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Abstract

Thisthesisprovidesadetailedmicroscopicunderstandingoftheimpurityscatteringof
topologicallyprotectedelectrons,whicharestudiedwithintheexampleofstrongthree-
dimensionaltopologicalinsulators(TIs)andtype-IIWeylsemimetals.Theimmenseresearch
interestintherecentpastintopologicalmaterialsistoalargeextendduetothefactthat
theirunconventionalelectronicsurfacestatesarerobustagainstperturbations,suchassurface
structuralrelaxationsordefects.Oneofthemostintriguingphysicalpropertiesoftopological
surfacestatesinTIsistheforbiddenbackscatteringofftime-reversalinvariantdefects,which
makesTImaterialsverypromisingcandidatesforfuturelow-powerelectronicsorquantum
informationtechnology.
Inatheoreticalandcomputationalstudy,wewereabletoverifythepredictedprotection
againstbackscatteringoffnon-magneticdefectsandrevealthestrongsuppressionof,on
theonehand,formallyallowednear-backscatteringprocesses,and,ontheotherhand,
backscatteringoffsmalltime-reversal-breakingdefects,e.g.singleMnatomsembeddedin
thesurfaceofBi2Te3.Furthermore,wedemonstratedthatsuitablebandstructureanddefect
engineeringcanleadtoafocusingeffectinchargedensityoscillationsinformofstanding
wavesaroundimpurities. Theseoscillations,commonlynamedquasiparticleinterference
(QPI),allowtoextractscatteringinformationofdefectsatthesurface,andformavery
importanttoolintheresearchconcerningtopologicalmaterials. Weinvestigatedtheeffect
thatscatteringoftopologicallyprotectedelectronshasondistance-dependentoscillatory
exchangeinteractionsbetweenmagneticimpurities,andexplainedexperimentallyobserved
trendsinthecollectivemagnetizationatdifferenttransitionmetalcoveragesonBi2Te3.
Finally,weexploredthescatteringsignaturesofFermiarcsinthetype-IIWeylsemimetal
candidatesWTe2andMoTe2,where,moreover,auniversalresponsetoimpuritiesacrossthe
topologicalphasetransitionwasuncovered.
Fortheveryfirsttimethescatteringpropertiesoftopologicallyprotectedelectronswere
investigatedonthebasisofab-initiocalculations,employingtherelativisticfull-potential
Korringa-Kohn-RostokerGreenfunctionmethod.Thesimulationsweremadepossibleby
improvingtheavailablemethodsintermsofanefficientparallelizationofexistingcomputer
codesandbydevelopingnewtoolstocomputeQPIimagesfromfirstprinciples.Theresults
ofthisthesisunderlinetheimportanceofarealisticdescriptionoftheimpuritiesembedded
intothecleantopologicalsurfacesandthustheneedforab-initiocalculations.Thevery
goodagreementbetweenourresultsandseveraldifferentexperimentssuchasscanning
tunnelingmicroscopy,X-raymagneticcirculardichroism,orangular-resolvedphoto-emission
spectroscopyhighlighttheextremelyhighaccuracywewereabletoachieveinourcalculations
andprovidesconfidenceinthepredictivepowerofourmethod.
Throughoutourinvestigationtheimportanceofresonancesinthescatteringpotential
becameevident,givingaunifiedviewonQPI,quantumcoherence,andmagneticinteractions
inbothTIsaswellasWeylsemimetals.Thesefundamentalnewinsightssetthefoundations
oftuningtransportpropertiesandcontrollingthemagnetizationinthefascinatingclassof
topologicalmaterialsinthefuture.Ourresultsarethusofimportanceinovercomingthe
materialsciencechallengesonthewaytotopological-materials-basedtechnology.





Conventionsandabbreviations

Thefollowingconventionsandfrequentlyusedabbreviationsoccurinthisthesis:

Symbol Explanation
r generalvector

Â quantummechanicaloperator
A generalmatrix
XY substitutionaldefect(atomXreplacesatomY)

Abbreviation Explanation
AFM antiferromagnetic
ARPES angular-resolvedphoto-emissionspectroscopy
CEC constant-energycontour
DFT densityfunctionaltheory
exJDOS extendedjointdensityofstates
FM ferromagnetic
FT-QPI Fourier-transformedQPI
GF Greenfunction
HPC highperformancecomputing
JDOS jointdensityofstates
KKR KorringaKohnRostoker
KKRQPI fullyab-initioFT-QPIimagescomputedwiththeKKRmethod
ML monolayer
QL quintuplelayer,unitcelloftheBi2Te3classofmaterials
QPI quasiparticleinterference
RKKY Ruderman-Kittel-Kasuya-Yosida
STM scanningtunnelingmicroscopy
STS scanningtunnelingspectroscopy
TI topologicalinsulator
TL trilayer,buildingblockofMoTe2andWTe2
TRS time-reversalsymmetry
TSS topologicalsurfacestate
XAS X-rayabsorptionspectroscopy
XMCD X-raymagneticcirculardichroism
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Introduction

Therecentsuccessoftheconceptsoftopologyenteringcondensedmatterphysicsmarks
arevolutioninourunderstandingofsolids.Insteadofadescriptionintermsoflocalorder
parameterstopologicalnontrivialphasesofmatteraredescribedwithglobal,non-locally
measured,topologicalnumbers.InsolidstatephysicstheclassificationoftheHamiltonian
describingacertainstateofmatterintermsofits,inthemathematicalsense,geometrical
propertiesdescribesthetopologyofthephysicalsystem.Theimportanceofnontrivialband
structuresofsolidsliesinitsinherentconnectiontoquantization,whichistiedtothediscovery
ofnew,veryrobustandhighlyunconventionalstatesofmatter.Therecenthypearound
topologicallynontrivialphasesisnotonlybasedonthefundamentalinterestintheirproperties
butespeciallyontherobustnessofcertainphysicalobservables.

TheconceptoftopologyenteredsolidstateresearchwiththedescriptionoftheKosterlitz-
Thoulesstransitionin1972[1].Amongthefirstsystemswheretheimportanceoftopology
wasrealizedweretheintegerquantumHalleffect[2]andspinchains[3].Recently,the
successofadescriptionintermsoftopologywasevencelebratedwiththeNobelPrizeof
2016,whichwasawardedtoJ.M.Kosterlitz,D.J.ThoulessandF.D.M.Haldane[4].
Topologicalinsulators(TIs)areamongthemostprominentexamplesfortopologicalmatter
andtheirdiscovery[5–7]ledtothefindingofaplethoraofothernontrivialphasessuchas
topologicalcrystallineinsulators,weaktopologicalinsulators,topologicalsuperconductors,
WeylsemimetalsorDiracsemimetals.TIsareexamplesrealizingthequantumspinHalleffect
[5],wherethenatureofanontrivialinsulator’sbandstructureleadstotheexistenceofrobust,
spin-momentum-lockedmetallicstatesonthesurface[6,7].Theseunconventionalstates
havethepossibilitytorevolutionizeinformationprocessingduetotheavailabilityforpure
spin-currents.Also,theycouldbeusedtorealizelow-powerspintronics,and,ifinterfaced
withasuperconductor,arepredictedtoshowtheexistenceofMajoranazeromodes,which
mightopenupwaystowardstopological,andthereforefaulttolerant,quantumcomputing.

Strong3DtopologicalinsulatorsoftheBi2Te3familyofcompoundsareaprimeexample
forthisnewclassofmaterials.Thedefiningtopologicalprotectionoftheirsurfacestates

1



1.Introduction

canbeassociatedwiththreeaspectsofthesestates[8];(i)theirrobustexistence,(ii)the
spin-momentumlockingleadingtogetherwithtime-reversalsymmetrytotheabsenceof
backscatteringand(iii)theDiracnatureofthesurfacestatewhichleadstodistinguished
transportproperties.
Theso-calledbulk-boundarycorrespondencecapturestheconnectionbetweentherobust
existenceofthesurfacestateandthenontrivialtopologicalinvariantinthebulk.Achange
intheZ2topologicalinvariantattheinterfacebetweentopologicallynontrivialandtrivial
insulators(orvacuum),resultsinthefactthattherehastoexistanon-degeneratesurface
statecrossingthebulkbandgap.Thetopologicalsurfacestate(TSS)canonlybedestroyed
ifthenontrivialtopologyinthebandstructureisreversedandthisrobustnessisoneofthe
mainreasonsfortheongoinglargeresearchinterestwhichsimilarlyholdsinothertopological
materials,forexampleinthefieldofSkyrmions.
TypicalTImaterialsexhibitstrongspin-orbitcouplingwhich,togetherwiththenon-
degeneratenatureofthenontrivialsurfacestate,necessarilyleadstospin-momentumlocking
inthesurfacestatewiththespin-polarizationbeingusuallyorientedperpendiculartothe
velocity.TheTSScanthusbecalledhelicalandischaracterizedbyaspin-texturereminiscent
oftheRashba-effect[9,10]. Togetherwithtime-reversalsymmetry,whichprotectsthe
topologicalnatureofthebulkbandstructure,thisnontrivialspin-textureresultsinthe
absenceofbackscattering.Theprotectionagainstbackscatteringresultsinoneofthevery
excitingpropertiesofTImaterials,namelyverylongsurface-statelifetimes,whichmadethe
observationofthequantumHalleffectpossibleinTImaterials[11].Theintrinsiclockingof
spinandchargedegreesoffreedomoftheTSSalsoopensupnewperspectivesforthecontrol
ofsurfacetransportproperties,forexample,viaopticalirradiationwithpolarizedlight,where
itwasdemonstratedthatphotocurrentswithhighfidelitycanbegeneratedinTIsystems
[12].
Furthermore,theemergentfieldoftheinterfacebetweenmagnetismandtopologically
nontrivialsystemsisoffundamentalimportance.Forinstance,intheCr-doped3DstrongTI
(Bi,Sb)2Te3theexperimentaldiscoveryofthequantumanomalousHalleffect(QAHE)was
recentlyachievedatlowtemperature[13].Also,theEdelsteinorinverseEdelsteineffect[14]
wasusedforspin-to-chargeconversionandvice-versa,whereachargecurrentleadingtoaspin
accumulationinteractswiththemagnetizationintheferromagnetviathespin-transfertorque
[15–18].Thehelicalandnon-degeneratenatureoftheTSSthereforehostsgreatpotentialof
bringingthistechnologytoanewlevel,whererecently,forexample,inspin-pumping[19]or
tunnelingspininjection[18]experimentsmuchlargerefficienciescouldbedemonstratedin
TI-basedsystemsthanusingtheso-farstateofthearttechniqueofinversespinHalleffectin
metalslikePtorW[20].
Apartfromthepossibilityofreducedenergydissipationduetosuppressedbackscattering,
theTSSelectronsfurtherimplicateinterestingtransportphenomenabasedontheDirac
natureofthecarriers.Thetopologicallynontrivialnatureassociateswiththemaı-Berry
phase,thathastheconsequencethatanelectrontravelingclockwiseoranti-clockwiseona
closedloophasaphasedifferenceofı,whichleadstodestructiveinterference.TIsystems
thereforeexhibitweakantilocalizationintheirmagnetotransportpropertiesandanunusual
natureofthequantumoscillationsismeasuredintheunconventionalquantizationofLandau
levelsandShubnikov-de-Haasoscillations[8,21].
Overall,wecansaythatfuturetopologicalinsulatorbasedtechnologyhostsgreatpotential
forspintronicsandlow-powernanoelectronics.Thesizeofthebandgapintypicalmaterials
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likeBi2Te3evensuggestapplicationsatroomtemperatureandradicalnewtechnologylikespin
transistorsusingtopologicalp-n-junctions[22],spin-orbittorquemagnetoresistiverandom
accessmemory(SOT-MRAM)deviceswithmuchhigherenergy-efficiency[15]thanthose
usedinheavymetaldevices[23],unprecedentedhighefficiencyinspin-to-chargeconversion
[20],microwave-drivenspinbatteries[24]orevenopto-spintronicsapplications[12,25,26]
couldbecomereality.

Thetopologicalprotectionandrobustnessofthesurfacestate,thatarethedrivingforce
behindtheongoinghighinterestinthisfieldofresearch,inparticularwithrespecttoinevitably
occurringdefectsinrealmaterialsisoneofthekeyissuesthathavetobeaddressed. Whilethe
robustexistenceofthesurfacestate,givenbythetopologicalnatureofthebulkbandstruc-
ture,isunderstoodinprinciple,microscopicdetailsonthescatteringpropertiesoftopological
surfacestateelectronsarelessclear.Theimportanceofimpuritiesontransportproperties
hasbeenknownforalongtime,leading,forexample,totheresidualresistivityinmetals
orimportantcontributionstothespinHalloranomalousHalleffectviaimpurityscattering
[27–31].Eventenyearsafterthefirstexperimentaldiscoveryoftopologicalinsulators[7],a
lotoffundamentalmaterialchallengeshavetobeovercomeonthewaytowardsTI-based
technology,amongwhicharecontroloversurfaceandbulkcontributionstothetransport
[32,33]ortheissueoflifetimesandcoherencelengths[34]leadingtotheobservationthat
typicallytheinterestingtransportpropertiesassociatedtotheTSSareonlyseenatvery
lowtemperatures[13]. Tobeabletounderstandandinthefuturemanipulatepossible
impurity-scattering-relatedproperties,thefundamentalscatteringfeaturesofTSSelectrons
havetobestudiedindetail.Clearly,veryaccuratecalculationsrevealingonaquantitative
levelinrealisticsettingsareneededtobeabletorevealtherelevantscatteringsignaturesof
topologicallyprotectedelectronsoffimpurities.

Onewayofprobingscatteringphenomenaonsurfacesisthequasiparticleinterference(QPI)
technique.Experimentally,thescanningtunnelingspectroscopyprovidesatoolthatcanimage
thechargeandspindensityoscillationsarounddefectsonthesurface,whichactasscattering
centersinparticularforsurfacestateelectrons.Theresultingstandingwavepattern,knownas
Friedeloscillations[35],isaresultofscatteringofftheimpuritiesand,ifFouriertransformed,
itallowstoextractscatteringsignaturesofBlochelectronscarryinginformationofthecrystal’s
properties.Alreadyin2004Pascualetal.[36]identifiedthatinsystemswithstrongspin-orbit
couplingthespincanstronglyaffectquasiparticleinterferencesignaturesonthesurface,
whichisobviouslyofutmostimportancefortheQPIsignaturesinthehelicalTSS.Recently,
theQPItechniquewassuccessfullyappliedto3Dtopologicalinsulators,wheretheabsence
ofbackscatteringsignatures[37,38]providedexperimentalevidenceforthetopologically
nontrivialnaturethesurfacestateinBi1−xSbx.Theintroductionoftime-reversal-symmetry-
breakingmagneticimpuritiesthenleadstoareopeningofthebackscatteringchannel,which
wasalsorecentlyobservedinFebulk-doped[39]andMnsurface-doped[40]samplesofBi2Te3.

Withinthisthesisthescatteringpropertiesoftopologicallyprotectedelectrons,inparticular
comingfromthesurfacestateinthestrongtopologicalinsulatorsBi2Te3andBi2Se3aswellas
theFermiarcsinthetype-IIWeylsemimetalMoTe2,offdifferentdefectsareaddressedbased
onab-initiocalculations.Arealisticdescriptionofimpuritiesthatactasscatteringcentersis
ofparamountimportance,sincewefindthatresonancesinthescatteringpotentialstrongly
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1.Introduction

affectquasiparticleinterference,quantumcoherenceandmagneticexchangeinteractions.
Here,impuritieswereembeddedself-consistentlyinthecrystallinehostusingaGreenfunction
formalism,whichallowstoaccuratelyaccountforthechargerelaxationaroundimpurities
veryefficiently.Historicallythefirstgenerationof3Dtopologicalinsulatormaterialswas
foundinBixSb1−xalloys[41],where,however,thedisorderednatureofthealloyleadsto
finitelifetimesofthequasiparticleinthesolid.Laterthesecondgenerationofmaterials
wasdiscoveredintheBi2Te3familyofcompounds,whichareaprimeexampleofastrong
TIwithasingleDiracconefoundaroundthecenteroftheBrillouinzone[42]andarethus
anidealtestbedtoexplorethepropertiesofTIs.Additionally,thedispersionoftheTSS
showsaninterestingenergy-dependentwarpingbehavior,thatallowstotailorpropertiesof
thenontrivialsurfacestateelectronsviashiftingtheFermilevel.Thenextgenerationof
topologicalinsulatormaterialsstudiedtodayareforexampleternaryorquaternarycompounds
oftheBSTS(alloysofBi,Sb,TeandSe)classorp-n-junctionsoftenalsoconsistingof
Bi2Te3[43].Thesenewmaterialsmakeitpossibletoimprovethetuningpropertiesofthe
bandstructure,forexample,bycontrollingthepositionofFermilevel.Thusalsointhenext
generationofmaterialsBi2Te3isamajoringredientandtheinsightswearegainingwithin
thisthesisareexpectedtobetransferableandofgeneralimportance.
Ourstudiesofnon-magneticdefectsonthesurfaceofBi2Te3andBi2Se3confirmthe
absenceofbackscatteringandadditionallyshedlightontheimportanceofformallyallowed
near-backscatteringprocesses,thatwefindtobestronglysuppressedleadingtoaverystrong
directionalityinforward(i.e.smallangle)scattering.Surprisingly,scatteringoffmagnetic
defects,thatbreaktime-reversalsymmetry,doesnotautomaticallyleadtoare-openingof
thebackscatteringchannel.Forinstance,singlemagneticimpuritiesofMnstillshowavery
strongforwardscatteringandabackscatteringamplitudethatisseveralordersofmagnitude
weaker.Thiscanbetracedbacktothespin-momentumlockingintheTSSwhichisavery
robustsignatureofthetopologicallyprotectedelectrons.
Throughoutouranalysisofthescatteringpropertiesoftopologicallyprotectedelectrons
theimportanceofresonantscatteringcentersbecameapparent. Wefoundthatresonances
haveastronginfluenceonthescatteringphaseshiftthatdeterminesfundamentalproperties
suchasthelifetimeofthesurfacestateandthestrengthofthebackscatteringamplitudeoff
magneticcenters.Furthermore,weshowedthatquantumcoherence,visibleovermesoscopic
distancesinchargedensityoscillationsaroundMndefectsonBi2Te3,canbeachievedby
tuningthebandstructuretobeconformwiththefocusing(i.e.nesting)conditionintheTSS
andcombinethiswithatomiccontroloverthebackscatteringsignalviadefectengineering.In
thiscontext,onlystrongresonanceorstrongmagneticimpuritypotentials,inthisparticular
exampleformedbymacro-spinsasaresultofferromagneticallycoupledindividualspins,
leadtoareopeningofthebackscatteringchannel.Theseresultsmotivatedthestudyof
magneticexchangeinteractionsintransitionmetaldopedBi2Te3,wherethemechanismof
thedistance-dependentexchangeinteractionwasuncoveredandnewwaysoftuningthe
TSS-mediatedexchangeinteractionswerefound.
Thestudyofimpurity-inducedresonancesinthetype-IIWeylsemimetalcandidatesMoTe2
andWTe2furtherenhancedtheanalysisofscatteringpropertiesoftopologicallyprotected
electronsinTIsystems.Incollaborationandinmutualagreementofdifferentexperimental
techniquesontheonehand,andtheab-initiocalculationsofthisworkontheotherhand,
theimportanceofimpurityresonanceswasdemonstratedandscatteringsignatureassociated
toprotectionagainstbackscatteringduetospin-momentumlockingwasalsofoundinthese
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newlyemergingmaterials.

Thethesisisstructuredasfollows:

Inchapter2thebasictheorysupportingtheremainderofthisthesisisreviewed.This
consistsofashortintroductiontodensityfunctionaltheoryingeneralandtheKorringa-
Kohn-Rostoker(KKR)Greenfunctionmethodinparticular.Additionally,abriefintroduction
totheconceptoftopologywithanemphasisofthetopologicalsurfacestateintopological
insulatorsispresented.

Then,chapter3describesthedevelopmentsachievedintheparallelizationoftheKKRcode,
whichisthebasisofthefollowingab-initiocalculations.Itisexplainedhowthehybrid
OpenMP/MPIversionofthecodeisimplementedandtheexcellentparallelperformancein
termsofweakandstrongscalingcharacteristicsisdemonstrated.Thesedevelopmentsare
thebasisofthetime-efficientusageofthearchitecturesavailableintoday’shigh-performance
computingandformthebackbonefortheresultsobtainedwithinthisthesis.

Chapter4introducesthescatteringtheoryoftopologicallyprotectedelectronsafterwhicha
discussionoffirstprinciplescalculationsofthescatteringprobabilityoffdifferentnon-magnetic
andmagnetic(time-reversalsymmetrybreaking)impuritiesispresented.Theimportanceof
theTSS’sspin-momentumlockingishighlightedwhichresultsintheincrediblystrongdirec-
tionalityinsmall-angle(forward)scatteringandaspin-selectionruleisfoundforscatteringoff
magneticscatteringcenters.Thisrulestatesthat,forlargeanglescattering(i.ebackwards
direction),thedirectionthatprovidesanalignmentofthefinalstate’sspinwiththeimpurity
momentisfavored.Thentheexperimentallyaccessiblesignatureofscatteringprocesses,
namelythequasiparticleinterferencearoundsingledefectsinrealandreciprocalspace,is
discussed.Thelimitsofthewidelyusedjointdensityofstatesapproacharehighlightedand
thesignificantlyimprovednewlydevelopedextendedjointdensityofstatesisintroducedthat
takesintoaccountarealisticdescriptionofthescatteringmatrixelements.Furthermore,
theformallyexacttreatmentoftheFourier-transformedQPIimagesdirectlycalculatedin
reciprocalspaceisdevelopedgoingbeyondthead-hocapproachesofthejointdensityof
states-basedcalculations,whichisdemonstratedforselectedexamples.

Inchapter5theresultsofacollaborativestudybetweenexperimentalistgroupsperforming
scanningtunnelingmicroscopy(STM)andX-raymagneticcirculardichroism(XMCD)mea-
surements,ontheonehand,andthetheoreticalcalculationsforMn-dopedBi2Te3performed
withinthisthesis,ontheotherhand,arediscussed.Itisshownthatbandstructureengi-
neeringinBi2Te3canleadtothefocusingeffect,which,ifcombinedwithsufficientlystrong
magneticscatteringcenters,supportscoherentanddirectionaltransferofspininformation
overmesoscopicdistances.Thesefindingsdemonstratehowthebackscatteringsignaturesin
magneticallydopedBi2Te3canbecontrolledontheatomicscaleandrevealtheimportance
ofstrongmagneticscatteringcenters,realizedherebysmallgroupsofferromagnetically
coupledindividualspinsformingamacro-spin.

Chapter6highlightstheimportanceofresonancestothescatteringpropertiesoftopologi-
callyprotectedelectrons.Theenergy-dependenceofthesurfacestate’slifetimeandscattering

5
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ratesonBi2Te3andBi2Se3areanalyzed,wherethefocusisonintrinsic(surfacevacancy)
defects.Intheenergy-dependentlifetimeswefoundastrongsignatureoftheimpurity’s
properties,whichmanifestinaone-to-onecorrespondenceofimpuritydensityofstatesand
TSSlifetime.Thissignatureofresonantscatteringhassevereconsequencesandchangesthe
surfacestatelifetimebythreeordersofmagnitude.AtenergieswheretheTSScoexistswith
bulkstates,thescatteringratesaredecomposedintosurface-to-surfaceandsurface-to-bulk
contributionsandtheTSS’slocalizationonthesurfaceisfoundtoprotectthesurfacestate
fromscatteringintothebulk.Predominantlyintra-bandscatteringhappens,aslongasthe
phasespaceofavailablebulkfinalstatesisnotmuchlargerthanthenumberofpossiblefinal
stateswithintheTSS.

Inchapter7theconcentration-dependentexchangecouplingstrengthfordifferenttransi-
tionmetaladatomdopedBi2Te3surfacesisstudiedincollaborationwithaexperimentalist
groupdoingXMCDmeasurements. Thedetailedanalysisrevealsdifferentcontributions,
whichdominatetheexchangeinteractionatdifferentdistances.Theshort-rangebehavior
intheimpurity-impuritydistanceisgovernedbythecompetitionbetweensuperexchange
(favoringantiferromagneticcoupling)anddoubleexchange(favoringferromagneticcoupling)
contributions,thatweretracedbacktotherelativepositionofimpurityresonancestothe
Fermilevel,i.e.isasignatureoftheimpuritydensityofstates.Inthedilutelimit(i.e.for
longimpurity-impuritydistances)theexchangecouplingisfoundtobeofRKKY-type[44]
wherealsoastrongsignatureoftheimpurityphaseshiftisseen,whichisrelatedtothe
peakstructureoftheimpuritydensityofstates.Thescatteringpropertiesrelatedtoimpurity
resonancesincombinationwiththepossibilitytofine-tunethedistance-dependentexchange
couplingstrengthwithashiftoftheFermilevelgiveimportantinsightsintothemechanism
ofexchangeinteractionsmediatedbytopologicallyprotectedelectrons,whichmightopenup
newwaystotunethemagneticpropertiesintopologicalinsulatorsystemsandcouldtherefore
helpmakingroom-temperatureQAHEapplicationspossible.

Chapter8extendsthediscussiononscatteringrelatedpropertiesoftopologicallyprotected
electronstothetopologicallynontrivialmetalsofthetype-IIWeylsemimetalclass.Here
topologicallyprotectedFermiarcscoexistonthesurfacewithtrivialbulk-derivedstates.Ina
collaborationwithexperimentalistgroupsprovidingSTMandangular-resolvedphoto-emission
resultstogetherwiththeab-initiocalculationsofthisworkthefunctionalresponseofWTe2
andMoTe2toimpuritiescouldbedemonstrated,whererobustsignaturesacrossthetopolog-
icalphasetransitionintermsofimpurityresonancesandspin-polarizedsurfacestatesare
found.Thescatteringfeaturesofsuppressedbackscatteringarevisualizedwithsimulations
ofFourier-transformedquasiparticleinterferenceimagesandthecalculationofscattering
rates.Additionally,theimportanceofimpurityresonances,whichappearclosetotheenergy
wherethetopologicallynontrivialWeylpointsemerge,ishighlighted.Thesepropertieshave
importantimplicationsforthefascinatingtransportpropertiesinthisnewclassofWeyl-II
materials.

Thethesisconcludesinchapter9wheretheresultsofthedifferentpartsaresummarized
andanoutlookisgiven.
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Basictheory

Inthischapterthebasictheoryneededintheremainderofthisthesisisreviewed.First,
ashortintroductiontodensityfunctionaltheory(DFT),thatallowstosolvequantum
mechanicalproblemsinsolidstatephysicsveryaccurately,isgiven.NowadaysDFTis
theworkhorseofcomputationalsolidstatephysicsduetoitspredictivepower.Next,
theKorringa-Kohn-RostokerGreenfunctionformalismisintroduced.Thereforethe
basicsofGreenfunctionsingeneralandthentheKKR-specificformoftheGreen
functionisbrieflyreviewed. HavingaccesstotheGreenfunctionofsolidsinthe
frameworkofDFTgivesonetheadvantage,amongstotherthings,toefficientlyembed
impuritiesinthecrystallinesolid.Finallyashortintroductiontotopologyinsoldstate
physicsisgivenwithanemphasisontopologicalinsulators.Herethesurfacestateof
TIsisintroducedanddiscussedintermsoftopologicalprotection.
Theintroduction,whichispresentedinthischapterisonlyintendedtogiveashort
overview,withoutaclaimtobeingcomprehensiveormathematicallyrigorous.Itis,
however,meanttointroducethebasicconceptsandgivereferencesforfurtherreading.

2.1. Ashortintroductiontodensityfunctionaltheory

Oneofthechallengesinsolidstatephysicsistofindasolutionoftheprincipalproblemof
quantummechanics,whichistosolvetheSchrödingerequation[45].Ifweareinterestedin
groundstatepropertieswehavetodealwiththestationarySchrödingerequation

Ĥ =E0 ; (2.1)

7



2.Basictheory

wheretheHamiltonianĤdeterminesthemanybodywavefunction1 ≡ (r1;r2;:::;rN)
thathasthegroundstateenergyE0.TheHamiltonian

2Ĥcontainsthekineticenergyofthe
electrons,theCoulombpotentialoftheelectron-electroninteractionandtheinteractionof
theelectronswithexternalfieldsthatisforexamplegivenbyCoulombpotentialbetween
electronsandtheatomicnucleiinthecrystallattice3andpossibleexternallyappliedfields.
TheSchrödingerequationgiveninEq.(2.1)posesaveryhardproblemandisactually
impossibletosolveexactlyforrealisticsystems4asthefollowingsimpleexampleofanFe
atom(atomicchargeZ=26)illustrates:ifwewouldchosetosolvetheSchrödingerequation
inthenaivewayofhavingarealspacegridandweareveryoptimistictoassumethat10
gridpointsperspacialdirection(x;y;z)areenoughtoachievethedesiredaccuracy,then
alreadystoringthewavefunctionwouldneedsavingtheinformationof103·26=1078grid
points,whichisoftheorderofthetotalnumberofatomsthatexistintheuniverseandthus
byfartoolargetotreat.
Fortunately,theingeniousideaofdensityfunctionaltheory(DFT)(seeforexample
Refs.[47–50])istotreattheelectrondensityinsteadofthewavefunctionwhichreducesthe
numberofdegreesoffreedomfrom3Nto3,i.e.threespacialcoordinatesofr=(x;y;z)T

insteadthreedegreesoffreedomperelectron.Thefoundationforthisapproachwasgivenby
HohenbergandKohn[51]whoprovedthat(i)thetotalenergycanbeuniquelydetermined
bythegroundstatedensityand(ii)thefunctionalofthetotalenergyisminimizedbythe
groundstatedensity.
ThebreakthroughcamewiththeworkofKohnandSham[52]whocameupwiththe
ideaofseparatingallthepartsoftheSchrödingerequationthatareknownandthatcanbe
treatedexactlyfromtherestandtofindareasonableapproximationforeverythingthatis
unknown.ThisisdonebyexpressingtheproblemintermsoftheSchrödingerequationof
non-interactingelectronsinaneffectivepotentialwhichgivesthesingle-particleKohn-Sham
equation "

−∇2+
Z

d3r
n(r)

|r−r|
+Vext(r)+Vxc(r)

#

ffii(r)=›iffii(r) (2.2)

fortheauxiliaryKohn-ShamorbitalsffiiwithKohn-Shameigenvalues›ithatgivetheelectron
densityasn(r)=

P
i|ffii(r)|

2wherethesumisovertheNlowesteigenstates.HereVext
istheexternalpotential(amongstotherthingsthepotentialofthenuclei)andeverything
thatismissingtogobacktoEq.(2.1)isputinVxc.Rewritingthishastheadvantage,
thatabigpartoftheelectron’skineticenergy(firstterminEq.(2.2)),theHartreeterm
oftheelectron-electroninteraction(secondterminEq.(2.2))aswellasinteractionswith
externalpotentialssuchastheelectrostaticinteractionwiththenucleioftheatomsinthe

1Theinclusionofrelativisticeffects,suchasspinorbitcoupling,generalizestheSchrödingerequationto
theDiracequation,wherethewavefunctionsare4-componentspinors(spinup/downandlarge/small
components).However,forthesakeofsimplicityofthenotationwestickinthisgeneralintroductionto
theSchrödingerequationanddropallspinindices.

2NotethatweareusingRydbergatomicunitshere.Thismeansthat~=2me=e
2=2=1,whichgives

thephysicalunitsthataredefinedas:angularmomentum[l]=~,mass[m]=2me,charge[q]=e=
√
2,

length[r]=~2=(me2)≡aB≈0:529Åandenergy[E]=Ry≈13:6eV.
3Throughoutthisthesistheatomicnucleiarealwaysassumedtobeatfixedpositionsasitismostly,e.g.
notinsuperconductivity,trueforsystemscloseto0Kandwhichalsoholdsforhighertemperaturesas
theelectron,whichisordersofmagnitudelighterthanthenucleusandthereforemovesmuchfasterthan
thenucleus.ThisapproximationisreferredtoasadiabaticorBorn-Oppenheimerapproximation[46].

4Heavyelementswithalargenumberofelectrons,severaltypesofatomsintheunitcell,etc.
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2.2.TheKorringa-Kohn-RostokerGreenfunctionmethod

crystalorexternalelectricormagneticfields(thirdterminEq.(2.2))aretreatedexactly.
Everythingthatisbeyondtheseterms5isputintotheso-calledexchange-correlationpotential
(fourthterminEq.(2.2))thatcanformallybewrittenasVxc(r)=‹Exc[n]=‹n(r),which
isafunctionalderivativeoftheexchange-correlationenergyfunctionalthatdependsonthe
electrondensity. WhiletheformalequationforthisAnsatzcanbewrittendownexactly,the
solutiontotheproblemisstillnotaccessible.However,verysuccessfulapproximationshave
beenfoundfortheexchange-correlationpartsuchastheso-calledlocaldensityapproximation
(LDA)orthegeneralizedgradientapproximation(GGA).Thisisthereasonforthegreat
successofDFTuptonow.ThroughoutthisthesistheLDAapproachwasused[53].
Theselocalapproximationsfortheexchange-correlationpotentialareincrediblysuccessful
astheyallowtohaveamethodwithpredictivepower,thatcangivequantitativepredictions
foranumberofphysicalpropertieswithreasonablecomputationalcost.TheKohn-Sham
wavefunctions(ffii)andthebandstructuresthatfollowfromtheKohn-Shameigenenergies
[›i=›i(k),forcrystalmomentumk]ontheotherhandare–strictlyspeaking–onlya
mathematicaltoolthatgiveanapproximationtotherealquasiparticlewavefunctionsina
crystal.ThiscanforexamplebeseeninthebandgapproblemofDFTwhichisreflected
inbandgapsofinsulatorsthatareoftenunderestimatedinLDAorGGAascomparedto
experiment.ClosetotheFermileveltheKohn-Shamapproximationisneverthelessoftenin
verygoodagreementwiththerealquasiparticlebandstructure,whichistheregimewhere
thecalculationsofthisthesisareaimingat.Inthisthesiswewillthereforenotdistinguish
betweentherealbandstructureandourcalculationoftheKohn-Shamapproximationtoit.
InthefollowingsectiontheKorringa-Kohn-RostokerGreenfunction(KKR-GF)method

–aspecialimplementationoftheDFTframework,whichwasusedwithinthisthesis–is
introducedinsomedetail.

2.2. TheKorringa-Kohn-RostokerGreenfunction

method

TodaymanyimplementationsandafullzooofmethodstosolvetheKohn-Shamequationof
DFTareonthemarketwithcomparableaccuracythatallowstomakequantitativepredictions
forexperimentallyobservablequantitiesinsolidstatephysicsandquantumchemistry[54].As
thegoldstandardonecouldseetheall-electronmethods,thattreatcoreaswellasvalence
electronsonthesamefooting.TheKKRcodedevelopedinJülichisafull-potentialrelativistic
implementation[55–63]oftheKorringa-Kohn-RostokerGreenfunction(KKR-GF)6method,
thatwasusedforallfirst-principlescalculationsthroughoutthisthesis.
TheGreenfunctionformulationoftheKKR-GFmethodmakesitaverypowerfultool

whichhascertainnon-standardfeatures,someofwhich(theonesusedwithinthisthesis)will
bementionedbelow,ascomparedtowavefunctionbasedmethods[59,64,65].Forexample,
havingtheGreenfunctionathandallowstoembedimpuritiesintothehostsystemwithout
theneedforlargesupercells[61].Basedontheself-consistentimpurityembedding,scattering
ofhostelectronsofftheimpuritycanbecalculatedfromfirstprinciples.Also,moreelaborate
quantitieslikenon-localresponsefunctionsofmagneticcouplingparameters(theexchange

5Thesearecomplicatedthingslikeexchangeandcorrelationeffectsamongtheelectrons.
6AlsosimplyreferredtoasKKR(omittingtheadditionGFintheacronym)withinthisthesis
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2.Basictheory

couplingJijorDzyaloshinskii-MoriyainteractionDij)areaccessible.Calculationswiththese
differentstepsweredonewithinthisthesisandwillnowbeintroducedshortly.
TherefollowsashortintroductiontothebasicpropertiesofGreenfunctionsinsolidstate
physicsingeneral,andthemultiplescatteringtheoryoftheKKR-GFformalisminparticular.
Wewillonlygiveaveryshortreviewofthetheoryandreferforadeepergoingintroduction
tostandardliteratureforexamplefoundinthebookbyGonis[66]ortotheKKRspecific
literature,forexamplegivenintheintroductionsofRefs.[60,61,63].
GenerallytheKKR-GFmethodisstillunderongoingconceptualdevelopmentandavery
powerfultechnique,e.g.beingabletoperformO(N)calculationsforextremelylargesystems
[67],DMFTandCPAcalculationsfordisorder,computeresponsefunctions[64]ortransport
properties[68,69].

2.2.1. Greenfunctionsinsolidstatephysics

TheGreenfunction(GF)isformallydefinedastheresolventoftheSchrödingerequation[cf.
Eq.(2.1)]

(E−Ĥ)̂G=1 (2.3)

whichcanberewrittenasĜ(E)=(E−Ĥ+i0)−1,withi0beingapositive7infinitesimal
imaginarypart,whichensuresconvergenceofthecalculationandthatissettozerointhe
end.Hereweusedtheconventionthat̂·standsforaquantummechanicaloperatorthatcan
beevaluatedinasuitablebasis.TheGFisequivalenttothesetofwavefunctions ithat
diagonalizetheHamiltonianwitheigenenergies›i(i.e.Ĥ| i=›i| i),ascanbeseenfrom
thespectralrepresentationoftheGF

Ĝ(E)=
X

i

| i  i|

E−›i+i0
: (2.4)

Multiplyingwith|r fromtherightandr|fromtheleftgivesthereal-spacerepresentation
oftheGreenfunctionthatmakesitobviousthattheGreenfunctionr|̂G|r =G(r;r;E)
describesthepropagationofanelectronfromapointrinspacetor.Theexpectationvalue
AofanobservableoperatorÂcaningeneralbecomputedfromtheGreenfunction

A= Â =−
1

ı
Im

EFZ

−∞

dETr[ÂĜ(E)]; (2.5)

wherethetraceistakeninanyconvenientbasis,wheretheintegrationsumsoveralloccupied
statesandthereforegoesuptotheFermienergyEF (forT=0). Thisleadstothe
fundamentalquantityofdensityfunctionaltheory,whichistheelectrondensity

(r)=−
1

ı
Im

EFZ

−∞

dETr[G(r;r;E)]: (2.6)

Theaboveintroducedequationsshowedtheequivalenceofthewavefunctions(whichinthe
contextofDFTareKohn-Shamorbitals)andGreenfunctions,howeverthecomplexityof

7ThepositivesignmeansthatwearedealingwiththeretardedGreenfunctionthatisusedthroughoutthis
thesis.Ifanegativesignischosen,thentheadvancedGreenfunctionisdealtwith.
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2.2.TheKorringa-Kohn-RostokerGreenfunctionmethod

theproblemwasnotreduced.ThemultiplescatteringAnsatzbyKorringa[70],Kohnand
Rostoker[71]givesaformalismthatallowstheefficientcomputationoftheGreenfunction
withoutexplicitlycomputingallwavefunctionsinthesumofEq.(2.4).Furthermore,the
analyticalpropertiesoftheGreenfunctionallowtoperformtheenergyintegrationinEq.(2.6)
overacomplexenergycontour[59],whichreducesthenumberofenergypointsandk-points
neededforthenumericalevaluationoftheintegrationsignificantly.

2.2.2. Ab-initiocomputationoftheGreenfunctionwithinthe

KKR-GFformalism

TheideabehindtheKorringa-Kohn-RostokermethodisamultiplescatteringAnsatzallowing
toseparatethesolutionoftheSchrödingerequationintotwosteps;(i)firsttheproblemof
anisolatedatominfreespaceissolvedand(ii)thenthemultiplescatteringstepisperformed,
wherethesolutionofthesingleatominfreespaceisconnectedtothecrystallinelattice.

TheGreenfunctionintheKKRformalismisexpandedinsite-centeredcoordinateswherea
generalpositioninthecrystaliswrittenasr=Xn+x=Ri+ffl—+x,withn=(i;—)being
thecombinedsiteindexdefiningthelatticesiteXnbyalatticevectorRiandasub-lattice
vectorffl—andxgivesthepositionwithintheatomiccellwithrespecttothesitecenterXn.
Followingthemultiplescatteringidea,theGFcanbedecomposedintoasinglesiteterm(GS
dealingwiththesingleatomicpotentialonsiteninfreespace)andthemultiplescattering
contribution(GM)thatdescribesscatteringbetweendifferentsitesandisexpressedusingthe
structuralGreenfunctioncoefficientsGnnLL(E).TheGreenfunctionintheKKRlanguagethen
reads

G(Xn+x;Xn+x;E) =
X

L

GS
n
L(x;x;E)‹nn+

X

LL

GM
nn
LL(x;x;E)

= −i
√
E
X

L

h
RnL(x;E)̄H

n
L(x;E)„(x−x)

+HnL(x;E)̄R
n
L(x;E)„(x−x)

i
‹nn

+
X

LL

RnL(x;E)G
nn
LL(E)̄R

n
L(x;E): (2.7)

Thesecondlinegivetheexpansionofsinglesiteandmultiplescatteringpartinsite-dependent
(nlabelsthesite)regularRnL(x;E)andirregularH

n
L(x;E)wavefunctions,whereL=(‘;m;s)

isthecombinedindexofspinandangularmomentumindices. Wewouldliketopointoutthat
theregularRLandirregularHLright-handsolutionsare(2×1)or(4×1)column-vectors
(spinors)inPauli-orDirac-theoryandthecorrespondingleft-hand8solutionsR̄LandH̄Lare
row-vectors.

Inthefollowingfirstthesinglesiteproblemwillbeaddressedwherethesite-dependent
wavefunctionsareintroducedandafterwardsthemultiplescatteringproblemthatrelieson
thecomputationofthestructuralGreenfunctioncoefficientswillbediscussed.

