 13.74 6.94 1.34 13.56 7.12 1.18 11.92 6.36 1.14 11.92 6.36 1.14
50 Thsep 10.12 4.44 0.20 10.26 4.34 0.36 8.78 3.62 0.38 8.78 3.62 0.38

100 Thspp 12.70 6.62 1.08 12.34 6.20 1.38 11.72  6.02 1.26 11.72 6.02 1.26

100 Thspp 10.48 4.54 0.56 10.12 4.60 0.48 9.60 4.36 0.50 9.60 4.36 0.50

200 Thsep 12.00 6.38 1.06 12.24 6.12 1.14 11.54 5.56 1.12 11.54 5.56 1.12

200 Thsep 10.72  5.06 0.60 10.68 5.18 0.72 10.12 4.54 0.60 10.12 4.54 0.60

400 Thspp 11.18 5.34 1.02 10.74 5.42 1.12 11.00 5.80 1.20 11.00 5.80 1.20

400 Thipp 10.64 4.98 0.76 10.02 4.86 0.76 10.36 4.88 0.82 10.36 4.88 0.82

(-0.2,-0.2,-0.2) 50 Thsep 10.94 5.42 0.92 14.52 7.94 1.74 11.56  5.40 1.10 1474  7.32 1.54
50 Thsep 9.76 4.44 0.68 10.56 4.50 0.58 10.14 430 0.52 10.24 4.08 0.46

100 Thspp 11.00 5.68 1.10 12.86 6.86 1.22 10.98 5.04 1.06 11.92 6.40 1.08

100 Thspp 10.40 5.04 0.72 10.64 4.70 0.64 10.46 4.56 0.74 9.72 4.36 0.44

200 Thsep 10.68 5.44 0.94 11.64 5.96 1.18 10.12 4.86 0.98 11.30 5.40 1.10

200 Thsep 10.18 5.28 0.86 10.60 4.72 0.64 9.88 4.54 0.76 10.18 4.38 0.70

400 Thspp 10.86 5.30 1.10 10.62 5.44 1.14 9.86 5.06 1.16 10.74 5.02 1.04

400 Thipp 10.76 5.18 1.02 10.02 4.98 0.76 9.72 4.84 1.06 9.84 4.64 0.82

Size adjusted Powers - Disturbances Heteroskedastic « = 0.5

(0.2,0.2,0.2) 50 Thspp 99.10 98.66 93.52 91.80 84.00 58.00 86.20 85.08 80.10 82.40 77.30 56.72
50 Thspp 99.12 97.14 85.68 89.72 80.58 53.54 95.28 90.26 70.56 89.44 80.02 46.94

100 Thsep 99.44 99.44 99.36 98.84 98.44 92.56 94.42 94.38 94.24 93.06 92.84 91.66

100 Thsep 99.78 99.78 99.10 98.68 96.88 86.92 97.22 96.98 95.98 96.42 95.46 90.42

200 Thspp 100.0 100.0 100.0 99.98 99.96 99.88 99.64 99.60 99.56 99.44 99.34 98.62

200 Thépp 100.0 100.0 99.92 99.96 99.82 98.86 100.0 100.0 99.94 99.92 99.42 97.38

400 Thspp 100.0 100.0 100.0 100.0 100.0 99.98 99.96 99.96 99.96 99.92 99.88 99.88

400 Thspp 100.0 100.0 100.0 100.0 99.96 99.78 100.0 100.0 100.0 100.0 99.88 99.92

(-0.2,-0.2,-0.2) 50 Thspp 99.64 99.00 90.98 92.64 84.72 60.96 93.56 92.22 87.32 89.52 83.82 62.54
50 Thspp 99.38 97.24 80.92 90.34 80.90 56.38 9792 9296 74.80 91.92 83.08 49.08

100 Thspp 99.74 99.74 99.62 99.50 98.88 92.40 99.90 99.90 99.90 99.84 99.80 98.68

100 Thsep 99.94 99.92 99.02 99.14 97.50 85.46 99.90 99.90 99.64 99.76  99.22 94.02

200 Thspp 100.0 100.0 100.0 99.98 99.98 99.68 100.0 100.0 100.0 100.0 100.0 99.22

200 Thspp 100.0 100.0 100.0 99.94 99.56 98.22 100.0 100.0 99.90 99.90 99.30 96.46

400 Thspp 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.98 99.98 99.96

400 Thspp 100.0 100.0 100.0 100.0 100.0 99.82 100.0 100.0 100.0 100.0 100.0 99.96
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