8Thecomplexenergiesintheenergyintegrationleadtoanon-hermitiansetofequations,whichhasthe
consequencethatleftandrightsolutionsoftheeigenvectorproblemposedbyEq.(2.2)arenotequivalent.
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Thesinglesiteproblem:scatteringsolutionsandatomict-matrix

ThesinglesiteproblemoftheKKRformalismbreaksdowntofindingthesite-dependent
wavefunctions.ThesewavefunctionsaretheeigenfunctionstotheHamiltonianofasingle
atom[ofsitenwithpotentialVn(x)]embeddedintoareferencesystem,thatwastraditionally
thepotentialfreespace9(wherethesolutionsareanalyticallyknown)butfortechnicalreasons
isnowadaysanauxiliarysystemofrepulsivepotentialscalledVref[72,73].
Allwavefunctions(R,H,̄RandH̄)arefurtherexpandedinrealsphericalharmonicsYL(̂x)

whichgivestheexpansionfortheregularrightsolution

RnL(x)=
X

L

1

x
RnLL(x)YL(̂x) (2.8)

wherex=|x|andx̂=x=|x|andtheirregular,regularleftandirregularleftsolutionsare
expandedinthesameway.
Thebasicscatteringproblemofthepotentialembeddedintofreespacethatcanbesolved
ifthesolution,i.e.thesite-dependentwavefunctions,ofthepotentialinfreespaceisknown.
Thispreconditionisgivenandtheregularandirregularsolutionscorrespondingtothepotential
arecalledJnL(x;E)andH

n
L(x;E)andareanalyticallyknowntobesphericalBesselandHankel

functionsofthefirstkind.Thesolutionforapotentialembeddedintofreespace[given

bygfree(r;r;E)=−1
4ı
ei
√
E|r−r|

|r−r|
]isnowgivenbytheLippmann-Schwingerequation[66,74]

(droppingtheobvioussiteindicesnofRnLLetc.),thatfortheregularrightsolutionreads

RLL(x;E)=JL(x;E)‹LL+
X

L

Z

dxgfree‘ (x;x;E)VLL(x)RLL(x;E) (2.9)

whereVLL(x)istheexpansioncoefficientsinrealsphericalharmonicscorrespondingtothe
atomicpotential.ThecorrespondingLippmann-Schwingerequationfortheirregularsolution
is[61]

HLL(x;E)=HL(x;E)̨LL(E)+
X

L

Z

dxgfree‘ (x;x;E)VLL(x)HLL(x;E) (2.10)

with

L̨L=‹LL−
√
E
Z

dxJL(x;E)
X

L

VLL(x)HLL(x;E) (2.11)

definingtheappropriateboundaryconditionsinthesecond(i.e.L)index[61,63].Analogously
theleftsolutionsaregivenby

R̄LL(x;E)=JL(x;E)‹LL+
X

L

Z

dxR̄LL(x;E)VLL(x)g
free
‘ (x;x;E) (2.12)

and

HLL(x;E)=̨̄ LL(E)HL(x;E)+
X

L

Z

dxHLL(x;E)VLL(x)g
free
‘ (x;x;E) (2.13)

9Alsosimplyreferredtoas“freespace”orvacuum.
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where
¯̨
LL=‹LL−

√
E
X

L

Z

dxR̄LL(x;E)VLL(x)HL(x;E) (2.14)

isused.Notethatthequantumnumberscorrespondingtotheboundaryconditionarenow
writtenasfirstindexofR̄LL andH̄LL [61,63].Thealgorithmthatisusedtosolvethe
Lippmann-SchwingerequationisbasedonrewritingitwiththehelpofChebychevpolynomials,
whichfinallyallowstoperformadirectinversionoftheintegralequations.Forfurtherdetails
werefertotheworkofBauer[61].
Withthedefinitionofthewavefunctionstheatomic ∆t-matrix,correspondingtothe

potentialdifference∆
◦

V(x)=Vn(x)−Vref(x)betweenatomicandreferencepotential,can
bewrittendownintheexpression

∆tLL(E)=
X

L

Z

drJ
ref

L(x;E)∆
◦

VLL(r)RLL(x;E): (2.15)

thatcontainsallthescatteringpropertiesoftheatomembeddedintothereferencesystem

withJ
ref

L beingtheleftsolutiontothereferencepotentialinfreespace.Thisquantitywillbe
usedinthenextsteptocombinethescatteringpropertiesofthesingleatomsatsitesnto
themultiplescatteringpart.

Themultiplescatteringstep:structureconstantsandtheDysonequation

ThemultiplescatteringpartiscapturedbythealgebraicDysonequation(reintroducingthe
siteindicesn)

GnnLL(E)=G
refnn

LL(E)+
X

nLL

Gref
nn

LL(E)∆t
n
LL (E)G

nn
L L(E) (2.16)

wherethestructuralGreenfunctioncoefficientsofthereferencesystementer. Grefcan
becomputedinthesamewayfromtheanalyticallyknownstructureconstantsofthefree
space(i.e.replacingGrefbyGfree)andtheexpressionfortrefwhichisalsoknownanalytically
andthatreplaces∆tintheaboveexpression.ViaGthesystemsgeometryentersandthe
scatteringsolutionsoftheindividualatomicsitesareinterconnectedinthemultiplescattering
partoftheGreenfunction. WehavethereforecollectedallingredientstoconstructtheGreen
functionofacrystallinesolidwithintheframeworkofdensityfunctionaltheory.

2.2.3. Beyondthecrystallinesolid:Impurityembeddingand
elasticscatteringoffimpurities

SofarwehaveseenthebasicequationsthatallowthecomputationoftheGreenfunction
withintheframeworkofdensityfunctionaltheory.Nowwewanttohighlighttwobenefits
thisapproachhas. OntheonehandthisisthepossibilitytousetheDysonequationto
computetheGreenfunctionsofahostsystemintowhichanimpurityisembedded,given
thattheGreenfunctionofthehostsystemisknown.Andontheotherhandtheknowledge
oftheimpurityGreenfunctionallowstocomputescatteringpropertiesofftheimpuritythat
isembeddedviatheDysonequationintothehostsystem.
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Thecalculationsthatarepresentedinthisthesisarebasedonthesesteps,whichcanbe
summarizedinthefollowingrecipe:(i)theself-consistentdensityfunctionaltheorycalculation
isperformedtofindthehostGreenfunction,i.e.theGreenfunctionofthecrystallinesolid,
(ii)theDysonequationisusedtoself-consistentlyembedimpuritiesintothesystemand
finally(iii)scatteringpropertiesofhostelectronsscatteredofftheembeddedimpurityare
computed.ThediscussionaboveenablesustoperformthefirststepoffindingtheGreen
functionofthecrystallinesolidandinthefollowingsteps(ii)and(iii)willbereviewedquickly,
wheretheinterestedreaderisreferredtotheworksofHeers[60],Bauer[61]andZimmermann
[75]formoredetaileddiscussions.

Impurityembedding

TheDysonequation[66,74]connectsthesystemofanimpurityembeddedintothehost
system,i.e.itisdescribedbytheHamiltonianĤimp=Ĥhost+∆V.Herethesystemwithout
impurityisdescribedbŷHhost,whichisassumedtobeknown,and∆V=Vimp−Vhostgives
thepotentialdifferencebetweenhostsystemandtheperturbationbytheimpurity,which
canbeassumedtobenonzeroonlyinasmallregionsurroundingthedefect.Intermsofthe
correspondingGreenfunctionsGimpandGhosttheimpurityGreenfunctionisobtainedfrom
theDysonequation

Gimp = Ghost+Ghost∆VGimp (2.17)

= Ghost+Ghost∆VGhost+Ghost∆VGhost∆VGhost+··· (2.18)

= Ghost+GhostTGhost; (2.19)

whichfollowsfromthedefinitionoftheGF(Eq.(2.3))andwhereinthelaststeptheT-matrix
hasbeenintroduced. Notethatweusedashorthandnotationdroppingallindicesand
dependenciesofspacecoordinatesandenergiesinwritingGhost=Ghost(r;r;E)whichis

doneanalogouslyfor∆V,GimpandT.Similartotheatomic∆
◦
t-matrixtheT-matrix

containsthescatteringcorrespondingtothechangeinthepotentialthatisinducedbythe
presenceoftheimpurity

T = ∆V+∆VGimp∆V (2.20)

= ∆V+∆VGhost∆V+∆VGhost∆VGhost∆V+··· (2.21)

= ∆V+∆VGhostT; (2.22)

wherethemiddlelineistheso-calledBornseriesexpansion.ItisclearthattheT-matrix
doesnotvanishonlyinthevicinityofthedefect,i.e.where∆V=0.Theseequationsallow
theefficientembeddingofimpuritiesintothehostsystemforwhichthehostGreenfunction
hastobeknownonlyinaregionaroundtheimpuritywhere∆V=0.Theself-consistent
impurityembeddingisthentheiterativeprocedureofstartingwithaguessfortheimpurity
potentialwhichfinallygivesGimpfromthesolutionofEq.(2.17).Usingthedensity(given
viaEq.(2.6))andthePoissonequationtheoutputpotentialcanbecomputed,whichisthen
usedwithappropriatemixing(e.g.Broyden[76]orAndersonmixing[77])togetherwiththe
oldinputpotentialforthenewinputinthesucceedingiteration.AstypicallydoneinDFT
calculations,thisiterativeprocedureisrepeateduntilconvergenceofthepotentialisreached.
MoredetailsonthealgorithmandthespecificimplementationintheKKRimpcode,which
wasusedintheimpuritycalculations,canbefoundintheworkofBauer[61].
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Secularequation,KKRwavefunctionsandscatteringprobabilityrate

ThestructuralGreenfunctioncoefficientsthatwereintroducedinEq.(2.7)andEq.(2.16)
canbeusedtogetherwiththe∆tmatrixcontainingtheatomicscatteringpropertiestowrite
downthesecularequation[60,63]

X

L

h
‹LL−

X

L

Gref
——

LL(k;E)∆t
—
LL(E)

i
c—kL=0 (2.23)

wheretheFourier-transformGref
——
LL(k;E) =

P
iG
refi—;i—
LL (E)eik·(Ri−Ri)ofthestructure

constantshasbeenintroduced,whichisonlyoverlatticevectors(indexiofthecombined
indexn=(i;—)andthereforethesub-latticeindicessurvive).Thisdefinesaneigenvalue
problemthatcanbesolvedforfixedenergyE,e.g.E=EFtofindthek-pointsofthe
Fermisurfaceveryefficientlyandtoextremeaccuracy[63].Theimportanceofthecoefficient
vectorc—kL (i.e.theeigenvectors)isgivenbytherelation[75]

Ψk(x+Xn)=
X

L

c—kLR
—
L(x;E)e

ik·Ri (2.24)

thatconnectsthevectorofcoefficientsc—kLtotheBlochwavefunctionsΨktogetherwiththe
radialsolutionsoftheLippmann-Schwingerequation[Eq.(2.9)].Thescatteringformalism
incorporatedbytheLippmann-Schwingerequationcannowbeusedtorelatethistothe
scatteredwaveoffanimpurityinthecrystal.Theexpansionofthescatteredwavecanbe
writtenanalogouslytoEq.(2.24)

Ψimpk (x+Xn)=
X

L

Rimp;—L (x;E)cimp;—kL eik·Ri (2.25)

anditssolutionisconnectedtothealreadyknownsolutionsoftheimpurity-freecaseviathe
Lippmann-Schwingerequation

Ψimpk (x+Xn) = Ψk(x+Xn)+
Z

dxGimp(x;x)∆V(x)Ψk(x+Xn) (2.26)

RimpL (x) =RL(x)+
Z

dxGimp(x;x)∆V(x)RL(x) (2.27)

whichfinallyalsogivecimpk =(1+Gimp∆timp)ck,wherewehavedroppedtheobvioussite
andangularmomentumindices[63]forthesimplicityofthenotation.
Theknowledgeofhostandscattered(impurity)wavefunctionsletusnowevaluatethe
matrixelementsoftheT-matrix,whichwasintroducedabove. Thesetransitionmatrix
elementsdescribethescatteringfromaBlochstatek(e.g.beingfromtheFermisurface
definedbyEk=EF)toanotherstatekontheFermisurface

Tkk = Ψk|T|Ψk (2.28)

= Ψk|∆V|Ψ
imp
k (2.29)

wherethesecondlineexpressestheproblemintermsofincomingandscattered,i.e.changed
duetothescatteringofftheimpurity,wavefunctions.Thesematrixelementsarethebasic
ingredientsforthescatteringprobabilityratethatcanbecomputedfromFermi’sGoldenrule

Pkk=2ı|Tkk|
2‹(Ek−Ek) (2.30)

thatdescribesthetransitionratetoscatterelastically(i.e.conservingenergy)fromaninitial
statektoafinalstatek.Thelasttwoequationsgivethefundamentalpropertiesthatwill
bethebasisofalargepartofthediscussionintheremainderofthisthesis.
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2.2.4.SummaryoftheKKR-GFmethod

Tosumup,theKKR-GFmethodallowstocomputetheGreenfunctionofthedensity
functionaltheoryproblemwithinamultiplescatteringAnsatz.TheavailabilityoftheGreen
functionallowstoembedimpuritiesintothesystemandtocomputescatteringproperties
ofBlochelectronsofftheseembeddedimpurities.Thesedifferentstepsarethebasisofthe
calculationswhichweredoneinthisthesisfortopologicallyprotectedelectronsmainlyofthe
surfacestatein3DtopologicalinsulatorsandforthetopologicallynontrivialFermiarcsin
Weylsemimetals.Theconceptoftopologyinsolidstatephysicsandtopologicalprotection
inparticularwillbeintroducedinthenextsection.

2.3.Introductiontotopologyinsolidstatephysicsat

theexampletopologicalinsulators

Inthissectiontheterminologyoftopologyintheelectronicstructureisintroducedand
itsimportantimplicationsarederived,inparticularintermsofthephysicalpropertiesof
topologicalinsulatorsarediscussed.Thisintroductionishoweveronlyverybriefandnon-
mathematical.Foradeepergoingintroductionwerefertotheexcellentreviews[8,78–80]
andtextbooks[81–84].

2.3.1. Topologyinbandstructures

Ingeneral,thetermtopologymeansthemathematicalclassificationofcertaingeometrical
propertiesof(mathematicallydefined)spaces.Geometricalshapesarecalledtopologically
equivalent,iftheycanbetransformedsmoothlyintoeachother.Thismeans,inapopular
example,thatasmoothdeformation,e.g.ofaEuropeanfootball(i.e.around“soccer”ball)
toanAmericanfootball(“egg-shaped”),isallowedwithoutdestroyingit(i.e.tearingapartor
creatingholes)tobringoneshapetotheother.Anintuitivemeaningofdifferenttopologies
canbeseenfromthefollowinganalogy,wherethetopologicalin-equalityoftwodistinct
shapes(anorange,i.e.aclosedball,andadoughnut,i.e.atoruswithonehole)isdiscussed.
Obviously,theorangeisaclosedsurfacewithoutanyholesgoingthrough,10thereforeno
smoothtransformation(meaningwithoutpinchingholesintotheshape)oftheorangecan
bedonetobringitintotheshapeofadoughnut,whichhasexactlyonehole.Inthiscase
thenumberofholesinashapecanbeunderstoodasthetopologicalinvariantthatclassifies
thedifferentshapes.Differentmembersofatopologicalinvarianceclassinthiscontextare
characterizedbytheirnumberofholeswhichmakesforexampleacoffeemug(closedshape
withoneholeatthehandle)topologicallyequivalenttothedoughnut.
Inthecontextofsolidstatephysicsthemathematicallydefinedspacewearedealingwith
istheHilbertspaceofBlochelectrons11inasolid,thatcanbecharacterizedbytheircrystal
momentumkandabandindexwhichdiscriminatesbetweendifferentbandsandpossible

10Thesmalldentsonthesurface,makingtheorangenotperfectlyroundarenotholesandwecaneasily
imaginethatasmoothtransitiontoaperfectsphereorafootball.

11Herewerestrictourdiscussiontotopologyrelevanttotopologicalinsulators. Entireotherfieldsof
topologicalmatterexist,suchasthetopologyinmagneticstructuresofSkyrmionsetc.Thediscussionof
thesewouldhowevergobeyondthescopeofthisthesis.
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degeneracies.Theanalogontothepresenceorabsenceofholesintheexampleoforangeand
doughnutistheappearanceorabsenceofsocalledbandinversions12inbandstructures.In
Figure2.1thebulkbandstructureoftopologicallytrivialandnontrivialinsulatorsisdepicted.
Thetypicallystrongspin-orbitcoupling13oftopologicalinsulatormaterialsleadstoashiftin
valenceandconductionbands,whichfirstclosesthegapand,iffurtherincreased,shiftsthe
(inFig.2.1redandbluecolored)bandsacrosseachother.Ifnospecialsymmetriesprotect
crossingofbands,thehybridizationbetweentheredandbluebandswillgenerallyleadto
avoidedcrossingsandopenupthebandgapagain.Onfirstsightonemightthinkthatwe
arebacktothestartingpointwithavalenceandaconductionbandseparatedbyabandgap.
Howeverthisisnotthecase,asishighlightedbytheredandbluecolors.Tofollowtheblue
bandfromthelefttotherightoftheschematicbandstructureinthetopologicalinsulator
(rightpanelofFig.2.1),westartintheconductionbandandwhenapproachingtheregion
ofbandinversionhaveto“jump”overtothevalencebandbefore“jumpingback”tothe
conductionbandwhengoingfurthertotheright.Thisjumpistopologicallydistinctfromthe
caseofthenormalinsulator(leftinFig.2.1)where,byfollowingthebluebandwecanstay
withintheconductionbandandnevertouchthevalenceband.Inbandstructuresofsolidsthe
colorsofFig.2.1correspondtotheirparityandinthetime-reversalandinversionsymmetric
three-dimensionaltopologicalinsulators(3DTIs),ofwhichtheBi2Te3familyisaprime
example,thetopologicalinvariantcanbecomputedeasilybylookingatthetime-reversal
invariantmomenta(TRIMpoints)oftheBrillouinzone.InthiscontextthetopologicalZ2
invariantsclassifytopologicalandtrivialinsulators.Theycanbecomputedbasedonspin
ChernnumberintegralsoverplanesintheBrillouinzonethatcanbecomputedfromtheband
structureviatheBerrycurvature.HerewewillnotgointomuchdetailsofChernnumbers
andtheBerrycurvatureandtheinterestedreaderisreferredtotheworkofMokrousov[87]
foramoredetailedintroduction.Recently,Schnyderetal.[88]workedouttheperiodictable
oftopologicalinsulators,wherebasedonthesymmetriesoftheHamiltonianthemathematical
equivalenceclassesweretabulated.

2.3.2. Connectionbetweentopologyandphysicalobservables

AftertheconcisereferencetotopologyintheelectronicstructureofTIs,webrieflyreviewthe
historyofthequantumHalleffect[89]andquantumanomalousHalleffect[13](QAHE),where
thefirstconnectionfromtopologytomeasurablephysicalobservables(herethequantizedHall
conductivity)wasdevelopedincondensedmatterphysics.Thisfinallyledtothediscoveryof
topologicalinsulators,thatcanbeunderstoodasadoubledversionofthequantumanomalous
Halleffect.
TheunderstandingofthequantumHalleffectintermsoftopologygoesbacktothe
pioneeringworkofHaldane[3]whointroducedCherninsulators,whichareinsulatorswith
nontrivialChernnumber,thatcapturethetopologicalnatureofthebandstructureofsolids.
TheconnectiontothequantizedHallconductivitywasdonefortheintrinsicanomalous
HalleffectbyThouless,Kohmoto,NightingaleanddenNijs[2]whoderivedthattheHall

12Generallyalsotouchingsofbandscanbetopologicalinnature,whichwillbediscussedintheChapter
aboutWeylsemimetals.Inthisintroductionwewillrestrictourselvestothetopologicalinsulatorswitha
bandgap.

13IntheBi2Te3classofmaterialsthisiscertainlythecase[85].Howeveralsootherpossibilitieslikestrain
couldleadtoabandinversionasdemonstratedinSbunderstrain[86].
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Figure2.1.:Schematicimageofthespinorbitcoupling(SOC)inducedtransitionfrom
the(topologicallytrivial)normalinsulator(left)tothetopologicallynon-trivial
topologicalinsulator(right).SOCleadstoaclosingofthebulkbandgapbetween
valenceandconductionband.Hybridizationbetweentheshiftedbandsleads
toavoidedcrossingsandareopeningofthebandgap.Thisleadstoaband
inversioninthetopologicalinsulator(right)asindicatedbytheblueandred
colors.

conductivityintwo-dimensionalsystemswithbrokentime-reversalsymmetrycanbewritten
as

ffxy=
jy
Ex
=
e2

h

Z

BZ

dkxdky
1

2ı
(Ωk)z (2.31)

wherejyisthecurrentiny-directionforanappliedelectricalfieldinx-directionEx,e
2=h

istheconductancequantumcomputedfromtheelectron’schargeandPlanck’sconstant
andthetopologyofthesystementersviatheBerrycurvatureΩk=∇k×Ak,derivedfrom
theBerryconnectionAk.TheBerryconnectioncanbecomputedfromthebandstructure
intermsofderivativesofthewavefunctionandinvolvescomplicatedsummationsoverall
occupiedstates[87].Forthediscussionpresentedinthisthesisthesetechnicaldetailsare
notofimportanceandnotopologicalinvarianceiscomputedexplicitly.Theintegralofthe
BerrycurvatureinEq.(2.31)givesthe(first)Chernnumber

C=
1

2ı

Z

S∈ΩBZ

Ωk·dS (2.32)

wherethesurfaceintegrationgoesoveraclosedsurfaceintheBrillouinzoneandtakesonly
integervalues(C∈Z),whichmakesthedistinctionbetweentrivialandnontrivial(Chern)
insulator.
Thestoryoftopologicalinsulatorsstartedwiththeconsiderationsofspinorbitcoupling
ingraphenebyKaneandMele[5].TheKane-Melemodelcanbeseenastwocopiesofthe
Haldanemodel[3]–onecopyforeachspinchannel–givingthequantumspinHalleffect
(QSHE)astwopairsoftheCherninsulator.Thissystemisessentiallythefirstpredictionof
atopologicalinsulatoringraphene,which,however,hasanincrediblysmallbandgapofonly
afew—eV,whichmakesthephysicsassociatedtoitstopologicalnature,thatistypicallyseen
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forEFinthebulkbandgap,practicallyunaccessible.Nowadaystherearehoweverattempts
toincreasetheeffectivespinorbitcouplingingrapheneviadopingwithheavyadatoms
[90,91],byproximity[92]orinanalogoushoneycombstructureslikestanene[93],whichis
essentiallyaheavierversionofgraphene.Lateron,thefirstrealizationofatwo-dimensional
topologicalinsulator(2DTI)wasdiscoveredtheoretically[6]andthenexperimentally[7]in
semiconductorofHgTe/CdTequantumwells.Herethenecessarybandinversionoccursfor
quantumwellthicknessesbelowacertainthresholdandaquantizedconductanceofffxy=

2e2

h

wasmeasuredinaHallbargeometry[7].Thefactor2isaresultofthetwospinchannelsin
theQSHE(asopposedtotheQAHE),whereeachone-dimensionalspinchannelcontributes
afactorff↑(↓)xy =e

2=h.
Theexamplesthatweregivenhereshowthattopologyinthebulkbandstructurerelates
tophysicalobservables.Moregenerally,thesocalledbulk-boundarycorrespondence,that
willbediscussedinthefollowing,relatesthetopologicalnatureofthebandstructuretothe
existenceofrobustsurfacestates,towhichthequantizedconductanceseenintheabove
examplescanberelated.

2.3.3. Bulk-boundarycorrespondenceandtopologicalprotection

SofarwehaveseenthatthetopologicallynontrivialChernandquantumspinHallinsulator
exhibitquantizedconductance.Sincewearedealingwithinsulatorstheconductancecannot
comefrombulkstates,becauseEFlieswithinthegap. Aswewilldiscusshere,these
contributionscomefromthesurfaceandweintroducethebulk-boundarycorrespondencethat
generallyconnectsthetopologicallynontrivialnatureofthebulkbandstructuretoproperties,
i.e.surfacestates,onthesurface.
Forsimplicity,wefirstconsiderthe2DTIanddealwiththegeneralizationtothreedimensions
lateron.Ifwehaveaboundarybetweentrivial(i.e.Chernnumberiszero)andnontrivial
(non-zeroChernnumber)insulator,thenthebulk-boundarycorrespondencedictatesthe
existenceofanumberofgaplessmodeswhichcorrespondexactlytothedifferenceinChern
numbersofthetwoinsulators.Anexactmathematicalproofforthisisquitecumbersome
[94],sothatwewillonlydiscussahand-wavingjustification.Forthefollowingexamplewe
consideratopologicallytrivialinsulator(CdTe,GaAs,orothertrivialinsulatorsorvacuum)
anda2DtopologicalinsulatorwithasinglepointofinvertedbandsintheBrillouinzone.The
bandinversionshallnowbecharacterizedbyaparameterthatwecallthemassM,which
variesattheboundary(whichweassumetobeorientedalongthey-directionatx=x0)
frompositive(i.e.inthetrivialinsulator)tonegative(topologicalinsulatorwithaband
inversion).Intuitivelythemassvariessmoothlyovertheboundary,sothatattheinterface
wefindM(x0)=0.Thishowevermeansnothingelsethantheexistenceofamassless(i.e.
gapless)excitationinthequasiparticlebandstructure. Wethereforefindasurfacestate
crossingthebandgapattheinterfaceoftrivialandtopologicalinsulator.Thisisillustrated
inFigure2.2(a),wherethecrossingforbothspinchannels(i.e.red-toredandbluetoblue)
fromtrivialtotopologicalinsulatorleadstotwocrossinginoppositedirections,i.e.thetwo
stateshaveoppositegroupvelocitiesandarethereforecounter-propagating.
Inexperimentsonehassamples,e.g.intransportmeasurementsinaHallbarstructure,
withboundariesallaround.Thediscussionontheexistenceofanedgechannelnowholds
forallboundariessothatinthe2DTItwocounter-propagating,spin-momentum-locked
metallicandone-dimensionaledgechannelsmustexist.ThissituationisillustratedinFig.2.2
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(b).SinceEFlieswithinthebulkbandgap,thequantizedconductanceofthe2DTIcanbe
understoodfromtheexistenceoftheedgechannelssinceaone-dimensionalconductance
channelexactlycontributese2=htotheconductance.Ageneralizationtothreedimensionsis
straightforwardandtheadditionaldegreeoffreedomleadstotheexistenceoftwo-dimensional

Normal	insulator Topological	insulator

interface 2D helical  electron liquid

2DTI

3DTI

1D helical  edge state

(a) (b)

(c)

M>0 M<0

M(
x) x

helical(i.e.spin-momentumlocked)electronliquidonthesurfaceasshowninFig.2.2(c).

Figure2.2.:Illustrationofthebulk-boundarycorrespondence.(a)Attheinterfaceoftopo-
logicallytrivial(normal)insulatorandtopological(nontrivial)insulatorthebulk-
boundarycorrespondenceforcesthebandcharactertore-invert.Thisleadsto
thehelical,topologicallyprotectedmetallicsurfacestates(indicatedinlight-blue
andorangeforspin-upand-down).(b)Attheboundaryofatwo-dimensional
topologicalinsulator(2DTI)twocounterpropagating,spin-momentumlocked
surfacestatesappear.(c)Onthesurfaceofathree-dimensionaltopological
insulator(3DTI)onthesurfacesatwo-dimensionalelectronliquidwhichis
spin-momentum–lockedistheconsequenceofthebulk-boundarycorrespondence.
Hereonlythetopandbottonsurfacesareshownandperiodicityisassumedin
thein-planedirections.

Wehaveseenthatthetopologicallynontrivialnatureofthebandstructureinthebulk
leadstohelicaledgestates.Thisistypicallyreferredtoastopologicalprotectionofthe
metallicsurfacestateontopologicalinsulators.Therearedifferentaspectstothetopological
protectionofthesurfacestatesontopologicalinsulators;(i)theexistenceofsurfacestatesis
topologicallyprotectedmakingthemrobustagainstsurfaceperturbations(reconstructions,
defects,etc.)thatdonotbreaktime-reversalsymmetryand(ii)thetopologyofthesystem
isinheritedbythetopologicalsurfacestatesprotectingthemagainstbackscattering.The
firstpointiseasytounderstandbecauseinthediscussionaboveweonlyassumedthata
changetoanotherinsulatorwithdifferentChernnumberispresent.Thisdoesnotmakeany
assumptionsonthenatureoftheinterface,inparticuarwithrespecttoitscleannessorsurface
roughness,whichmakestheexistenceofthegaplessedgechannelsveryrobust.Indeedthe
surfacestateintopologicalinsulatorsisfoundtoexistonstronglydisorderedsurfaces[95].
Generallyonecanonlygetridofthetopologicalsurfacestateifthebandinversioninthe
topologicalinsulatorisreversed. Thesecondpointisassociatedtothehelicity,i.e.the
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spin-momentumlocking,ofthesurfacestates.Ourdiscussionofthe“poor-man’s”picture
motivatedthatthehelicityofthesurfacestateandinfactthespin-momentumlockingis
inheritedfromthetopologyofthebandstructure.Ingeneralthenon-degeneratenature
andspin-momentumlockingofthetopologicalsurfacestate[96]togetherwithtime-reversal
symmetryleadstoprotectionagainstbackscattering,sincespin-flipscatteringisforbidden.14

Inthe1Dedgechannelof2DTIs,thishasdissipationlesstransportasaresult,nomatterif
defectsarepresent,resultinginthequantizedconductancethathasbeenmeasured[7].The
techniqueofascanningSQUID15wassuccessfullyusedtoprove,thatthecurrentdistribution
inthetransportexperimentofthe2DTIHgTe/CdTeinfactfollowstheedgesanddoesnot
penetrateintothebulk[97].In3DTIsontheotherhandthe2Dnatureofthesurfacestate
onlyforbidsexactbackscattering,whilenearbackscatteringisformallyallowed.Thisholds
inthecaseofnon-magneticimpuritiesthatdonotbreaktime-reversalsymmetrybutthe
presenceofmagneticimpuritiescaneffectivelybreaktheprotectionagainstbackscattering.
Thequestionofrecurringbackscatteringandtherobustnessofthebackscatteringsignature
isoneofthemajorpointsofthisthesisandwillbeaddressedindetailinchapters4and5.

2.3.4. Othertopologicallynontrivialsolidsapartfrom
topologicalinsulators

Sofar,wehavediscussedtopologyinsolidstatephysicsfortwo-andthree-dimensional
topologicalinsulators,whicharetypicallyreferredtoasstrongTIs.ThediscoveryoftheQSHE
systemshoweverleadtothediscoveryofaplethoraofrelatedtopologicalsystems.These
areforexampletheweaktopologicalinsulators,thathosttopologicallyprotectedsurface
statesonlyoncertainsurfaces(sometimescalled“bright”)whileothersare“dark”surfaces
withouttopologicallyprotectedelectrons.TheBi14Rh3I9materialisarealizationof3Dweak
TIs[98,99]thatconsistsofstacksof2DTIs,whereonthesidefacetstopologicallyprotected
surfacestatesexist,whilethetopsurfaceistrivial.Furthermore,whileinthetopological
insulators,thatwerediscussedsofar,time-reversalsymmetryprotectstheexistenceofthe
bandinversionandthereforetheexistenceofthesurfacestates,intopologicalcrystalline
insulatorsthesurfacestatesareprotectedbymirrorsymmetriesinthecrystal[100,101].
Evenmoreexoticphasesliketopologicallynontrivialsuperconductorsaregettingmoreand
moreattentionintheliterature,duetotheirpotentialofrealizingMajoranaFermionsthat
couldbeusedintopologicalquantumcomputinginfuturetechnologicalapplications.16

Additionally,apartfromthegappedsystemsoftopologicalinsulators,ungappedsystems
(i.e. metalsorsemimetals)oftopologicalnatureexist,suchasDirac,nodallineorWeyl
semimetals.Thesewill,however,notbeintroducedatthispointandwereferforexampleto
Murakami’swork[105]foradetaileddiscussion.Themajorpartofthisthesiswilldealwith
thescatteringpropertiesoftopologicallyprotectedelectronscomingfromthesurfacestate
of3DTIs.OnlyinthelastchapterofthisthesistheclassoftopologicalWeylsemimetalsare
introducedandstudied.

14Adetaileddiscussionwillbepresentedinchapter4.
15ASQUIDisasuperconductingquantuminterferencedevicethatusesthebreakdownofitssuperconducting
propertiestomeasuretheB-fieldthatisinducedbythelocalcurrentdistribution.

16AnintroductiontoMajoranaFermions,topologicalsuperconductorsandtopologicalquantumcomputing
canforexamplebefoundintheworksofHassler[102],Ando[103],andRoyandDiVincenzo[104].
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ParallelizationoftheKKRcode

InthischaptertheparallelizationeffortsthatweremadetoimprovetheKKRcodeare
presented. Wereviewthethreelevelparallelism,thatconsistsoftwolevels(overatoms
andenergies)ofdistributedmemoryparallelizationwithMPIandathirdlevelofshared
memoryparallelizationwithOpenMP,whichhavebeenimplementedwithinthisthesis.
Thisapproachwasverysuccessfulanddeliveredaprogramthatisparallelizedvery
well,whichisdemonstratedbytheexcellentstrongandweakscalingcharacteristicsof
theparallelapplication.Inparticular,aspeedupofmorethan2100wasdemonstrated
inconcretetests.
Thediscussioninthischapterbeginswithanintroductionofthestateoftheartof
highperformancecomputingandtheprogrammingmodelsthatarecurrentlybeing
used.Afterwardsthealgorithmofparallelizationisdiscussedandthethreelevelsof
parallelismareexplained.Thedifferentlevelsofparallelismareanalyzedindetailand
theperformanceoftheimplementationisdemonstrated.Thechapterfinisheswiththe
weakandstrongscalingcharacteristicsandanoutlook.

3.1.Introduction

Inmoderndaysolidstatephysics,computationalscienceplaysanincreasinglyimportant
role.Accuratecalculationswithpredictivepowerarekeytotheunderstandingofthephysical
phenomenathatdrivetheinterestonfundamentalresearchpossiblyleadingtobreakthroughs
infuturegenerationsoftechnology.Theworkhorseofthesecalculationsisdensityfunctional
theory,whichallowstosolvethequantummechanicalproblemencodedintheSchrödingeror
Diracequationtoveryhighaccuracyatcompetitivecomputingcost.Thephysicalproblems
ofinterestnowadaysdemandextremenumericalaccuracyatincreasinglylargesystemsizes
inacalculation.This,forexample,isthecaseintopologicalinsulatorresearch,wherethis
thesisisthematicallyplaced.Heresmallenergiesplayanimportantrole,namelybecause
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alltheinterestingphenomenaariseduetospinorbitcoupling,whichingeneralisasmall
effectthatneverthelesscanhavedrasticimpact.Additionally,surfaceshavetobetreatedfor
theinterestingsurfacephysicstoappear.Thisrequiresamodelingbythickfilms,typically
containingoftheorderof100inequivalentatoms.

Fortunately,theevolutionofcomputerpowercomestotherescuebydeliveringfaster
architectureseveryyear.ThisdevelopmentwasfirststatedbyMoorewhoobservedadoubling
ofthenumberoftransistorsonachiproughlyeverytwoyears[106],whichisoftenreferred
toasMoore’slaw.AsDennardexplained[107],thereductioninsizeofMOSFETs1allows
forhigherfrequenciesatconstantpowerdensity,whichinturnleadstohighercomputer
powerinCPUs.Thisso-calledDennard’slawinevitablybreaksdownifthesizeoftransistors
reachestheatomicscale.Bynow,theatomicscalehasbecomerealityindevices–thelatest
smartphonemodelsarethefirstcommerciallyavailabledevicesusingtransistorsfabricated
withthe10nmtechnology2[108].ThusDennard’slawstartedtobreakdownintheearly
21stcentury[109].Thisismostlyduetothesocalledpowerthresholdthatiscrossed. With
smallertransistorsthatoperateatlowervoltagesandhigherfrequenciesatsomepointpower
dissipationplaysamajorrolesinceleakagecurrentsbecomeimportant[110,111].Thisraises
thequestionofenergy-to-solution3incontrasttothetime-to-solution4thatwasinitiallythe
onlybottleneckinhighperformancecomputing(HPC).

EmpiricalevidenceforthesetrendsshowupintheTop500listthatcollectstheperformance
dataofthefastest500supercomputersintheworld[112].Figure3.1(a)showstheevolution
ofthepeakperformance5fromJune2005toNovember2016forthefastest(#1)andslowest
(#500)machineinthelistaswellasthesumofalllistedHPCsystems.Anextrapolationof
theperformanceofthefastestmachinepromisesthatatleastfromthehardwaresidethe
nextmilestoneoftheexa-scaleera,i.e.machinesthatarecapableofdoing1018floating
pointoperationspersecond,willbereachedaroundtheyear2020.

Figure3.1(b)showssomedetailsofthesupercomputerarchitecturesthatcomprisethe
Top500list.Shownisthenumberofcorespernode6averagedoverall500systemsinthe
listbetween2006and2016. Whilein2006almostallofthesystemsconsistedofsingleor
doublecoreCPUs(cf.piechartinsetinFig.3.1(b)),by2016theaverageHPCsystemhad
13.1corespernodeand,asthepiechartinsetshows,alargediversityamongthesystemsin
theTop500listexist.

Itisclearthat,althoughcomputingpowerstillincreasesandroughlydoublesevery1.8
years,thiscanonlybeachievedbyincreasingparallelismintheHPCarchitectureandnot
byadoublingoffrequencyormoregenerallyperformanceofasinglecore.Infacttheclock
speedofthesinglecoresonmodernCPUsdidnotincreasesignificantlyoverthelastdecade
[111].ThereforeafterDennard’slawbrokedownthespeedupincomputerpowercanalmost
solelybeachievedthroughparallelism.Butthischallengesustoevolveourmethodsandour

1metal–oxide–semiconductorfield-effecttransistor:typicaltransistortechnology.
2NotethatforalatticeconstantofSi(5.5Å)thismeansthatlessthan10nm

5:5Å
×4≈73(thefactor4comes

from4atomiclayersperunitcell)atomicsitesareneededtocoveralengthof10nm.
3i.e.theamountofenergythatisneededtooperateasupercomputerforthetimeneededtofinisha
specificcalculation

4i.e.thewall-clocktime,whichtheuserhastowaituntilaspecificcalculationisfinished.
5ThepeakperformanceismeasuredwiththeLINPACKbenchmarkwhichgivesthenumberoffloating
pointoperationsdonepersecond(flop/s).

6Adetaileddescriptionofcores,nodesetc.followsinsection3.1.1.

24



(a) (b)

55.2%

44.8%

10.2%

11.2%

13.4%

6.2%

31.8%

15.8%

1.8%
4.0%
5.6%

P
er
f
or
m
a
nc
e 
(
Gfl
o
p/
s)

≥

3.1.Introduction

Figure3.1.:Peakperformance(a)andaveragenumberofcorespernode(b)ofthehigh
performancesystemslistedintheTop500listbetweenJuly2005andNovember
2016.Thenextmilestoneoftheexaflop/sregimewillbereachedaroundthe
year2020whichisduetoanincreaseinparallelisminthecomputerarchitectures.
Thepiechartinsetsin(b)showadetailedviewofthesystem’scorespernode
fortheyears2006and2016. Whereasin2006onlyoneandtwocoresystems
wereavailable,in2016thesystemsintheTop500listcomprisedofnodeswith4
tomorethan20corespernode.Datatakenfrom[112].

softwaretokeepupwiththedevelopmentsonthehardwareside.
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3.ParallelizationoftheKKRcode

3.1.1. ThestateoftheartinHPCarchitectureandparallel

programmingmodels

Todiscussthedetailsoftheparallelizationandthechallengesthatariseinpracticeweshortly
reviewthestateoftheartarchitectureofHPCsystemsanddiscussprogrammingmodelsfor
parallelcomputers.InthissectionwegenerallyfollowthegoodoverviewgiveninRefs.[110]
and[113].
Modernhighperformancecomputersaremassivelyparallelsystemsthatofferthepossibility
tousethousandsorevenmillionsofprocessorsinparallelinonesingleapplication. A
schematicimageofsuchaclusterarchitectureisgiveninFig.3.2.Itshowsthehybrid
distributed-sharedmemorysetup.TypicallyclustersmostlyconsistofgeneralpurposeCPUs7.
SeveralCPUs,inthiscontextalsocalledprocessorsorcores,thatsharethesamememoryare
groupedtogetherintoacommonnode.Thesenodesaretypicallyofthecache-coherentnon
uniformmemoryaccess(cc-NUMA)typewhichmeansthatthedifferentcorescanaccessall
ofthememorywithinonenodewithoutlosingcoherenceofthedata. Withinonenodethis
isthesocalledsharedmemoryarchitecture.Thenseveralofsuchnodesarelinkedtogether
withspeciallydesignedhighperformanceinterconnects.Viatheinterconnectaprocessthat
isphysicallylocatedononenodecancommunicatedatatoanotherprocessthatislocated
onadifferentnode. Thisprocedureisarealizationoftheso-calleddistributedmemory

cc-NUMA node

CPU CPU

MEMORY

cc-NUMA node

CPU CPU

MEMORY

cc-NUMA node

CPU CPU

MEMORY

Interconnect

architecture.

Figure3.2.:Sketchofatypicalhybriddistributedandsharedmemoryarchitecture.Inthis
exampleeachcc-NUMAnodeconsistsoftwoCPUs(cores)thatcanaccessthe
samememorywithinthenode.Communicationbetweennodesisdoneviaa
networkinterconnect.

Thisarchitecturesupportsseverallevelsofparallelism[110].Thedifferentlevelscanbe
classifiedinthefollowinghierarchicalorder:

1.Instruction-levelparallelism(ILP):Multipleinstructionscanbeexecutedinparallel
byasinglecore.Agoodcompilercanexploitthis(architecturedependent)levelof
parallelism.

2.Data-levelparallelism(DLP):Singlecorescantreatnotonlysinglenumbersbut
wholevectorstodoanoperationonthefullvectorinparallelusingthesingleinstruction

7AcceleratorslikecardsfromIntel’sKnight’slandingseriesorgraphicscardswillnotbediscussedindetail
butareapossiblefieldforfuturedevelopments.
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3.1.Introduction

multipledata(SIMD)approach[110].Thisisgettingmoreandmoreimportantsince
theSIMDvectorlengthincreaseswiththemostrecentgenerationofCPUs. The
compilercandetectpartsofthecodethatvectorizewellbutadditionallythiscanbe
tunedonthelevelofthesourcecode.

3.Thread-levelparallelism(TLP):Multiplethreadsareexecutedonasinglenode
tomakebetteruseofthecc-NUMAnodes.OpenMP[114]isawellestablished
programmingmodeltomakeuseofthislevelofparallelism.

4.Process-levelparallelism(PLP):Thehighestlevelofparallelismwhereseveral
processes,oftencalledranks,areexecutedinparallel.Thesecanresideonthesame
nodewithsharedmemoryorondifferentnodeswithdistributedmemorysinceeach
processworksonitsownaddressspace(i.e.ownpartofthememory)andcommunication
betweentheprocesseshastobedoneexplicitly.Themessagepassinginterface(MPI)
[115]implementsthisprogrammingmodel.

Inthisthesisonlythelasttwolevelsareconsideredbecausethefirsttwoareveryhardware-
specificandoptimizationinthisdirectionislessportablethandevelopmentsonthehigher
levels.Furthermore,thehigherlevelsofparallelismhavethebiggestimpactifcomparedtoa
serialversionofaprogram.Notethatherewedefinedthreadsandranksthatwillfromnow
onstandsynonymic,respectively,fortheOpenMPandMPIlevelinthehereimplemented
hybridOpenMP/MPIparallelizationscheme.

The MPIprogrammingmodelfordistributedmemoryparallelization

Beforecontinuingwiththesectionsonparallelperformanceandtheimplementationinthe
KKRcodewetakeasidenotetoreviewtheMPIprogrammingmodelfordistributedmemory
parallelization.ThisshallserveasadefinitionfortheMPIrelatedterminologythatwillbe
usedintheremainderofthischapter.Also,possiblecaveatsforparallelperformanceare
brieflydiscussed.
Themessagepassinginterfacewasdesignedfordistributedmemoryparallelization.The
ideabehinditisthatseveralprocessesexecutethesamecode8withintheirprivateaddress
space.Theprocessesarecalledranksthatcanbedistributedoveroneorseveralnodesofa
computecluster.Afterinitializationtheranksarenumberedstartingfrom0toNranks−1
andcanbeidentifiedunambiguously.Thenthedistributionofworkaswellascommunication
ofdatabetweenrankshastobeimplementedexplicitly.Rankscanbegroupedintoso-
calledcommunicators9. Withthesecommunicatorscollectivecommunicationroutineslike
theall-to-allcommunicationthattransfersdatabetweenrankscanbeused.Forinstance,
thisisusedwhereallranksofonecommunicatorfilldifferentpartsofanarraythathastobe
availableinasecondsteptoallrankstocontinuethecalculation.Typicallysuchroutinesare
blocking,whichmeansthatabarrierisimpliedfortheranksuntilallrankssuccessfullyexit
thecommunicationroutine.
Barriersforcerankstowaitforothers.Iftheworkloadofoneormoreranksofthe
communicatordiffersfromtherestoftheranks,thenatsomepointsomerankshaveto

8Theranksareassumedtotoverysimilarjobsinthesensethatinaloopthatisparallelizedthedifferent
iterationsoftheloopareexecutedbythedifferentranks.

9ThecommunicatoroverallranksiscalledMPI_COMM_WORLD.
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3.ParallelizationoftheKKRcode

waitfortheoneswiththehighestworkload10.Thisisaproblemcalledloadimbalancethat
posesacommonchallengeinparallelprograms.Itleadstoincreasedoverheadoftheparallel
programwhichreducestheparallelefficiency11.

TheOpenMPprogrammingmodelforsharedmemoryparallelization

AfterintroducingtheMPIprogrammingmodelwebrieflyreviewtheOpenMPprogramming
modelforsharedmemoryparallelizationanddefinetheOpenMPrelatedterminologyforthe
restofthischapter.TheOpenMPprogrammingmodelwasdesignedforsharedmemory
parallelismandgainsimportanceintoday’sHPCcomputingsincethenodesinmodern
computerarchitectureshaveanincreasingnumberofcorespernode.Thiscanbeseenin
Fig.3.1,forexample.
OpenMPisadirectivebasedprogrammingmodelthatisdesignedtominimizethepro-
gramminganddevelopmentoverheadascomparedtotheexplicitMPIparallelism.Itis
basedonthreadsthatarebasicallylightweightversionsofprocesses[113].Anumberof
threadsthatcanbecontrolledeasilybyenvironmentvariableswhenrunningtheprogramare
spawnedwhenanOpenMPparallelregionisencountered,whichisdefinedbydirectivesin
thesourcecode.Everythreadcanaccessthesamememorylocationsastheotherthreads
ifnoprivatecopiesofvariableshavebeendefined.Synchronizationbetweenthememory
locationsthatwereaccessedbydifferentthreadsisdoneautomaticallywhichimpliesthat
barriersareimplicitlyincludedhereaswell.
TypicalproblemswithOpenMPparallelizedprogramsoccurwhenraceconditionsappear.

Thisisthecasewhenathreadchangesthememorythatisthenaccessedbyasecondthread.
Ifthesecondthreadretrievessomeinformationfromthememorylocationthatispreviously
supposedtohavebeenchangedbythefirstthread,whichmightnothavearrivedatthispoint
yet,thenthewrongdataisprocessedbythesecondthread.Thisiscalledaracecondition
thatcanleadtowrongoutcomes.Toensurethatnoraceconditionsarepresentinthehybrid
OpenMP/MPIversionoftheKKRcodewecheckedtheprogramwiththeIntelInspector
[116]thatallowstofindraceconditionsandotherOpenMPrelatedissues.

3.1.2. Parallelperformanceandscalinglaws

Nextwearetakingalookathowtheperformanceofaparallelapplicationcanbemeasured
andwhatthecentralcaveatsandchallengesareinachievingawellparallelizedapplication
withscalableperformance.Itisworthwhiletofocusthecomparisononthetimeittakes
foracomputercodetofinishacalculation.Inthecontextofthisthesisarepresentative
computationisasingleiterationintheself-consistencycycleofaDFTcalculation.Thetime
Tp(n)neededtofinishthisstepintheparallelversionusingacertainnumbernofprocessors
canbecomparedtothetimeT0usingonlyasingleprocessor.Thenthespeedupcanbe
definedastheratio

S(n)=
T0
Tp(n)

: (3.1)

10Thisisassumingthatallranks,i.e.processesexecutedpossiblyondifferentnodes,areequallyfastso
thatthetimeneededtofinishacertaintaskofcertainsizeisproportionaltotheworkloadofthetask.
Thisassumptionisvalidontoday’sHPCarchitectures.

11Cf.section3.1.2
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Thescaling,i.e.evolutionofthespeedupwiththenumberofusedprocessors,istheoretically
determinedbyAmdahl’slaw,whichisintroducedinthefollowingsidenote.

Amdahl’slawandstrongscaling

Generallynot100%ofacodecanbeparallelizedbecausetypicallysomeinitialization,
e.g.read-inofdata,andsomeoverhead,e.g.duetocommunicationbetweenranksor
threads,havetobedone.Iffisthefractionofcodethatcanrunperfectlyinparallel
sothatthetimeneededtofinishtheparallelizedpartwithnprocessorsisreducedbya
factor1=nascomparedtorunninginserial,thenthetotaltimeneededfortheparallel
executioncanbesplitintoserialandparallelizedparts.Thiscanbewrittenas

Tp(n)=

 

1−f
|{z}
serialpart

+
f

n

!

T0 (3.2)

whichassumesthatoverheadcanbeneglected[117].Fromherethespeedupisgiven
byAmdahl’slaw[118]:

S(n)=

 
f

n
+1−f

!−1

: (3.3)

Itisobviousthateveninperfectconditionswherenooverheadcomesintoplaywhen
parallelizingaprogramthemaximalspeedupcanonlybeashighasSmax=lim

n→∞
S(n)=

(1−f)−1.Thus,whenf=98%ofthecodeisrunninginparallel,stillonlyamaximal
speedupof50canbeexpectedifcomparedtoserialexecutiona.Amdahl’slawgives
thelimitforthesocalledstrongscalingoftheparallelapplication.Thestrongscaling
isanupperboundofhowfastaproblemofacertainsizecanbesolved,ifonlyenough
resources,i.e.computingpowerintermsofnumberofnodesandcores,areavailable.It
givesimportantperformancecharacteristicswithmajorconsequencesforthescalabilty
ofanapplications.Insection3.4.1thisisinvestigatedfortheparallelizationofthe
KKRcode.

aThevaluef=98%isthefractionofparallelismthattheKKRcodehadbeforethisworkstarted
[119]. ThiswasachievedinanOpenMPonlyparallelizationandgaveamaximalmeasured
speedupof≈9for12threads.

Relatedtothespeedupofaparallelexecutedcodeistheparallelefficiency

E(n)=
S(n)

n
(3.4)

whichisgivenasthequotientofspeedupandnumberofusedprocessors. Theparallel
efficiencygoestozeroforlargenbecauseofthemaximalspeedupinthestrongscaling
characteristicsdictatedbyAmdahl’slaw.

In1988Gustafsonpointedoutthatthestrongscalingbehaviorisnottheultimatemeasure
ofaparallelprogram[120].Ratherthepossibilitytousemoreresourcestosolvelarger
problemsinthesametime-frameshouldbeconsidered.Thiswasbasedontheempirical
observationthattheserialpartofaparallelizedapplicationtypicallyisaconstantwithrespect
tothesystemsize.Itreferstotheassumptionthatonlysomesmallread-inofparametersand
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3.ParallelizationoftheKKRcode

initializationshastobedonebeforetheactualcalculation,whichcanstillbedoneinparallel,
canstart.AdescriptionofGustafson’slawwhichintroducestheweakscalingisgivenbelow.

Gustafson’slawandweakscaling

Letusassumetohavetwosystems;(i)areferencesystemwithacertainworkload,
wherethetimetosolvetheproblemwithpprocessorsisgivenasinEq.Eq.(3.2)and
(ii)asystemwithscaledworkloadawhichfornprocessorscanbedoneinthetime
T̂p(n).Furthermorethetimeneededforaserialexecutionforthescaledworkload

shallbeT̂0sothatwegetfollowingEq.(3.2):T̂p(n)=(1−f)̂T0+
f
n
T̂0.Theserial

partforthescaledworkloadisnowassumedtostayconstantandtheparallelizedpart
isassumedtoscaleproportionaltotheworkloadsothatf̂T0=nfT0.Theexecution
timeforthescaledworkloadcanthenbewrittenas

T̂p(n)=(1−f)̂T0
| {z }
(1−f)T0

+
1

n
f̂T0|{z}
fnT0

=(1−f)T0+fT0 (3.5)

fromwhereitcanbeseenthatthetotalexecutiontimecanbekeptconstantwitha
scaledworkload.Thisinturnleadstoaconstantscaledspeedup.Thisisreferredto
astheweakscalingcharacteristicofaparallelapplication.Theweakscalingofthe
parallelizedKKRcodeisfurtherelaboratedoninsection3.4.1.

aNotethatthescalingbehaviorbetweensystemsizeandactualworkload,i.e.numberoffloating
pointoperationneededtosolveaproblem,dependsonthealgorithm.Ifforexampleamatrixhas
tobeinvertedthentheworkloadtypicallyincreaseswiththecubeofthesystemsizesothatfora
systemtwiceaslarge,eighttimesasmanyprocessorshavetobeused.

3.2.ImplementationofhybridparallelisminKKR

InthissectionthedetailsoftheparallelizationoftheKKRcodeareexplained. Wepoint
outwheretheparallelizationcanbeintroducedinthebasicstepsintheKKRformalism
andexplicatetheparallelalgorithmthatisimplementedhere. FirstthetwolevelMPI
implementationisdiscussedontopofwhichtheOpenMPlevelforhybridOpenMP/MPI
parallelismisreviewed.Finally,severalperformancecharacteristicsoftheimplementationare
shownandtheweakandstrongscalingbehaviorisdiscussed.

3.2.1. Parallelizationscheme-levels1and2:parallelization
with MPI

TounderstandthetwolevelsoftheMPIparallelismimplementedintheKKRcodewehaveto
revisitthebasicequationsoftheKKRformalism.12InaDFTcalculationweareinterested
intheelectrondensitywhichcanbecomputedwithintheKKRformalismfollowingthree
steps:(i)solvethesinglesiteproblem,(ii)solvetheDysonequationforthestructuralgreen
functionand(iii)constructtheGreenfunctionoutofsinglesiteandmultiplescatteringparts

12Cf.chapter2
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3.2.ImplementationofhybridparallelisminKKR

tocomputethedensity.Thesethreestepstypicallyconsume99:99%ofthetimeofasingle
iteration13asisindicatedinFig.3.3.Inthefollowingequations,wherethesamenotationas
introducedinthepreviouschapterisused,thetwolevelsofMPIparallelizationarehighlighted
inorangefortheatom/k-pointandgreen
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Figure3.3.:SchematicviewoftheparallelismemployedintheKKRcode.Themajorstepsof
aself-consistencyiterationintheKKRformalismareshownin(a)togetherwith
thetwoMPIlevelsofparallelism(loopsoverenergiesoratoms(k-points)are
indicatedbygreenandorangearrows,respectively).Typically∼99:99%ofthe
totaltimeperiterationisspentinthepartthatcanbeparallelizedstraightforward.
Adetailedviewonthetwo-levelMPIcommunicationschemeisshownin(b).
Includedaresomeadditionalranksthatareusedtotackletheloadimbalance
problemintypicalcalculations.

Figure3.3(a)showsaschematicrepresentationofthethreestepsintheKKRformalism
wherethetwolevelsofMPIparallelismareindicated.TheMPIstandardalsoallowstodefine
subgroupsofranksthataregroupedtogetherinsocalledcommunicators.Apartfromthe
globalcommunicatorwhereallrankscancommunicatetoallotherrankswedefinedtwo
sub-communicators;(i)theenergycommunicatorwhereallranksthatworkonasingleor
onegroupofenergiescancommunicateand(ii)theatomcommunicatorwhereallranks
thatworkonasingleatomoragroupofatomscancommunicatetheinformationofall
energies.Thesesub-communicatorsallowtheusageofcollectivecommunicationroutinesof
theMPIstandard[115]thatareveryconvenientintheusageandthataretypicallyverywell
implementedandoptimizedonHPCsystems,eventakingsomespecificsofthedesignofthe
hardwareintoaccount.Thechoiceforthesecommunicatorswillnowbediscussedindetail.

Thesinglesiteproblembreaksdowntothecomputationofwavefunctionsorscattering

13Theremaining0.01%isthetimeneededforinitializationetc.Thetimingsforthisexampleweretaken
fromthetestsystemT3where60rankswereusedtoexecutethetestrun.Adetailedanalysisofthis
testwillbepresentedinsection3.3.3.
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solutions14RthatcanbecomputedfromtheanalyticallyknownreferenceGreenfunction

grefandthepotentialdifferencebetweenatomicandreferencepotentials∆V=V−Vrefvia

theLippmann-Schwingerequation:

R—(x;E)=J—(x;E)+
Z

dxgref;—(x;x;E)∆V—(x;E)R—(x;E) (3.6)

where·isashorthandnotationindicatingthatR,gref,thepotentialdifference∆V[72,73]

andtheBesselfunctionsJarematricesinangularmomentumandspinindices,typicallyof
size32×32or50×50.Thisallowstocomputetheatomic∆t-matrices

∆t—(E)=
Z

dxJ
—
(x;E)∆V—(x)R—(x;E): (3.7)

Itisclearthatthewavefunctionforeachatomintheunitcell(—)andenergypoint(E)in
thecomplexenergycontourcanbecomputedindependentlyfromoneanother.Thesingle
siteproblemcanthereforebeindependentlyparallelizedoveratomsandenergies.Typically
thisstepdoesnotintroducealoadimbalanceinthecomputationbecause,firstly,allatoms
intheunitcellhavethesameenergymesh,andthusthesamenumberofenergypoints,and
secondlytheradialmeshusuallydiffersonlyverylittlebetweendifferentatomtypes.15

Oncetheatomict-matricesarecomputed,thesecondstepintheKKRformalismisthe
multiplescatteringpart.Thegoalistocomputetheenergyandatomdependentstructural
Greenfunctionthatisgivenbytheequation

G——
ii
(E)=

1

VBZ

X

j

wkjG
——(kj;E)e

−ikj·(Ri−Ri) (3.8)

whereak-pointintegration(writtenhereintermsofthediscretesum
P
jwithintegration

weightswkj),withtypicallyNk=20−40k-pointsperdimensioninreciprocalspace
16has

tobeperformedforallenergypoints.ThequantityG——(k)satisfiestheDysonequation
(wheretheatomindices—wereabsorbedintheshorthandmatrixnotation·forsimplicityof
thenotation) h

1−g(kj;E)∆t(E)
i
G(kj;E)=g

ref(kj;E) (3.9)

whichissolvednumericallyforeachpair(kj;E)ofk-andenergypoints.Notethatallenergy
pointscanstillbetreatedindependently,whichimpliesthattheenergylevelofparallelism
canbeusedhereinthesamewayasitisdoneinthesinglesitepart.However,theDyson
equationcouplestheatomic∆t-matricesofdifferentatoms.Thisimpliesthatforagiven
energypointanall-to-allcommunicationhastobeperformedwithintheenergycommunicator
sothatallranksthatworkonthesameenergypoint(orgroupofenergypoints)haveaccess
toallatomic∆t-matrices(i.e.forall—)atthisparticularenergy.
ThestructureofEq.(3.8)suggeststhatthesecondparallelizationlevel(overatoms)inthe
singlesitepartcanbeusedtoparallelizethek-pointintegrationhighlightedinorangecolors

14Hereonlytheequationfortheregularrightsolutionisshown.Theirregularsolutionandtheleftsolutions
forregularandirregularwavefunctionscanbecomputedanalogouslyasisdiscussedinsection2

15AsaworstcaseexamplethetestsystemT3(cf.Tab.3.1)couldbeconsideredwhereintheslabgeometry
largeelementssuchasBitogetherwithemptycellsinthevacuumregionhavetobetreated.Thisfinally
leadstonegligibleloadimbalanceascanbeseeninthetraceanalysispresentedinsection3.3.3.

16i.e.typicallyN2kin2DandN
3
kin3D.
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inEq.(3.8)inthecomputationofthestructuralGreenfunction.Ofcourse,theintegration
overk-pointsisdiscretizedsothattheintegralbecomesadiscretesumwhichfinallyneeds
anothercollectivecommunicationovertheenergycommunicator.ThisisindicatedinFig.3.3
(a).Hereitisworthwhilenotingthat,inordertoachievethesameaccuracyineachenergy
point,thek-integrationfordifferentenergiesdemanddifferentdensitiesofk-points.The
complexenergycontour17thatisusedintheenergyintegrationintheKKR-GFformalism
startsatE=EBontherealaxis,thengoesupintotheimaginaryplaneandparallelalong
therealaxisalongE=›+i”for›;”∈Rwherealargemajorityofthetotalnumber
ofenergypointshavethesameimaginarypart,andthencomesdowntotherealaxisat
theFermienergy[121].TheGreenfunctionG——(k)nowconsistsofpolesontherealaxis
whichbecomesmeared-outLorentziansawayfromtherealaxis[121].Thewidthofeach
Lorentzianisproportionaltotheimaginarypartoftheenergywhichimpliesthatthata
lowerdensityinthek-pointintegrationmeshisneededforallpointsontheenergycontour
thatarefarawayfromtherealaxis.Onlytheveryfewenergypointsthatareclosetothe
realaxis,i.e.atE=EF+i”withsmall”,needafinek-mesh.Inatypicalcalculation
3−6differentk-meshesareusedthatmaydifferbyanorderofmagnitudeinthenumber
ofk-points,betweentheleastandmostdenseintegrationmesh.Thisintroducesaload
imbalancebetweendifferentenergypoints.Theactualsignificanceofthisloadimbalance
dependsstronglyonthesystemastheratioofthetimeneededfortheDysonequationand
thetimeneededtocomputewavefunctionsand∆t-matrixfromthesinglesiteproblemare
systemdependent.
Forsystemswheretheloadimbalanceduetothek-pointintegrationbecomesaproblem,
thepossibilitytouseanumberofranksthatisincommensuratetothenumberofatoms
andenergiesisimplemented.Supposethatthenumberofranksusedforthecalculation
isNrankswhicharedividedintonEenergygroupsandnatatomgroups.IfNranksislarger
thantheproductofenergyandatomgroupsthenNrest=Nranks−nE·nat>0ranksare
freelyavailable.Theseranksareaddedtothegroupsofenergiesthathaveahigherk-mesh
tospeedupthecalculationinthepartwherethestructuralGreenfunctioniscomputedvia
k-integration.ThisisdepictedinFig.3.3(b).Inpractice,mostenergypointswillhavethe
samecoarsek-meshandonlythelastoneortwopointshaveasignificantlyfinerk-mesh.
Thequalityoftheapproachthatwasimplementedheretotackletheloadimbalanceproblem
isfurtheranalyzedinsection3.3.3.
Thelaststepwithintheenergy-loopoftheKKR-GFformalismistheconstructionofthe
densityfromsinglesiteandmultiplescatteringpartsoftheGreenfunctionG(x+Xn;x+Xn;E)
[Xn=Ri+ffl—withlatticevectorRi,sublatticevectorffl—andthecombinedindex
n=(i;—)]:

—=−
Im

ı
Tr
X

j

wEj

G(x+Xn;x+Xn;Ej)
z }| {"
q
Ej

Z

dxR—(x;Ej)̄H
—
(x;Ej)

| {z }
singlesite

+
Z

dxR—(x;Ej)G
——
ii
(Ej)̄R

—
(x;Ej)

| {z }
multiplescattering

#

:

(3.10)
wheretheenergyintegrationiswrittenasadiscretesum(

P
jw

E
j withintegrationweights

wEj)overtypically30-50energiesandthetracesumsoverthelargeandsmallcomponentsof

17Amoredetaileddescriptionoftheenergyintegrationandthecomplexenergycontourusedwithinthe
KKR-GFformalismcanbefoundinsection2.2.
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theDirac4-vector.Thewavefunctionsofthesinglesiteproblemtogetherwiththestructural
Greenfunctioncanbecollectedforeachpair(—;E)ofatomsandenergiesindependently
whichimpliesthatthisstepcanbedoneinthesameparallelizationasthesinglesitepart.For
theenergyintegrationandfurtherpostprocessing,e.g.creatingtheoutputpotentialfrom
thedensityandcheckforconvergenceoftheself-consistencyiteration,alloftheresultshave
tobecollected.ThustwocallsofMPIcommunicationroutinesareneeded;firsttoperform
thecommunicationovertheatomcommunicatorfortheenergyintegrationandsecondlyover
theenergycommunicatortohavetheinformationofallpairsofatomsandenergiesavailable.
Inearlierversions18oftheKKRcodeallofthewavefunctionsthatwerecomputedinthe
singlesiteparttocomputethet-matrixwerenotstored,butrecalculatedintheconstruction
ofthedensitybecauseofmemorystoragedemands.19Duetothetwo-levelMPIparallelism
thatwasintroduced,thetotalmemorythatisavailableinacalculationisdistributedover
severalranksandnodessothatthewavefunctionscanindeedbestoredandreused.This
givesanadditionalspeedupupofupto40%ascomparedtotheoldversion.20Thecurrent
versionthatwillbediscussedinthefollowingisKKRcodev2.2.

3.2.2. Parallelizationscheme-level3:parallelizationwith

OpenMP

Thetwo-levelMPIschemeofparallelizationallowsustomaximallyusethenumberofatoms
timesthenumberofenergiesasMPIranksinthecalculation.21Fortypicalsmalltolarge
systemsizesof1−200atomsintheunitcelland20−60energypointsthismeansthat
20−12000rankscanbeusedintheMPIlevelstospeedupthecalculation.Aswehave
seenfromtheanalysisofHPCsystemsintheTop500listthewaytogoistoincreasethe
parallelismintheapplications.Tofurtherincreaseparallelism–exceedingthistwo-levelMPI
specificthreshold–hybridparallelismviasharedmemoryOpenMPontopofthedistributed
memoryMPIlevelsisneeded.Asketchforthishybridthree-levelparallelismschemeisgiven
inFig.3.4.SupposeaHPCsystemisaclusterofnodeswhereasinglenodeconsistsofNproc
processorspernode.EachMPIrankhasthepossibilitytospawnOpenMPthreadstospeedup
thecalculation.ThenitispossibletodividetheMPIranksinsuchawaythatonlyasingle
rankisallocatedtoonenode.Computeintensepartscanthenbeacceleratedonthisnodeby
usingthefork-joinmodelofOpenMPasshowninFig.3.4(b)and(c).Ifforexamplealoop
hastobeexecutedwhereeachiterationintheloopisindependentoftheotheriterations,
thenthisloopcanbeparallelizedandthetimeneededtofinishthisspecificpartofthework
canbediminished.Thiscanleadtoanadditionalspeedupontopoftheonegivenbythe

18Beforev2.0-38-g6593f48.Notethattheversionnumberconsistsoftheversiontag(v2.0inthiscase),and
aserialnumberindicatinguniquelywhichspecificcommitisreferredto.Inthefollowingonlytheversion
tagwillbereferredto,sincewithanincrementofthetagonlythemajorstepsinthedevelopmentare
indicated.

19Typicallyasinglewavefunctionneeds15-20MBperatomintheunitcellandenergypointtobestored.
Thisquicklyblowsupto75-100GBfortypicalvaluesof50energypointsand100atoms.

20Forthet-matrixtwowavefunctions(regularandirregularright)whereasfortherecalculationofthedensity
threewavefunctions(regular,regularleftandirregularleft)perenergyandatomarecomputed.Thusthe
speedupcanbeashighas 3

2+3
=40%ifthek-integrationpartismuchfasterthanthecomputationof

thewavefunctions.
21Hereweneglecttheloadimbalancebythek-pointmeshandthatasmallnumberranksarebeneficialto
solvethisproblem.ThisadditionalnumberistypicallymuchsmallerthanNE·Nat:
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Level 3: OpenMP parallel regions time

fork join

master

master

3.2.ImplementationofhybridparallelisminKKR

Figure3.4.:SketchofthehybridOpenMP/MPIimplementation.ThetwolevelsofMPIare
shownin(a)asagridofnodesinthexy-planewiththethirdlevel(OpenMP)
indicatedbythearrowspointinginz-direction. Acloseupofasinglenode
showingtheOpenMPlevelofparallelism(level3)isdisplayedin(b).Panel
(c)showsthefork-joinprogrammingmodelofparallelcomputationasitwas
introducedwiththeOpenMPstandard.

MPIlevelofparallelism.Forthesamesetupasdiscussedabove(NE=60,Nat:=200)and
2-12threadsthatcanbeusedefficiently22byeachrank,uptoNranks·Nthreads=144000
processorscanbeusedwhichbringsthecodetoamassivelyparallellevel.

TheOpenMPlevelofparallelismthatwasintroducedintheKKRcodeissketchedin
Fig.3.5.Asitisdepictedhere,mostofthetimeneededtooneiterationistypicallyspent
inthepartthatcalculatesthewavefunctions(routinecalledrllsll).Thistypicallysums
upto70-80%ofthetotaltime.ThisroutinewasfirstparallelizedbySachinNanavatiwith
whomIcollaboratedontheOpenMPparallelizationdiscussedinthispartofthework.In
thisolderversionoftheKKRcodeotherpartsofthecode–especiallytheroutinesgll13
andkkrmat–anautomaticOpenMPparallelizationwasusedfortheLU-decompositionin
theDysonequationbylinkingthethreadedLAPACKlibrary23whichallowstoautomatically
speedupallmatrix-matrixoperations.

However,thetypicalmatrixsizeformatrix-matrixmultiplicationsastheyappearforexample
intheDysonequation24isquitesmall;foratypical‘max cutoffvalueof3andoneatomper
unitcell,squarematricesofsize32havetobehandled,butthematrix-matrixmultiplications
ofthesesmallmatriceshavetobedonethousandsorevenmillionsoftimes.Eveninthe
caseoffilmswithtensorhundredsofinequivalentatomiclayers,theprinciplelayertechnique
[72,73,122,123]breaksdowntheproblemtotypicallynotmorethan10atomsperprincipal
layer,resultinginsmallmatricesoftheorderof320×320insize.Thismakestheautomatic
parallelizationbythreadedLAPACKlibrariesnotveryefficientsincetheycannotreachpeak
performanceatsuchsmallmatrices.Thus,byautomaticparallelizationonly,effectivelynot
morethan70-80%ofthecodeisthereforerunninginparallelontheOpenMPlevelwhich
accordingtoAmdahl’slawgivesamaximalspeedupof3-5.

Thefractionofcodethatcanruninparallelhasbeenimprovedfurtherduringthisthesis.In
thecurrentversionthemissingparts,namelygll13andkkrmat,wereparallelizedexplicitly
withOpenMPdirectives.Thisincreasesthefractionofparallelcodesothata60%higher

22Cf.Fig.3.11andthediscussionontheOpenMPspeedup
23Usingtheoption-lmkl_intel_threadinsteadof-lmkl_sequential
24Cf.equation3.9
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Figure3.5.:DetailedviewontheOpenMPparallelizedregionsoftheKKRcode.Asingle
iterationisshownschematicallyforasingleMPIrankwhichrepresentsthe
workloadeverysingleMPIrankhastodowithinthethreelevelparallelism
scheme.Inthesinglesiteproblem(1a)twopartsaredone;thecalculationofthe
wavefunctionsinrllsllandtheconstructionofthereferencegreenfunction
ingll13. TheDysonequationissolvedinkkrmat. Thisschematicimage
assumesthatthewavefunctionsarerecalculatedandnotstoredsothatinthe
constructionofthedensity(1c)againrllsllisexecuted.Thepartsthatare
explicitlyparallelizedusingOpenMPareindicatedinthelowerrow.

performance25oftheOpenMPlevelcouldbeachieved.

AdetailedanalysisoftheperformanceofthetwolevelsofMPIaswellasthethirdlevelof
OpenMPparallelizationwillbedoneinthefollowingsections.

3.3. Performanceofthetwo-level MPIparallel

implementationintheKKRcode

Beforewedelveintodetailsoftheperformanceanalysiswequicklymentionthemethods
usedtoevaluatetheperformanceoftheparallelprogram.First,wediscussatraceanalysisof
thedifferentMPIlevel.UsingtoolslikeScore-P[124,125]andVampir[126,127]aparallel
programcanbeexecutedforatestsystemwhileperformancedatasuchasthetimespent
inacertainroutineorthetimeneededforMPIcommunicationistracked.Suchatrace
givesvaluableinformationabouttheinternalsofaparallelprogramandallowstoidentify
bottlenecksoftheparallelizationsuchasloadimbalances.Usingthesetracingtoolsalways
comeatthepriceofsomeoverheadsothatthisanalysisislimitedtosmallandmediumsized
systems.

Secondly,executiontimesmeasuredforrealisticsystemsarecomparedandthestrong-
aswellastheweak-scalingbehaviorisdiscussed.Thetestsystemsusedinthispartare
describedinTable3.1wherethemostimportantparametersofthecalculationaswellas

25Cf.section3.4.2ontheOpenMPspeedupoftherllsll-parallelized-onlyversionascomparedtothenew
hybridversion.
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3.3.Performanceofthetwo-levelMPIparallelimplementationintheKKRcode

informationofthesystem’shardware,wherethetestwasexecuted,arecollected.

Table3.1.:Descriptionofthetestsystemsthatwereusedtogeneratethedatashownin
Figures3.6to3.11.T1andT2aresmalltestsystemsthatrepresentidealcases
forenergyandatomparallelization,respectively.ThesystemsT3,S1andS2
consistofrealisticparametersetsfortypicalcalculationsandHisasystemchosen
todemonstratethehybridOpenMPMPIparallelizationwithanemphasisonthe
OpenMPlevel-thusonlywithtwoenergypointsareused.‘max istheangular
momentumcutoff,Natthenumberofinequivalentatomsintheunitcell,NEthe
numberofpointintheenergycontour,Nkthedensityofthemaximalk-mesh
[121],Nclsat thenumberofsitesintheclusterforthereferenceGreenfunction[73],
NpanthenumberofpanelsandNchebthedegreeoftheChebychevpolynomials
usedintheradialmesh[61].

System Calculationparameter
ID description ‘max Nat NE Nk Nclsat Npan Ncheb
T1 NbPthinfilm 2 24 24 5x5 149 20 12
T2 NbPthinfilm 2 24 24 30x30 83 20 12
T3 Bi2Te36QLthinfilm 3 72 58 20x20 65-77 20 12
S1 Bi2Te36QLthinfilm 3 72 50 30x30 65-77 20 12
S2 Au(111)thinfilm 3 1-16 32 30x30 79 24 17
H NbPthinfilm 3 10 2 30x30 149 20 12

SystemID Nranks Nthreads executionhost

T1 24 - RWTH-CLX26

T2 24 - RWTH-CLX26

T3 58-72 - RWTH-CLX26

S1 1-3650 - RWTH27

S2 16-1024 - RWTH27

H 1-20 1-10 viti-node28

3.3.1. Traceanalysisoflevel1- MPI:parallelizationover

energies

WestartbyanalyzingtheparallelizationofthefirstMPIlevel–theparallelizationover
energies.AsatestcaseforthetraceanalysisaNbPthinfilmwith24energypointsinthe

26CLAIXpartitionoftheRWTHcomputecluster:IntelBroadwellEPE5-2650v4CPUsrunningata
clockspeedof2.2Ghzwith24corespernodeand128GBmemory. Furtherinformation:https:
//doc.itc.rwth-aachen.de/display/CC/Hardware+of+the+RWTH+Compute+Cluster

27MPI-SandMPI-LpartitionoftheRWTHcomputecluster:IntelWestmereX5675CPUs,12coresper
node,3.07Ghzclockspeedand24GBor96GBmemory,respectively. Furtherinformation:https:
//doc.itc.rwth-aachen.de/display/CC/Hardware+of+the+RWTH+Compute+Cluster

28viti_nodepartitionofthePGI-inhouseclusteriff003:IntelXeonE5-2680v2CPUs,20corespernode,
2.80Ghzclockspeedand128GBmemory.Furtherinformation:https://pgi-jcns.fz-juelich.de/
portal/pages/clusterview.html
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3.ParallelizationoftheKKRcode

complexenergycontourand24atomsintheunitcellwaschosen(systemT1ofTab.3.1).
Thesystemwasselectedtohavearepresentativecasewheretheenergyparallelizationis
supposedtoworkwell,i.e.asystemwithnegligibleloadimbalanceduetothesmallnumber
ofk-points.29

Figure3.6showstheresultofthisanalysis.Inpanel(a)thetracedataofallranksis
shownoverexecutiontime.Thedifferentstepsinthecalculationcanbeidentified;inthe
beginningtheinitializationstepisdonebythemasterrankaloneandtheotherrankswait
forthissteptocomplete.Ascanbeseenfrom(e)wherethetotaltimeforthedifferent
partsisshown,thistakesonly1.3seconds.Thentheinformationthatthemasterrankhas
readinandpreparediscommunicatedtoallotherranksandthesinglesitepart(1a)starts.
Heremostlythewavefunctionsarecomputedwhichisdoneintheroutinetmat_newsolver.
Thiscanbeseenfromthecloseupviewofthetracedataofthemasterrankandthelast
rankin(b)and(c)andthecorrespondingtotaltimesforthedifferentpartsofthecodein
(f)and(g),respectively.ThentheDysonequationissolvedinthe1bpart.Onlyanegligible
loadimbalanceisintroducedwhichisreflectedbytheshortredregionataround19seconds
wheremostrankswaitforashorttimeoflessthan1secondforthelastranktofinish
thek-integrationwiththemostdensek-mesh.Thetimespentfortheconstructionofthe
density(1c)inthisexampleisdominatedbythe(re)calculationofthewavefunctions.30The
finalizationstepthatisdoneinserialcanalsobespottedattheendofthetraceandtakes
1.3seconds.
Thetraceanalysisoftheenergyparallelizationissummarizedinpanel(d)ofFigure3.6.

TheserialpartsininitializationandfinalizationaswellastheloadimbalanceintheDyson
equationonlyplayaminorrole.Notethatthefractionofthetotaltimethatisspentinserial
partsinrealisticcalculationsistypicallymuchsmallerthanforthissmalltestsystemwith
‘max =2.Especiallywhenmoreself-consistentiterationsareperformed,theinitialization
procedure(here,thefirst1.3secondsbyThread0)isonlydoneinthefirstiterationand
avoidedintheothers.Furthermore,wecanidentifythecommunicationthatisneededfor
theenergyintegrationinthe1cpart.Between20and42secondstherhovalnewpartis
clearlydividedinto24(thisisthenumberofatomsinthesystem)segmentsandaftereach
somecommunicationhastobedone.Thisleadstotheredspikesseenin(d).
Overall,wecanstatethattheimplementationoftheMPIleveloverenergiesworkswell.
Thiscanbeseenintheratiobetweengreenandredareasinthetracedatawhichshows
thatonlyverylittleoverhead(redregions)isintroducedandthecomputeintensiveparts
(green/yellowregions)dominate.Also,wealreadyidentifiedtheproblemofloadimbalance
intheenergydependentk-integrationthatwillbeaddressedlateron.

29Thecaseofimportantloadimbalanceisdiscussedinsection3.3.3
30Inthisexampletheoptiontosavethewavefunctionspre-calculatedin1awasnotused.
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3.ParallelizationoftheKKRcode

3.3.2. Traceanalysisoflevel2- MPI:parallelizationoveratoms

Afteranalyzingtheenergylevelofparallelismwefocusourattentiononthesecondlevel
ofMPIparallelismthatdealswithparallelizationoveratoms(in1aand1c,single-siteand
constructionofthedensity,respectively)ork-points(in1b,Dysonequation),respectively.
Notethatinthisparticulartesttheenergylevelofparallelizationwasdeactivatedtoanalyze
thesecondMPIlevelofparallelismalone.Again,weperformedatraceanalysisthattracks
thebehaviorofallranksoverthetotalexecutiontimeofasingleiteration.Here,another
testsystem(T2fromTab.3.1)wasusedtohighlighttheatomlevelparallelism.Forthistest
wechoseasignificantlyhighernumberofk-pointsandaslightlysmallerclusterradiusforthe
screeningclusterthatmainlyaffectsthetimeneededforthegll13partofthecalculation.
Thisisintendedtohighlighttheloadimbalancethatwealreadysawinthediscussionofthe
energyparallelizationintheprevioussection. Wecancomparethetimeatestruntakeswith
thesamenumberofrankswhenusingatomorenergyparallelization.31Inthecaseofthe
energyparallelizationthetotalexecutiontimeoftheparallelizationoverenergiestakes77
seconds(notshown)whereasfortheverysameinputusingtheparallelizationoveratoms
oneiterationfinishesin55seconds.Thisisprimarilyduetothesevereloadimbalancethatis
reflectedinthedifferenttimethefirstandthelastrankneedtocompletetheDysonequation
partin1b.Fortheenergyparallelizationthefirstrankneeds3.8secondsandthenhasto
waitforthelastranktofinishthispartwhichtakes29.5seconds.Thisisnotthecasefor
parallelizationoveratomswhereallranksneedexactlythesametimeof7.6seconds.
AdetailedanalysisofthetracedatafortheatomparallelizationispresentedinFigure3.7.

Thesamepanels(a-g)asinFig.3.6areshowninFig.3.7thatcontainthetraceofallranks,
detailsonthefirstandlastranksinatimeresolvedviewaswellasthetotaltimingsfor
thedifferentparts.Asbeforewecanidentifytheserialpartsintheinitializationstepand
finalizationstepandtheparallelcodeinbetween. Weseeasmallloadimbalanceinthegll13
partwhereonly4outof24ranksareactive.Forthisparticulartestsystem4inequivalent
cellsinsteadof24individualcellsarefoundwhichiswhy20outof24ranksareidlewhile
thereferenceGreenfunctionforthe4inequivalentcellsisbeingcomputed.Obviously,the
numberofinequivalentcellsissystemdependentandtheparallelizationoverenergieswould
workbetterforthispart.However,thetimespentinthegll13-routineissmallcomparedto
thetotalexecutiontime.Especiallyifamixtureofatomandenergyparallelizationisusedthis
loadimbalanceisfurtherreduced.Thus,theloadimbalanceprobleminthegll13-routine
canbeassumedtobesmall.
Themostimportantchangeascomparedtotheenergyparallelizationisthebehaviorin
the1b-part(solutionoftheDysonequation). Weseethatallranksneedthesametimeto
finishwhichcomesatthecostofslightlyincreasedMPIoverheadbecauseforeachpairof
atomandenergiesonecommunicationovertheenergycommunicatorneedstobedoneto
finalizethek-pointintegration.Thisoverheadturnsouttobenegligibleandthetimethatis
savedduetobetterloadbalanceisfarbigger.
Overall,thetraceanalysisshowsthattheparallelizationoveratomsiscomparablein
performancetotheparallelizationoverenergies.Thiscanagainbeseenintheratioofredto
greenareasinthetracedatawhichshowsthatonlylittleoverheadisintroducedinthesecond
levelofMPIparallelization.ThusbothlevelsoftheMPIparallelizationarewellequippedfor

31Notethatthenumberofenergypointsandthenumberofatomswaschosentobethesameforthis
comparisontoworkwell.

40



3.3.Performanceofthetwo-levelMPIparallelimplementationinthe

(
a)

(
b)

(c
)

(
d)

(
e) (f
)

(
g)L
e
g
e
n
d

M
PI
A
p
pli
c
ati
o
n

m
o
d
_
m
ai
n
1
a

gll
1
3

m
o
d
_
m
ai
n
1
b

m
o
d
_
m
ai
n
1c

KKRcode

Fi
g
ur
e
3.
7.
:
Tr
ac
e
an
al
ys
is
of
th
e
se
co
nd
le
ve
l
of
di
st
ri
bu
te
d
me
mo
ry
pa
ra
ll
eli
za
ti
on
ca
ll
ed
le
ve
l
2:
M
PI
ov
er
at
o
ms
.
Pa
ne
ls
ar
e
gi
ve
n
in
th
e

sa
me
or
de
r
as
in
Fi
g.
3.
6.
De
ta
il
s
on
th
e
te
st
sy
st
e
m
T2
ar
e
sh
o
wn
in
Ta
b.
3.
1.
He
re
th
e
on
ly
lo
ad
i
mb
al
an
ce
is
co
mi
ng
fr
o
m

th
e
ca
lc
ul
at
io
n
of
th
e
re
fe
re
nc
e
Gr
ee
n
fu
nc
ti
on
th
at
ha
s
to
be
do
ne
fo
r
th
e
no
n-
eq
ui
va
le
nt
cl
us
te
rs
on
ly
an
d
is
th
er
ef
or
e
on
ly

pa
ra
ll
eli
ze
d
ov
er
t
he
n
u
m
be
r
of
cl
us
te
rs
t
ha
t
is
al
wa
ys
le
ss
or
e
q
ua
l
to
t
he
n
u
m
be
r
of
at
o
ms
.

41



3.ParallelizationoftheKKRcode

ajointtwo-levelMPIparallelizationincludingparallelizationinbothdirections–atomsand
energies.Onlytheproblemofloadimbalancebecauseofthedifferenttypesofk-meshseen
inprevioussection,needstobeaddressedfurther.

3.3.3. Theloadimbalanceproblem

SofarwehaveseenhowthedifferentMPIlevelsareimplementedandhowtheyperformfor
certaintestcases.Nowwewanttomovetowardsamorerealisticcase.Testsystem32T3
isathinfilmsystemof6quintuplelayersofthetopologicalInsulatorBi2Te3.Thissystem
hasbeenstudiedinthemainpartofthisthesisandposesarealisticchallengetotheparallel
implementationintheKKRcode.Theloadimbalanceproblemthatcomesaboutfromthe
differentk-meshdensities,usedintheenergydependentk-pointintegrationcanbethemain
bottleneckforsufficientlyhighspeedupintheparallelcodeversionifthek-loopisperformed
inaserialway.FollowingAmdahl’slaw[118]wehavetoreducethesizeofserialpartsinthe
algorithmtogetaprogramthatscaleswellwiththenumberofranksthatareusedforthe
computationinparallel.

Toexaminethisissueandshowstrategiestoresolveit,weareconsideringtheenergyparal-
lelizationonlybecause,aswearguedintheprevioussection,theatomlevelofparallelization
doesnotposethesameproblem.Thetestsystemhas58energypoints(NE)intheenergy
contourwith4differentk-meshesthatdifferinsizebyafactor7.5betweentheonewiththe
highestandtheonewiththelowestnumberofk-points.InFigure3.8wecomparethetrace
dataofrunningasingleiterationofthescf-cyclewith58ranksshownin(a)and60ranks
shownin(b),i.e.whereNranks=NE+2areusedtoreducetheloadimbalance.

Forbothcasesweseethattheoverheadintheinitializationstepandthefinalizationsteps,
seenasredverticalstripesinthetracedata,arenegligible.Theexecutionwithtwoadditional
ranksis∆T≈71secondsfasterthantheoriginalcalculationwithNranks=NE.Ascanbe
seenbycomparingFig.3.8(a)and(b),thisiscomingfromareductionoftheloadimbalance
in1b.Thereductionoftheloadimbalancecomesatthenegligiblecostthatisintroducedby
theloadimbalanceintheadditionalranksinthe1cpartwherethegroupsofmoreranksper
energypointhavetowaitforthoseranksthatdealwiththispartbythemselves.Thiscanbe
seenataround200andaround550secondsruntime.However,thisadditionaloverheadis
negligibleifcomparedtothetotaltimesavedbyaddingtworanks.

Theefficiencyofthisapproachandthetradeoffthathastobepaidcanbeevaluated
bylookingatthetotalruntimeneeded(i.e.wallclocktime)tocompletethecalculation
andcomparethetimespentintheapplication(TApp)(greenpartsinthetraceplots)with
thetimespentinMPIroutines(TMPI,overheadduetoMPI,redpartsinthetracedata).
ThisispresentedintheinsetFig.3.8(c)for0to14additionalranks.Theefficiencyofthe
implementationthatwemeasurewiththeratioTApp=TMPI isinitially,i.e.forNranks=NE,
atavalueof12.5whichcanbeincreasedto∼30bytakingNranks=NE+2.Ifmoreand
moreranksareadditionallyusedthentheoverheadduetotheranksthatfinishfasterthan
themajorityofranksinpart1creducestheefficiency.

Wehaveseenthattakingafewadditionalrankscanspeedupthecalculationeffectivelyby
reducingtheloadimbalanceproblem.Thisallowstouseavailablecomputationalresources
efficientlyintermsoftime-to-solutionaswellasenergy-to-solutionsincenoresourcesare

32Cf.Tab.3.1
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Figure3.8.:Comparisonoftheloadimbalanceintroducedbythenon-equivalentk-meshes
atdifferentenergypointsofthecomplexenergycontourforNranks=NEin(a)
andNranks=NE+2in(b).TestsystemT3wasusedhereandisspecified
inTab.3.1.Theadditionalranksusedin(b)areautomaticallydistributedto
thelasttwoenergypointssothattheloadimbalanceenteringviatheDyson
equation(1b)isreducedsignificantly.Ininset(c)acomparisonofwallclock
timeandMPIoverheadisshownforNrestrangingfrom0to14.Thetracedata
plottedin(a)and(b)correspondto58and60MPIranksoftheplotin(c),
respectively.
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wastedbyaninefficientimplementation.
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3.4.Strongandweakscalingbehaviorofthehybrid

MPI/OpenMPparallelization

Weconcludethechapterontheparallelizationwithadiscussionofthestongandweak
scalingcharacteristicsoftheparallelizationintheKKRcode.Forthis,benchmarkcalculations
havebeenperformedwiththesystemsS1forstrongscaling,S2forweakscalingandHfor
thestrongscalingbehavioroftheOpenMPparallelizationlevelinthehybridparallelization
scheme.ThesystemsaredescribedinTable3.1.

WecomparethistotheparallelismthatpreexistedintheoldversionoftheKKRcode[119].
Previouslyatheoreticalmaximalspeedupof∼50wasreachedwithanOpenMPlevelof
parallelizingthecomputationoverenergypoints.Thisparallelizationwaslimitedtoshared
memoryarchitecturesandthebestmeasuredspeedupwas∼9onupto12threads.

Aswewilldiscussinthissectionthemeasuredmaximalspeedupthatwasachievedforthe
newimplementationwas∼2100using3600MPIrankswhichgivesagoodparallelefficiency
of∼60%evenatthehighestpossiblelevelofMPIparallelismwhichshowstheexcellent
performance. Wewouldliketostressthatthismanyprocessorscouldonlybeusedwith
energy-andatom-parallelizationsimultaneously.

3.4.1. Parallelperformanceofthetwolevel MPI:strongand

weakscaling

Firstwediscussthestrongscalingbehavior.Figure3.9showsruntime(a)andspeedup(b)
forsystemS1whichisarealistictestcaseofaBi2Te3filmwith72atomsintheunitcelland
50energypointsinthecontour.Thedatawasacquiredfor1-3645ranks,whereNrestwas
chosensuchthattheloadimbalanceisminimal.Theblueandorangecurvesshowthedata
forthescf-iterationpart(callediter.intheplotwhichisthetotaltimewithoutthetimefor
initializationthatinacalculationwithseveraliterationsonlyhastobedoneasingletime
inthebeginning)andtheparallelizedpart(calledpar.thatisthescf-iterationpartwithout
finalizingpartthatwasnotparallelized,i.e.onlytheparallelizedpartsofthecode).

Oneiterationinserialmoderunsformorethan17.5h.Keepinginmindthatforsucha
systemtypicallyanumberofiterationsoftheorderof100areneededtoreachconvergence,
theneedforefficientparallelizationisobvious,aswaitingfor100iterationswouldcorrespond
to73days. WiththetwolevelMPIparallelizationthatisimplementedheretheruntimefora
singleiterationcanbereducedbelowoneminuteif∼1800ranks33ormoreareusedinthe
parallelexecution,reducingthetotaltimetoalittlemorethanonehour.Thebenefitwith
respecttoobtainingtimelyresearchresultscannotbeoverstated.

AroundNranks=1200severaldatapointscorrespondingtoNrest=0toNrest=45are
plottedtoillustratetheimportanceofdealingwiththeloadimbalanceproblem.Thisis
highlightedintheinsetsintheruntimeandspeedupplots.ThedataforNrest=1:::45
additionalranksshowthatthespeedupcanbeincreasedfrom∼700toavalueabove800
whichmeansthata15%speedupisgainedatanadditionalcostof1.5%additionalprocessors.

TheoverallspeedupcurvesinFigure3.9(b)showtheverygoodstrongscalingbehaviorof

33For50energiesand72atomsthismeansthateachrankhastodealwithtwoatomsandasingleenergy
pointwhichalmostmaxesoutthecapabilitiesofthetwoMPIparallelizationlevels.
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3.ParallelizationoftheKKRcode

Figure3.9.:StrongscalingcharacteristicsofKKRcodev2.2.Thetestsystemusedforthis
calculationwasS1withenergycontourasspecifiedinTab.3.1.In(a)the
runtimeoftheself-consistencyiterationpart(iter.)andparallelizedpart(par.)
and,in(b)thecorrespondingspeedupareshown.Thegrayhorizontallinesin(a)
showthethresholdof1minute,10minutesand1hourofruntime.Theinsets
in(a)and(b)showruntimeandspeedupobtainedbytaking1-45additional
ranksfortheNrest-parallelizationthattacklestheloadimbalanceproblemfor
abaseparallelizationaroundNranks=1200.Theloadimbalancethatoccurs
inthecalculationusingtheenergycontouriseffectivelyreducedbytaking18
additionalranks.Asacomparison,thegreendashedlinegivesthespeedupfora
DOScontourwheretheloadimbalanceisabsentbyconstruction.
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theimplementation.ThespeedupcurvesonlyflattenveryslowlyasitfollowsfromAmdahl’s
lawwithaverysmallproportionofthecodethatstillrunsinserial. Theflattercurve
forthetotalself-consistencyiterationpartthatincludestheserialpartofthefinalization
stepshighlightsthatforextremeparallelismeverysinglebottleneckplaysanimportantrole.
However,weshouldnotforgetthatforthatmanyrankstheregimewherethetimeper
iterationwasreducedfrom17.5hoursbelow1minutewasalreadyreachedsothatevery
secondthatisspentinaserialpartreducesthepossiblespeedup.Theparallelefficiencyis
wellabove40%evenforthehighestpossiblenumberofrankswhichspeaksforthequalityof
theimplementation.
Additionallytothestrongscalingwithaself-consistencyenergycontour,i.e.theenergy
contourusedinaself-consistencyiterationwithdifferentk-meshesfordifferentenergypoints,
wecanstudyaDOS(densityofstates)contour.TheDOScontourischaracterizedbya
straightlineparallelandcloseto,butnotexactlyon,therealaxis.Thismeansthatallenergy
pointsintheDOScontourhavethesameimaginarypartoftheenergywhichleadstoa
constantk-meshinallenergypointssothatnoloadimbalanceiscomingfromtheDyson
equation.ThegreendashedlineinFigure3.9(b)showthespeedupasacomparisontothe
usual(self-consistency)contour.Thisisanimprovementtotheblue(par.)curvecoming
fromtheloadimbalanceproblemalone.Forlessthan1200ranksthedifferentcurvesalmost
fallontopofeachother,whichhighlightsthattheremainingloadimbalanceproblemonly
playsarolefortheextremescalingcase.
Theverygoodperformanceinthestrongscalingregimesuggeststhatonlyverylittle
overheadisintroducedintheimplementationwhichimpliesthatagoodweakscaling
characteristicscanalsobeexpected.ThisisconfirmedbytheplotshowninFig.3.10where

number of atomic layers

theweakscalingcharacteristicsareshown.

Figure3.10.:Weakscalingcharacteristicsofthetwo-levelMPIversionfortestsystemS2as
specifiedinTab.3.1.Adoublingofthesystemsize(numberofatomiclayers
inthefilm)andasimultaneousdoublingofthenumberofranksleadstoan
almostconstantexecutiontime(blue)andaspeedup(orange)verycloseto
theidealvalueof1.
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TheKKRformalismisimplementedinthescreened-KKRversion[73].Thisoffersthe
featurethatinafilmsetupthecomputationalcostonlyscaleslinearlywiththenumberof
layersthatareincludedinafilm.Thisistheidealsetuptotesttheweakscalingcharacteristics
oftheKKRcodeastheworkloadinaniterationscaleslinearlywiththenumberoflayers.
TheweakscalingbenchmarkwasperformedforthetestsytemS2thatconsistsofaAu(111)
filmwithanincreasingnumberoflayers.Linearlywiththenumberoflayersthenumberof
ranksthatwereusedinthecomputationwasincreasedfrom16to256for1to16layers.
Itcanbeseenthatthetimeneededtofinishoneiterationstaysalmostconstantifthesystem
sizeisscaledwiththenumberoflayersinthethinfilm.Consequentlythespeedupstaysalmost
constantwithvaluesabove95%whichisanexcellentperformance.Inconclusionweshowed
theexcellentstrongandweakscalingbehaviorofthenewtwolevelMPIimplementationin
theKKRcode.

3.4.2. ThescalingbehavioroftheOpenMPlevelinthehybrid

implementation

ThelastsectionofthischapterdealswiththescalingbehavioroftheOpenMPlevelof
parallelization.ThetestcalculationswereperformedforthesystemHwhichconsistsof2
energypointswithoutloadimbalanceinducedbythek-integrationandfor10atoms.34Note
thatthisisnotaphysicallymeaningfulcalculationbutitmimicstheamountofworkthatis
typicallydonebyasinglerankusingthetwo-levelMPIimplementation.Thenodeonwhich
thetestwasexecutedcontains20coressothatfor1,2,5,and10MPIrankscanbeused
withoutintroducingaloadimbalanceduetonon-commensuratedivisionofworkinthetwo
levelsofMPI.OnthesideoftheOpenMPlevel1to10OpenMPthreadswerespawned
byeachrank.TheresultsintermsofruntimeandspeeduparepresentedinFigure3.11.
Twoversionsofthecodearecompared;(i)theversionKKRcodev2.0whereOpenMPwas
onlyincludedintherllsllroutine35in(a)and(b)and(ii)theimprovedversionKKRcode
v2.2thatincludeexplicitparallelizationinthegll13andkkrmatroutines36in(c)and(d),
respectively.ThespeedupismeasuredwithrespecttothecalculationwithasingleOpenMP
threadperMPIrankwhichiswhywecallittheOpenMPspeedup.
Whilethespeedupoftheoldversionalreadystartstodeviatefromtheidealifmorethan
twothreadsperrankareused,theimprovedversionshowsalinearscalingbehaviorupto
fourthreads.ThisholdsforonerankonthenodeandlikewiseforseveralMPIranksonthe
samenodethatspawnOpenMPthreads. Wealsoseethatincontrasttotheversionv2.0
in(b),theOpenMPspeedupforoneandtwoMPIranks,plottedin(d),showanalmost
identicalscaling.OveralltheOpenMPscalingwasimprovedbyupto40%sothatnow&8
threadsperMPIrankcanbeusedefficiently.

34Cf.Tab.3.1
35DonebySachinNanavatiintherllsll-routinewithautomaticparallelizationduetothreadedMKL
librariesintherest.

36Cf.section3.2.2andFig.3.5
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Figure3.11.:Parallelperformanceofthehybridtwo-levelMPI+OpenMPcodeversionfor
testsystemHasspecifiedinTab.3.1.(a)and(b):runtimeandOpenMP

speedup,definedas Tp(Nthreads)
Tp(Nthreads=1)

˛
˛
˛
Nranks=const:

,oftheversionKKRcodev2.0,i.e.

withOpenMPonlyintherllsllroutine.Panels(c)and(d)showtheruntime
andOpenMPspeedupas(a)and(b)butfortheimprovedhybridversionof
KKRcodev2.2.Animprovementof20-40%wasachievedbyincludingmore
OpenMPparallelregionsin1aand1b.Detailscanbefoundinthetext.
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3.5. Conclusionsandoutlook

InthischapterwefirstintroducedthemodernconceptsinHPCarchitecturesandparallel
programmingmodels. Weshowedthatthecontinuousincreaseinparallelismonthehardware
sideincombinationwiththedemandforeverlargersystemsdemandsincreasinglyparallel
applications.Inthemainpartthethreelevelsofparallelism,thatwereintroducedinthe
KKRcode,wereexplainedandanalyzedindepth.Atraceanalysiswasperformedforthe
differentMPIlevelsofparallelismindependently.Excellentstrongandweakscalingcould
bedemonstratedinbothMPIlevelsaswellasasignificantimprovementintheOpenMP
levelwasachieved.Itshouldbestressedthatthetestcalculationsinthischapterusethe
differentlevelsofparallelismsimultaneously,showingthatthedifferentMPIandOpenMP
levelsofparallelismworkwelltogether.NowtheKKRcodeisequippedfortheageofmassive
parallelism.Insteadofasinglenodewithtypically12-24cores,nowtheoreticallymorethan
100000processorscouldbeused.Thisallowstocomputethesolutionstointerestingphysical
problemsfasterandmakethecalculationofmuchlargersystemsthanbeforepossible.
Inthefuture,furtherimprovementsoftheparallelismcouldgointhedirectiontototally
removingtheloadimbalancebyrestructuringtheenergyandk-loopsthatappearinthe
calculationofthestructuralGreenfunction. Moreover,thestrictlyserialpartsinthe
initialization-andthefinalizationstepcouldbeparallelized.Herethedatainputandoutput
couldalsobeparallelizedwiththeuseofparallelI/OasforexamplepossiblewithMPI-I/O.
Thennewhardwareconcepts,forexampletheuseofacceleratorssuchasIntel’sXeonPhi
co-processorsorgraphicscards,mightbeadvantageous.Theinthischapterdevelopedthree
levelparallelismshouldalsobeextendedtotheothercodesoftheJuKKRfamilyofcomputer
programssuchastheKKRimpcode[61]thatallowstoembedimpuritiesintocrystalline
systems.Here,alsoanimprovementofthealgorithmsthatgobeyondstandardLAPACK
routinesandthatareespeciallydesignedforparallelsystemscanbebeneficial[128]asinthe
caseoftheimpuritycodethesolutiontotheDysonequationconsistsoflargematrices.
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Revealingscatteringpropertiesoftopologi-
callyprotectedelectronsoffdefectsfromfirst
principles

Duringthisthesis,scatteringpropertiesofsurfacestateelectronsoffimpuritiesembed-
dedintothesurfaceofthestrongtopologicalinsulatorBi2Te3havebeenstudiedfor
thefirsttimefromfirstprinciples.Theanalysispresentedheregivesvaluableinsights
intotheprotectionagainstbackscatteringforscatteringoffnon-magneticdefects,and
themechanismofrecurringbackscatteringfortime-reversalbreaking(i.e.magnetic)
defects.
Thequasiparticleinterference(QPI)phenomenonallowstovisualizescatteringpro-
cessesoffimpuritiesatsurfacesandisexperimentallyaccessibleviascanningtunneling
microscopy.Here,wepresentthetheoryofQPIimagesandcomparedifferentap-
proachestothecomputationaltreatmentbasedonab-initiocalculations,whichhave
eitherbeenusedintheliteraturesofar,orwerenewdevelopmentswithinthisthesis.
Wefindthatthewidelyusedjointdensityofstates(JDOS)approachcanbequalita-
tivelywrongandimprovetheschemebyintroducingthescatteringrates,calculated
forrealisticimpurities,intothepicture.Additionally,theformallyexacttreatment
ofQPIimagesfromfirstprinciplesisdevelopedanditsimportanceispointedoutin
comparisontothead-hoc(JDOS-based)approach.
TheresultspresentedhereledtothelecturenotespublishedinRef.[129],asubmitted
manuscript[130]andacollaboration(publishedinRef.[131])withtheexperimentalists
groupofMatthiasBode(WürzburgUniversity).Theseresultswillbediscussedin
detailinthenextchapter.Here,thegeneraltheoryofimpurityscatteringandfirst
applicationsofthenewlydevelopedtoolsareintroducedanddiscussed.
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4.1.Introduction

Thevisualizationofstandingwavesaroundintrinsicdefectsonthe(111)surfacesofCu[132]
andAu[133]wasagroundbreakingachievementasitdemonstratedthatwiththescanning
tunnelingmicroscope(STM),anexperimentaltechnique,thathasatomicresolution,can
giveaccesstoquantumoscillationsintheelectrondensityonasurface.Forthefirsttime
theso-calledFriedeloscillations[35]arounddefects,thataretheresultofinterferenceof
electronstravelingtoandelectronsthatwerereflectedduetoscatteringofftheimpurity,
couldbeseendirectly.

Theideathatamoreintuitiveaccesstothescatteringphenomenaofelectronsoffdefects
canbegainedbytakingtheFouriertransformofthequantumoscillationsonasurfaceas
measuredwithSTM,thatwasfirstpresentedbyPetersenetal.[134],wasthenextmajor
stepforward.Inthehigh-TcsuperconductorresearchofCuprates,theunderstandingofthe
Fourier-transformedscanningtunnelingspectroscopy(FT-STS)waspushedforwardwith
thedevelopmentoftheT-matrixapproach[135]andthephenomenologicaljointdensityof
states(JDOS)[136]interpretationoftheexperimentallyaccessibleFT-STSdata.Thislineof
researchisnowadaysknownasthequasiparticleinterference1(QPI)andisawidelyusedtool
indifferentareasofmodernsolidstateresearch.Oftenthetermquasiparticleinterference
synonymicallystandsfortheoscillationsinrealspaceandtheirFourier-transforminreciprocal
space.Bothquantitieswillbeusedandcomputedinthefollowing.TheimportanceofQPI
inthelastdecadesofsolidstateresearchisforexamplereflectedinthenumberofcitations
topublicationsthatcanbefoundforonthetopic“quasiparticleinterference”[137],that
showsanexponentialincreaseasdepictedinFigure4.1.

Figure4.1.:Numberofcitationstopublicationsonthetopic“quasiparticleinterference”
inthefieldofsolidstateresearchforthepast20yearsaccordingtotheISI
WebofScience[137].Anexponentialfit(solidline)tothedatapointsshows
theexponentialincreaseinthecitationsperyearhighlightingtheincreasing
importanceoftheQPItechniqueinsolidstatephysics.

1Ingeneralthistermreferstotheinterferenceeffectsofsingle-electronquasiparticlewavesthatoccurin
crystalduetoelasticscatteringoffdefects.Inthisthesisthetermquasiparticleinterferencewillreferto
theelectrondensitywavesformedaroundimpuritiesasprobedwiththeSTM.
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4.1.Introduction

Inthesurfacestateoftopologicalinsulatorsthespinislockedtoitsmomentum,which
hassevereconsequencesonitsscatteringproperties.Alreadyin2004Pascualetal.[36]
noticedthatinsuchsituationsthequasiparticleinterferenceisstronglyaffectedandnot
connectedinasimplewaytothebandstructureofthesystem.Intopologicalinsulators,
thespin-momentumlockingfrequentlyleadstotheabsenceofbackscattering,thatwas
forthefirsttimedirectly2seeninaQPImeasurementonthedualstrong3Dtopological
insulatorBi1−xSbx[37]. Complementarytotheexperimentalobservation,anumberof
theoreticalcalculationsbasedontheT-matrixformalismwerepublished(seeforexample
Refs.[138–140])thatmodeltheQPIfeaturesinTIs.TheBi2Te3classof3DstrongTI
materialsobeystime-reversalsymmetry(TRS),whichleadstotopologicalprotectionwithout
backscatteringbeingpossible.Therecurrentbackscatteringinthetopologicalsurfacestate
ifTRSisbrokenwasthenobservedusingFT-STSinFebulk-dopedBi2Te3[39]andMn
surface-dopedsamples[40,131].Theso-calledwarpingterm[141]inthebandstructureof
Bi2Te3,thatdeformstheDiracconehavingcircularconstant-energycontoursinitssimplest
modelstoahaxagonal-likeshape,leadstocharacteristicQPIsignaturesinΓK-directionof
thecrystaloccurifTRSisbrokenwhichcanberelatedtothebackscatteringchannelbeing
activatedduetothepresenceofmagneticscatteringcenters.

SofartheunderstandingofscatteringprocessesbasedonQPIdatafromexperimentand
modelcalculationsonlyallowsqualitativeinsights.Forexample,thestrengthofamagnetic
momentneededtoobservablybreaktime-reversalsymmetryisnotclearyet.Thisneedstobe
understoodtointerpretdifferentseeminglycontradictingexperimentalobservations.Often
thebackscatteringsignalintheQPIimagesisveryweak3[39,40]orevenabsentalthough
thematerialwasdopedwithmagneticimpurities[143].Onlyveryrecently,wecouldshow4

thatalargemagneticmoment,asachievedbyferromagneticcouplingofafewimpurities
formingasuperspin,isneededinadditiontoeffectivefocusingbytheFermisurfaceto
observeclearbackscatteringsignals[131].

Theseexamplesmakeitclearthatab-initiocalculationsareneeded,sinceonlythena
realisticdescriptionoftheelectronicstructureofthesurfaceandmoreimportantlyofthe
impurityembeddedintothehostsystemcanbeachieved. Theimportanceofacorrect
self-consistentdescriptionofthechargedensityrelaxationsattheimpuritysitecannotbe
overstressedasitaffectstheimpurity’sscatteringphaseshifts5andspin-orbitstrength.

Theoutlineofthischapterisasfollows.Asscatteringoffdefectsisthebasicingredient
ofthecalculationspresentedinthisthesis,thescatteringtheoryofelectronsoffdefectsis
introducedfirst.Thenthescatteringpropertiesoffdifferentdefectsinthestrongtopological
insulatorBi2Te3isstudied.Basedonthisknowledge,weimplementedforthefirsttimean
ab-initioapproachforthesimulationofquasiparticleinterferenceimagesinreciprocalspace
havingpredictivepower,whichespeciallyallowstodistinguishthescatteringsignaturesof
differentimpurities.ThereforewederivetheformulasoftheFourier-transformedchargedensity
intermsofGreenfunctionsandT-matrices.Thisallowsustoformulatethecomputation
ofQPIinreciprocalspaceinthelanguageoftheKorringa-Kohn-RostokerGreenfunction

2meaningnotinanindirectwayviatransportmeasurements
3Intheexperimentthesignalqualityisoftenenhancedbysymmetrizationofthedata.Thisprocedurecan
howeverbeproblematic[142]andmightevenleadtomisinterpretations.

4Adetaileddiscussionofthefocusingeffectandtheengineeringofbackscatteringwillbepresentedinthe
nextchapter.Hereonlythesingleimpuritycaseshowinglowbackscatteringratesisanalyzedindetail.

5Anintroductiontothescatteringphaseshiftcanbefoundinchapter7
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(KKR-GF)method[58],thatisusedthroughoutthisthesis.Ourcalculationsaretherefore
realisticandwegainaquantitativeunderstandingofthescatteringoffnon-magneticand
magneticimpuritiesintopologicalinsulators.First,westudytheFT-STSimagesinamodel
calculationtogetqualitativeunderstandingofthevisibledistinctscatteringfeaturesseen
onBi2Te3.Then,thephenomenologicalapproachofthejointdensityofstates(JDOS)is
presentedandtheextendedjointdensityofstates(exJDOS)thatincludesthescattering
propertiesofrealdefectsascomputedfromab-initioisintroduced.Finallythecalculationof
theFourier-transformedchargedensityfromfirstprinciplesispresentedandcomparedtothe
theoreticalapproachesofmodelcalculationsand(ex)JDOSapproaches.

4.2.Electronscatteringoffdefectsandstanding

wavesaroundimpuritiesontopologicalinsulators

Westartourdiscussionwithashortintroductionintoscatteringofelectronsoffdefectsin
generalandintroducetheT-matrixthatcontainsthescatteringinformationoftheimpurity.
Duringtheworkthatledtothisthesisseveralimpuritiesonthesurfaceofthestrong
topologicalinsulatorBi2Te3havebeenconsidered. Wereviewourab-initioresultsand
summarizethegeneralscatteringpropertiesofindividualdefectsthatwillbethebasisofthe
discussiononthequasiparticleinterferencethatfollows.Thenthecalculationofthestanding
wavepatternformingaroundsingledefectswillbepresented.Somepartsofthisintroduction
havebeendiscussedin[129].

4.2.1.Scatteringoftopologicallyprotectedsurfacestate

electronsoffdefectsatthesurfaceofBi2Te3

Electronstatesincrystalscanbewrittenasatwo-componentspinorΨk=(Ψ
↑
k;Ψ

↓
k)
Tthat

containsbothspinchannels.Inthepresenceofanimpurityordefect,anelectronthatis
describedbytheabovespinorcaninteractwithitiftheelectroncomesclosetotheimpurity.
Thewavefunctionwillbescatteredsothatafterthescatteringeventwehavetorewrite
thewavefunctionasΨimpk whichisasuperpositionofincomingandscatteredwaves.The
Lippmann-Schwingerequationcapturesthissuperposition

Ψimpk (r) = Ψk(r)+
Z

d3rGhost(r;r;E)∆V(r)Ψimpk (r) (4.1)

= Ψk(r)+
Z

d3rGimp(r;r;E)∆V(r)Ψk(r) (4.2)

wherewehaveintroducedtheretardedGreenfunctions6ofthehostsystemGhostinthefirst
expression. Wecallthehostsystemthesystemwithout,i.e.farfrom,theimpuritythat
definestheincomingwavefunctionoftheelectron.Hereweshouldnotethattheincoming
waveobeysBloch’stheoremaccordingtothecrystal’speriodicity.Thescatteredwaveonthe
otherhandisnotaBlochstateasthedefectislocalizedinspaceandbreakstranslational
invariance.Nevertheless,Ψimpk inheritsthek-indexastheLippmann-Schwingerequation

6HerewewillalwaysworkwiththeretardedGreenfunctions,whichiswhywedroptheprefix“retarded”in
thetext.
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relatesΨimpk totheincomingBlochwavewhichposestheboundaryconditionforthisproblem.
ThesecondformulationoftheLippmann-SchwingerequationgiveninEq.(4.2)introducesthe
GreenfunctionGimpoftheperturbedsystem,i.e.theimpuritydescribedbyVimpembedded
intothehostsystemthatisdeterminedbyVhost.ThetwoGreenfunctionsareconnectedby
thedifferenceinthepotential∆V=Vimp−Vhostthatonlydiffersfrom0inthevicinityof
theimpurity.Formally,theGreenfunctioncanbewrittenasG(E)=(E−H+i0)−1,with
i0beinganinfinitesimalimaginarypartthatissettozeroattheendofthecalculation.This
allowstoderivetheDysonequation

Gimp = Ghost+Ghost∆VGimp (4.3)

= Ghost+GhostTGhost (4.4)

whereinthelaststepwehaveintroducedtheT-matrix

T = ∆V+∆VGimp∆V (4.5)

= ∆V+∆VGhost∆V+∆VGhost∆VGhost∆V+··· (4.6)

= ∆V+∆VGimpT (4.7)

whichdescribesthescatteringpropertiesoftheimpurity.ItisclearthattheT-matrixis
non-vanishingonlyinthevicinityofthedefectwhere∆V=0. Theimportanceofthe
T-matrixcanbeseenfromthematrixelementsTkk= Ψk|T|Ψk thatexpressthetransition
ratebetweenaninitialBlochstateΨk thatisscatteredelastically(thusscatteringbetween
statesofthesameenergy)toafinalstateΨk(withk=k)throughFermi’sGoldenRule

Pkk=2ı
˛
˛
T̨kk
˛
˛
˛
2
‹(Ek−Ek) (4.8)

InapracticalcalculationweapproximateT →NcTsinglewheretheprefactorNcdescribes
thenumberofequivalentimpurities(wheretheT-matrixofthesingleimpurityisdenoted
Tsingle)inthesystemfromtheimpurityconcentrationcandthetotalnumberofatomsin
thecrystalN.Thisapproximationiscertainlyjustifiedforsmallimpurityconcentrationsand
willbeusedinthefollowingwhereforconveniencewedropthesuperscript“single”andwrite
T≡Tsinglefromnowon.
Thetransitionrate,thatwewillalsocallscatteringprobabilityork-resolvedscatteringrate,
givesvaluableinsightsintothescatteringprocessesofelectronsoffdefects. WithintheKKR
formalismthedensityfunctionalcalculationsareperformedwiththehelpofGreenfunctions.
ThisallowstousetheDysonequationtoembedimpuritiesintothesystem[61]andthen
computethescatteringprobability[60,62,63]fromfirstprinciples.Thisfeaturedistinguishes
theKKR-GFapproachfromwavefunction-based,supercellapproachesandresultsinrealistic
treatmentofimpuritiesinparticulartakingintoaccountthecorrectchargescreeningofthe
impurityembeddedinthehostsystemwithmuchsmallercomputationaleffort.
IntegratingtheexpressionEq.(4.8)overtheFermisurfaceallowstocomputetheinverse
relaxationtimeofeachstate

fi−1k =2ıNc
1

ΩBZ

Z

FS
dk|Tkk|

2 (4.9)

thatistheintegratedscatteringprobabilityofscatteringfrominitialstatetoallpossiblefinal
states.Theintegrationoverthelinesegmentsdkinsteadofasurfaceelementdk2implies
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thattwo-dimensionalsystemsaretreatedandtheFermisurfacethereforeconsistsoflines.It
canalsobebeneficialtolookatthetotalscatteringrate[averagedoverthedensityofsurface
statesn(E)]whichwegetfromasecondintegrationoverallpossibleinitialstatessothat

fi−1=
2ıNc

n(E)

1

Ω2BZ

Z

FS
dk
Z

FS
dk|Tkk|

2 (4.10)

canbecomputedtocomparescatteringratesbetweendifferentimpurities.Thesequantities
willbediscussedinchapter6.

Computationaldetailsanddescriptionofthescatteringcenters

Thedensityfunctionalcalculationsofthischapteraredoneassumingthelocaldensity
approximationfortheexchange-correlationpotential[53]andanangularmomentumcutoff
of‘max =3. Aftertheself-consistentcalculationofthehostsystem(6quintuplelayer
thickfilmofBi2Te3)theFermilevelwasshiftedintothemiddleofthebandgaptocorrect
forthetruncationerrorduetothefiniteangularmomentumcutoff.Acomparisontoa
calculationthatincludescorrectionsfromLloyd’sformula7[144]gavereasonableagreement.
Thefollowingcalculationsarebasedonseveralsteps:(i)theselfconsistentcalculation
ofa6quintuplelayer(QL)thickBi2Te3film,(ii)theself-consistentimpurityembedding
includingarealspaceclusteraroundtheimpurityinsolvingtheDysonequationandfinally
(iii)thecalculationofscatteringpropertiesbasedonrealimpurites.Inthischapteronly
singleimpuritiesareconsideredwhereascreeningclusterincludingthefirstnearestneighbors
waschosentoaccountforcorrectchargescreeningoftheimpurityintheself-consistent
embedding.Thisapproximationwascheckedagainstacalculationusingalarger(takingupto
thethirdshellofneighbors)andsmaller(i.e.single-siteapproximation,takingnoneighbors
intoaccountinthesingle-siteapproach)screeningclusterwhichrevealsthatthesingle-site
limitisnotenough8whiletheimpuritypropertiesquicklyconvergesothattakingthefirst
shellofneighborsisenough.
Withinthisthesisseveraldefectsatdifferentpositionsatthesurface(e.g.adatoms,
substitutionalorinterstitialimpuritiesatdifferentpositions)havebeenconsidered. We
findsimilarscatteringtrendsonthedifferentimpuritypositionsandpresenthereadetailed
analysisofsubstitutionalimpuritiesonthepositionofthefirstBiatom(cf.Fig.4.2)which
summarizesthegeneraltrends.InparticularwediscusstheintrinsicTeBianti-sitedefectasa
non-magneticscatteringcenterandMnBiandFeBidefectsasmagneticscatteringcenters
withmagneticmomentspointingintheout-of-planedirection.Theself-consistentimpurity
embeddinggavespinmomentsofms=4:48—BforMnandm

s=3:54—BfortheFedefect.
Latticerelaxationsaroundtheimpuritypositionswereneglectedinthiswork.InFigure4.2
theimpuritypositionandthedensityofstatesofthedifferentdefectsareshowntogetherwith

7Lloyd’sformulacanbeusedtocorrectforthetruncationerrorarisingfromthefiniteangularmomentum
cutoffinpracticalcalculations[144].Inparticularingappedsystemsthiscanleadtoawrongposition
oftheFermilevel,whilethebandstructureitselfisingoodagreement.HereweshiftedtheFermilevel
byhandandcontinuedinthecalculation.Asacrosschecktheself-consistentcorrectionusingLloyd’s
Formulagaveimpurityproperties(DOS,scattering)thatwereingoodagreementwiththeapproachof
shiftingtheFermilevel“byhand”.

8ThisresultalsoimpliesthattheCPAapproachforsmallconcentrationswillnotbeagoodapproximations,
sinceCPAisasingle-sitetheory.Forlargerconcentrationsthetreatmentofthemultiplescattering(i.e.
betweenthesingle-siteimpurities)partoftheGreenfunctioncould,however,bemoreimportant.
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thebandstructureandspin-polarizationofthetopologicalsurfacestateintheBi2Te3-host
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Figure4.2.:Hostpropertiesandsetupoftheimpuritycalculationsthatserveasinputforthe
calculationofthescatteringprobability.ShownisthebandstructureofBi2Te3in
(a)wherethetopologicalsurfacestateishighlightedwithawhitedashedline.
Thespin-polarizationofthesurfacestateisshownin(b)wherethez-component
ishighlightedintheblue-green-redcolorscaleappliedtothearrowsindicating
thespindirection.Thesubstitutionalpositionofthedefectsreplacingthefirst
Biatomisshownin(c)andthedensityofstatesofthethreeimpuritiesthat
arediscussedindetailinthischapterareshownin(d).Theverticallinesin
(d)showthepositionoftheFermilevel(fullline)andindicatethepositionof
E=EF−50meV(dottedline).

Thescatteringprobability,thatisthefocusofthediscussioninthischapter,willbe
analyzedfortheabovementioneddefectsinthefollowing.Itreliesonanaccuratecalculation
oftheFermisurface.AhighlyparallelizedcodedevelopedbyBerndZimmermann[63]was
usedtocharttheFermi-surfacewithanaccuracyequivalenttoauniformmeshof∼70
millionk-pointsintheBrillouinzone.ThisFermisurfacewasusedtocomputescattering
properties.Theexistingcodewasimprovedwiththeimplementationforthecalculationof
JDOS,SJDOSandexJDOSimagesthatwillbediscussedinthesecondpartofthischapter.

4.2.2.Ab-initiocalculationofscatteringprobabilitiesfor

non-magneticdefects

Thescatteringanalysisforscatteringofelectronscomingfromthetopologicalsurfacestate
offnon-magneticdefectswillbeanalyzed. First,thegeneraltheorywillbeintroduced
andafterwardstheab-initioresultsarediscussedandcomparedtoamodelbasedonthe
spin-conservingscattering.

Generalaspectsoftime-reversalscatteringoffnon-magneticdefects

Asaconsequenceofstrongspin-orbitcouplingandtime-reversalsymmetrythetopological
surfacestateinBi2Te3hasitsspinlockedtothemomentumwhichisshownforthetwo
energiesthatwestudyhereinFig.4.2(b).Obviouslythespin-polarizationofthetopological
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4.Revealingscatteringpropertiesoftopologicallyprotectedelectrons

surfacestateinBi2Te3willaffectthescatteringpropertiesoftheTSS.Backscatteringwould
nowrequirespin-flip.Inthepresenceofspin-orbitcouplingineithertheimpurityorinthe
hostbandstructure,spin-flipscatteringisgenerallypossiblebuttypicallyweakcomparedto
non-spin-flipscattering.Ofspecialimportanceisscatteringbetweentwotime-reversalpoints9

Ψ→KΨwhichisalwaysimpossibleevenincludingspin-orbitcouplingbecauseitviolates
time-reversalsymmetry.Thiscaninfactbeshowninastraightforwardcalculationusingthe
propertiesofthetime-reversaloperatoractingontheHamiltonian[145].Forthefollowing
discussionthepairofBlochelectronsΨ̧;kandΨ̧̄;−krepresenttime-reversalpartnerswhere
¸isageneralbandindex.Forthemagnetizationm(r)wethereforefindinastraightforward
calculation

m¯̧;−k(r)≡Ψ
†
¯̧;−k(r)

1

2
ffΨ̧;k(r)=−Ψ

†
¯̧;−k(r)

1

2
ffΨ̧;k(r)≡−m ;̧k(r) (4.11)

whereitisseenthatthetime-reversalpartnershaveexactlyoppositespin,point-by-point
inspace.Thispropertymakesthetime-reversalpointspecial. Wecanthusfindarefer-
encespinframe(thatwillalsobecalledlocalspinframe)inwhichΨ̧ kisdiagonal,i.e.

Ψ̧;k(r)=

 
u̧(r)
0

!

eik·r.Theexactoppositespinofthetime-reversalpartnernowallows

towriteΨ̧̄;−k(r)=

 
0
u∗¯̧(r)

!

e−ik·rinthesamespinframe. Obviouslytheinterference

Ψ̧;k|Ψ̧̄;−k =0vanishes.
Theexactlyoppositenatureofthespinonlyholdsfortime-reversalpartners. This
motivatethatnear-backscatteringcanindeedbepossible,ishoweverexpectedtobestrongly
suppressed.Itcanindeedbeshown[145]thatthematrixelementaroundthepointof
forbiddenbackscatteringbehavesasŢ̄;−k+‹k;̧;k∝‹k.Thespecialnaturewithrespectto
backscatteringinTIsisnowgivenbythenon-degeneratenatureofthetopologicalsurface
state,acaseverymuchdifferentthan,forexample,intheRashbasurfacestateofAu(111),
whereasimilarspin-polarizationasintheTIsurfacestateisseenbutadditionallyasecond
state(distinguishedbythȩ index)existsclosebyintheBrillouinzone.ThusinAuexact
backscatteringbetweentime-reversalpartnersisabsentbutnear-backscatteringispossible
[119].Ontheotherhand,thefactthatthesurfacestateinBi2Te3isnon-degenerategives
thetheoremofforbiddenbackscatteringitsimportanceinthefieldoftopologicalinsulators.
Theabovediscussedprotectionagainstbackscatteringthatwasassociatedtothespin-
momentumlockingintheTIlet’suswriteaqualitativemodelforthescatteringoneexpects
toseeintopologicalinsulators. Wecanthusassumethatthespin-conservationplaysthe
dominantroleinthescatteringprocessofanon-magneticdefectsothatwewritethewidely
usedapproximation

|Tkk|
2∝1+cos(sk;sk): (4.12)

Thisformofthescatteringhaspreviouslybeenusedinmodelcalculationsforthequasiparticle
interference[37]basedontheargumentationofspin-momentumlockingandtimereversal
symmetryasgivenabove.

9Formallytime-reversalcanbewritteninformoftheanti-unitaryoperatorK=−iffyK0=

„
0 −1
1 0

«

K0

withthecomplexconjugationK0.ABlochstatethenistransformedasKΨ
ff
k=Ψ

−ff
−kwherethechange

inthepropagationdirectionandaspin-flipisobvious.
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4.2.ElectronscatteringoffdefectsandstandingwavesaroundimpuritiesonTIs

Firstprinciplesresultsandcomparisontoad-hocmodel

Nowtheab-initiodiscussionofthescatteringratesoffnon-magneticdefectswillbediscussed
andcomparedtothemodelgiveninEq.(4.12).Duringtheworkthatledtothisthesisseveral
non-magneticdefectshavebeenconsidered,includingtheintrinsicTeBidefectwhichisshown
inFig.4.3andthatwillbediscussedindetail.Generally,otherconsiderednon-magnetic
(single)defectsshowverysimilarfeaturesandweexpectthattheherediscussedresultsare
ofgeneralimportanceinTIs.

FromthedensityofstatesattheFermienergyandatEF−50meV,highlightedinthe
insetofFig.4.2(d),wecanseethatonlyaverylowdensityofstatesispresentclosetothe
Fermilevel.Thereforeweexpecttheanti-sitedefecttoresultinasmallscatteringprobability
asfollowsfromtheBreit-Wignerformula10forthetotalscatteringratethatcanberelated
tothedifferenceinthedensityofstatesbetweenhostandimpurity.InTImaterialsthehost
densityofstatesishoweververylowsinceEFlieswithinthebulkbandgap.Somebasic
scatteringpropertiescanthereforebeaccessedfromthedensityofstatesoftheimpurity.11

ThisisindeedthecaseascanbeseenforthescatteringprobabilityshownforE=EFand
E=EF−50meVinFig.4.3,whereascatteringprobabilityofonlyupto10

−7fs−1=at:%per
linesegment12dLisfound.

Nexttheangle-dependenceofthescatteringprocesswillbediscussed. Weseethatgenerally
forwardscattering,i.e.small-anglescatteringwithrespecttotheinitialwavek0(forwhich
k≈k),dominatesthescatteringprobability.Notethathereweoftenabbreviatek≡Ψk.
Thisstatementdoesnotonlyholdforthetwopairsofenergiesandinitialwavespresentedin
Fig.4.3butitisageneralfeaturethatwealsoobservedforothernon-magneticimpurities
(notshownexplicitly)atdifferentpositionsatthesurfaceofBi2Te3.

EspeciallyforthecaseinFig.4.3(a)and(c)wherescatteringfromthemiddleofthe
valleysinΓK-directionweseethatonlyforanglesdeviatingbymorethan20°fromthe
exactbackscatteringdirection(180°)ascatteringprobabilityofmorethan10−13fs−1=at:%
(non-blackregion)isfound.Acomparisontoscatteringfromaninitialstatelocatedatthe
tipsoftheconstant-energycontoursin(b)and(d)ontheotherhandshowsthatthisonly
holdsinaverysmallrangefrom180°scatteringasindicatedbythescatteringprobability
thatquicklygoesupbyseveralordersofmagnitudereflectedbythelightercolors.The
suppressionagainstbackscatteringisalsocontainedinthemodelofEq.(4.12)andplotted
inpanels(e,f),showsmuchweakeneddirectionality,ashighlightedbythedifferenceinthe
colorscales(logarithmicscaleinab-initioresultsandlinearscaleinmodelresults).

AcomparisonofthismodeltothescatteringrateofftheTedefectcanbedonewiththe
plotsshownin(e,f). Weseethatqualitativelythemainfeaturesarereproduced.However
itshouldbenotedthatthecolorscalein(e,f)islinearwhereasthescatteringprobabilities
in(a-d)areshownonalogarithmicscale.Thestrongfocusingofthescatteringprobability
inforwarddirectionislesspronouncedinthemodelwhichshowsthatthemodelonlyfits
qualitativelybutisquantitativelywrong.

10Thiswillbediscussedinchapter7.
11Inchapter6therelationbetweenimpurityDOSandscatteringrateswillbediscussedindetail.Here
scatteringsymmetriesandtheprotectionagainstbackscatteringisaddressed.

12Thislinesegmentoftheconstant-energycontourcomesfromthefactthattheintegratedquantity
fi−1k =

1
ΩBZ

R
FS
dk
vk
Pkk whichisthetotalscatteringrateorinverselifetimehasunitsoffs

−1=at:%asit

scaleslinearlywiththeimpurityconcentration.
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Figure4.3.:ScatteringprobabilityPkk0offaTeBi-impurityfortwodifferentincomingwaves
labeledk0,respectively,in(a,b)forE=EF−50meVand(c,d)forE=EF.
Thescatteringprobabilityfromk0toallpossiblefinalstatesontheFermi
surfaceisgiveninalogarithmiccolorscale.Generally,theTeBiantisite-defect
onlyposesaweakscatteringcenterwithlowscatteringprobability.Inallfour
casesofinitialwavesk0theforward(smallangle)scatteringdominatesand
the(byTRSforbidden)backscatteringishighlighted[q1in(a,c)].In(c)the
non-vanishingscatteringinΓMispointedoutbyagreendashedarrow(q2).In
(e,f)theapproximationPkk∝1+cos(sk;sk)isshownforE=EF−50meV
andE=EF.Generallysimilarfeaturescanbeseenbutinparticulartheforward
scatteringismorepronouncedintherealscatteringprobabilitiesasindicatedby
thelinearcolorscalein(e,f)ascomparedtothelogarithmicscalein(a-d).
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4.2.ElectronscatteringoffdefectsandstandingwavesaroundimpuritiesonTIs

Furthermore,weshouldpointoutthatsofaronlythoseenergieswereconsideredwhere
thescatteringisdominatedbythetopologicalsurfacestatealone,i.e.fortheFermienergy
lyingwithinthebulkbandgap.Iftrivialbulkstatescoexistwiththesurfacestatethenthis
situationofstronglysuppressedbackscatteringmightbemorecomplexandotherscattering
channelscouldopenupinthedirectionof180°-scattering(howeverfor|k|=|k|)that
donotcorrespondtoexactk→−ktransitions.Thosetransitionsarethereforegenerally
allowedbytime-reversalandspin-conservation.

4.2.3. Ab-initiocalculationofscatteringprobabilitiesfor

magneticdefects

Nextthescatteringpropertiesoffmagneticdefects,i.e.defectsthatbreaktime-reversal
symmetrywillbeanalyzed.Againfirstgeneralaspectsoftime-reversalscatteringinparticular
willbeintroducedbeforetheab-initioresultsforMnBiandFeBiareshownandcompared.

Theoryoftime-reversalbreakingscattering

Incontrasttothenon-magneticdefectsdiscussedinthepreviouschapter,amagnetic
impuritybreakstime-reversalsymmetry. Thiscanbeseenfromthepropertiesofthe
time-reversaloperatorKthatactingonapotentialconsistingoftime-reversalsymmetric
(∆V0=K∆V0K

−1)andantisymmetric(i.e.magnetic,B·ff)partsasshownbytherelation

K∆VK−1=K(∆V0ff0+B·ff)K
−1=K∆V0ff0K

−1

| {z }
∆V0ff0

+KB·ffK−1| {z }
−B·ff

=∆V0ff0−B·ff(4.13)

whereitisseenthatamagneticscatteringpotentialdoesnotpreservetime-reversalsymmetry
sinceB=B(r)isassumedtobeonlyarealfunctionofthepositionandthusKB(r)K−1=
B(r).NotethatffisthevectorofPaulimatrices,ff0denotestheunitymatrixinspinspace
and∆Visthenatwo-by-twomatrixinspinspace.Thereforebackscatteringcannotbeexactly
forbiddenanymore.Indeeditcanbeshown[145]thatforsmallB(neglectingO(B2)-terms)
inapotentialasdescribedinEq.(4.13)thetransitionrateonlygrowsquadraticallywiththe
strengthofthemagneticpartofthescatteringpotential.Thisresultisderivedusingthe
BornseriesexpansionoftheDysonequationGB(E)=G0(E)+B·ffG0(E)B·ff+···for
theGreenfunctioncorrespondingtothemagneticscatteringpotentialwithrespecttothe
GreenfunctionG0correspondingto∆V0alone.Truncatingthisseriesafterthefirstorder
finallyleadstothematrixelements

Tkk≈ k|T0+B·ff+∆V0G
host(E)B·ff+B·ffGhost(E)∆V0|k ∝

k→−k
B (4.14)

whereT0correspondstothenon-magneticpart(∆V0)alone,thatvanishesfork→−k
duetoTRSinthehost.ThisfinallyleadstoPk−k∝B

2[145]whichwasverifiedforthe
scatteringprocessoftheRashbasurfacestateinAu(111)[119].
TheanalysisofthefirstprincipleresultsforscatteringoffsingleMndefectsareshownin
Figure4.4.ThefollowingdiscussionstartsforscatteringatE=EFwhichwillbedecomposed
intworegions;firstthesmallanglescattering(regionI,bluebackground)willbeanalyzed
andafterwardslargeanglescattering(regionII,redbackground)willbeanalyzed,wherethe
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4.Revealingscatteringpropertiesoftopologicallyprotectedelectrons

backscatteringsignalisvisibleandaspin-selectionruleisfound.Afterwardsscatteringat
otherenergieswillbediscussedrevealingthewarpingdependenceofthetransitionratesand
thescatteringratesforMnwillbecomparedtoFeimpuritiestostudytheimportanceof
resonantscattering.

RegionI:smallanglescattering

FirstwelookatthescatteringprobabilityforscatteringoffasubstitutionalMnBi-impurityfor
E=EFwhereweshowthetransitionrateforthreedifferentincomingwavesinFigure4.4(a-
c).Theblackarrowsin(a)indicatethein-planespin-directionofthetopologicalsurfacestate
andthesymbolshighlighttheout-of-planecomponent. Wefindthattheoverallamplitude
ofthetransitionratesistwoordersofmagnitudelarger(inparticularifcomparedtothe
regionofbackscattering,highlightedwiththereddottedlinemarkedq1)thanthescattering
probabilitiesseenfortheTeBidefectstudiedabove.Thisisunderstoodfromthedensityof
statesattheFermienergyshowninFig.4.2(d)wherethelargerDOSfortheMnimpurityas
comparedtotheTedefectisseen.

Incontrasttonon-magneticimpurities,weseethatscatteringfromthetipofthehexagonal
shapesinΓMisnotsymmetricasseenin(a).Thisisaconsequenceofthemagneticmoment
pointinginthe -direction(i.e.+z-direction).Thealternatingout-of-planecomponentof
thespinnowbreakstheleft-rightsymmetryobservedpreviouslyinthecaseofnon-magnetic
defects.Obviouslyswitchingthedirectionoftheimpurityspinwouldleadtothereversed
picturewhichwasverifiedexplicitly(notshownhere).

Apartfromthegeneralscatteringasymmetry,thedominantfeatureisactuallyagenerally
strongforwardscatteringwithascatteringratewithinregionI,i.e.forsmallanglescattering,
thatisseveralordersofmagnitude(notethelogarithmiccolorscaleinFig.4.4)largerthan
scatteringtoregionII.Thisobservationsuggeststhatthenon-magnetic,i.e.∆V0,partin
thescatteringpotentialplaysthedominantroleoverthemagnetic,i.e.B·ff,part.

Spin-selectionruleinscatteringoffmagneticdefect:regionII(largeangle
scattering)

TheanalysisofregionII(largeanglescattering)showsthat,althoughthemagneticimpurity
breakstime-reversalsymmetry,thebackscattering(q1)isstillsurprisinglyweak. Wecan
interpretthisalsofromthedensityofstatesoftheimpurity(Fig.4.2)wheretheoff-resonant
behavioroftheimpurityisseen.Intermsofthescatteringphaseshift,13thatcapturesthe
scatteringpropertiesoftheimpurityandcorrespondingWignertime-delaythatwillforsuch
acasebesmall,wecanqualitativelyunderstandthisbehavior.Forasmalltime-delay,that
weexpectforthiskindofimpurity,anelectronthatisscatteredofftheimpurityonlystays
forashorttimeattheimpurity.Duringthistimethespinoftheincomingwavecanprecess
aroundtheimpuritymomentenlargingtheoverlapwithapossiblefinalstateofoppositespin.
Theoff-resonantbehavioroftheMnimpuritythereforeonlyleadstoaneffectivelysmall
magneticpartofthescatteringpotential.Thereforethescatteringfeaturesaredominatedby
smallanglescatteringintoregionIoverlargeanglescatteringintoregionII.

13Adetailedintroductionofthescatteringphaseshiftandthetime-delaywillbegivenlateroninchapter7
onpages144ff.
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Figure4.4.:ScatteringprobabilityPkk0offaMnBi-impurityforthreedifferentincomingwaves
labeledk0forE=EFin(a-c),E=EF−50meVin(d-f)andE=EF−100meV
in(g-i)wheretheinnerringisthetopologicalsurfacestateandtheouterlobes
arebulkstatesfromthevalenceband.Thescatteringprobabilityfromk0to
allpossiblefinalstatesontheconstant-energycontourisgiveninalogarithmic
colorscale.Theblackandgrayarrowsin(a),(d)and(g)indicatethein-plane
directionofthespinpolarizationandthesymbols(,⊗)showthealternating
out-of-planecomponentofthespinpresentinthesixvalleysinΓK-directionthat
vanishesfordecreasingenergy.Thered/greenarrowsin(b)and(c)highlightthe
importanceoftherelativealignmentofspinofthefinalstateandthedirectionof
themagneticmomentoftheimpuritythatpointsintheout-of-plane()direction
inthiscalculation:Backscattering(q1)ispossibleduetothebrokentime-reversal
symmetrybutisquiteweak(logarithmiccolorscale).Themisalignmentbetween
theinitialandfinalstate’sout-of-planespincomponent,ontheonehand,and
thedirectionoftheimpurity’smagneticmoment,ontheotherhand,leadtoa
strongsuppressionofthescatteringamplitudeinΓM-direction(q2)in(c)as
opposedtothereversedsituationin(b).
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4.Revealingscatteringpropertiesoftopologicallyprotectedelectrons

Theasymmetryseenbetween(b)and(c)waspreviouslydiscussedintermsofthedirection
oftheimpuritymoment.Adetailedcomparisonoftheq1andq2ratesforthedifferent
incomingwavesrevealsthatq1isstrongerin(c)thanin(b)andq2isstrongerin(b)than
in(c). Werefertothisasaspin-selectionruleinthelargeanglescatteringoffmagnetic
impuritieswhichwillbeexplainedinthefollowing.Theimpuritymomentinthisparticular
caseisalignedinthe -direction.Thereforecomparingtheq1andq2scatteringratesfrom
(b)and(c)revealsthatscatteringinthedirectionaligningthefinalstate’sspinwiththe
impuritymomentisfavoredovertheoppositecase.Thiscanindeedbeunderstoodwitha
largeroverlapofthewavefunctionswiththespin-polarizedimpuritypotential,leadingtothe
observedasymmetricscatteringpattern.
Therelativelysmalleffectofthisasymmetrycanbeunderstoodfromtheoff-resonant
behaviorofthisimpurityandtime-delayargumentgivenabove.Forresonantscattering
centerswewouldthereforeexpecttoseeastrongereffectofthisspin-selectionrule.This
ruleisintrinsicallytiedtothewarpinginBi2Te3,becausethewarpingresultsinanopposite
out-of-planecomponentofthespin-polarization.

Energyandwarpingdependenceofthetransitionrates

Strictlyspeaking,thequalitativediscussionofthemagnitudesofthescatteringratesfor
differentanglesonlyholdsforstrongwarpingwheretheout-of-planespinplaysadominant
role.Atlowerenergiesthewarpingislesspronouncedandtheclosertheenergycomestothe
Diracpointthemorecirculartheconstant-energycontours(CEC)ofthetopologicalsurface
statebecomes. WiththesmallerwarpingoftheCECtheout-of-planecomponentofthespin
vanishesandtheapproximationsweusedinthediscussionabovethatallowedustoassume
acertainmatrixstructureinthescatteringpotentialforsmallandlargescatteringangles
donotapplyanymore.Instead,weexpecttheclearfeaturesoftheasymmetrytovanish14

foramagneticmomentpointingperpendiculartothespin-directioninthesurfacestate.
Thisisindeedthecaseascanbeseeninthescatteringamplitudespresentedin(d-f)for
E=EF−50meVandin(g-i)forE=EF−100meVofFig.4.4. Whilethespinasymmetryis
verystrongatE=EFagradualdecreasebetweenE=EF−50meVandE=EF−100meV
isvisible.NotethatinFig.4.4withineachenergypresentedherethesamelogarithmiccolor
scalehasbeenusedbutdifferentrangesareshownforthethreedifferentenergies.Atthe
sametimethebackscatteringamplitude(q1)decreases.ForE=EF−100meVwealsosee
thatscatteringfromthesurfacestatetobulkstates(outerlobesoftheCECinΓM)cannot
beneglectedoverthescatteringwithinthesurfacestatealone.Theproblemofsurfaceto
bulkscatteringwillbethesubjectofalaterchapter.Fortheremainderofthischapterwe
willfocusonthefirsttwoenergiesthatliewithinthebulkbandgapsothattheFermisurface
(orCECifE=EF)consistsofthetopologicalsurfacestatealone.

Importanceofresonantscattering-comparisonof MnandFeimpurities

AfterthedetailedscatteringfeaturesofscatteringofthemagneticMnBiimpurityhavebeen
understoodwewanttocomparethepreviouslydiscussedcasewithanothermagneticimpurity;

14NotethatthisiscertainlyonlytrueforweakmagneticscatterersaswefindfortheMnimpuritiesdiscussed
here.Forstrongscatteringpotentials,i.e.resonantscatteringtheBornapproximationthatweusedfor
theT-matrixbreaksdownandtheinfinitesuminEq.(4.7)hastobetakenintoaccount.
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4.2.ElectronscatteringoffdefectsandstandingwavesaroundimpuritiesonTIs

anFeatomresidingatthesamesubstitutionalBisiteinthefirstquintuplelayer.Incontrast
tothehalf-filledd-shell,thatoneexpectsfortheMnimpurity,thedensityofstatesforanFe
atomisexpectedtobemuchhigherclosetotheFermilevelsincetheminorityd-stateswill
bepartlyoccupied.ThiscanbeseeninthedensityofstatespresentedinFig.4.2(d)whichis
oneorderofmagnitudehigherforFeascomparedtoMn.InFigure4.5thescatteringrates
offtheFeandMnimpuritiesarecomparedforE=EF
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Figure4.5.:ScatteringprobabilityPkk0offaMnBi(a,b)andFeBi-impurities(c,d)forE=EF
fortwonon-equivalentincomingwaves. Thetransitionratesareshownina
logarithmiccolorscalewheretherangewasadaptedincomparisontoFig.4.4
tohighlightthedifferencesbetweenMnandFeimpurities. Thescattering
amplitudesinΓKandΓMarehighlighted,respectively,withred(q1)andgreen
(q2)arrows.TheregionsIandIIindicatethelimitsofsmallandlargeangle
scatteringasinthediscussionofFig.4.4(a-c).

Overallsimilarfeaturescanbeseen;theleft-rightasymmetryinthescatteringforthe
inequivalentincidentwavesin(a,c)and(b,d)ispresentforbothmagneticimpuritiesaswell
astherelativelylowscatteringamplitudeinbackscatteringdirection.However,thedetailed
featuresofthescatteringprocessdependontheelectronicstructureoftheimpurity. Withthe
resonanceononespinchannel,thespin-dependentpartofthescatteringismorepronounced
forFeascomparedtoMn.ThiscanbeunderstoodfromtheWignertimedelay,15whichgives
thetimeanelectronspendsontheimpurityduringthescatteringprocessbeforeitleavesthe
impurityagain.Inthecaseofresonantscatteringthedelaytimeislongsothattheelectron
spendsalongerperiodoftimeinthepotentialwelloftheimpurity.Duringthistimethe
impuritymomentcausesthespintoprecessandincreasethematchingthespinofthefinal
state(whichisoppositetotheinitialspininthecaseofbackscattering).Thisenhancesthe

15Thisisintroducedtogetherwiththephaseshiftinchapter7onpage145.
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transitionratecomparedtothenon-resonantcasewherethecontactofthein-statewiththe
impurityisshortintime,causingonlyasmallprecessionandthereforeonlyasmalloverlap
withthefinalstatethathasoppositespin.Consequently,thefeaturesinregionII(large
anglescattering),thatwereassociatedtoaspin-selectionruleinthescatteringprocess,are
morepronouncedfortheFeimpuritythanforMn. WhilethescatteringinΓM(q2)offthe
Mnimpurityshownin(a)issmallerthanscatteringinforward-direction,thesameincident
waveonanFeimpuritywillbescatteredmorein120°-direction(q2)asseenin(c).The
secondtypeofincomingwaveshownin(b)fortheMnand(d)fortheFeimpuritygenerally
lookrathersimilarbutthebackscattering(k→−k)amplitudemarkedq1istwoordersof
magnitudehigherforFeascomparedtoMn.

SummaryofthescatteringfeaturesforsingleimpuritiesinBi2Te3

Beforethediscussioninthischapteriscontinued,wesummarizetheresultsofthe
analysisofthescatteringrates,thatwepresentedsofar.

Non-magneticdefects

Weverifiedthatbackscattering(180°ork→−kscattering)vanishesfornon-magnetic
impurities.ThisevenholdsforlargersegmentsoftheFermisurfaceorCEC(forE=EF)
inthevicinityoftheexacttimereversalscatteringpartneroftheincomingwave.
Generally,singlenon-magneticimpuritiesinTI’sshowastrongtendencytoforward
scattering,however,scatteringat120°ispossibleandcanleadtonear-backscattering
(atsmalldeviationsfromtheexactbackscattering)[146]iftwoimpuritiesareclose
by,inwhichcasemultiplescatteringeffectscanbecomeimportant. Wefurthermore
showedthatthescatteringratecanbeunderstoodqualitativelyfromspin-conservation
atnon-magneticdefectswhichleadstothephenomenologicaldescriptionoftheform
|Tkk|

2∝1+cos(sk;sk).However,takingintoaccounttherealscatteringprobabilities
isimportanttoexplainsignificantdeviations,inparticularthemuchstrongerfocusof
thescatteringinforwarddirectionforthenon-magneticTeBiimpurityascomparedto
thephenomenologicalmodel.

Magneticdefects

Forscatteringoffsinglemagneticimpuritieswefoundthatthenon-magneticpart
ofthescatteringpotentialstillhasadominanteffectwiththebackscattering,
thatisformallyallowedduetobrokentime-reversalsymmetry,beingrather
weak. Wefurthermorefoundaspin-selectionrulethatrelatestheasymmetricscat-
teringoffthemagneticdefectstothedirectionofthemagneticmomentofthescatterer.

Wecansummarizethatthetransitionratesforscatteringoff magneticand
non-magneticimpuritiescanvaryimmenselydependingonwhetherornotthecaseof
resonantscatteringismet.Apriorithedetailedscatteringfeaturesoffimpuritiesin
Bi2Te3cannotbepredicted,whichhighlightstheneedforfirst-principlescalculations
asdoneinthisthesis.
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4.2.4.Seeingscatteringprocessesinreal-space: QPIimages

Thescatteringprobabilitiesthathavebeendiscussedsofararenoteasilyobservable. What
canbeseenistheresultofscatteringoffdefects. Thewaveofanelectronhittingan
impurityinacrystalcanbereflectedsothatincomingandoutgoingwavescaninterfere
formingastandingwavepatternintheelectrondensityaroundtheimpurity. Theseso
calledFriedeloscillations[35]thereforecontaininformationofthescatteringprocessasthe
followingexampleillustrates.Letusconsidertwosystemswhereoneisdominatedbythe
topologicalsurfacestatehavingspin-momentumlockingandthereforenobackscatteringoff
non-magneticimpuritiesandasecondsystemhavingatrivialsurfacestatethatisdoubly
degenerateasforexampleseenonaCu(111)surface.Thescatteringofthetrivialsurface
statehasfundamentallydifferentpropertiesandscatteringfromkto−kispossible16so
thatthestrongfocusinginforwarddirectionthatwesawinthetopologicalinsulatordoes
nothappen.Thereforemuchstrongeroscillationsinthechargedensityareexpectedaround
defectsonCuascomparedtodefectsonBi2Te3.Fromthefactthatastate|ff;k andits
time-reversalpartner|−ff;khaveexactlyoppositespinasseeninEq.(4.11),theabsenceof
asignalinthechargedensityoscillationscanbeunderstood[129].Theexactorthogonalityin
spin-spaceallowsustodefinealocalreferencespinframeatrthatmakesΨff;k(r)=r|ff;k
spin-diagonalandwethusobtainΨff;k(r)=(uff(r);0)

Teik·randsimilarlyforthetime-reversal
partnerTRSpartnerΨ−ff;−k(r)=(0;u

∗
−ff(r))

Te−ik·r.Theinterferenceinthechargedensity
canthenbewrittenas

n(r)=[Ψff;k+S
ff;−ff
k;−kΨ−ff;−k]

†[Ψff;k+S
ff;−ff
k;−kΨ−ff;−k] (4.15)

whereSff;−ffk;−kisanamplitudeoftheS-matrix.
17 Obviouslynocrosstermsoftheform

Ψ†ff;kΨ−ff;−kappearandthereforenomodulationofthechargedensityoccursintheinterference
oftime-reversalparterstates.Thisisalsoseenincomparingthecalculatedscatteringresults
presentedfordefectsonAu(111)[119]withthescatteringresultspresentedhere.18

Insection4.2.1thelanguageofGreenfunctionsandT-matriceswasintroducedtodescribe
thescatteringprocessofBlochwaves.TheknowledgeoftheGreenfunctiongenerallyallows
tocomputethefundamentalpropertiesofthephysicalsystemthatitdescribes.Theelectron
densityisthengivenfromtheGreenfunctionas

n(r;E)=−
1

ı
ImTrG(r;r;E): (4.16)

TheuseoftheT-matrixinEq.(4.4)allowstocomputethechargedensityvia

G(r;r;E)=Ghost(r;r;E)+
Z

d3rd3rGhost(r;r;E)T(r;r)Ghost(r;r;E) (4.17)

16Notethatinbothsystemstime-reversalsymmetryispreservedwhichgenerallyforbidsexactbackscattering
betweentime-reversalpartner.Incontrasttothenon-degeneratetopologicalsurfacestatethetrivial
surfacestateisdoublydegeneratesothatindeedscatteringbetween|ff;k and|−ff;−k isforbidden
butastate|ff;−k exists.Hereffisthespin-indexthatdistinguishesthetwodegeneratebands.

17TheS-matrixisthescatterigmatrixwhichisrelatedtothescatteringphaseshiftandcanbeconnectedto
theT-matrixingeneral.

18ThesurfacestatesinAu(111)andCu(111)areverycloselyrelatedandthe(almost)degeneracyofCu(111)
isfurtherliftedinAu(111)duetothestrongerspin-orbitcouplingstrength.
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aroundanimpurityveryefficiently–evenforlargedistancesfromtheimpurity–byusing
thetranslationalinvarianceofthehostGreenfunctionthatdescribesthepropagationof
electronsinthecleancrystal.ThiscanbeseenfromthefactthattheT-matrixisshort
ranged,i.e.itactsonlyinthesmallrangearoundtheimpuritywhere∆V=0.Similarto
thechargedensity,amagnetizationdensityinthenon-magnetichostsystemisinducedin
thesurroundingofamagneticimpuritygivenby

m(r;E)=−
1

ı
ImTr[ff·G(r;r;E)]: (4.18)

Theshort-rangedpropertyoftheT-matrixhasbeenusedtocomputethechargedensity
oscillationsaroundtheMnBidefectaswellastheinducedmagnetizationinitssurroundingin
alargeareaof∼50×50Å2.ThisisonlypossibleintheGreen-function-basedapproachof
theKKRformalismthatweapplyhereasforthesamecalculationinawavefunction-based
supercellmethodaunitcellwithatleast32×32×30=30720atoms19wouldbeneeded
whichishardlypossible.Theresultofthecalculationcanbeseenin4.6forE=EF.The
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correspondingFermisurfaceisgivenasaninsetinFig.4.6(c).

Figure4.6.:Real-spaceimageofthestandingwaveformingaroundaMnBi-impuritywith
magneticmomentpointinginout-of-planedirectionasindicatedin(a).The
oscillationsinthechargechannelareshownin(b),wherethecoloredpointsgive
thedifferenceinthechargedensity(Eq.(4.19))integratedintheatomiccell,
andthecomplexnon-collinearoscillationsintheinducedspinin(c).Thecolor
codeofthevectorsin(c)givetheout-of-planecomponentofthemagnetization
density(i.e.mz(r;E))andthedatashownin(b,c)wassimulatedatadistance
of≈1:4Å,i.e.inthefirstvacuumlayerabovethesurface.Theinsetin(c)
displaysthecorrespondingFermi-surfacethatdeterminesthelongrangebehavior
oftheoscillations.

Thedataplottedin(b)showthedifferencebetweenthesystemwithoutandwiththe
impurity

∆n(r;E)=nimp(r;E)−nhost(r;E) (4.19)

sothatawhitecolorindicatesnochangeinthechargedensityascomparedtothecaseof
thepristinesurface. Wecanseetrigonalfeaturesthataretypicallyfoundinthisclassof

19Herea6QLthickfilmconsistingof6×5atomswasassumed.
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materials[38,42,147–151].Thedetailsofthechargedensityoscillationsmeasuredonthe
surfacedependontheelectronicpropertiesandonthelocalenvironmentoftheimpurityat
hand[150,152,153]. WefindsimilarlookingQPIimagesinrealspaceforotherdefects(not
shownhere)thatareinagreementwithpreviouslypublisheddata[153].
Thechargedensityoscillationsarealwaysrathershortrangedifcomparedto,forexample,
theFriedeloscillationsarounddefectsonAu(111)[119].Thiscanbeunderstoodfromthe
fundamentaldifferenceinthetopologicalsurfacestateascomparedtotheRashbasurface
statefoundonAu.Verylongrangedoscillations(evenuptohundredsofÅngströmsfrom
theimpurity)canbeseenifefficientscatteringbetweenstateswithoppositegroupvelocity
ispresentasseeninthestationaryphaseapproximation[154].ThisstandsincontrasttoTI
surfaceswhereevenformagneticimpuritiesbackscatteringis–inprinciple–possiblethe
spin-momentumlockinginthetopologicalsurfacestatedoesnotallowtheincomingand
scatteredwavestointerfereinthechargechannel[129]becausethetime-reversalpartners,
thatgoverntheinterferencepatternassumingacircularshapeoftheFermisurfaceinthe
long-rangelimit,necessarilyhaveoppositespindirections.Ontheotherhand,theRashba
surfacestateinAu(111)whereinadditiontotheexacttime-reversalpartnerwithexactly
anti-parallelspinasecondstatewiththesamegroupvelocitydirectionbutparallelspinexist
towhichspin-conservingscatteringispossible.Therefore,electronwavefunctionshavingthe
samespindirectioninterfereandformlong-rangeoscillationsinthechargechannel.Asa
consequence,magneticandnon-magneticimpuritiesshowalmostindistinguishableoscillations
inthechargedensityaroundtheimpurityastheadditionalspin-flipscatteringdoesnot
giveachargesignal.Infact,itcanbeshownthatintheFourier-transformedquasiparticle
interferenceofthechargechannelthemagneticpartofascatteringpotentialonlyentersin
secondorder[140]leadingtomuchsmallersignalsthanthosecomingfromthenon-magnetic
partofthescatteringpotential.
Thespinchannelontheotherhandshowsthedifferencebetweennon-magneticand
magneticimpurity,asoscillationsintheinducedmagnetizationareonlypresentformagnetic
impurities.TheoscillationsshowninFig.4.6(c)areingoodagreementwiththeoretical
predictions[155]ofacomplexspinrotationwiththedistancefromthemagneticimpurity.
Theseinducedspin-densityoscillationscanmediatelong-rangedmagnetic(RKKY)interaction
betweenindividualmagneticimpuritieswhichcaneventuallyleadtocollectivebehavior.This
willbestudiedlateroninchapter7.
Inthepreviousdiscussionofthescatteringpropertiesandtransitionrateswehaveseenthat
thewarpinginthedispersionofthesurfacestateofBi2Te3dependsontheenergy.Asthe
FriedeloscillationsaroundimpuritiesdependcruciallyontheshapeoftheFermisurface,itis
obviousthattuningtheFermilevelcansignificantlychangethestrengthanddirectionalityof
chargedensityoscillationsaroundimpurities.Adetailedanalysisofthisenergydependencein
combinationwiththefocusingeffect,thatwasrecentlydemonstratedinBi2Te3[131],will
bediscussedinthenextchapter.Here,wewillfocusonintroducingthemethodsthatwere
developedandthatarebeingusedinthefollowingchapters.
Experimentallythequasiparticleinterferenceisaccessibleviascanningtunnelingmicroscopy
(STM).AveryshortintroductiontotheSTMtechniqueisgiveninthesidenotebelow,
meantforthereaderwhomightnotbefamiliarwithit. Onarealisticsurface,typically
severaldefectsarepresentandtheirchargedensityoscillationsinterferewitheachother.It
isthereforenotastraight-forwardtasktodeducescatteringinformationdirectlyfromthe
overlappingrealspaceoscillationsarounddefects.Onewaytogoistostudymoreextended
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andwelldefineddefectssuchasstepedgesincertaindirectionsgivingabettersignal-to-noise
ratio[149].Thedrawbackishoweverthatonlycertaindirectionsinthelong-rangelimit
arevisibleandinadditiontheygivenoinformationonthesingleimpuritiesthatonemight
actuallywanttostudy.Analternativeapproachistostudyanensembleofseveralsinglepoint
defectsonthesurface.TheSTMimagecanbeacquiredoveralargeareacontainingseveral
defects.ThescatteringinformationcanthenbeextractedusingaFouriertransformationof
thechargedensitymap.Thisistypicallyreferredtoasquasiparticleinterferece(QPI)images
inreciprocalspaceorFourier-transformedscanningtunnelingspectroscopy(FT-STS)ifdone
atseveralbiasvoltages,i.e.changingthescanningenergycalledEinEq.(4.19).Thelarge
extentintheSTMscanallowsagoodsignal-to-noiseratioandthereforeiswellsuitedfor
thestudyofcomplexphenomenasuchasthescatteringphenomenaintopologicalinsulators.

Inthefollowing,thetheoryofFourier-transformedquasiparticleinterference(FT-QPI)
mapswillbederivedandanab-initioformalismwillbedevelopedthatallowstocomputethe
Fourier-transformedimagesforrealisticdefects.AlthoughinprincipleFourier-transformed
imagescouldbeobtainedfromtheabovediscussedreal-spaceimages,inpracticethecalcula-
tionistoocostlytobedoneasverylargeareasaroundtheimpurities–withinprinciplea
Fouriersummationuptoinfinity–havetobetakenintoaccount.Theformalismwedevelop
isthemoreefficientwayandallowstodirectlyrelatescatteringprocessesattheimpurityto
experimentalobservables.

MeasuringquasiparticleinterferencewithSTM

Theprincipleofthescanningtunnelingmicroscope(STM)[156–158]istomeasurethe
tunnelingcurrentbetweenatip,thatapproachesthesampleuptoafewÅngstöms,
andthesamplethatistobestudied.AtconstantappliedvoltageUbetweentipand
sample,thedecayotthetunnelingcurrentbetweenthesamplethetipatadistancez
canbewrittenasI∝exp(−z=d0)withaconstantd0thatcomesfromtheexponential
decayofthesample’swavefunctionsintothevacuum.Thisexponentiallocalization
ofthewavefunctionsonthesurfaceallowstohaveatomicresolutioninthestudy
ofeffectsonsurfaces.SinceatunnelingcurrenthastobemeasuredfortheSTM
techniquetowork,inprincipleeverysamplethatisnotperfectlyinsulatingcanbe
probedwhichmakestheSTMaveryversatiletoolinmodernsolidstateresearch.
ThetopologicalsurfacestateinBi2Te3andrelatedmaterialsismetallicandtherefore
studyingtopologicalinsulatorswiththeSTMbroughtimportantinsightsthatcould
nothavebeenmeasuredwithothertechniquessuchastransportmeasurementsalone.
Thelateralpositionofthetiprelativetothesurfacecanbecontrolledintheexperiment
andallowstomeasureextendedeffectsonsurfacessuchasthepreviouslydiscussed
Friedeloscillationsthatmightbelong-ranged.
AccordingtotheTersoff-Hamannmodel[159]theSTMsignalcanbedirectlyrelated
tothelocaldensityofstates

n(r;EF+eU)∝
dI

dU
(U) (4.20)

whereUistheappliedvoltageandrthepositiononthesurfacewheretheSTM
tipispositioned.TheTersoff-Hamannmodelneglectsspecialfeaturesofthetip’s
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wavefunctionsandespeciallyitsgeometrybutitisusuallyingoodagreementatnottoo
largeappliedvoltages.AmorecomprehensiveintroductiontothetheoryofSTMwhere
alsothetheorygoingbeyondtheTersoff-Hamannapproximationisgivenin[160]which
willnotbediscussedindetailhere.Itshouldhoweverbementionedthatalsoinelastic
effectscanbeimportantastheactualmeasuredSTMsignalcancontaincontributions
goingbeyondthesimplelocaldensityofstatesofthesurface[161,162]butalsocan
containartifactssuchasset-pointeffects[163,164]orinteractionswithplasmons[165,
166].Forthediscussionpresentedinthischapterwecanhoweverneglecttheabove
mentionedeffectsandworkwithintheTersoff-Hamannapproximation.
Incontrasttotechniqueslikeangle-resolvedphoto-emissionspectroscopy(ARPES)
thatmeasuretheoccupiedstatesonly,theQPImeasurementwithSTMcanalsobe
obtainedforenergiesbothaboveandbelowtheFermilevelbyapplyingtheappropriate
(positiveornegative)voltage.Thisiscalledthescanningtunnelingspectroscopy(STS)
thatcanalsobeFourier-transformedgivingquasiparticleinterference(i.e.FT-STS)
mapsinreciprocalspaceatdifferentenergies.Thiswasforexampleusedintopological
insulatorstoreconstructthedispersionofthesurfacebandsandshowhowthesurface
statesmergeswithbulkstatesathigherenergies[167].

4.3. GreenfunctionandT-matrixapproachtothe

quasiparticleinterferenceonsurfaces

4.3.1. Thegeneralformalism

Here,anexpressionfortheFourier-transformedchargedensity20inthelanguageofGreen
functionsandT-matrixisintroduced.Startingpointisthedifferenceinthechargedensity
giveninEq.(4.19)thatwerewriteintermsofGreenfunctionsas

∆n(r;E)=−
1

ı
ImTr

h
Gimp(r;r;E)−Ghost(r;r;E)

i

| {z }
∆G

: (4.21)

whereGimpisthesingle-electronGreenfunctionofthesystemwithimpurity,Ghosttheone
ofthepristinesurfaceandthetraceiswithrespecttothespindegreeoffreedomwhere
alsoasummationoverlargeandsmallcomponentsisimpliedincaseoftheDiracformalism.
UsingtheDysonequation[Eq.(4.4)],thedifferenceintheGreenfunctionbetweenhostand
impuritysystemcanbeexpressedas

∆G(r;r;E)=
Z

d3r
Z

d3rGhost(r;r;E)T(r;r;E)Ghost(r;r;E) (4.22)

wheretheT-matrix,asdefinedinEq.(4.7),entersinitsreal-spaceformulation

T(r;r;E)=∆V(r)‹(r−r)+∆V(r)Gimp(r;r;E)∆V(r): (4.23)

20WewillrestrictourdiscussiontothechargedensityoscillationsasobservedwithconventionalSTM.A
generalizationtothecaseobservablewithaspin-polarizedSTMisstraightforward.Thisis,however,not
doneroutinelyinexperiment.
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Weintroducecell-centeredcoordinatesr=R+x,whereRisadiscretelatticevectorparallel
tothesurfaceandxisacontinuouspositionvectorconfinedintheunitcell.
TochangetoreciprocalspaceitisconvenienttousetheBlochtheoremforthehostGreen
functionofthecrystalwithtranslationalinvariancewhichallowsustowrite

Ghost(R+x;R+x;E)=
1

Ωrec

Z

d2kGhostk (x;x;E)e
ik·(R−R) (4.24)

wheretheFourier-transformedGreenfunctionobeysthespectralrepresentation

Ghostk (x;x;E)=
X

¸

Ψ̧ k(x)Ψ
†
ķ(x)

E−Ȩk+i0
(4.25)

fromwhichtheequivalenceofGreenfunctionandwavefunctionsΨ̧ k,withageneralband
index̧ andΩrec=(2ı)

2=ΩcrystthatisconnectedtothetotalcrystalsurfaceΩcryst,is
evident.ThedifferenceintheGreenfunctionsofEq.(4.22)thenbecomes

∆G(R+x;R+x;E) =
1

Ω2rec

Z

d2k
Z

d2kei(k−k)·R
X

R;R

Z

R
d3x
Z

R
d3xe−ik·Reik·R

×Ghostk (x;x;E)T(R+x;R +x;E)G
host
k (x;x;E) (4.26)

=
1

Ω2rec

Z

d2k
Z

d2k
X

¸̧

ei(k−k)·R

×
Ψ̧ k(x)Ţķ k(E)Ψ

†
¸k(x)

(E−Ȩk+i0)(E−Ȩk+i0)
(4.27)

wherethesumsoverR,R andtheintegrationoverd3x,d3xareconfinedtotheregion
where∆VandconsequentlytheT-matrixdoesnotvanish. Thefirstformofthelast
equation[Eq.(4.26)]explicitlycontainthephasefactorse−ik·Reik·R thatdescribesthe
propagationbetweenlatticesitesiftheimpurityextendsoverseverallatticepositionsasitis
typicallythecaseifneighboringcellshavetobeconsideredforcorrectchargescreening21of
theimpurity.Thesecondformoftheequation[Eq.(4.27)]isamorecompactformwhere
thematrixelementsŢķ k(E)=(Ψ̧k;T(E)Ψ̧k)havebeenintroduced.Thisformleads
inthestationaryphaseapproximation[154]toasimplifiedformforthelong-rangelimit
(|R|→∞).
TheFourier-transformedQPI(FT-QPI)imagesareobtainedfortwo-dimensionalmapsfor
fixeddistancezfromthesurfacethatcanbewrittenas

∆G(z;q;E) =
Z

(z)
d2r∆G(r;r;E)e−iq·r (4.28)

=
ΩBZ
Ω2rec

Z

(z)
d2xe−iq·x

Z

d2k
X

RR

e−ik·Rei(k−q)·R
Z

R
d3x
Z

R
d3x

×Ghostk (x;x;E)T(R+x;R +x;E)G
host
k−q(x;x;E): (4.29)

IngoingfromEq.(4.28)toEq.(4.29)theexpressionofEq.(4.26)hasbeenusedtogether
withtheidentity

P
Re
i(k−k−q)·R=ΩBZ‹(k−k−q)withΩBZbeingthesurfaceBrillouin

21Cf.sectiononcomputationaldetailsonpage56.
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zonearea.ItcanbeseenthattheFourier-transformeddifferenceintheGreenfunction–
giveninrealspace22asaproductoftwoGreenfunctions–isaconvolutionoftwoGreen
functions.UsingthisexpressioninEq.(4.21),wearriveatthefinalexpressionfortheFT-QPI

∆n(z;q;E) =
Z

(z)
d2rn(r;E)e−iq·r

= −
1

2ıi
Tr[∆G(z;q;E)−[∆G(z;−q;E)]∗] (4.30)

wherethecomplexconjugationin∆G∗isimpliedtobedoneaftertheFouriertransformation.
Thestraightforwardextensionforthespindensityisobtainedbyreplacing∆Gwithff∆G,
whereffisthevectorofPaulimatrices.
ThedominantscatteringsignaturesthatcanbeseenintheFT-QPIimagescanbe
understoodfromthestationaryphaseapproximation(i.e.inthelong-rangelimit)ofthe
real-spacechangeofthechargedensitywhichgenerally,i.e.sofarnottakingintoaccount
theprotectionagainstbackscatteringintheTSS,resultintheasymptoticform(assuming
thatasinglepair(k;k)ofstationarypointsisdominating)offapointdefect23[129]

∆n(r;E)=|Akk|
sin[(k−k)·r+ffikk]

r
(4.31)

where|Akk|containsalltheprefactorsforexampleincludingafactorforthecurvature,
i.e.theflatnessoftheCECinthesenseofthefocusingeffect[154],andffikk collectsall
phasefactorsinparticularcomingfromthephaseoftheT-matrix,risthedistanceoffrom
thepoint-likeimpurityandatwo-dimensionalsystemwasassumedgivingthe1=renvelope.
Obviouslythescatteringvectorq=k−kdominatesthebehavior.Anumberofobservations
concerningtheformoftherealspaceoscillationsinEq.(4.31)arenoteworthy:Firstly,the
resultassumesasinglestationarypointandifmultiplestationarypointsarepresent,e.g.if
thefocusingconditionismet,thedecaybehavior,willgenerallybeslower[154].Secondly,
iftheT-matrixvanishesasinthecaseoftheTSSintopologicalinsulatorsthedecayis
fasterwithanenvelopeof1=r2,asforexampleshownbyLiuetal.[155].Lastly,theFourier
transformofsin(q·r)=rgivesastrongpeakatq,whichissignificantlysharperthanthe
correspondingpeakforthefasterdecayingenvelopeof1=r2[129].Thisexplainsthemost
prominentfeatureoftheFT-QPIimagesseenontopologicalinsulators:Ifbackscatteringis
present,thenaclearsignaturecorrespondingtothebackscatteringq-vectorcanbeseen.On
theotherhand,ifbackscatteringisabsent(signalingtopologicalprotection)thisfeaturewill
notbevisible.Thisisinparticularthecasesinceinexperimentexternalperturbationssuch
astemperatureeffectsblurweakersignalscorrespondingtoafasterdecayingenvelopeofthe
chargedensityoscillationsasinEq.(4.31).InotherwordstheFT-QPIimageofthelong
rangeoscillationsrevealthepresenceorabsenceofbackscattering.24

Typicallythestrongestchangeintheelectrondensityisfounddirectlyabovetheimpurity,
i.e.atz>0inverticaldistancefromthepositionofthepositiononthesurfacewhere
∆V=0.OftenthisregionisexcludedintheFouriertransformationofSTMimages[168]to

22Cf.Eq.(4.22).
23Iflinedefectsareconsideredthedecayisgenerallyslower[155]butthebottomlineofthefollowing
discussionholdsanalogously.

24Aslongasthelong-rangelimitisconsidered.
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4.Revealingscatteringpropertiesoftopologicallyprotectedelectrons

reducetheinfluenceoftheshapeoftheimpurity[37]andhighlightthescatteringvectors
beingresponsibleforthelong-rangeoscillations.Thisexclusionoftheshortrangebehavior
aroundimpurities(indicatedbyaregioncalledΩexclinthefollowing)canbesubtracted
explicitly25via

∆̆n(z;q;E):= ∆n(z;q;E)−
Z

Ωexcl
d2rn(z;q;E)e−iq·r (4.32)

= ∆n(z;q;E)+
1

ı
ImTr

Z

Ωexcl
d2r∆G(r;r;E)e−iq·r: (4.33)

whereΩexclisastraightforwardintegrationoverafinitesizedareainrealspace.
TheexpressionsderivedinEq.(4.30)andEq.(4.33)arethebasisofthediscussionthat
follows.Theyarevalidforasingleimpurity,i.e.canbedirectlyusedforcaseswhereonlya
diluteconcentrationofimpuritiesispresentandthedistancebetweenindividualimpuritiesis
verylarge.Lessobviousisthatthisformbasedonthesingleimpuritycanactuallybeapplied
tosystemswithhigherdefectconcentrations. Weturnnowtoadiscussionofthisquestion.

Validityofthesingleimpurityapproximationandimportanceofmultiple
scattering

InatypicalQPIexperimentalargeareathatisscannedwiththeSTMthatincludesmany
individualimpuritiesinarandomconfiguration.Thismeansthatmultiplescatteringbetween
differentimpuritiescanbepresent.Arigoroustheoreticaldescriptionwouldrequiretotake
thisintoaccountandcomputethefullT-matrixforalargeareaconsistingofastatistical
distributionofimpurities. Whilethisisinprinciplepossiblewiththemethodpresentedhere,
itwouldbenumericallyfartooexpensiveinpractice.Luckilyconsideringthesingleimpurity
isaverygoodapproximationtotherandomdistributionofmultipleimpurities.AsFanget
al.[169]showed,thesingleimpurityapproximationagreeswiththemultipleimpuritycase
exactlyinfirstorderofthepotentialdifferencearoundthesingleimpurity(∆V).Herewe
extendthisargumentalsotostrongscatteringcenterswhere∆Visnotnecessarilysmall(i.e.
inthecaseofresonantscatteringcenters)andconsideringthefullT-matrixinsteadof∆V
isnecessary.
ThefullT-matrixofseveralimpuritiesatasurfacethatincludesmultiplescatteringbetween
individualscatteringcenterscanbeexpressedas

Tnn = tn‹nn+tnG
host
nn (1−‹nn)tn+

X

m=n;n

tnG
host
nmtmG

host
mn tn+··· (4.34)

= tn‹nn+tn
X

m

ĞnmTmn: (4.35)

wheretn(E)istheT-matrixofthesingleimpurityatsitenexpressedinmatrixformofa
localizedbasissetandthematrix̆Gnm=G

host
nm(1−‹nm)containsthesite-off-diagonalpartof

theGreenfunction.26Theformoftheequationaboveincludesmultiplescatteringbetween
impuritieswhileseparatingitfromsequentialscatteringeventsoffthesameimpurity.27

25NotethatthesummationoverlatticesitesinEq.(4.29)implicitlyincludesΩexcl.
26AproofofthisrelationcanbefoundinAppendixof[130].
27Allordersofthesingle-site∆Varecontainedintn.
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Nextweassumetheimpuritiestobenon-overlappingwhichisreasonableforlowimpurity
concentrationsandthatonlyonetypeofimpurity(i.e.allindividualimpuritiesaredescribed
bythesamematrixtn=t∀n)ispresent.Nextweapplythestationaryphaseapproximation
[154]forthehostGreenfunctionwhichallowsustowriteforlargedistancesGhost(Rn+
x;Rn+x;E)≈Knn(x;x;E)e

iknn·Rnn,whereknnisastationarypointoftheconstant-
energycontourEknn =Eandisdefinedbythegroupvelocityatthispointbeingparallelto
thevectorRnn=Rn−Rn.Thisapproximationisvalidforlowimpurityconcentrationsas
thelargestpartofthesurface,onwhichtheFouriertransformisperformed,iscoveredby
hostatomsthatarefarfromtheimpurities.ThequantityKnncontainstherest

28ofthe
Greenfunctionandincludesapower-lawdecaywiththedistancewhichis|Rnn|

−1=2intwo
dimensions.Thephasefactoreiknn·Rnn isnowtheimportantquantityintheargumentation
thatfollows,wherewewillseebasedonEq.(4.35)thatintheFouriertransformthefirst
term(tn)ontherighthandside,whichgivesthesingleimpuritycontribution,isdominant
andthatthesecondterm(t̆GT)canbeneglected.

Toseethis,Eq.(4.35)isusedtodecomposethedifferenceoftheGreenfunctions(cf.
Eq.(4.22))as

∆Gnn = ∆G(1)nn+∆G
(2)
nn (4.36)

=
X

m

GhostnmtmG
host
mn +

X

m

Ghostnmtm
X

nn

ĞmnTnnG
host
nn: (4.37)

Thefirst-orderterms(GhostnmtmG
host
mn)giveidenticalcontributionstotheFouriertransform

∆G(q)becausebothGhostnm andG
host
mn dependonnandmonlyviathedifferenceRnm.This

canbeseenexplicitlyfortheexamplediscussedinthefollowing.IfNisthenumberof
identicalimpuritiesandsettingoneimpurityatm=0,thenthefirstordertermbecomes

∆G(1)nn=
X

n

Z

n
d2xe−iq(x+Rn)

X

m

GhostnmtmG
host
mn =N

X

n

Z

n
d2xe−iq(x+Rn)Ghostn0 t0G

host
0n :

(4.38)
Thehigherordertermsontheotherhandcannotbesimplifiedlikethis. Weusethestationary
phaseapproximationforGhostandget

∆G(2)nn≈
X

m

Ghostnmtm
X

nn

ĞmnTnnKnne
ikn n·Rn n: (4.39)

TheFourier-transformofthesumoverthephasefactorseikn n·Rn ninthelatterexpression
willnowcancelinpracticeforrandomlydistributedimpurities.Ofcoursethiscancellation
onlyholdsforinfinitelylargesumswhichisnotdoneinpracticebutifthescanareainthe
experimentislargeenoughthenthisapproximationholdsnevertheless. Withthisformwe
caninparticularseethatthesingleimpuritycontribution(∆G(1))willinpracticehavethe
dominantcontribution.Thishypothesiswastestednumericallyinamodelsystemofs-wave
pointdefectsrandomlyplacedonafree-electronsurfacewhereitwasshownthatthemultiple
scatteringpartisanorderofmagnitudesmallerthanthesingle-siteterm[130].

Fortheremainderofthisthesiswewillthereforeconsidersingledefectsonlyandderive
theresultingQPIimagesinreciprocalspacebasedonthisapproximation.

28i.e.everythingthatisnotthephasefactoreiknn·Rnn.
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4.3.2. ModelcalculationsfortheQPIonBi2Te3

AfterhavingestablishedthetheoreticalbasisofthecalculationofFT-QPIimageswewantto
firstgetaqualitativeunderstandingofthefeaturesthatcanbeseeninthestrong3D-TI
Bi2Te3. WeapplyEq.(4.30)toamodelcontainingthehost’sbandstructurebasedonak·p
theoryandidentifysignaturesofbackscatteringthatareabsent(fornon-magneticdefects)or
present(formagneticdefects)withinthismodel.Herethescatteringpotentialtakesavery
simplifiedformofans-wavepointdefect(so-called‹-scatterer)thathasnostructureexcept
foritstime-reversalbreaking(modelingmagneticdefects)orconserving(fornon-magnetic
impurities)nature.
InthefollowingfirstthemodelthatisbasedonthedescriptionpresentedbyLeeetal.
[139]isintroducedwhichisthenenhancedbymagneticscatteringcenterstostudyFT-QPI
imagesfordifferentdefectsandatdifferentenergies,effectivelymodelingthesituationasit
occursintypicalFT-STSexperimentoftheprototypicaltopologicalinsulatorBi2Te3.

Descriptionofthemodel

Routinely,amodelHamiltonianfromk·ptheory[138,139],whereonlythesurfacestate
electronsareconsideredviaaDirac-liketermwhichismodifiedbyacubicwarpingterm
[141],isusedinmodel-basedstudiesofthesurfacestateontopologicalinsulators.Here,we
followedtheworkofLeeetal.[139]forthesurfacestateelectronsandwritetheHamiltonian
ofthehostsystemasĤ0=

R
d2kΨ†kH0(k)ΨkwithΨ

†
k=(c

†
k↑;c

†
k↓)and

H0(k)=
h
v(k×ff)·̂ez+–k

3cos(3ffik)ffz
i
: (4.40)

wheretheparametersv=2:55eV·Åand–=250eV·Å3dependonthedispersionofthe
surfacestateandthestrengthofthehexagonalwarping,andweretakenfromRef.[141].
ThisHamiltoniancanbediagonalizedusingatransformationfromlocaltoglobalspinframe
whichcanbeexpressedbytheunitarymatrix

Ûk=

 
cos(„k=2) ie−iffiksin(„k=2)
ieiffiksin(„k=2) cos(„k=2)

!

(4.41)

Herewehaveintroducedtheangleffik=tan
−1ky
kx
betweenthek-vectorandthêx-axis,

thatisdefinedastheΓK-direction,andtheangle„k=tan
−1 k20
k2cos3ffik

describingtheC3v
symmetryinBi2Te3leadingtothehexagonalwarping.Thewavevectorsandenergiesare

giveninunitsofk0=
q
v=–andE0=vk0andtheeigenenergiesare[139]E±(k)=

±
q
(vk)2+(–k3cos3„k)2whichallowstoconstructtheGreenfunction(whichis2×2in

spinspaceandexpressedinthelocalframeofreferencedefinedbythelocalspinframe)of
thepristinesurfaceas

Ghost(k;E)=

 
(E+i0−E+(k))

−1 0
0 (E+i0−E−(k))

−1

!

(4.42)

whichfollowsfromthespectralrepresentationoftheGreenfunction[Eq.(4.25)].Becauseof
particle-holesymmetrywecanconcentrateonE>0intherestofthediscussion.
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Scatteringoffanimpurityismodeledwitha‹-scattererhavingascalarpart(V0),a
spin-orbitpart(∝c)thatisimportantforlargerk-vectors,andamagneticpart(−m·ff)in
theimpuritypotential:

Himp(k;k)=̂U
†
kV0
h
1+ick×k·ff−m·ff

i
Ûk: (4.43)

thatistransformedintothelocalspinframeofthehost’selectronsbyapplyinĝU†andÛ.
NotethatthemagneticpartofthepotentialwasnotincludedintheworkofLeeetal.[139].
Theimportanceofthespinorbitpartwasrecentlypointedoutinthemodel-basedstudies
oftheQPIintheRashbamaterialBiTeI[164]asittendstochangetherelativeintensities
betweendifferentsignaturesseenintheQPIimages.TheparametersV0,candm=|m|give
thescatteringstrengthofthescatteringcenter,therelativestrengthofspinorbitcoupling
ascomparetothescalarpart,andtherelativestrengthoftheimpurity’smagneticmoment,
respectively.
UsingtheT-matrixformalismexplainedabove,namelybyvirtueoftheDysonequation
seeninEq.(4.22)andtheT-matrixinEq.(4.23),theGreenfunctionofthesystem∆G
withimpuritycanbecomputed.ThentheFouriertransformofthechargedensityaroundthe
impurity∆n(q;E)canbecalculatedvia[139]

∆n(q)=
1

2i

Z

d2kTr

(

Ûk∆G(k;k+q)̂U
†
k+q−

h
Ûk∆G(k;k−q)̂U

†
k−q

i∗
)

(4.44)

wheretheenergydependencein∆G(k;k)≡∆G(k;k;E)andthusin∆n(q)≡∆n(q;E)
isimplied.TheGreenfunctiondifferenceiscomputedfrom∆G=GhostTGhostwherethe
T-matrixiscomputedintheiterativeapproachofaBornseriesT=Vimp+VimpG

hostVimp+
VimpG

hostVimpG
hostVimp+···whichstartsfromtheimpuritypotentialgivenbyEq.(4.43)and

successiveiterationsareperformeduntilconvergenceisreached.Notethestrongresemblance
totheformulationpresentedinEq.(4.30).
Inthefollowing,thisequationissolvednumericallyandtheresultingFT-QPIimagesare
discussed.

Numericalresults

Weperformedourmodelcalculationswiththefollowingsetofparameters:29E=E0=0:75
andE=E0=1:5,V0=E0=0:1,a101×101k-pointmeshintheinterval[−3k0;3k0]

2,c=0:5
andvariousstrengthsoftheimpuritymomentrangingfromanon-magneticimpurity(m=0)
toastrongmagneticscattererwithm=2.Afinitebroadening(i0inEq.(4.42)of0:05E0)
hasbeenusedinthecalculations.TheresultsareshowninFigure4.7forE=E0=0:75in
(a-c)andE=E0=1:5in(d-f)representingthepreviouslydiscussedcasesE=EF−50meV
andE=EF,respectively.
In(a)and(d)theconstant-energycontours(CECs)aregiven,demonstratingtheincreasing
effectofthewarpingtermleadingtoadeformationoftheCECfromahexagonatE=E0=0:75
toasnowflakeshapeforE=E0=1:5.ThecorrespondingFT-QPIimagesareshownin(b)
and(e)foranon-magneticdefectwithm=0andin(c)and(f)forastrongmagneticdefect

29WealsoperformedcalculationsforvarioussetsofparametersatE=E0=0:25whicharenotshownhere
butareinagreementwiththepreviouslypublisheddata[138,139].
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Figure4.7.:ModelcalculationoftheFourier-transformedquasiparticleinterferenceinBi2Te3
attwodifferentenergies.Shownarein(a)theconstant-energycontour(CEC)
forE=E0=0:75withcorrespondingFT-QPIimageforscalarimpurity(m=0)
in(b)andmagneticimpuritywithm=2in(c).Indicatedisthebackscattering
directionq1witharedarrowin(a)andcorrespondingredellipsesin(b,c)
highlightingtheabsence(b)andreoccurrence(c)ofbackscatteringfornon-
magneticandmagneticdefect.Panels(d-f)showFermisurfaceandFT-QPI
imageslike(a-c)butforhigherenergy(E=E0=1:5)wheretheconstant-energy
contouriswarped.Inadditiontothebackscatteringsignal(q1)thetrivial
scatteringchannelq2,thatopensupwiththedeformationintheconstant-energy
contour,isshowningreen.Notethatwithineachenergythesamecolorscale
hasbeenusedforcomparabilitybutthedataform=0atE=E0=1:5(e)has
beenscaledupbyafactor2.
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withm=2.Generally,a6-foldsymmetryisfoundasaresultoftheC3vsymmetryinthe
crystal.Overallthepoint-likestructureofthedefectdoesnotleadotsmallanglescattering
(i.e.forwardornearforwardscatteringwithsmallq),whichresultsintheabsenceofany
structureintheFT-QPIimagesforsmallq.Onlyabrightspotatq=0isvisiblethatcomes
fromthetotaldifferenceinthedensityofstates(i.e.

R
n(r)d2r).

ThebackscatteringdirectioninΓKisindicatedbytheredarrows[in(a)and(d)]and
ellipses[in(b,c)and(e,f)]labeledq1. WecanseethattheQPIimageofanon-magnetic
defectatthelowerenergy,shownin(b),isessentiallyfeatureless.Thiscanbeunderstoodas
aresultoftheforbiddenbackscatteringthatdoesnotleadtolongrangeoscillationsinthe
chargechannel,whichconsequentlydoesnotleadtoaprominentsignatureintheFT-QPI
image.Ifastrongmagneticdefectispresentasignatureatq1becomesvisible,whichis
shownin(c).Aswewilldiscussatalaterpoint30thiscanbeassociatedtothestrong
magneticdefecttogetherwiththenestingconditionthatisfulfilledinthehexagonofthe
CEC.Fornow,itisonlyimportanttoseeastrongsignalinΓKifbackscatteringispresent
whilenosuchspotintheQPIimagesareseenforcaseswheretime-reversalsymmetryis
preserved.
Athigherenergiestheconstant-energycontourbecomeswarped,asseeninpanel(d),and
otherscatteringchannelsemerge.EspeciallythetrivialscatteringchannelinΓM–whichis
labeledq2andisindicatedingreenin(d-f)–thatwasabsentintheQPIimagespresented
forE=E0=0:75,nowemergesforbothnon-magneticandmagneticscatteringcenters.In
thebackscatteringdirection(q1),nointensityintheQPIisfoundforthenon-magnetic
defectwhereasthisscatteringchannelopensupforthestrongmagneticscatterershownin
(f).Howeverthetrivialscatteringchannelisdominatingtheimageandleadstoastronger
intensityinΓM(q2highlightedingreen),ascomparedtotheorthogonalΓK-direction(q1
highlightedinred).
Inconclusion,wehaveestablishedtheessentialscatteringchannelsthatoneexpectsto
seeinthequasiparticleinterferenceimagesinreciprocalspaceandhaveseentheirenergy
dependenceasitcanbemeasuredwithFT-STSimaging.Inthefollowing,differentapproaches
toafirst-principlescalculationofthesequantitieswillbeintroducedanddiscussedforthe
sameexample(non-magneticandmagneticimpuritycoupledtothesurfacestateofBi2Te3)
thathasbeenintroducedinthissectioninthecontextofsimplifiedmodelcalculations.

4.3.3. Anad-hocapproach:Thejointdensityofstatesand

beyond

Typically,thedirectinterpretationofFourier-transformedquasiparticleinterferenceimages,
thataremeasuredintheexperiment,isquitecumbersomeandpracticallyimpossibleby
lookingattheresultingimagealone.Especiallyiftheconstant-energycontourthatinanalogy
totheprevioussectionisresponsiblefortheFT-QPIimageisunknown,thetaskofextracting
scatteringinformationfromFT-QPIimagesispointless.Awidelyused,simplifiedapproachto
understandingtheFT-QPIimagesrestsonthesocalledjointdensityofstates(JDOS)[37–39,
164,167,169–173].Itsphenomenologicalintroductioncanforexamplebefoundintheworks
ofSimonetal.[170,171].Here,wetakeadescriptiveapproachandintroducetheJDOS
asaphenomenologicalmodelandcomparetheresultsoftheab-initiobasedcalculationsto

30Cf.nextchapter5.
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themodelcalculationsfortheQPIpresentedabove. Withinthisthesistheextensionthat
includesthescatteringphenomenaofrealdefectsforthefirsttimefromfirstprinciplescalled
exJDOSisalsointroduced.Finally,theformalconnectiontothe(formallyexact)FT-QPIis
doneatalaterpointonpage87ff.andinsection4.4.
The(extended)jointdensityofstates,(ex)JDOScanbecomputedfromtheknowledgeof
theconstant-energycontour(CEC)atenergyEwhenthefullGreenfunctionGhostorthe
fullT-matrixofthesystemwithembeddedimpurityarenotknown.Typically,theCECis
obtainedfromfirstprinciplescalculationsorangle-resolvedphotoemissionexperiments.In
closeanalogytoEq.(4.29)itiswrittenas

exJDOS(q;E) =
Z

Ek=E
dknsurf(k;E)Mk;k−q‚

STM
k;k−qnsurf(k−q;E) (4.45)

whichisaconvolutionofthespectraldensityonthepristinesurfacensurf(k;E)=
R
surf|Ψk(r)|

2d3r
(theintegrationoverrisboundedbetweenthesampleandthetipposition).Thewavevectors
kandk−qareassumedtobeconfinedtotheconstant-energycontourandthematrixelement
Mk;k−qcontainsinformationonthescatteringprocessofftheimpurityandwillbediscussed
indetailinthefollowing.TheAnsatzofelasticscattering(constantenergy)canbejustified
fromLindhard’stheoryofscreeninginmetals[171].TheLindhardsusceptibilityconnectsthe
changeinthedensityinlinearresponsetotheoriginaldensityvia∆n(q)=ffl(q)n(q)with

ffl(q)=
P
k
f(k)−f(k+q)
Ek−Ek+q

andwheref(k)istheFermifunction[174].Itcanbeseenthatbyfar

thelargestcontributionwillbegivenbytermsforwhichEk=Ek+q.Itisthereforesufficient
toconsiderasingleenergyalone.Thefactor‚STMk;k−q=1−cos(vk;vk−q)inEq.(4.45)has
beenintroducedrecently[131]toaccountforthesensitivitytobackscatteringinanSTM
experimentinthespiritofthestationaryphaseapproximation.
ThedifferentfactorsthatenterEq.(4.45)willbediscussedindetailinthefollowing.

Thestandardway-simpleJDOStoSJDOScalculations

AstandardwaytoanalyzeQPIdataistheusualJDOSapproachwhichisobtainedfrom
Eq.(4.45)bysettingMkk =1and‚

STM
kk =1.Incanbequalitativelyunderstoodas

follows.Assumingnospecialscatteringstructure,allpossibleconnectionsofinitialtofinal
stateswillberelevanttothestandingwavethatformsasaconsequenceofscatteringoff
animpurity.Thisisreflectedintheauto-convolutionofthesurfacespectraldensitythan
effectivelycounts31thenumberofpossibilitiesofinitialandfinalstatesforscatteringwithin
theconstant-energycontour.Allpossiblestructureoftheimpurityscatteringisneglected
andtheresultingJDOSimageforthesurfacestateonBi2Te3attheenergyE=EFcanbe
seeninFigure4.8.TheFermisurfaceisshownin(a)andtheresultingJDOSimagein(b)
wherethepreviouslydiscussedscatteringchannelsq1andq2inΓKandΓMarehighlighted.
Thecentralstar-likefeature,orientedinΓKandvisiblefor|q|<0:1Å−1,isassociatedto
smallscatteringvectorsandcanbeunderstoodasasignatureofsmallanglescattering.The
scatteringfeaturesq1andq2arereproducedqualitativelyintheJDOSapproach,however,
theyarecomparableinintensity.Thiscanbeunderstoodwiththemissingprotectionagainst
backscattering,asnoscatteringinformationisused,leadingtounrealisticallyhighintensity

31Thisincludesk-dependentweightsinthespiritoftheFermisurfaceintegration
R
FS
dS=

R
d2k
vk
which

givesthedensityofstatesasn=
R
d2k
vk
[75].
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Figure4.8.:The(S)JDOSandapproach:Panel(a)showstheFermisurfacewherethe
time-reversebackscattering(q1)andtrivial(q2)(back)scatteringdirectionsare
highlighted,(b)thesimpleJDOSapproachthatdoesnotincludeanyscattering
informationand(c)theSJDOSthattakestheforbiddenbackscatteringbyspin-
conservationinthetransitionmatrixelementsintoaccount.In(d)theFermi
velocityontheFermisurface,thatisbasicingredientfortheSTMsensitivity
factor,areshownwherethemagnitudeisindicatedbythecolorscale.In(e,f)
theJDOSandSJDOSimages[cf.(b,c)]areshownwheretheSTMsensitivity
factor‚STMkk =1+cos(vk;vk)wasused.Thefeaturesassociatedtoq1andq2
arehighlightedinthe(S)JDOSimageswithsolidredanddashedgreenellipses,
respectively.
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atq1.UsuallythisisinterpretedashowtheQPIimageshouldlooklikeformagneticdefects,
assumingthatthebackscatteringchannelopensup.Thisishoweveronlypartlytruesince
theexactbackscatteringcontributiondoesnotgiveasignalinthechargechannel.However,
alsoadditionalfeatureslikethew-shapeattheouteredgeforexampleseenatkx≈0:25Å

−1,
thatareabsentintheQPIcalculationsdiscussedinFig.4.7,turnupwhichshowsthat
thedescriptionofQPIimageswiththehelpofthesimpleJDOSapproachonlyholdsis
problematic.
TheforbiddenbackscatteringcanbetakenintoaccountbysettingMkk=1+cos(sk;sk)
whichwasfirstseenbyPascualetal.onBi(110)[36]andlaterintroducedbyRoushanet
al.[37]fortheinterpretationofFT-QPIimagesinthefieldoftopologicalinsulators.Ifthe
knowledgeofthespin-momentumlockinginTIsisusedthiscanbefurthersimplifiedto
Mkk ≈1+cos(k;k),which–strictlyspeaking–onlyholdsforthecircularCECbutis
neverthelessusedasanapproximationforthewarpedcontouraswell[37,38,175].This
approachisknownasthespin-conservingjointdensityofstates(SJDOS)whichalsogoes
underthenamespin-selectivescatteringprobability(SSP).TheSJDOSimageforthissystem
isshownin(c).Itcanbeseenthattheoutermostw-likefeaturesdisappearandonlythe
star-likefeatureinthecenteraswellasfeaturesatq1andq2survive.Therelativeintensities
ofthetrivial(q2)andforbiddenbackscattering(q1)channelschangefrombeingcomparable
in(b)toasignificantlystrongerintensityforthetrivialscatteringchannelin(c). Wewantto
pointoutthattheSJDOSfeatureatq1doesnotvanishcompletelyasscatteringforq-vectors
paralleltoq1butconnectingpointsontheFermisurfacethatareatky=ky=0;kx=−kx
arestillpossible.
AcomparisonoftheabovediscussedJDOSandSJDOSwiththemodelQPIresults
showninFig.4.7revealsthatthemainfeatures,namelythepresenceandsuppression
ofthebackscatteringpeakformagneticandnon-magneticimpurities,canbereproduced
qualitatively.Especiallytheappearanceofadditionalfeaturesaswellastheratioof(S)JDOS
intensitiesatcertainq-vectorsdoeshowevernotfittherealQPIimagesyet.
Toimprovethedescription,weintroducethefactor‚STMkk thatwassetto1intheJDOS
andSJDOSapproaches.Theneedforthisadditionalfactorcanbeunderstoodfromlooking
attheprocessofhowQPIimagesarebeingmeasured.Thequasiparticleinterferenceimages
aretheresultofstandingwavesformedaroundimpurities.Aswehavediscussedabove,
especiallythelongrangebehaviorinthechargedensityoscillationswillbeimportantinthe
Fouriertransformedimages.Itisnowintuitivelyclear(andcanalsobeshownwithinthe
stationaryphaseapproximationthatcapturesthis)thattheSTMmeasurementisessentially
blindtoforwardscatteringandpromotesbackscattering.Notethatthisdoesnotnecessarily
meanexactbackscatteringforwhichtime-reversalprotectionoccursbutgenerallyscattering
underangleslargerthan90°.Thecloserthescatteringangleisto180°thelongerrangedthe
visiblestandingwaveinthechargedensityoscillationwillbe.Thisiscapturedbysetting
‚STMkk =1−cos(vk;vk)thatactsasanSTM-sensitivityfactorsothatstateswithopposite
groupvelocitiesarefavored–inthespiritofthestationaryphaseapproximation.TheFermi
velocitiesforthisexampleareshowninFig4.8(d).
IncludingthisimprovementleadstotheQPIimagesshownin(e)and(f)fortheJDOS
(Mkk =1)andSJDOS[Mkk ≈1+cos(k;k)].Itcanbeseenthatthestar-likecentral
featureissuppressedandthatalsotheintensityatq1drops.EspeciallyfortheSJDOSthisis
asignificantimprovementoverthesimple(S)JDOSshownin(b)and(c).
Sofar,wehaveseenthatthe(S)JDOScanbeusedqualitativelytounderstandwheresome
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featuresoftheQPIimagescomefrom.However,nosensitivitytotheimpurity,especially
withrespecttoitsspecificscatteringproperties,iscontainedwithinthisapproach.Inthe
previousdiscussionofthescatteringrateswehaveseenalreadythatthescatteringproperties
dependstronglyontheimpuritythatisembeddedintothesystem.TheJDOSandSJDOS
calculationspresentedsofarcannotcapturethisand,forexample,alsocannotexplainwhy
typicallytheQPIintensityfoundformagneticallydopedTIsiseitherabsentorstrongly
suppressed[39,40]incontradictiontotheexpectationthatthisscatteringchannelopens
upwiththebrokentime-reversalsymmetryduetomagneticdefects,whichshouldleadto
enhanced(near32)backscatteringandthereforechargedensityoscillations.

Includingimpurityspecificscatteringchannels-theexJDOSapproach

Animproveddescription,thatcanincludetherealistictreatmentofthescatteringproperties
ofdifferentimpurities,wasdevelopedwithinthisthesis. Wecallthisapproachtheextended
jointdensityofstates[exJDOS,Eq.(4.45)]that,insteadofusingamodelbasedapproachto
thetransitionmatrixM(asintheSJDOS)orevenneglectingitcompletely(asintheJDOS),
usesthetransitionratePkk(E)basedonab-initiocalculations.Thisapproachsuppressesthe
time-reversescatteringautomaticallyasitreliesofarealisticdescriptionoftheimpurityin
thehostsystem. WehaveseenabovethatitisbeneficialtousetheSTM-sensitivityfactor.
ThereforethisisappliedforalltheexJDOSresultsthatfollow.

TheexJDOSresultsforthedifferentimpurities,forwhichthescatteringrateswerediscussed
previously(namelytheTeBi,MnBiandFeBiimpurities)arepresentedinFigure4.9forE=EF
andinFigure4.10forE=EF−50meVwherethecorrespondingFermisurfacesareshown
inpanels(a)oftherespectivefigures.

WestartthediscussionbylookingattheTeimpurityshowninFig.4.9(b).Thecorrespond-
ingscatteringresultshavebeendiscussedinFig.4.3,wherethestrongforwardscattering
andvanishingbackscatteringthatholdsessentiallyforallfinalstateswithinthevalleyaround
180°scattering,i.e.near-backscattering,hasbeenseen.Thiscanexplainthestructureseen
intheexJDOSimageofFig.4.9(b).Theintensityofthestar-likefeatureinthecenterin
comparisontotheq2-featureishigherfortheexJDOSimagesthanintheSJDOSapproach.
Thiscanbeunderstoodfromtheanalysisofthescatteringrateinthefirstpartofthischapter
wheretheinequivalenceofthescatteringprobabilityandthephenomenologicalapproachof
1+cos(sk;sk)wasshown.ThehigherratioofexJDOSintensityatq2comparedtoq1,in
contrasttothepreviouslydiscussedSJDOSresults,isaresultofthestrongsuppressionof
near-backscatteringinadditiontothestrictlyforbiddenexacttime-reversalscattering.This
alreadyshowedupinthediscussionofFig.4.3wherethelimitsoftheapproximationsetting
Pkk∝1+cos(sk;sk)werepointedout.ThecomparisontomodelQPIcalculationsshown
inFig.4.7,showsthattheexJDOScalculationindeedgivesamuchbetterdescriptionthan
theSJDOSapproachwithouttheimpurityspecificscatteringinformation.Especiallythe
strongsuppressionofthew-likefeaturesaroundkx≈0:25isinbetteragreement.

Theapparentlymissingsmall-anglescatteringsignature(star-likefeaturearound|q|=0)
inthemodelQPIimagescanbeunderstoodwiththemissingnear-impuritystructureof
the‹-scattererinthemodel.Apoint-likescattererwithoutanystructurelooks“infinitely
faraway”forallwavesthatarebeingscattered.Thereforethe‹-scattereronlyrevealsthe

32Theexactbackscatteringtransitiondoesnotgiveasignaltothechargedensity.
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Figure4.9.:exJDOSresultsfordifferentimpuritiesatE=EF.Shownistheconstant-
energycontourin(a),theexJDOSimagefortheTeBiimpurityin(b).Panels
(d,e)showtheexJDOSofMnBiandFeBiimpuritiesand(f)highlightswitha
zoomaroundq1,thebackscatteringfeaturevisibleformagneticdefects.The
magneticnear-backscatteringfeature,thatshowsupinadditiontothetime-
reversebackscattering(q1)andtrivialscatteringchannels(q2)ofFig.4.8(a),is
thebowlikefeaturemarkedq1in(f)comingfromscatteringfromthek-points
ofonevalleyintheCECtok-pointsfromthevaleyontheoppositeside.The
end-pointsmarkingofthebowareindicatedwithreddashedarrowsin(a).The
histogramin(c)showsthecomparisonoftheintensityattheq1featureforthe
differentimpurities(b,d,e)withrespecttotheintensityoftheTeBiimpurity
shownin(b).
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long-rangelimitoftheoscillations.TheJDOS-basedapproachesontheotherhandtake
(almost)everyscatteringvectorconnectingpointsontheconstantenergycontoursinto
account.Thisalsoincludessmallqconnectionswhichwouldonlyleadtoachangeinthe
chargedensityveryclosetotheimpuritysite.Thiscanbeunderstoodasfollows.Considera
wavepackethavingacertainspatialextendthathitstheimpurity.Forsmallq-vectorsthe
incomingwavepacketandthescatteredwavepacketonlyoverlapinaverysmallregionvery
closetotheimpurity.ThesmallqvectorsintheJDOS-basedapproachescanthereforeonly
contributetothenear-impuritystructureofthechargedensityoscillations.
TheexJDOSimageforaMnimpurityisshowninFig.4.9(d).Inagreementwiththe
scatteringresults(Fig.4.4)onlyaverysmallenhancementinthebackscatteringsignalatq1
isfound.Dominantisontheonehandthestrongforwardscatteringleadingtothestarlike
featurearoundtheorigin(whichisonlypartlysuppressed33by‚STM)andontheotherhand
thetrivialscatteringchannel(q2).Overall,noclearsignatureoftime-reversalbreakingcan
beseenintheexJDOSimageatE=EF.
ThescatteringanalysisfortheFeimpurity(section4.2.3andFig.4.5)showedacasecloser
totheresonantscatteringcasewhichledtoanenhancementofthebackscatteringamplitude.
Thisisalsoreflectedinthehigherintensityratiooftheareaaroundq1comparedtothe
areaatq2showedinFig.4.9(e).TheincreasingexJDOSintensityforthebackscattering
(q1)channelwiththenearresonancebehaviorofFeisshowninpanel(c)containinga
comparisonoftheexJDOSsignalsatq1forthethreedifferentimpurities.Thezoomshown
in(f)highlightsthedifferencetothenonmagneticimpurityshownin(b)wherethebow
shapedq1featureiscompletelyabsent.Thisnewscatteringchannelscalledq1comesfrom
nearbackscatteringfromk-pointswithinonevalleyoftheCECtok-pointsontheopposite
valleywhichformsabow-likeshape.Theend-pointsofthebowareindicatedbydashedred
arrowsintheFermisurfacein(a).Thebow-likeshapecanalsobeseenfaintlyintheexJDOS
imageoftheMndefectbutiscompletelyabsentintheexJDOSimageofthenon-magnetic
Tedefectshownin(c)inagreementwiththeobservationinthescatteringratethatshowed
averystrongsuppressionalsofornearbackscattering(cf.Fig.4.3).Thisfeatureis,however,
relativelysmallinintensitywhichmightmakeithardtodetectexperimentally.
Overall,wehaveseenthatforallthedefects,non-magneticandmagnetic,atime-reverse
backscatteringsignature(q1andq1)ismuchlowerinintensityforE=EFascomparedtothe
trivialscatteringchannel(q2).Theenergydependenceofthewarpingoftheconstant-energy
contourallowstoreducethetrivialscatteringchannelasinthespiritofthestationary
phaseapproximationnolongrangeoscillationswillbepossibleinΓM-directionsincethe
groupvelocitieswillhaveanangleof120°andnot180°. Thisisachievedbygoingto
E=EF−50meVasinthepreviousexamples.TheexJDOSimagesforthethreedifferent
defectsatthisenergyareshowninFigure4.10wheretheCEC,thatnowisahexagon,and
alsothecorrespondingJDOSandSJDOSimagesareshowninaddition.Allimagesuse
theSTM-sensitivityfactor‚STMkk =1−cos(vk;vk)butdifferenttransitionmatrixelements
asdiscussedabove.Forthehexagonalcontourthetrivialscatteringchannel(formerlyq2)
reducestotheshort-rangescatteringfeatureshowingupasastar-shapedareaorientedin
ΓM.Thisfeaturecanbeseenindifferentintensitiesin(b-f)andiscalledq3(highlightedwith

33Exactsuppressionisonlygivenforvk=−vkbutsmalldeviationsfromthisareonlystronglysuppressed.
Theverystrongfocusinginforwardscatteringdirectionseenintheanalysisofthescatteringrateshowever
counteractsthistrendsothatforsmall(butnon-zero)anglesbetweenvk andvktheforwardscattering
inthescatteringrateswin.
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cyandottedlines).ThecomparisonofthesimplifiedmodelsleadingtotheJDOSimagein
(b)andtheSJDOSimagein(c)showthatthebackscatteringsignaturearoundq1isstrongly
suppressed[notethattheintensityin(c)hasbeenscaledupbyafactor5],ifforbidden
backscatteringisaccountedfor,butstillpresent.Thisisaresultofthenestingcondition
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thatismetintheCECwhichwillbediscussedindetailinthenextchapter.

Figure4.10.:JDOS,SJDOSandexJDOSresultsfordifferentimpuritiesonBi2Te3forE=
EF−50meV.Panel(a)showstheconstant-energycontourwithtwodistinct
scatteringvectors(q1andq3)highlightedinredandcyan.Thecorresponding
calculationsofJDOS,andSJDOS,thatdependonthehostpropertiesalone,
areshownin(b)and(c).TheimprovedexJDOScalculationsforthreedifferent
impuritiesarepresentedin(d-f)whereonlyavanishinglysmallbackscattering
signal(q1)canbedetectedforbothmagneticandnon-magneticimpurities,in
agreementwiththescatteringratesshowninFig.4.5.Theinsetin(f)shows
exJDOS(q1)=exJDOS(q1;Te),i.e.therelativeexJDOSintensitiesatq1ofthe
threedefectsin(d-f)withrespecttothenon-magneticTeBidefect.

AcomparisonoftheexJDOSimagesshowsthatthestrongfocustoforwardscattering
intheTeimpurityleadstotheimageseenintheexJDOS.Especiallynosignatureatq1
isvisiblewhichisinagreementwiththemodelQPIcalculationsforanon-magneticpoint
defectpresentedabove.Additionallyweobserveasmallfeaturewhichwecallq3thatcanbe
associatedto120°-scatteringthatwasalsoobservedinthediscussionofthescatteringrates
inFig.4.3. Wedistinguishq2andq3explicitlybecauseq2satisfiestheconditionsforacouple
ofstationarypointsbutq3not.Thefeatureinrealspaceassociatedtoq2willthereforebe
muchlongerrangedthanforq3.

Atfirstsightitcomesasasurprisethatthemagneticscatteringcenters,shownin(e)and
(f)ofFig.4.10,essentiallyshownoclearsignatureofbackscatteringthathasbeenseenin
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themodelcalculationsandthatwouldbeexpectedatq1.Howeverthisistracedbacktothe
scatteringpropertiesoftheimpuritiesthatshowedalsofortime-reversalbreakingscattering
centersonlysmallscatteringratesinthe“back”-direction.Indeedthestrongerback-scattering
rateoftheFeimpurity(cf.Fig.4.5)canbeseenasaslightlyincreasingexJDOSintensityat
q1in(f)comparedtotheMnimpurityin(e).Thisisseenfromthehistogramshownasan
insetin(f),wheretherelativeexJDOSintensitiesatq1ofthethreedefectswithrespectto
thenon-magneticTeBidefectareplotted.ThestrongeroverallscatteringratesoftheMnand
FedefectsleadtothelargedifferenceinreplacingtheTeimpuritybyMnintheq1intensity
(seenintheinset)butwithoutdrasticallychangingtheoverallexJDOSimagesshownin(d)
and(e).ReplacingMnbyFethenonlyleadstoaslightincreaseintheq1intensitywhich
ishighlightedinthehistograminsetin(f).Adetailedanalysisofthebackscatteringrate
comparedtoexperimentalsignaturesoffocusedstandingwavesinthechargedensityon
mesoscopiclengthscaleshasbeenachievedrecently[131]andwillbethesubjectofadetailed
discussioninthenextchapter.

ComparisonofexactQPIandJointdensityofstates: modelorapproximation?

SofarwehaveseenthatthewidelyusedJDOSandSJDOSapprochesonlygiveaqualitative
ideaofhowthequasiparticleinterferenceimagescanbeinterpretedandareinparticular
notimpurityspecific.TheexJDOSapproachthathasbeendevelopedwithinthisthesisisa
significantimprovementwhichleadstoresultsthatareconsistentwithscatteringratesand
explainmostofthefeaturesseeninmodelQPIcalculationsorexperiments.

TheyremainsthequestionhowgoodtheexJDOSiscomparedtorealQPI.Inparticular,
arethefeaturesseenintheexJDOS,thatareatfirstsightindisagreementwiththemodel
calculationsoftheQPI,anartifactoftheexJDOSapproachoristhereactuallyanunderlying
physicalmechanismthatgoesbeyondthedescriptionincludedinthemodelcalculations?The
openquestionsareespeciallyimportantwithrespecttotheonlyverysmallbackscattering
signalvisibleforE=EF−50meV.

Here,theexJDOSapproachwillbeanalyzedtheoreticallybycomparingittotheequations
givingtheQPIimagesinreciprocalspace.

TheexJDOSapproachhasbeenintroducedbasedonaphenomenologicalideaasanad-hoc
model.Herethequestionwhetherornotthismodelisalsoanapproximationtothetheory
leadingtoequations(4.26),(4.29)and(4.30)willbeaddressed.Aswewilldiscussinthe
followingtherelationexJDOS∝|∆n(q;E)|2canbederivedunderanumberofassumptions.
Wecanseefromequations(4.29)and(4.30)that

|∆n(q)|2 = ∆n(q)∆n(−q)

= −
1

4ı2
Tr[∆G(q)−∆G(−q)∗]Tr[∆G(−q)−∆G(q)∗] (4.46)

wherethevariablesEandzhavebeendroppedforsimplicity.Usingthestationaryphase
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approximationweget
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:=
X

k̄k

akākuk(r)Tk;̄ku
†

k̄
(r)ei(k−k̄)·r=|r| (4.48)

fortheGreenfunctionatlargedistances|r|fromtheimpuritythatisassumedtobeplaced
atr=0.Thebandindex̧ hasbeendroppedforsimplicityofthenotation.Thesumin
Eq.(4.47)runsoverstationaryk-pointssothattheyarepinnedtotheCEC(E=Ek=Ēk)
withtheircorrespondinggroupvelocitiesvk(v̄k)pointinginthedirectionofr(−r)fork
(̄k).Thesymbolsukandūkdescribethelatticeperiodicpartofthewavefunctionandk||
and̄k||arecoordinatesinthetangentialdirectiontotheCECandthereforeintheorthogonal
directionofvkandv̄k,respectively.Thelatterexpression[Eq.(4.48)]isashorthandnotation
fortheexpressiondiscussedabovewithak;ākbeingtheobviousshorthandnotations.The
Fouriertransformationoftheexpressionabovereadsas

∆G(q;E) =
Z

d2r
X

k̄k

akākuk(r)Tk;̄ku
†

k̄
(r)ei(k−k̄−q)·r=|r| (4.49)

=
Z∞

0
dr
Z

CEC
d‘D(‘)

X

k̄

akākuk(r)Tk;̄ku
†

k̄
(r)ei(k−k̄−q)·r: (4.50)

whereinthelaststeptheintegrationhasbeenchangedfromd2rtoD(‘)d‘with‘running
alongtheCECformingaclosedloop(inanisotropicmodel,D(‘)d‘wouldbeequivalentto
d„inpolarcoordinates).NotethattheexactformofD(‘)dependsontheexactshapeof
theCECandthatthestationarypointskandk̄arenowfunctionsof‘.

InordertoarriveattheexJDOSexpressioninadditiontothestationaryphaseapproximation
additionalassumptionshavetobemade.First,D(‘)hastobedropped.Then,inthespiritof
thestationaryphaseapproximationthedominantcontributiontotheintegralinEq.(4.50)is
assumedtocomefromthestationarypointswherethephasevanishes,i.e.wherek−k̄−q=0,
sothatther-integrationcanbedroppedandthe‘-integrationreducestoafinitenumberof
stationarypointsontheCEC.Additionally,themixedproductsofthetypeG(q;E)G∗(q;E)
aswellasproductsofwavefunctionsu†kūkandproductsofT-matrixelementsareneglected.
Thoseassumptionsmakeitclearthatinterferenceeffectsarisingfromthesekindofpairs
willnotbetakenintoaccountintheexJDOSapproachwhichmightchangewhatisseenin
theexJDOSascomparedtotherealQPIimages.Finally,tocomplywiththeexJDOSform
‚STMkk =‹(k−q−k̄)shouldbesetwhichcomesfromthestationaryphaseapproximationin
thelongdistancelimitthatresultsinthedisappearanceofmixed-ktermsinthedensity.

Inconclusion,theaboveformulatedexJDOSapproachtotheQPIcanbeunderstoodasa
qualitativemodelbutnotasanapproximationsothattherealcalculationofQPIimagesfully
fromfirstprinciplesisdesirable.Thiswillbethesubjectofthefinalsectionofthischapter.
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4.4. QPIcalculationswithintheKKRformalism:the

“realthing”

WehaveseenthattheexJDOSmodelisareasonableapproachtothecalculationofQPI
imagesfromfirstprinciples,anditisespeciallypowerfulincombinationwiththecalculation
ofindividualscatteringratespresentedinthefirstpartofthischapter. Wehave,however,
seenthatsomecontributionismissingwhich,inprinciple,canaltertherealQPIimagesas
comparedtotheexJDOSapproach.Therefore,inthissectionafullyab-initioformalismis
derivedthatallowsthecomputationofQPIimageswithintheKKRmethod.
Thelongrangenatureofoscillationsaroundimpurities,thatbecomesmostevidentby
thestationaryphaseapproximationofanisotropicFermisurfaces[154,176],makessupercell
methodsnotsuitableforthepurposeasthecomputationaldemandwouldbefartoohigh.
Instead,theKKRmethodexpressedinitsGreenfunctionformulationallowsastraightforward
applicationoftheT-matrixformalismdescribedaboveinafirst-principle’smethod.The
poweroftheKKR-approachtothiskindofproblemhasbeendemonstratedforexamplefor
thelongrangedfocusingeffectseenforburiedimpuritiesunderthesurfaceofCu(100)and
Cu(111)[154].
Here,weformulateequationsEq.(4.30)andEq.(4.33)explicitlyinthelanguageofthe
KKR-GFmethodwhichavoidstheexplicitcalculationoftheQPIinrealspaceoverapossibly
verylargearea.Thisimplementationisthenappliedtothesystemsdiscussedabove,i.e.
non-magneticandmagneticdefectsatthesurfaceofBi2Te3,intermsofscatteringrates,
modelcalculationsandexJDOSsimulationsandthequalityoftheexJDOSapproachis
discussed.

4.4.1. TheoreticaldescriptionoftheQPIinreciprocalspace

withinthelanguageoftheKKRmethod

Intheintroductorychapter(section2.2.2)thenotationoftheGreenfunctioninthelanguage
oftheKKRmethodhasbeenintroduced.Forconveniencewereprint[cf.Eq.(2.7)on
page11]theequationsfortheGreenfunctionthatbreaksdownintosingle-siteandmultiple
scatteringterms:

G(Xn+x;Xn+x;E) =
X

L

GS
n
L(x;x;E)‹nn+

X

LL

GM
nn
LL(x;x;E)

= −i

√
2mE

~

X

L

h
RnL(x;E)̄H

n
L(x;E)„(x−x)

+HnL(x;E)̄R
n
L(x;E)„(x−x)

i
‹nn

+
X

LL

RnL(x;E)G
nn
LL(E)̄R

n
L(x;E) (4.51)

Forourpurpose,itisimportantthatthelatticeFouriertransformonlyaffectsthestructural
Greenfunctions

Ghost
——

LL(k;E) =
X

i

Ghost
ii;——

LL (E)e−ik·Ri: (4.52)
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andnottheT-matrixandthelocalscatteringsolutions. WithinthelanguageoftheKKR
formalismtheanalogontotheT-matrixisthescatteringpathoperatoroftheimpurityfi(E)
whichconnectsthesingle-siteT-matrices∆tnLL(E)=t

imp;n
LL (E)−t

host;n
LL (E)andthestructural

GreenfunctionofthehostviatheDyson-likeequation fi= ∆t+ ∆tGhost fi.This
quantityisnotsite-diagonalandhasnon-vanishingelementsfinnLL(E)onlyforpairsof(n;n)
forwhich∆tn=0andsimultaneously∆tn =0. ThestructuralGreenfunctionofthe
impurityembeddedintothehostsystemisthengivenby

Gimp
nn

LL(E) =Ghost
nn

LL(E)+
X

nn

X

LL

Ghost
nn

LL(E)fi
nn
LL (E)G

hostn n

L L(E) (4.53)

incloseanalogytoEq.(4.22).
Asmentionedaboveandindetailintheintroductorychapterofthisthesis,theKKR
methodisbasedonthesite-centeredexpansionofthewavefunctions.Inthisbasisthevacuum
isdescribedbyfictitiousemptycells,i.e.cellswithoutnuclearchargebutwithnon-vanishing
electrondensity,paralleltothesurface,incontinuationofthelatticedescribingthecrystal
geometry.Onethushas“vacuumlayers”inthesenseof“atomiclayers”butwithemptycells.
ItisthereforeconvenienttoapproximatetheFourier-transformationoverasurfaceatdistance
zbyanintegrationoveravacuumlayerofvolumeΩscan,centeredataverticaldistance
zfromthesurfacebysubstituting

R
(z)d

2r→
P
n∈Ωscan

R
nd
3r.Usingtheaboveintroduced

notation,Eq.(4.29)becomes

∆G(q;E) = ∆GS(q;E)+∆GM(q;E); with (4.54)

∆GS(q;E) =
Ωscan∩ΩimpX
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×
Z

d3xe−iq·x
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i

where∆GjS;L(x;x;E)=G
imp;j
S;L (x;x;E)−Ghost;jS;L (x;x;E)isthedifferenceinthesingle-site

partsoftheGreenfunctionswithandwithoutimpurityandisonlytakenintheimpurity
regionasitvanisheswithvanishing∆Voutside.Notethattheterms

h
RL(x;E)̄RL(x;E)

i

and∆GjS;L(x;x;E)are2×2or4×4matricesinPauli-orDirac-theoryandhavetobe
tracedoverthespinaswellaslargeandsmallcomponents.Itshallhoweverbenotedthatno
k-dependenceoccursin∆GsothatonlythestructuralGreenfunction(givenbyEq.4.52)
hastobecomputedonadensek-mesh.Alsothematrixelementsofthescatteringpath
operatorfii—;i—LL (E)dependonlyontheenergy.Byvirtueoftheprincipal-layeranddecimation
technique[73,122,123]thestructuralGreenfunctioncanbecomputedefficientlyevenfora
verylargenumberoflayers(hundredsofatomiclayers)andeveninthecaseofsemi-infinite
boundaryconditiontoabulkcrystal.
ToarriveattheFT-QPIimageinFourierspacewheretheshortrangebehavioristakenout

(∆̆n(z;q;E)asdescribedinEq.4.33)theformofEq.(4.54)changes.OutsideofΩimpthe
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single-sitecontributionautomaticallyvanishes.Inthemultiplescatteringpartontheother
handthesameregionhastobeexcludedexplicitly,whichisdonebyreplacing∆GS(q;E)in
Eq.(4.54)bythefollowingcorrectiontothemultiplescatteringpart

CM(q;E) =
ΩexclX

j

e−iq·(Rj+ffl)
ΩimpX

i—;i—

X

LLLL

Ghost
j;i—

LL (E)fi
i—;i—
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i—;j

L L (E)

×
Z

d3xe−iq·x
h
RL(x;E)̄RL(x;E)

i
(4.55)

HereweusedthenotationΩimpandΩexclindicatingthefullregionwhere∆V=0and
theregionoftheimpurityclusterthatisexcludedfromthesummation,respectively.These
regionsmayoverlapbutarenotnecessarilyidentical.
Theintegrals

R
d3xe−iq·x

h
RL(x;E)̄RL(x;E)

i
canbecomputedbyemployingtheusual

expansionofthescatteringsolutionsintheKKRformalism[58]togetherwiththeidentity
e−iq·x=

P
‘mi

‘j‘(qr)Y‘m(q)Y
∗
‘m(r),wheresphericalharmonicsY‘mareused.

34Inthiswaythe
integralsplitsinaradialparttobecalculatednumericallyandangularpartstobecalculated
semi-analytically.Theintegralswithsimilarcontributionsintheexpressionfor∆GSL(q;E)
canbetreatedinthesameway.
Insummary,withintheKKRformalismtheQPIimagesinrealspacecanbecomputedvia

∆n(q;E)=−
1

2ıi
Tr[∆GM(q;E)−∆GM

∗(−q;E)+∆GS(q;E)−∆GS
∗(−q;E)](4.56)

∆̆n(q;E)=∆n(q;E)+
1

2ıi
Tr[CM(q;E)−C

∗
M(−q;E)] (4.57)

givingtheexpressionsfor∆n(q;E)asintroducedingeneralinEq.(4.30)and∆̆n(q;E)in
4.33.35

4.4.2. ResultsofQPIcalculationsfordifferentdefectsinBi2Te3
withintheab-initioKKRformalism

Finallytheresultsofthenewlyimplementedfirst-principlesapproachtothedirectQPI
calculationinreciprocalspace,thatwasintroducedabovearediscussed.Forthispurpose,
basedonsomeinputfromtheKKRcode,anewmodulehasbeendevelopedthatimplements
theeffectivecalculationofQPIimagesinreciprocalspacewiththeKKRmethod. The
densek-andq-meshesthatareneededforhigh-qualityimages,asseenfromEq.(4.54)and
Eq.(4.56),wereparallelizedusingastraightforwardhybridOpenMP/MPIschemeoverthe
kandq-loops.
Figure4.11summarizestheresultsofthesimulationbyshowingtheFT-QPIimages

(absolutevalue,|∆n(q)|)forthreedefects;TeBi(non-magnetic),MnBiandFeBiareshown
forE=EFin(a-c)andE=EF−50meVin(d-f),respectively.Forthecomparisonwith
previousresults(modelFT-QPIandexJDOS)wewillnowrefertotheFT-QPIimages
computedfromfirstprinciplesasKKRQPIimagestohighlightthedifferencetothemodel
calculationsalsosemantically.

34MoredetailsontheimplementationaregiveninAppendixA.1
35NotethatEq.(4.57)assumesthatΩexclandΩimphavenooverlap.Otherwisethecorrespondingpartin
thesinglesiteparthastobesubstractedinanalogytothemultiplescatteringpart.
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4.Revealingscatteringpropertiesoftopologicallyprotectedelectrons

Theresultspresentedherewerecomputedwitha301×301k-pointmeshinthesurface
Brillouinzoneandtheconvergedpotentialsofthehostsystemandtheimpurities,thatwere
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usedinthescatteringandexJDOScalculations,werereused.

Figure4.11.:Fourier-transformedQPIimagesfullyfromfirstprinciples[|∆n(q;E)|givenin
Eq.(4.56)].Panels(a-c)showthesimulationsforTe,MnandFeimpuritiesat
E=EFandin(d,e)thecorrespondingimagesforE=EF−50meVfortheTe
andMnimpuritiesareshown.Foreachenergythesamelinearcolorscalehas
beenusedforthethreedefectsforcomparabilitybutthedataforMnatE=EF
shownin(b)hasbeenscaledbyafactor0.75.Theq-vectorsq1(redellipse),
q1(reddashedline)andq2(greendashedellipse),q3(cyandottedellipse)
highlightthetime-reversebackscatteringfeatures,trivialscatteringand(near)
backscatteringchannels,respectively,asdiscussedpreviouslyinFigs.4.7-4.10.
In(f)therelativeintensities|∆n(q1)|=|∆n(q1)|[Te]atq1isshown,highlighting
theincreaseinthebackscatteringsignalwiththemagneticmomentsofMn
(andFefoEF).Thedatawastakenwithinthevacuumlayeratavertical
distancefromthesurfaceof≈3:4Å.

AttheFermienergy(E=EF),intheKKRQPIimagesforallthreedefectsshowahigh
intensitycenteredaroundtheoriginthatdecayswithincreasing|q|.Thisdominatingfeature
thatisabsentintheexJDOSandmodelQPIcalculationscanbeunderstoodasaresult
ofthenear-impuritybehavior36inthechargedensitythatwasshowninrealspaceforthe

36Cf.discussiononthestar-likenear-impurityfeaturesonpage83.
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MnBiimpurityinFig.4.6(b).ThiscanbeprovenwithadirectFouriertransformofthereal
spacedata[Fig.4.6(b)]thatispresentedinFigure4.12wherein(a)theFouriertransformof
thefullimage,in(b)theFouriertransformofthelong-rangebehavioronlyandin(c)the
dominatingcontributionofthenear-impurityregiononlyisshown.Thenear-impurityregion
waschosenasallpositionswithinaradiusofR0=28Åaroundtheimpuritypositionat(0,0),
whichexcludesthefirst6shellsofin-planeneighborswherethesignalinthechargedensity
ismuchhigherthantheoscillationseeninthelong-rangelimit.Thelowresolutioninthe
imagesarearesultofthelimitedsizeintherealsspacedatathathavebeencalculated.This
highlightstheimportanceoftheapproachfollowedhereinsteadofadirectFouriertransform
ofrealspaceimagesthatwouldbecomenumericallyfartooexpensivetobedoneinsufficient
accuracyforpracticalcases.
ThedifferencebetweentotheKKRQPIandmodelandexJDOSimagesisthereforeeasyto
understand:Inthemodelcalculations(Fig.4.7)theimpuritywasassumedtobeofpoint-like
naturewhichdoesthereforenotincludetheextendednatureofthedefectthatcomesfrom
thenear-impurityregion.ThereforeinthemodelFT-QPIresultsnosignificantsmallqfeature
isseen.TheexJDOSincludesonlythescatteredwavesandgivesthembytheSTMsensitivity
factor‚STM

Q
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e
n
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y

high

low

ΓM

ΓK x10

q2
q1

(a) (b) (c)
full QPI imp. excluded imp. only

anad-hocweight,certainlyneglectingthenear-fieldeffects.

Figure4.12.:QPIimagesinreciprocalspacebasedonadirectFouriertransformofthereal
spaceimageshowninFig.4.6(b)showninalinearcolorscale.Panel(a)shows
theFouriertransformofthefullimage,(b)theQPIimage,butwiththesignal
withinaradiusofR0=28Åaroundtheimpurityat(0,0)takenoutand(c)
theQPIimagefortheimpurityregiononly,i.e.theregionwithintheradius
R0withoutthelongrangeoscillations. TheFouriertransformoftheshort
rangearoundtheimpurityisdominatingthefullQPIimage,whichiswhythe
importantscatteringchannels(q1andq2)areonlyhardlyvisiblein(a)but
clearlythereiftheimpurityregionisexcludedasshownin(b).Thethinwhite
linesin(b)indicateshortrangescatteringfeatureasinFig.4.11(a-c).Thelow
resolutionintheimagesisduetothesmallareaofrealspacepositionsthatis
availablefromthecalculationinrealspaceshowninFig.4.6(b)andtheintensity
in(b)hasbeenscaledupbyafactor10ascomparedtotheotherpanels.

Nevertheless,theKKRQPIimagesofFig.4.11havecommonsignatureswiththetypical
QPIimagesonBi2Te3seeninthepreviousmodelcases.Forone,asinthepreviousdiscussions
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4.Revealingscatteringpropertiesoftopologicallyprotectedelectrons

oftheexJDOSimagesandinagreementwiththescatteringratescomputedinthefirstpartof
thischapter,thebackscatteringsignal(q1)fornon-magneticandmagneticsingleimpurities
isratherweakatE=EF.In(a)adepressionatq1canbeseenwhichisliftedin(b)for
theMnimpurityandisevenstrongervisiblein(c)forthecaseoftheFeimpurity,where
duetotheresonantscatteringbehaviorthebackscatteringratewasfoundtobelargerthan
forMn.ThisishighlightedinthecomparisonoftheKKRQPIintensitiesatq1shownin(f).
Additionally,thebow-likeq1-featurethatweassociatedtothestrongerbackscatteringrates
isvisiblefortheFeimpurityasitwasthecaseintheexJDOSimages.Thetrivialscattering
channel(q2)ontheotherhandcanbeseenforallthreedefectsalthoughthedominant
near-impuritycontributionmakesithardtodetect.IntheexJDOSimagesastar-likefeature
wasseenaroundtheoriginthatwasassignedtosmallanglescattering.Thisfeaturecanalso
beseenintheab-initioKKRQPIdata(highlightedwiththinblacklinesin(a-c)).
AtE=EF−50meVwefindessentiallythesamefeaturesintheKKRQPIimagesas
seenpreviouslyintheexJDOScalculations.Nosignatureofbackscattering(q1)isfound
forthenon-magneticTeimpurityshowninFig.4.11(d)andthedominantfeatureisthe
star-likeshapeendinginspotsatq3indicating120°-scattering. Withthemagneticmoments
oftheMnimpurityshownin(e),thebackscatteringsignalre-appearsbutisstillrelatively
smallimcomparisontothetrivialq3feature.Thisisinagreementwiththeresultthatwas
obtainedfromtheexJDOSimagesinFig.4.10. Wecanthereforesaythat,althoughthe
constantenergycontoursupportsgoodnesting,singlemagneticimpuritieswhichformally
breaktime-reversalsymmetryonlyshowveryweaksignaturesifincreasingbackscattering.In
particularthetime-reversebackscatteringassociatedq1-intensityonlyincreasesmoderately
[cf.panel(f)]andsmallanglescatteringsignaturescomingfromthenear-impurityregion
inreal-spacehidethisinterestingfeature.Thiscanbeexplainedwiththeobservationof
quitelowback-scatteringprobabilitiesforthemagneticimpurities,thatwasdiscussedinthe
firstpartofthischaptertogetherwiththetheoreticalresultofvanishingQPIinthecharge
channelattheexacttime-reversalpoint. Wecanthereforeunderstandwhythebackscattering
signatureintheQPIexperimentsofmagneticallydopedtopologicalinsulatorswasveryweak
[39]orevenabsent[40,143].Inthenextchapterwewillcomebacktothisquestionand
applythehereintroducedmethodstofindamechanismoftuningthebackscatteringratein
Bi2Te3leadingfocusedoscillationsvisibleonmesoscopiclengthscales[131].
Inconclusion,theKKRQPIisapowerfultoolthatisabletocomputeimpurityspecific
QPIimagesfromfirstprincipleswithnofurtherapproximationsthanthoseinherentinany
DFTcalculations(exchange-correlationpotentialandtheTersoff-Hamannmodel).

4.5. Conclusionandoutlook

Inthischapterwehaveinvestigatedthescatteringpropertiesofelectronscomingfromthe
topologicalsurfacestateintheprototypical3DtopologicalinsulatorBi2Te3.Thetheoryof
scatteringwasintroducedandscatteringoffdifferentnon-magneticandmagneticdefectsat
thesurfaceofaBi2Te3thin-filmwasstudiedwithinthisthesisforthefirsttimefromfirst
principles.Ouranalysisimprovedtheunderstandingofscatteringprocessesinthetopological
surfacestateandprovideddeeperinsightsintothephysicsoftopologicallyprotectedelectrons.
Thechapterwasdividedintwoparts;(i)theintroductionandanalysisofscatteringprocesses
offdifferentdefectsand(ii)theexperimentallyobservedresultofscatteringprocesses,namely

94



4.5.Conclusionandoutlook

thequasiparticleinterferencearoundsingledefectsinreal-andreciprocalspace.

Scattering

Throughtheanalysisoftime-reversalpreserving(non-magnetic)andtime-reversalbreaking
scatteringprocessoffdefectsinthestrongtopologicalinsulatorBi2Te3fromfirstprinciples
wefoundstrongsignaturesoftopologicalprotectioninthescatteringprocesses. Weverified
thatexactbackscatteringinTIsfornon-magneticdefectsisabsentandshowedthatalso
anextendedregioninthevicinityoftheexactpointoftime-reversalscatteringshowsvery
lowscatteringprobabilities.Inotherwords,wealwaysfindstrongforwardscatteringfor
time-reversalpreservingimpurities.Evenforsinglemagneticimpuritiesthebackscatteringrate
wasfoundtoberelativelysmall.Thecalculatedscatteringrateswereunderstoodintermsof
amodelforspin-conservationfornon-magneticimpuritiesandwithaspin-selectionrulefor
magneticimpurities,statingthatforlargeanglescatteringthedirectionofanalignmentof
thefinalstate’sspinwiththeimpurityspinmomentisfavored.

Quasiparticleinterference

QuasiparticleinterferenceimageswerecomputedinrealspaceandalsointheirFourier-
transformed(FT-QPI)versions,whichwasthefocusoftheworkpresentedhere.Several
approachestothesimulationofFT-QPIimageshavebeendiscussedintermsofmodel
calculations,phenomenologicalapproachesandfullyab-initiocalculations.Thetypicalfeatures
seeninQPIexperimentshavebeendiscussedandexplanationsbasedonourcalculations
weregiven.
Wepointedoutthelimitsofthewidelyused(spin-conserving)jointdensityofstates,
(S)JDOS,approaches,anddevelopedasignificantimprovementwiththeextendedjoint
densityofstates,exJDOS,thattakesintoaccountarealisticdescriptionofthescattering
propertiesoffimpuritiesbypromotingback-scatteringinterferenceandaccountingforthe
fullscatteringrate.Alsotheab-initioFT-QPIcalculationhasbeendevelopedmakingit
possibletocomputerealisticFT-QPIimagesfullyfromfirstprinciples,thatareimpurity
specificprovidinguswithpredictivepowerinthecalculations.

Overall,theimportanceofab-initiocalculationsforaquantitativeandnotonlyqualita-
tivedescriptionofscatteringprocessesinthefascinatingclassoftopologicalmaterialshas
beendemonstrated.Themethodsdevelopedherewillfurtherbeusedtostudythefocusing
effectintopologicalinsulatorsthatwillbediscussedinthefollowingchapter.Inthefuture
thecomputationalmethodscouldbeimprovedfurtherandappliedtomorecomplexsystems,
forexamplelargerimpuritiesontopologicalinsulators,metalsorothertopologicalsystems,
forexampletherecentlyemergingfieldoftype-IIWeylsemimetals.
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Superparamagnetism-inducedmesoscopicelec-
tronfocusingintopologicalinsulators

Inthischapterthescatteringpropertiesintopologicalinsulators,inparticularwith
respecttobackscatteringsignaturesinmagneticallydopedBi2Te3,andhowtheycanbe
controlledattheatomicscale,willbeanalyzed.Theherepresentedworkistheresult
ofacollaborationbetweenanSTMgroup(PaoloSessi,MatthiasBodeetal.from
WürzburgUniversity),anXMCDgroup(AlessandroBarla,CarloCarboneetal.from
TriesteUniversity)andourtheoreticalsupportbasedonfirstprinciplescalculations.
TheresultshavebeenpublishedinRef.[131],fromwhichmostofthefigureshave
beentakenandonwhichthediscussioninthischapterisbased.
Inthepreviouschapterwehaveseenthatbackscattering,whichisusuallyprohibited
intopologicalinsulatorsbytime-reversalsymmetry,canbeinducedbymagnetic
dopants[39,40].Here,wewereabletoengineerthe–inthepreviouslydiscussion
alwaysverylow–backscatteringratestobelargeenoughthatitcanevenbeseen
inthechargechannelwithconventionalSTM.Ourcombinedstudyofquasiparticle
interferencemeasurementsanddensity-functional-theory-basedsimulationsshowed
that–byappropriateFermileveltuning–stronglyfocusedinterferencepatternscanbe
observedonthesurfaceofBi2Te3.Thisprovesthatcoherenttransferofinformation
overmesoscopiclengthscalescanbeachievedusingthetopologicalprotectedsurface
stateofTIs.
Withthehelpofourab-initioaswellasmodel-basedcalculationswecouldunveil
thattwoconditionshavetobefulfilledtoseeastrongbackscatteringsignalincharge
densityoscillationsaroundimpurities:(i)theFermisurfacehastosupportgoodnesting
withlargeparallelsegmentsinitsshapeand(ii)afewmagneticdopantshavetocouple
ferromagnetically(FM)formingalargerdefectwithamacro-spin,thatexceedsthe
magneticmomentofthesingleimpurity.Indeed,theX-raymagneticcirculardichroism
(XMCD)measurementsoftheTriestegroupshowedsuperparamagnetismevenat
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5.Superparamagnetism-inducedmesoscopicelectronfocusingintopologicalinsulators

verydiluteMnconcentrationswithgroupsofMnatomsalignedinferromagnetic
configuration.
Thechapterisorganizedasfollows.Afteranintroduction,theSTMmeasurements
ofthe Würzburggrouparereviewed,thentheobservationsareanalyzedindetail
withthehelpofourfirstprinciplescalculationandfinallyacomparisontotheXMCD
measurementsbytheTriestegroupisdone.

5.1.Introduction

Coherenceofwavesingeneral,describingthecapabilityofkeepingawell-definedphase
relationwhilepropagatinginspaceandtime,setsthelimitonhowfarinformationcanbe
transmittedandprocessedwithhighfidelity.Thequantummechanicalnatureofquasiparticles
insolids,forexamplerealizedbychargeexcitationsinthetopologicalsurfacestateofstrong
topologicalinsulators,areexampleswherephasecoherenceplaysanimportantrole.TheSTM
techniqueallowstovisualizecoherentphenomenainrealspacebyimagingthelong-range
standingwavepatternarounddefectsonsurfaces[132]. Asintroducedintheprevious
chapter,theseareproducedbyscatteringeventsaroundatomic-scaledefectsthatcanevenbe
engineeredonthelevelofsingleatomstotailorquantummechanicalinterferencephenomena,
whichwasforexampledemonstratedbythecreationofquantummirages[177].Inthe
pasteventhephaseofelectronwavefunctionswassuccessfullyextracted[178]andindirect
couplingmechanisms[179],whichwillbestudiedindetailfortransition-metal-dopedBi2Te3
inchapter7,weremeasured.Recently,themeasurementofquasiparticleinterferenceimages
(QPI)allowedtoshowthatquasiparticlewavespropagateanisotropicallyonasurface,ifthe
constant-energycontour(CEC)deviatesfromanisotropiccontour.Inanalogytooptics,
focusinganddefocusingleadstoenhancedintensityalongcertaincrystallographicdirections
andsuppressionalongothers[180].Inthecontextofthepresentstudythiscanbeobservedin
theundampedmagnitudeofchargedensityoscillationsincertaindirectionswiththedistance
fromascatteringcenter.
Despiteitsrelevanceforpossiblefutureapplicationsbasedonthequantumnatureof
quasiparticles,stillmuchhastoberevealedabouttheroleplayedbythespin-degreeof
freedomforQPIphenomenainparticular.Thetopologicalsurfacestate(TSS)oftopological
insulators(TIs)isaprimeexampleformaterialswherethespinplaysamajorrole.The
strongspin-orbitcouplinglocksthespinandmomentumdegreesoffreedomformingthe
helicityintheTSS,sothatthemotionofelectronsfromtheTSSisalwaysconnectedtoa
certainspin-polarization.Aswehavediscussedintheintroductorychaptertoscatteringin
topologicalinsulators(chapter4),thespin-momentumlockingleadstothesuppressionof
backscattering[37,42],aslongastime-reversalsymmetryisnotbroken,andeventiesspin
currentsintrinsicallytochargecurrents[7].Mostofthediscussionintopologicalinsulators
dealswiththevicinityoftheDiracpointwheretheCECiscircular.HoweverinBi2Te3the
electronicstructureoftheTSSshowsanevolutionfromanalmostcircular,andtherefore
convex,shapeoftheCECtoasnowflake-like(concave)shapeathigherenergies[141,181].
AspecificenergycanthereforebefoundwheretheCECishexagonal,consistingofstraight
paralleledgesfacingeachother.Thisenergyregionhasalreadybeenseeninthediscussion
ofthepreviouschapteranditobviouslysupportsgoodnestingvectors,whichcanstrongly
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enhancethelong-rangesusceptibilitytoexternalperturbations.InpristineTIs,thesenesting
–orfocusing–scatteringvectorsaresuppressedbytime-reversalsymmetry[37,42].Inbulk
[39]andsurface-dopedTIs[40],magneticimpuritiesbreaktime-reversalsymmetryopening
upthebackscatteringchannel.However,theexperimentallyaccessiblebackscatteringsignal
alongtheΓK-direction,wasfoundtobeeitherveryweak[39]orcomparabletoother,i.e.
trivial,scatteringchannels[40].

Inacombinedexperimental(STMmeasurementsperformedatWürzburgUniversity,XMCD
measurementsatUniversityofTrieste)andtheoreticalwork,consistingofourab-initioand
modelbasedcalculations,wecouldnowshowthatcarefullytuningtheFermilevelandthe
typeofdefectinamagneticallydopedTIcanmaximizethebackscatteringintensitysuchthat
itleadstohighlyfocusedinterferencepatternsinrealspace. Wedemonstratethatthesecan
evenbeseeninthechargechannelontopologicalinsulators,whichintrinsicallyisstrongly
suppressedduetotheoppositespin-directionofthewavefunctionsonoppositesidesofthe
FermisurfaceinthehelicalTSS.Thisissupportedbythegoodnestingconditionthatismet
inthehexagonallydeformedCECofBi2Te3.Theresultingcoherentquantumoscillationsare
observedinQPIsignalsthatcanbedetectedexperimentallyovertensofnanometerswithout
significantlossofintensity. Withthehelpofourfirstprinciplescalculationswehavebeen
abletoshowthatthelongcoherencelengthsrequiretwoconditionstobefulfilled:(i)the
Fermisurface(FS)mustexhibitlargeparallelsegments(supportgoodnesting)and(ii)the
magneticdopantsmustcoupleferromagneticallytocreateahigh-spinstateformingalarger
defectwithastrongmagneticmomentthatincreasesthebackscatteringprobability.The
existenceofsuperparamagneticcoupling,leadingtogroupsofferromagneticallycoupledMn
atoms,thatalreadyemergesatverydiluteconcentrationsforMnonBi2Te3,hasbeenproven
toexistwithX-raymagneticcirculardichroism(XMCD)measurements.

OurstudyprovidesanindicationofstronglyanisotropicDiracfermion-mediatedinteractions
anddemonstratesthatspininformation1canindeedbetransmittedoverlongdistances.This
mighthelptodesignfutureexperimentsanddevicesbasedoncoherentquantumeffects,
whichcouldpossiblyberealizedintopologicalinsulators.

5.2.Seeingelectronfocusingandbackscatteringin

realandreciprocalspace:STMexperimentson

Mnsurface-dopedBi2Te3

Westartthediscussionwithareviewoftheexperimentalsetup2andtheSTMmeasurements
bytheWürzburggroup,thatwereinitiallydiscussedin[131].Theexperimentswereperformed
atacontrolledsampletemperatureofT<5K.ThecleavedBi2Te3crystalhasbeenputinto
thevacuumchamberandafterwardsasmallamount3ofMnwasdepositedin-situbye-beam
evaporationontothecoldsamplesurface(T≤7K).ThenominalamountofMnonthe

1Theobservedchargedensityoscillationsalsocontainthespininformation,sincetheoscillationsareonthe
onehandtheresultofpropagatingspinpolarizedstatesduetothespin-momentumlockingintheTSSof
Bi2Te3,andontheotherhandreflecttheexistenceofstrongspinscattingpotentials.Thisaspectwillbe
thecentralpointofthischapter.

2TheSTMtechniquehasbeenintroducedinthepreviouschapter.
3Acoverageofmuchlessthanamonolayer.
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surfacewasmeasuredtobe1%ofamonolayer(0.01ML).InFigure5.1(a)thetopographic
image(takeninconstant-currentmode)oftheBi2Te3surfaceafterMnevaporationcanbe
seen,wherethesmalldots,thatarefoundalloverthesurface,areindividualMnatoms.
KeepingthetemperaturelowduringadatomevaporationisimportanttopreventtheMn
atomstodiffusedeeperintotheBi2Te3surface.Thisexperimentalsetupallowstohave
microscopiccontroloverthedefectsandmakessurethattheTSS,thatisexponentially
localizedatthesurface,couplestothedefects.ThedistributionofMnatomsonthesurface
hasbeenanalyzedwiththehelpofSTMimages,whereastatisticaldistributionofnearest-
neighborMn-Mndistanceswasfound(cf.supplementalmaterialofRef.[131])withapeak
inthedistributionataninteratomicdistancebetween1and3nm.Beforedepositionofthe
impurities,theBi2Te3crystalwasintrinsicallyn-dopedandtheintroductionofMnatoms
resultsanegativeshiftof≈120meVoftheFermilevel[40].Thisresultsinapositionofthe
Fermilevelthat–afterMnevaporation–lieswithinthebulkbandgap(seesupplementary
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Figure5.1.:(a)TopographicSTMimageof0.01MLMnonBi2Te3(I=35pA;U=150mV).
(b)SchematicdispersionabovetheDiracpointand(c-e)constant-energycontours
within-plane/out-of-planespinpolarizationatselectedenergies. Greenand
redarrowsindicatepreferredscatteringvectorsq1andq2alongΓKandΓM
directions,respectively.Correspondingquasiparticleinterferencemapsmeasured
atenergiesthatmarkthetransitionfromconvextoconcaveconstantenergycuts
areshownin(f)E−EF=+70meV,(g)−10meV,and(h)−70meV.Line
sectionsmeasuredbetweenthearrowsareplottedinpanels(i-m).Insetsshowthe
correspondingFourier-transformeddI=dUmaps(top,rawdata).Experiments
wereperformedbytheWürzburggroupandtheimageincludingcaptionwas
takenfromRef.[131].
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InFig.5.1(b)asketchofthedispersionofthesurfacestateinBi2Te3isshown,wherethe
CECsrelevantforthefollowingdiscussionarehighlightedbyblacklinesandshownindetail
(nottoscalewithrespecttoeachother)inFig.5.1(c-e).JustabovetheDiracpointtheCEC
hasacircularshapewithaspinthatisperpendicularlylockedtothemomentum(seealso
discussioninthepreviouschapter).Itleadstoahelicalspinstructureindicatedbycolorized
arrows. WiththestrongwarpinginBi2Te3,furtherawayfromtheDiracpoint,theCEC
becomeshexagonalandeventuallyturnsintoasnowflake-likeshape.Aswehavecomputed
inthepreviouschapter(cf.Fig.5.2),thisgoesalongwiththedevelopmentofanalternating
out-of-planecomponentofthespinpolarizationwithinthevalleysoftheCECorientedin
ΓKdirectionofthesurfaceBrillouinzone.Thishaspreviouslybeenshowntheoretically
[141]aswellasexperimentally[181].Thesymbols(⊗;)inFig.5.1(c)and(d)indicatethe
developingout-of-planecomponentwithhigherenergy.Thepreviousdiscussion(chapter4)
ofthescatteringratesshowedthatthisleadstochangesinthescatteringpropertiesof
magneticdefects.Inthefollowingchaptertheenergydependenceofthescatteringrates
willbediscussedindetail.Herewefocusonthethreerepresentativeenergies,depictedin
Fig.5.1(c-e),andinparticularonthebackscatteringstrengthforscatteringofftime-reversal
breakingimpurities.

TheSTSscans,showingtheQPIatthreerepresentativeenergies(E−EF=+70meV,
−10meV,and−70meV)whichmarkthetransitionfromconvextoconcaveshapeofthe
CEC,areshowninpanels(f-h). Wewouldliketohighlightthatthecasepresentedin
(d,g)representstheperfectnestingregionwithflatpartsonoppositesidesintheCEC.
GreenandredarrowsinFig.5.1(c-e)depictthescatteringvectorsq1andq2,thatwere
introducedinthepreviouschapter(Figs.4.8and4.10)andthatarespecificforeachenergy.
Thesescatteringvectorsdeterminethelongrangelimitoftheoscillationsinthespiritofthe
stationaryphaseapproximation[155].AtE−EF=−70meV,theCECisalmostcircular
andconsequentlyonlyone4(wecountonlytheinequivalentvectorsandnotthe5other
copiesassociatedtothehexagonalsymmetry)scatteringvector(q1)togetherwithonly
veryweakQPImodulationsareobservedinFig.5.1(h). Thelinescan,takenalongthe
redlineinFig.5.1(h),andFourier-transformed(FT-)QPImap,showin(m),confirmthe
verylowintensitytheofscatteringevents.Thiscanbeunderstoodbyargumentsgivenin
theintroductionofscatteringprocessesintopologicalinsulators(cf.chapter4.),whereit
wasexplainedthatthetime-reversalpartnerscannotinterferetogiveasignalinthecharge
channelandaspin-polarizedmeasurementwouldbeneededtodetectthis.Incontrast,very
strongscatteringisobservedintheQPImapatE−EF=−10meV,showninpanel(g),with
intensemodulationsofthedI=dUsignalseeninthelinescanprofile,thatisshownin(k).The
correspondingFT-QPImaprevealsthesimultaneousexistenceoftwo(inequivalent)scattering
vectors:duetothehexagonalsymmetry,six(veryweak)innerspotsinΓM-directionsandsix
(dominating)outerspotsalongtheΓK-directionsarevisible.Aswehavediscussedinthe
previouschapter,thescatteringchannelalongΓM(q2,weakintensity)isroutinelyfoundon
TIs[39,42,167]andcanbeassociatedtowhatwecalledthetrivialscatteringchannel.Its
appearancewasunderstoodbasedontheparallelout-of-planespinpolarizationinnext-nearest

4Hereweneglect–fornow,morewillfollowinthenextchapter–thatbulkstatesareactuallycoexisting
withthetopologicalsurfacestateatthisenergy(seeninthepreviouschapterinFig.4.4).Thismightopen
upnewscatteringchannels,includingoneswithqinbackscatteringdirection.However,thedelocalized
natureofbulkstateswillleadtoscatteringawayfromthesurfacesothatnosignificantlong-range
signatureinthestandingwaveimagesseenbySTMonthesurfaceisexpectedfromthem.
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5.Superparamagnetism-inducedmesoscopicelectronfocusingintopologicalinsulators

sectionsoftheCECthatfavorsthepreviouslydiscussed120°(betweenkandk)scattering
events.Thehigh-intensityspots,visiblealongΓK,arenotfoundonpristineTIswhichimplies
that,here,time-reversalsymmetryisbroken[182]duetothepresenceoftheMnadatoms.
Thisconjecturewillontheonehandbetestedwithourab-initiocalculationsinthemain
partofthischapterandfurthermoreexperimentallyverifiedbyXMCDmeasurements5for
MndopedBi2Te3thatarepresentedattheendofthischapter.

Atevenhigherenergies(E−EF=+70meV)againaweaker
6modulationofdI=dUsignal

isfound.ThecorrespondingFT-QPImap,shownin(i),onlyshowssixweakspotsalongthe
ΓMdirectioncorrespondingtoq2.Inparticularnobackscatteringsignal(q1)canbedetected
althoughmagneticimpuritiesarepresent,whichfitsthediscussionofFT-QPIimagesforthe
warpedCEC,presentedinthepreviouschapter.

Acloserinspectionoftherealspaceimagesrevealsthat,withtheopeningofthebackscat-
teringchannel[cf.(g,k)],coherentwavescanpropagateoverdistanceslargerthan30nm
withoutanysignificantintensityloss.Thisisseeninthelinescanalongtheredlineindicated
in(g).Theabsenceofacleardecaywithinthisrangeprohibitsaquantificationoftherelax-
ationlengthbyfittingwithanexponentialfunctionasdonepreviouslyinRef.[183].However
theexperimentalresultsindicatethatthelowerboundexceedshundredsofnanometersand
furthermoreshowthatthechargedensityoscillationsarehighlyfocused7overmesoscopicdis-
tanceswellbeyondtheatomicscale.ThissuggeststhatDiracfermion-mediatedinteractions
inTIswillbehighlyanisotropic,astheoreticallypredicted[184].Adetaileddiscussionofthe
anisotropic,distance-dependentinteractionstrengthbetweenmagneticimpuritiesaswellas
theirmechanismwillbepresentedlateroninchapter7.

IntheremainderofthischapterwefocusontheexplanationoftheSTMresults,whichhave
beendiscussedsofar.TheFermisurface,seeninFig.5.1(d),supportsgoodnesting,which
isknowntobeaprerequisiteforthefocusingeffect[154,180].Theadditionalscattering
vectors,seeninFig.5.1(d),forwhichvk≈−vk(vkisthegroupvelocity),e.g.q1orq1,are
neverstrictlyforbiddenbytimereversalsymmetry,butareexpectedtobestronglysuppressed
bythealmostoppositespinprojectionofinitialandfinalstates.Theanalysisofsingledefects,
showninthepreviouschapter,revealedthatthisiseventrueforsinglemagneticdefects.A
priori,differentscenarioscouldbeinvokedtoexplainthethebackscatteringsignatureseenin
theexperimentatE−EF=−10meV:(i)theexistenceoftime-reversalsymmetrybreaking
perturbationsissufficient;(ii)bothconditions,FSnestingandthepresenceofmagnetic
scatterers,arerequired;(iii)theMnadatomseffectivelypolarizethetopological-statespins,
sothataftertheoverallbreakingoftime-reversalsymmetryanylargerscatteringcenterleads
totheobservedsignatureofbackscattering.Theexperimentalfindingthatonlythenesting
conditionsupportingCEC(Panels(d,g,k)inFig.5.1)leadstoaclearbackscatteringsignal,
indicatesthathypothesis(i)canberuledout–inagreementwiththeQPIsimulationsfor
thewarpedCEC(cf.previouschapter).

Additionally,thediscussiononsinglemagneticandnon-magneticscatteringcentersin
thepreviouschaptershowedthatindeedthescatteringratefornear-backscatteringisrather

5X-raymagneticcirculardichroismallowstomeasurethemagneticmomentsoftheadatoms.Adetailed
discussionoftheXMCDtechniqueincomparisonwithourab-initiocalculationsofmagneticexchange
interactionsforadatomsonBi2Te3willbethesubjectofachapter7.

6Cf.thescalebarsofFig.5.1(f,g,h).
7IntheSTSimageanditsFourier-transform,shownin(g,k)astrongsignatureisonlyseeinΓKbutnotin
ΓM.

102



5.3.Explanationoftheobservations:calculationsanddiscussion

low,evenwhentime-reversalsymmetryisformallybrokenbysinglemagneticimpurities.At
firstsightitisthereforepuzzlingthatthestrongfocusedoscillationshavebeenobservedin
experiment.However,bymeansofourtheoreticalab-initioandmodel-basedstudywewere
abletoshowthatcase(iii)canalsoberuledoutandthatstrongfocusingaswellasastrong
magneticscatteringcenter,withanmagneticmomentthatexceedsthemomentofasingle
impurity,isneededtoachievebackscatteringratesthataresufficientfortheobservationsin
theSTM-basedexperimentsthatwerepresentedsofar.

5.3.Explanationoftheobservations:calculations

anddiscussion

Herewediscussourtheoreticalanalysis,consistingofmodelcalculationsbasedonthe
T-matrixformalism,(introducedinthepreviouschapter)andfirstprinciplescalculations
ofscatteringratesaswellassimulatedFT-QPIimages.Theresultsareanalyzedindetail
tounderstandthephysicalmechanismthatgovernstheexperimentalobservations,which
havebeendiscussedinthefirstpartofthischapter.First,thedetailsofthecalculationsare
reviewedbeforetheimportanceofmagneticorderandthetailoringofthebackscattering
amplitudeareanalyzed.

5.3.1. Detailsofthecalculations

Theab-initiobasedcalculationsofthischapterarebasedonthelocalspindensityapproxima-
tionasparametrizedbyVoskoetal.[53],whereinourcalculationsweusedtherelativistic
full-potentialKorringa-Kohn-RostokerGreenfunctionmethod.Asmentionedinmoredetail
inthepreviouschapter,thepristineBi2Te3surfaceismodeledbya6quintuplelayerthick
film,intowhichdefectshavebeenembeddedself-consistently[61].Anumberofdifferent
impuritieswereexamined,namelynon-magneticTe-vacancies(singlevacancysiteVacTeor
threeneighboringcellsVac3Terepresentingalargerdefect),Aswillbediscussedlater,the
importantscatteringprocessesarisefromsmallclustersofMnatoms,e.g.trimers,residingon
thesurface[brightspotsinFig.5.1(a,f-h)].However,theirexactgeometryisexperimentally
unknown. WechosetosimulatesuchtrimersbythreeMnimpuritiessubstituting3Teatoms
inthetopmostTelayer,inatriangulargeometry. Wecomparedwiththepropertiesof
isolatedMnatomsatthesamelatticepositionand,aswefind,importantisthetotalspin
momentandnottheexactposition(comparingalsowiththeresultsoftheMnBiimpurityof
thepreviouschapter).Itisknown[148,185,186]thattheBisubstitutionsite(thathasbeen
consideredinthepreviouschapter)isafactthethermodynamicallystableposition.However
theexperimentalsetupofdepositingMnatomsatverylowtemperaturesdoesnotallowthe
Mnatomstorelaxtotheirstableposition.Insteadtheystayonthesurface,wherethey
landupone-beamevaporation,anddonotrelaxdeeperintothecrystal.Thedefectsunder
considerationconsistofsingleatomdefectsorextendoverthreeneighboringsites(indicated
bysuperscript3)intriangularconfiguration.Aperturbedsurroundingshellofhostatomswas
includedinthecalculationinordertoaccountforthechargescreeningbythemetallicsurface
stateandthroughoutthecalculationanangularmomentumcutoffof‘max=3wasused.The
scatteringamplitudeswerecalculatedbytheGoldenRulefromtheT-matrixoftheimpurity,
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obtainedbyacalculationoftheimpurityGreenfunctionasdescribedinRefs.[62,75]aswell
inthepreciouschapter.Structuralrelaxationsaroundtheimpuritieswereneglectedandin
thecalculationofFT-QPIimagesthepreviouslyintroducedextensionofthewidelyusedjoint
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Figure5.2.:ImpuritydensityofstatesfordifferentimpuritiesembeddedintothefirstTelayer
onthesurfaceofBi2Te3,replacingone(orthree)Teatomsinthesurface.The
DOSofthefirstquintuplelayer(host)isshowningray,theDOSontheMnTe
impuritieswithredandfortheVacTeimpuritiesinbluelines(scaledupbya
factor5).Fulllinescorrespondtothesingle-atomimpurities(MnTe,VacTe)and
dashedlinestothetrimerdefects(Mn3Te,Vac

3
Te).FortheMntrimer,inaddition

totheferromagneticalignmentofthespins(FM),alsotheDOSforthein-plane
oriented(120°)andantiferromagnetic(AFM)alignmentisshownspin-projected
inthelocalframeofreferenceofeachatom. Therelativealignmentofthe
momentsisdepictedontherightandthepositionsoftheimpuritieswithinthe
surfaceisshownintheinset,whereredatomscorrespondtotheimpurityand
grayatomsrepresentthefirstTelayerinBi2Te3asseenfromabove.E

hexis
theenergyatwhichtheCECbecomeshexagonalandtheblackarrowshighlight
theshiftofthelowest-lyingpeakintheunoccupiedDOSoftheM3Tedefectsas
comparedtotheMnTeimpurity.

Thedensityofstatesontheimpuritysiteforthedifferentdefectsunderconsideration
isshowninFigure5.2. NotethattheFermilevelinthecalculationsisdifferenttothe
FermilevelfoundinexperimentafterMn-deposition.HereEFcorrespondstoasituation
wheretheCECissnowflake-likeinshapeandtheregion,whereitbecomeshexagonal,isat
E=EF−50meV,whichisdenotedE

hexinFig.5.2. WefindthattheMnd-shelliscloseto
half-fillingwithamagneticmomentof4.4—B(hereonlytheminoritypeakcanbeseenwhile
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themajoritypeakliesbelow-2eV.WeseethattheunoccupiedstatesofMnsubstitutingthe
firstTeatom8lieclosertotheFermilevelthantheunoccupiedstatesonMnsubstituting
Bi(cf.previouschapter).Thiscanbeunderstoodfromthedifferenthybridizationwith
neighboringatoms,inotherwordsthecrystalfieldatthetwopositionsisdifferent.Inthe
discussionthatfollowsthissituation(MnTe)willbecomparedtothecasewherethreeMn
atomsoccupyneighboringsites(dashedlinesintheDOS).Thecalculatedgroundstate
forsuchaconfigurationistheferromagneticalignment,thatisshownonthetoprightof
Fig.5.2.InthisdefecttheindividualmomentsoftheMnatomsaddupforminganeffective
magneticmomentof13.1—B.FromtheimpurityDOSweseethatthehybridizationwith
neighboringMnatomsleadstoabroadeningoftheunoccupiedstatesandashiftofthe
firstpeak(locatedatE−EF≈200meVinthecaseofasingleMnatom)veryclosetothe
Fermilevel.ThisishighlightedwiththeblackarrowsinFig.5.2.Fromthediscussioninthe
previouschapterwewouldthereforeexpecttoseemuchlargerscatteringratesfortheMn
trimerthanforthesingleMnatomatenergiesclosetoEF.Inordertostudytheinfluence
ofthetotalmagneticmomentonthescatteringratewecomparetheFMalignmentofthe
MntrimertothecasewherethemomentshavebeenrotatedartificiallysothatintheAFM
alignmenttwooutofthethreemomentscanceleachotherleavingtheeffectivemagnetic
momentofasingleMndefect(shownonthemiddlerightinFig.5.2),andtothecaseof
thein-planealignment(“120°”,bottomright)allthreemomentaredirectedin-planewith
aneffectivetotalmagneticmomentthatcancelsout.TheDOScurvesforthesedifferent
trimerdefectsshowverysimilarpeakstructures,especiallyinthepositionoftheresonances
sothatdifferencesinthescatteringproperties,thatwewillanalyzewithinthischapter,can
beassociatedtothesizeoftheeffectivemagneticmomentoftheextendeddefect.

5.3.2. Ontheimportanceofmagneticorder:uniform
backgroundmagnetization

Wecontinuethediscussionbyanalyzingthepossibilityofauniformmagneticfield,that
breakstime-reversalsymmetryglobally,9sothatinprinciplebackscatteringispossibleand
any(larger)defectcouldleadtoasufficientlystrongbackscatteringamplitude.Forthis
purposeontheonehandweextendedthemodelbyLeeetal.[139],thatwasintroducedin
thepreviouschapter,byatermdescribingaglobalexchange-fieldJintheofthehostsystem
(̂H0→ Ĥ0−J·ff). Wecanimaginethatthissituationcouldbeinducedbyferromagnetically
orderedmagneticimpuritiesonthesurface,orbyahomogeneousexternalmagneticfield,
sothattime-reversalsymmetryisbrokengloballyintheelectronliquidofthetopological
surfacestate.SuchasituationwouldleadtoanopeningofagapattheDirac-point,ifthe
magnetizationpointsperpendiculartothesurface[187].However,theTSS,whichwestudy
farabovetheDiracpointwouldnotvanishbutwouldonlybedeformed,asexplainedbelow.

WeperformedanumberofmodelbasedcalculationsfortheFT-QPIimages(someof
whichhavebeendiscussedinthepreviouschapter)varyingthevaluesoftheglobalexchange
couplingstrengthbetweenJ=E0=0andJ=E0=0:2,wheretheCECsarestronglydeformed,
inagreementwiththecalculationsbyHenketal.[187].Thenumericaldetailshavealready

8Thisisarathergoodapproximationtothemorerealistictreatmentoftheadatomsitedoneinchapter7
asacomparisontotheDOSinFig.7.7(g)shows.

9i.e.alloverthesurfaceintheTSSandnotonlylocallyintheimmediatevicinityontheMndefect.
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beenintroducedinthepreviouschapterandcanalsobefoundinthesupplementalinformation
ofRef.[131]. Wecheckeddifferentenergiesthatcorrespondtothecasesofcircular,hexagonal
andsnowflake-shapedCECs,showninFig.5.1(c-e),andvariedthestrengthofthelocal
momentfromzerooverm=0:5tom=2:0,correspondingtoanon-magneticdefect,a
defectwithamagneticmomentof∼4—Bandastrongerdefectwithamomentof∼16—B,
respectively.Thevariationoftheglobalexchangecouplingstrengthdidnotleadtoastrong
backscatteringsignal.Onlyfortheverystrongmagneticmoment(m=2,cf.previous
chapter)attheenergy,thatcorrespondstothegoodnestingcase[showninFig.5.1(d,g,k)],
didweseeasignificantsignatureofbackscatteringintheFT-QPIimage.

Bymeansofab-initiocalculationswecouldfurthermoreconfirmtheabsenceofsignificant
backscatteringratesforauniformlypolarizedelectronliquidonthesurfaceofBi2Te3.For
thispurpose,weartificiallyappliedanuniformexchangecouplingfieldintheout-of-plane
directioninthehostsystem(6QLthickslabofBi2Te3).Thestrengthoftheexternalfield
wastunedsothatanopeningofthegapattheDiracpointof16meV–whichwasreported
inRef.[187]for18%impurityconcentrationofMnbulk-dopedBi2Te3withferromagnetic
orderdirectedinout-of-planedirection–wasproduced. Withthismodifiedhostsystem
thedifferentimpuritypotentialswerere-convergedandCECsaswellasscatteringrates
computed.

Weobservethatthetwosurfacestates,initiallylocatedontheoppositesidesoftheBi2Te3
slabandweredegenerateink-space,splitoffwiththeexternalfieldforminganinnerandan
outerhexagon(orsnowflake-shapedCECathigherenergies).Thesplittingbetweenthetwo
ringsis,however,verysmall(<0:01Å−1atE=Ehex).Thisresponsetotheuniformexternal
fieldcanbeunderstoodfromtheout-of-planecomponentofthespin,asitdevelopswiththe
increasingdeformationfromcircularoverhexagonaltosnowflake-shapedCEC.Subsequent
valleysinΓKhaveoppositesz-componentsandthereforetheexternalfield−Jffzwillfavor
oneovertheother,effectivelybreakingthesixfoldsymmetry.Becausethesurfacestateson
oppositesideshaveoppositespindirections,thesplittingwillbeoppositeonthebottom
surfaceascomparedtothetopsurface.Ifwefollowthecontourgoingaroundofoneofthe
tworingsthatdevelopattheCEC,thenwefindthat,duetothealternatingout-of-plane
componentofthespin,subsequentsegmentsarelocalizedonoppositesurfacesofthecrystal.
Thesurfacestateofonesurfaceisthereforelocatedintheinnerringinonesegmentand
thengoesovertotheouterringinthenextsegment.AtthetipsinΓMbetweensubsequent
segments,wefindthatinthewavefunctionoftheonesurfacegoesoverfromtheinnerto
outerringandinthiscrossoverregionwefindthatthewavefunctionbecomesdelocalized.

ThissituationremindsusoftheFermiarcsseeninWeylsemimetals,thatalsoformopen
contours;towardsthecontourendpoints(attheprojectionsofthebulkWeylpoints),the
statesbecomedelocalized,penetratingintothebulkandtouchingtheoppositesurface.
Generally,itisknown10thatastrongTIsuchasBi2Te3canbetunedintoaWeylphaseby
breakingeitherinversionsymmetryortime-reversalsymmetry[105,188–190].However,here
wewillnotcontinuetolookfortheWeylnatureintime-reversalbrokenBi2Te3sincethisisa
veryartificialsituationandservesonlyasanumericalexperimenttostudytheeffectofa
uniformexchangesplitTSS.

Althoughtheassumedexternalfieldisverystrong,asitwasappliedforvaluesrepresenting

10AmoredetaileddiscussionofWeylsemimetalswillbepresentedinthelastchapterwherethescattering
propertiesofthetype-IIWeylsemimetalcandidatesMoTe2andWTe2arediscussed.
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averyhigh11concentrationofmagneticdoping,nosignificantenhancementinthe(near)
backscatteringratesforneithersingleTe-vacancynorsingleMnimpuritywerefound.Even
fortheconsiderablylargerdefectofaTevacancytrimer(i.e.threeneighboringTeatoms
thataremissinginthesurfaceformingatrigonalholeasindicatedintheinsetofFig.5.2)
onlyavanishingbackscatteringprobabilitywasseen.

Wecanthereforeconclude,thatthehypothesisofauniformexchangesplitting,generated
byferromagneticorderbetweendifferentimpuritiesthatcollectivelypolarizethetopological
surfacestate,hastoberuledoutasanexplanationoftheexperimentalresults.Inthe
followingtheimpurity-dependentbackscatteringstrengthwillthereforebeanalyzedfurther.

5.3.3. Tailoringthebackscatteringamplitude:strongmagnetic

scatteringcenters

Wewereabletogainabetterinsightintothephysicalmechanismthatgovernsthe(near)
backscatteringratesbyanumberofKKR-basednumericalexperiments,thatwillbepresented
inthissection.Sinceweruledoutthepossibilityofauniformmagneticexchangesplitting
inducedinthetopologicalsurfacestateofBi2Te3asthereasonfortherecurringbackscattering
channel,wecomebacktothepristine(i.e.withoutartificialexternalfield)Bi2Te3surface
intowhichthedifferentimpurities(introducedintheDOSimageinFig.5.2)havebeen
embedded.InFigure5.3[131]theresultsofthenumericalexperimentsontheexJDOSare
depictedatdifferentenergies(correspondingtothewarpedandhexagonalCECintheleft
andrightcolumn,respectively)andfordifferentdefects(toprow:singleTevacancy,middle

row:singleMnTeimpurity,lowerrow:Mn
(3)
Te defectfillingthreeneighboringTevacanciesin

FMconfiguration).

Inouranalysisweconcentrateonasignatureatq1andq2andsetasidethefeature
thatwasinthepreviouschapterassociatedto120°-scattering(inparticularvisibleinthe
exJDOSimagein(f)for|q|≈1nm−1inΓM).Ifbackscattering(greenarrows)ispresent
–whichwasexperimentallyseeninFig.5.1(g)–weexpecttoseeahighexJDOS(q;E)
intensityalongtheΓK-directions.ThiscanonlybeseeninFig.5.3(f)–highlightedbya
greenellipse–whichcorrespondstothecasewhentheFermisurface[seenintheinsetof(d)]
supportsgoodnestingandalargemagneticmoment[mspin(Mn3)≈13:1—B mspin(Mn)]
ispresent.Inparticular,eveninthecaseofgoodnestingbutwithasinglemagnetic
impurity,shownin(d),noconsiderableintensityinbackscatteringdirectionisfound.This
isinagreementwiththediscussionpresentedinthepreviouschapterwheredifferentsingle
magneticimpuritiessubstitutingthefirstBiatomintheBi2Te3slabonlyshowedaverysmall
(near)backscatteringrateand,correspondingly,noclearsignatureofbackscatteringinthe
simulatedFT-QPIimages.

ThescatteringratesoffthesingleMnimpurityandtheMntrimer(FM)areexplicitly
showninFigure5.4,whereitcanbeseenthatbycouplingthreeMnatomsferromagnetically
–i.e.formingamacro-spin–themagneticpartinthescatteringpotentialcanindeedbe
tuned,givingascatteringamplitudeinnearbackscatteringamplitude(q1)thatincreasesby
anorderofmagnitude.Theimportanceofthemagneticpartinthescatteringpotentialwas

11InRef.[187]aconcentrationof18%ofMnatomssubstitutingBiatomswasassumedinacalculation
basedonthecoherentpotentialapproximation.Itishoweverquestionableifthiswouldbepossible
experimentally,possiblyastructuralphasetransitionwouldoccur[191].
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Figure5.3.:SimulatedexJDOSimagesforenergiesE=EF+50meV(a,c,e)andE=EF(b,
d,f)asgeneratedbyaTevacancy(toprow),asingleMnatomataTevacancy
site(middle),andaMntrimer(bottom). Withtheexceptionof(a)(contrast
10-foldmagnified)thecolorscaleisthesameinallpanels.Red(ΓMdirection)
andgreen(ΓK)ellipseshighlightexJDOSfeaturesassociatedtoconventional
scatteringandbackscattering,respectively.Insetsin(c)and(d)showiso-energy
contoursforthedifferentenergiescolor-codedbythestates’surfacelocalization
(yellow:>80%infirstQL,darkblue:∼60%infirstQL).Intheinsetin(f)
therelativemagnitudeofthebackscatteringsignaliscomparedfor5different
impurityandspinconfigurations.ImageincludingcaptiontakenfromRef.[131].
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checkedbyrotatingthespinsintheMntrimerformingtheAFMandin-planealignmentas
introducedinFig.5.2.AlthoughtheDOSatE=Ehexshowednosignificantchange,the
scatteringratesforq1inAFMandin-planealignmentresultsinasignificantreductionofthe
(near)backscatteringamplitudes.Consequently,onlyforthelargejointmagneticmoment
asignificantbackscatteringamplitudeatq1seenintheFMtrimerofMnatomsisseenin
theexJDOSimage.ThisishighlightedintheinsetinFig.5.3(f)wheretherelativeexJDOS
intensityatq1ofthesingleMnatom(Mn1),andMntrimerswithdifferentspinconfigurations
(in-plane120◦,with0—Beffectivemoment,antiferromagnetic,↑↑↓,with4:4—Beffective
moment,andFMalignmentwith13:1—B
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4.0
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k0 k0(a) (b)
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effectivemoment)isshowninahistogram.

Figure5.4.:ScatteringprobabilityoffasingleMnimpurity(a)andaFMcoupledMntrimer
formingamacro-spin(b).Theincomingwaveisdenotedbyk0andthescattering
probabilitytoallpossiblefinalstatesontheCECisshowninalinearcolorscale.
Thenearbackscatteringamplitude,highlightedwiththegreenarrowsmarked
q1,showsthatthescatteringamplitudefortheMntrimerdefectincreasesbyan
orderofmagnitudeoverthescatteringoffasingleMnimpurity.

Theneedforalargemagneticmomentcanbeunderstoodfromthespin-momentum
lockingintheTIsurfacestate.Asitwasdiscussedinthepreviouschapter,anon-vanishing
interferenceinthechargedensitycanonlyberealizedfor(near)backscatteringprocesses,
wheretheinterferingwaveshaveanon-vanishingoverlap.Additionally,followingtheidea
ofthestationaryphaseapproximation,onlytheparallel,nestedpartsonoppositesidesof
theconstantenergycontourcontributetothedominatinglongrangebehavior.The(near)
backscatteringamplitudenowgrowsasPk;−k+‹∝|‹|

2withthedistancefromthetime-
reversalscatteringpair(k;−k)andadditionallyincreaseswiththeimpuritymomentmas
Pk;−k∝|m|

2[145].Itisthereforeclear,thatonlyasufficientlylargemagneticmoment
canleadtoalargeenoughscatteringamplitudeinthevicinityofexactbackscattering.
Thus,onlyscatteringcenterswithlargemoments,realizedbyferromagneticallycoupled
magneticimpurities,cansignificantlycontributetoformstandingwavesinthechargedensity
modulations,whicharevisibleinthe(FT-)STMmeasurements.
Ourab-initiocalculationsperformedfortheMntrimeralsoindicate,thattheFMstate
hasthelowestenergy[∆E(AFM−FM)=87meVand∆E(in−plane−FM)=117meV]
ascomparedtotheotherconfigurationsdiscussedabove.Intheexperimentwecanspeculate
thataferromagneticalignmentofseveralMnatomsistheresultofindirectRKKY-type
couplingmediatedbytheDiracfermions.FortheaverageMn-Mnspacingofabout3nm(see
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supplementalmaterialinRef.[131])indeedaferromagneticexchangecouplingstrengthfor
∼20−30ÅMn-Mndistancehasbeenobserved.12InthetopographicSTMdata,shownin
Fig.5.1(g),wecanindeedseethatthelongranged,focusedchargedensityoscillationsarise
mainlyaroundthelargerdefectsandnotaroundindividualatoms.Theselargerdefectsare
experimentallyunidentified,butourcalculationsindicatethatthescenarioofneighboringMn
atomsinferromagneticcouplingisjustified.Sincethese“clustered”Mnatomsdonotshow
evidenceforlong-rangeFMcouplingwithfar-awayatomsorotherclusters,weconcludethat
theyareinthesuperparamagneticregime,i.e.,behavingasasinglemacro-spin,decoupled
magneticallyfromotherspinsormacro-spins.Thereforewerefertotheobservedeffectas
“superparamagnetisminducedelectronfocusing”.

AdditionalinformationonthemagneticinteractionsbetweentheMnatomsontheBi2Te3
surfacewereobtainedbycomparisonwithXMCDmeasurements,thatallowtostudythe
(collective)magneticbehavioroftheMndopants.Inthefollowingashortdescriptionofthe
XMCDresults,presentedin[131],willbegivenandrelatedtotheinthischapterdiscussed
mechanismofbackscatteringbyFMcoupledMnatoms.Amorein-depthanalysisofthe
exchangeinteractionsonmagneticallydopedTIs,theexchangemechanismandthecoverage
dependenceofthemagneticpropertiesofdifferentimpuritieswillbedoneatalaterpointin
chapter7onpage125ff.

5.4.Experimentalsignaturesof magnetismin

Mn-dopedBi2Te3:comparisontoXMCD

measurements

TheabovediscussedsignatureofferromagnetisminMndopedsamplescomesonthefirst
sightasasurprisesinceusuallybulkMn[192]andMnnanostructures[193]areknownto
exhibitanantiferromagneticornon-collinearground-state.Experimentally,themagnetic
propertiesareaccessiblebyXMCDmeasurements,which,inthisproject,wereperformed
attheBOREASbeamlineoftheAlbasynchrotronfacilitybytheTriestegroup[131].The
XMCDmethod,whichwillbedescribedinbrieflateron(inchapter7),allowsbymeasuring
thephoto-inducedsampledraincurrenttheX-rayabsorptionspectrum(XAS),whichwas
doneinthetotalelectronyieldmodewithleft(I−)andright(I+)circularlypolarizedphotons.
TheresultsareshowninFig.5.5(a)(toppanel)wheretheXASsignalattheMnL2;3edges
withnormalandgrazingX-raysincidenceareshown.ThedatawastakenforaMncoverage
ofabout0.016ML,atT=2:5Kandinamagneticfieldof6Tappliedalongthephoton
beamdirection.TheobtainedspectraarecharacteristicofMnatomsinaconfigurationclose
tod5(cf.in-depthdiscussioninchapter7),whichwouldresultinamaximummagnetic
momentof5—BperMnatom.ThisisinagreementwithpreviousstudiesinMnbulk-doped
Bi2Te3[185].

TheXMCDsignal,calculatedasI−−I+,givesinformationonthemagnetizationinthe
sample.ItisshowninthebottompanelofFig.5.5(a),whereaconsiderablemagneticpolar-
izationoftheMnsurfacedopantsisseen.Fig.5.5(b)showstheresultofthemagnetization
cyclesatT=2:5K,atnormal(green)andgrazingincidence(yellow),followingtheXMCD

12Cf.discussionaboutFig.7.7inchapter7whereindeedforadistanceof20−30ÅFMcouplingisseen.
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Figure5.5.:(a)MnL2;3-edgesx-rayabsorptionspectra(XAS;toppanel)andx-raymagnetic
circulardichroism(XMCD;bottompanel)signalof0.016MLMnonBi2Te3,
obtainedatnormalandgrazingincidence,withB=6TandT=2:5K.(b)
Correspondingmagnetizationcycles,recordedattheXMCDmaximumattheMn
L3-edge.(c)Mn-coveragedependenceofthesaturationmagnetizationextracted
fromtherecordedmagnetizationcycles.Experimentswereperformedbythe
TriestegroupandtheimageincludingcaptionwastakenfromRef.[131].

magnitudeattheMnL3-edgeasafunctionoftheappliedmagneticfield.Aswewilldiscuss
lateron13indetail,thisgivestheeffectivemagneticmoments(i.ethecollectivebehavior)of
theMnatoms.ThelargerslopeinM(H)atsmallfieldsandthesaturationatlargefieldsin
normalincidencegeometryindicateanout-of-planemagneticanisotropyforMnonBi2Te3.
Thisdirectionwasalsousedinourmodelandab-initiocalculations.Theanalysisofthe
effectivemagnetization[calledMsatinFig.5.5(c)bytheTriestegroup]showsthat,already
atlowcoveragesof0.008ML,asignificantenhancementoftheeffectivemagneticmoment
becomesevidentwhich,withincreasingthecoverageto0.016ML,leadstoaneffective
momentofalmost7—B.Thislargevalueiscertainlylargerthanwhatwouldbeexpectedfor
asingleMnatom.ItimpliestheexistenceofFMinteractionsamongneighboringMnatoms,
aswehavesuspectedinthediscussionabove.Atthispointwecanonlyspeculatethatthe
exchangecouplingbetweenMnadatomsmaybemediatedbythesurfaceelectronsofBi2Te3
andthat–althoughFMcorrelationsarepresent–thermalfluctuationsanddisorderaretoo
strongtoestablishstableFMorder.Nevertheless,somegroupsofMnatomswithsmall
enoughMn–Mnseparationwillexhibitsufficientlystrongmagneticinteractionstocouple
theirindividualmomentstoamacro-spin,thatenhancesthesusceptibilitycharacteristicfor
superparamagnets[cf.Fig5.5(b)].Thisinteractionmaybemediatedbythetopological
surfacestateanditsmechanismwillbeanalyzedindetailinacomparisonbetweenXMCD
measurementsandab-initiocalculations,presentedinchapter7fordifferenttransitionmetal
impuritiesonBi2Te3.
FornowwecanconcludethattheXMCDmeasurementaveragesspatiallyoveramacroscopic

13Cf.Chapter7
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5.Superparamagnetism-inducedmesoscopicelectronfocusingintopologicalinsulators

sampleareaandthatthelargeeffectivemagnetizationof7—Bthereforeimpliestheexistence
ofassembliesofMnatomswithconsiderablylargermagneticmomentsinparalleltosingleMn
atomswith4−5—B.Thisisinagreementwithourtheoreticalfindingthat,unitscomposed
ofatleastthreeferromagneticallycoupledMnatoms,arerequiredtoactivatethescattering
channelalongtheΓKdirection,seenclearlyintheSTMexperiments.

5.5. Conclusionsandoutlook

Inthischaptertheresultsofacollaborativeexperimentalstudy(STMbythe Würzburg
group,XMCDbytheTriestegroup)andourtheoreticalcontribution(firstprinciplesand
modelcalculations)havebeenpresented. Wefoundevidencethat,throughelectronfocusing,
long-rangedcoherentquantumoscillationsinthechargedensitycanbeobserved,which
pavesthewaytothedesignofnewexperimentsandpossiblydevicesbasedonspincoherent
phenomenainthefascinatingclassoftopologicalinsulatormaterials. Moregenerally,we
exemplifiedtheconceptthat,throughappropriatebandengineering,e.g.inthissystemthe
positionoftheFermilevel,materialswithspin-splitstatescanhostinterestingquantum
coherentphenomenawithimportantimplicationsforexampleinthefieldofspintronics.
Inparticularweidentifiedthathighlyfocusedchargedensityoscillations,coherentover
mesoscopicdistances,arepossibleinmagneticallydopedtopologicalinsulators. Wefound
thattwoconditionshavetobefulfilledsimultaneously:(i)theconstant-energycontourhas
tosupportgoodnesting,whichinBi2Te3isachievedbytuningtheFermileveltoobtaina
hexagonalshapewithlargeparallelsegmentsfacingeachother,and(ii)astrongmagnetic
scatteringcenterhastobepresent,whichwasrealizedbyagroupofMnatomscoupled
ferromagneticallytoformamacro-spin.Theimportanceofthemagnetic,i.e.time-reversal-
breakingpartinthescatteringpotential,waspointedout,givinganewknobtotunescattering
propertiesinthetopologicallyprotectedsurfacestateofTIs.
Thesenewinsightssolveapuzzleleftunsolvedinthepreviouschapter,namelythe
lowbackscatteringamplitudesseenforsingletime-reversalbreakingimpurities,andgivesa
quantitativeunderstandingofthemechanismoftime-reversalprotectionintheTSSincontact
withmagneticimpurities.TheXMCDmeasurementsindicatedaninterestingbehaviorinthe
magneticinteractionsbetweenmagneticimpuritiesthatarecoupledtothetopologicalsurface
stateinBi2Te3.Thismotivatesthedetailedanalysisofthecoverage-dependentexchange
couplingmechanism,whichwillbediscussedinchapter7.
Onewayofintensifyingtime-reversescatteringistogroupanumberofmagneticimpurities
suchthattheyactasasuperparamagneticentity,asdoneherewiththreeMnimpurities.
Anotherwaycouldbetouseresonantmagneticimpurities,e.g.Feimpuritiesasdiscussed
inchapter4,wheretheresonanceintensifiesthebackscatteringnotbecauseofastronger
exchangefield,butbecausetheinteractionoftheelectronwiththeimpurityfieldislongerin
time.Thislatterpossibilityhas,however,notbeenexaminedexperimentallysofar.
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Lifetimeandsurface-to-bulkscatteringofthe
topologicalsurfacestateinthe3Dtopologi-
calinsulatorsBi2Te3andBi2Se3

Theenergydependenceofthelifetimesandscatteringratesofthetopologically
protectedelectronsinthesurfacestateofBi2Te3andBi2Se3areanalyzedinthis
chapter.Thescatteringratesaredecomposedintosurface-to-surfaceandsurface-
to-bulkscatteringrates,whichallowsustogainnewfundamentalinsightsintothe
scatteringpropertiesofthetopologicalsurfacestates(TSS).Inparticulartherelation
totopologicalprotectionabyspin-momentumlockingandtime-reversalscatteringare
discussed.
Wefindthatimpurityresonanceshaveasignificantimpactonthescatteringproperties
oftheTSS.Theycanstronglychangethelifetimeofthesurfacestatetovarybetween
tensoffemto-topicoseconds. WeuncoveredthattheresponseoftheTSSelectrons
toresonancesinthescatteringpotentialcanexplainthecalculatedtrends,which
highlightstheneedforquantitativelycorrectdescriptionofscatteringpropertiesand
consequentlytheneedforab-initiocalculationsinthepredictionofscatteringproperties.
Additionally,wefoundpredominantlyintra-bandscatteringwithintheTSS(i.e.mostly
scatteringforpairsofinitialandfinalstatesbothcomingfromtheTSS).Onlyif
thenumberofpossiblefinalstatesfrombulkstatesismuchlargerthanthenumber
ofsurfacestates,thesurface-to-bulkscatteringrateisofimportance,otherwisethe
surface-to-surfacescatteringratewilldominate.

aHeremeaningtherobustexistenceoftheTSSanditsnon-degeneratenatureandhelicity.
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6.Lifetimeandsurface-to-bulkscatteringoftheTSSin3DTIs

6.1.Introduction

TypicalsamplesofthebinarytopologicalinsulatorslikeBi2Te3andBi2Se3arefullofnative
defectssothattheFermilevelisatapositionwherebulkstatescoexistwiththetopological
surfacestates[194].Thisraisesthequestionhowlargethelifetimeofsurfacestateelectrons
isinthepresenceofbulkstatesor,moregenerally,whattheenergy-dependenceofthe
scatteringrategoingfromtheconductionbandthroughthebulkbandgaptothevalence
bandis.TheimportanceofthesequestionsisobviousasthescatteringfeaturesoftheTSS
willplayamajorroleinsurfacetransportpropertiesandalsointhelongcoherencelengths
thatweredemonstratedforEFwithinthebulkbandgapofBi2Te3inthepreviouschapter.
Nowadays,differentstrategiesexisttotunethepositionoftheFermilevelintothebandgap
inordertosuppressthenumberofbulkstatesattheFermilevel.Thetaskcanbeachievedby
compositionaltuning(seeforexampleRefs.[195,196])orbycompensatingindividualdoping
trendsinformingtopologicalp-n-junctions[43].Nevertheless,typicaltransportmeasurements
inthisclassofmaterialsstillfightagainstcontributionsfrombulkstates,asopposedtothe
desiredsurface-dominatedtransport,andacumbersomedisentanglementofsurfaceandbulk
contributionsisneeded(e.g.Refs.[195,197,198]).
Inadditiontotransportmeasurements,thetwo-photonphoto-emissionspectroscopy1

allowstoextractinformationaboutthedynamicsofexcitedelectronsintopologicalinsulators
[199–203].InthestrongtopologicalinsulatorBi2Se3,apersistingpopulationforlongerthan
10ps[199]hasbeenfoundlately,whichwasattributedtoadominantcontributiontothe
relaxationdynamicsfromelasticscatteringofexcitedelectronsbetweensurfaceandbulk
states.Evenlonglifetimesofthesurfacestateexceeding4pswerereported[201].However,
theselifetimesaretheresultofacomplicatedinterplaybetweenelasticandinelasticscattering
andonlyrecentlyinSb2Te3elastic

2lifetimesof300fs-2.5pswerefoundusingmid-IRpump
pulses,thatallowtoexcitedirecttransitionsfromoccupiedtounoccupiedpartswithinthe
topologicalsurfacestate[202,203].
Sofar,thequestionofsurface-to-bulkscatteringhas,atleastfromatheoreticalpointof
view,onlybeentreatedbasedonsimplemodels[204].Here,thefirstab-initiotreatment
willbepresented,thatgivesvaluableinsightsintotheenergy-dependenceofthescattering
propertiesoftheTSSinstrongtopologicalinsulatorsandallowstodrawconclusionsabout
theirtopologicalprotection.
Theworkpresentedinthischapteraimsatansweringthefollowingquestions:whatisthe
energy-dependenceofthescatteringratesandhowisitrelatedtotheimpurityproperties,e.g.
theimpuritydensityofstates?Furthermore,iftheTSScoexistswithbulkstates,whatare
surface-to-bulkscatteringratesandhowdotheyrelatetothesurface-to-surfacescattering
rates? Wefindthatthreefactorsareofmajorimportancefortheunderstandingthescattering
ratesintheprototypicaltopologicalinsulatorsBi2Te3andBi2Se3;(i)theimpuritydensity
ofstates,(ii)thenumberofavailablefinalstatesinthescatteringprocessand(iii)the
localizationofthewavefunctions,inparticulartheirspatialoverlapwiththeperturbation
introducedbytheimpurityinthesystemandthespin-polarizationinthesurfacestates.The

1Essentiallyatwo-stepARPESmeasurementwhereapumppulseisirradiatedontothesampleexciting
electronsintounoccupiedstatesandafteratimedelayanARPESmeasurementisperformed.This
allowstoaccesstheunoccupiedpartofthebandstructureaswellandcanbeperformedtogetthetime
evolutionoftheout-ofequilibriumstatesmeasuredwithdifferenttime-delaysafterthepumppulse.

2Meaningthelifetimecorrespondingtotheelasticscatteringrate.
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6.2.EnergydependentlifetimeandscatteringratesofthetopologicalsurfacestateinBi2Te3

comparisonofBi2Te3withBi2Se3allowstodrawtheconclusionthatthewarpingofthe
constantenergycontour,whichisstrongerinBi2Te3thaninBi2Se3,doesnotsignificantly
alterthetotalscatteringrateoffimpurities.Thisresultsuggeststhatourfindingsareof
generalimportanceforstrong3Dtopologicalinsulators,irrespectiveoftheexactshapeof
theFermisurface.

6.2.Energydependentlifetimeandscatteringrates

ofthetopologicalsurfacestateinBi2Te3

TostudythelifetimeoftheTSSinBi2Te3andBi2Se3weconsideredasingledefectlocalized
atthesurface,i.e.aTe(Se)vacancyinthefirstlayeronthesurfaceofa6quintuplelayer
thickslab.ThepositionoftheimpurityisshowninFigure6.1(c).Thisparticulardefecthas
beenchosenbecauseofitsveryfrequentoccurrenceinthisclassofmaterials[40].Additionally
thisdefectissuspectedtobethereasonforn-typedopinginBi2Te3[153,205]. Withinthis
workonlytheelasticscattering,i.e.withEkin=Ekout,leadingtoscatteringbetweenstates
ontheconstantenergycontoursatdifferentenergieswillbestudied;inparticularweneglect
theelectron-phononcouplingwhichisassumedtobesmallforlowtemperatures.Infact,
ab-initiocalculationsoftheelectronphononcouplingconstantforBi2Te3andBi2Se3[206]
showedthatthecouplingstrengthisquiteweak,whichhighlightstheimportanceofour
calculations.

6.2.1. Numericaldetailsofthecalculation

TheBi2Te3andBi2Se3surfacesweresimulatedby6quintuplelayerthickfilmsasdescribedin
detailinthechapter4.ThemaindifferenceinthebandstructurebetweenBi2Te3andBi2Se3
is,thatthewarpingterminBi2Te3ismorepronounced.Acomparisonbetweenthesesystems
willthereforegiveinformationontheimportanceofthewarpingterminthetopological
surfacestate’sscatteringproperties.Asinthepreciouschapter,theTe-vacancy(Se-vacancy
fortheBi2Se3-surface)havebeenembeddedself-consistentlywithascreeningclusterthat
includesthefirstshellofneighboringatomsusingtheDysonequation.Latticerelaxations
havebeenneglected.Thevacancycancauseasignificantshiftifthesurroundingatoms,
whichwouldbeimportantinthecalculationofthevacancy-formationenergy. However,
concerningthetrendsofthescatteringrate,latticerelaxationsshouldonlyplayaminorrole.

Westartthedetaileddiscussionofthesurfacestate’slifetimewiththeBi2Te3system.The
Bi2Te3bandstructure(a,b),thepositionoftheTe-vacancyinthefilm(c)andthedensityof
statesoftheimpurity(d)areshowninFig.6.1.

TheDOSoftheimpurityshowsasmallresonance,whichhasitsmaximumaround
E−EF≈75meV.Itscontributionwasneglectedinthepreviouschaptersincethescattering
offMnatomswasfoundtobemuchstronger.Ananalysisofthecontributionscoming
fromthedifferentpositionsintheimpurityclusterrevealthatthevacancy,ispartlyfilledby
electronscomingfromtheadjacentBi1positions:Somechargeleaksintotheemptycell,
fillingitparty,whichfinallyleadstotheimpurityresonanceseeninthetotalDOS.Wefind
thattheadjacentTeatomsaroundthevacancyonlyplayaminorroleandassociatethepeak
todanglingbondsfromtheBi1atoms.Thisissupportedbytheobservationthatnosuch
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6.Lifetimeandsurface-to-bulkscatteringoftheTSSin3DTIs

Figure6.1.:Setupofthecalculation.(a)Bandstructureofa6QLBi2Te3thinfilm,where
theshadedareabetweenthetwohorizontalblacklineshighlighttheregion
ofthebulkbandgapandtheblackdottedlinesindicatetheenergyrangefor
whichthescatteringratesareanalyzed.(b)3Dplotofthedispersionwhere
thebulkbandsareshowningrayandtheTSS[whitedashedlinein(a)]in
colorrepresentingtheenergy(c)Sideviewofthevacancypositioninthefirst
quintuplelayer.(d)DensityofstatesofthevacancydefectinthefirstTe-layer
ofBi2Te3,wherethetotalDOS(sumoverfullimpurityclustercontainingthe
vacancyandthesurroundingatoms,red),aswellasthecontributionsfromthe
vacancyposition(VacTe,blue)andtheneighboringBi-atoms(Bi1,orange)are
shown.TheresonanceseeninBi1ismainlyduetod-statesinBiandisabsent
withouttheimpurityandisthereforeassociatedtodanglingbondswhichthen
leaksintothevacancysite.
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6.2.EnergydependentlifetimeandscatteringratesofthetopologicalsurfacestateinBi2Te3

peakispresentinthedensityofstateswithoutthevacancydefect,i.e.wherenodangling
bondsarepresent.Thisimpurityresonancewillbecomeimportantintheenergydependent
scatteringrates,thatwillbeanalyzedinthefollowing.

6.2.2. AnisotropiclifetimeofthesurfacestateinBi2Te3

Toanswerthequestionhowthepresenceofnativedefectsaffectthelifetimeofthetopological
surfacestate,wecomputedthescatteringprobability3[Pk;k=2ıNc|Tk;k|

2‹(Ek−Ek)]for
anincomingwavekthatisscatteredofftheimpurityintoafinalstatekatdifferentenergies
fromthevalencebandoverthebandgaptotheconductionband.Forthenon-magneticVacTe
defects,thatwereconsideredhere,wefindthesametrendsintermsofforwardscattering
andforbiddenbackscatteringasfortheTeBidefectdiscussedindetailinchapter4.This
statementevenholdsathigher(andlower)energieswhere–outsideofthebulkbandgap–
theTSScoexistswithbulkstatesfromthevalenceandconductionband,respectively.Inthe
remainderofthischapterthedirectionalityinthescatteringprocess,i.e.thestrongfocusing
inforwarddirection,willnotbeofimportance,becausewearemainlyinterestedinthetotal
scatteringratesofsurfacestateelectrons.

Westartbylookingattherelaxationrate fi−1k (E)=
1
ΩBZ

R
FS
dk
vk
|Tk;k|

2[introducedin

Eq.(4.9)].ItisshowninFigure6.2(a)forE=EF+150meV,whereanumberofbulk
statesfromtheconductionbandcoexistwiththetopologicalsurfacestate.

InthepresenceoftheVacTe-impurity,mostlytheTSSisscattered(visibleasyellowcolored
areas)whereasthebulkstatesaremainlyunaffected. Thiscanbeunderstoodfromthe
positionoftheimpurityandthelocalizationofthewavefunctionsinspace.TheTSSis
stronglylocalizedatthesurfaceandconsequentlyhasalargeoverlapwithimpuritywithwhich
itinteracts,i.e.fromwhichitisstronglyscattered.Itliesinthenatureofthebulkstatesthat
theyaredelocalizedandonlyasmallportionofthewavefunctionislocatedatthesurface.
Therefore,thebulkstateshaveonlyasmalloverlapwiththeimpurityandaremuchless
susceptibletoscatteringoffthesurfacevacancy.Furthermore,thek-dependentscattering
ratesofthestatesfromtheTSSshowananisotropywithhighervaluesforstatesfromthe
valleysinΓKandstronglyreducedvaluesforstatesfromthetipsoftheconstantenergy
contour(CEC)inΓM.Thisanisotropywasalsoseeninangular-resolvedphotoemission
experiments[207]wheretheline-widthofthespectralfeaturescanberelatedtothescattering
rateofthestates.Thisanisotropyassociatedwiththewarpingofthetopologicalsurface
statesinBi2Te3,indicatesthatthewidelyusedconstantrelaxationtimeapproximation(eg.
asforexamplein[197]forSb2Te3)mightnotalwaysbesufficienttodescribethescattering
propertiesoffimpuritiesinthisclassofmaterials.Thewavefunctionsofstatesatthetipsof
thewarpedcontouraremoredelocalized,whilethoseinthevalleysaremorelocalized.This
canexplaintheobservedanisotropy. Weshouldhoweverkeepinmind,thatthecalculations
presentedhereonlyconsiderasingledefectwhichislocalizeddirectlyatthesurface,whilein
experimentsotherintrinsicsub-surfaceorbulkdefectsarelikelytooccur.

3Thescatteringprobabilitywasintroducedinchapter4.
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6.Lifetimeandsurface-to-bulkscatteringoftheTSSin3DTIs

Figure6.2.:Scatteringratesoftopologicalsurfacestateelectrons. (a)Inverserelax-

ationtime,fi−1k ,ofthestatesontheconstantenergycontour(allkwith
Ek=EF+150meV)forscatteringofftheTe-vacancydefectontopofBi2Te3.
Thetopologicalsurfacestates(outermost,star-likeline)isscatteredmoreeffec-
tively(yellowregions)thanthebulk-derivedstates(innerlines)oftheconduction
band.Astronganisotropyinthescatteringratesisseenthatleadstosmaller
relaxationtimesofstatesinthevalleysinΓKasopposedtothestatesatthe
tipsofthestarinΓM.(b)TotalscatteringrateoftheTSSdecomposedinto
surface-to-surface(fiss)andsurface-to-bulk(fisb)contributions.Thegrayshaded
areahighlightsthepositionofthebulkbandgap.Theresonantscatteringoff
theVacTeimpurity[cf.DOSinFig.6.1(b)]leadstostrongsurface-to-surface
scatteringrateswithamaximumaroundE−EF≈75meV.
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6.2.EnergydependentlifetimeandscatteringratesofthetopologicalsurfacestateinBi2Te3

6.2.3. Resonantscatteringofthetopologicalsurfacestatein

Bi2Te3

Next,thetotalscatteringrate(averagedoverthewholesurfacestatewithdensityns)

fi−1s (E) =n−1s(E)

"
X

k∈surf

X

k∈surf

Pk;k+
X

k∈surf

X

k∈bulk

Pk;k

#

(6.1)

=
2ıNc

ns(E)Ω
2
BZ

Z

k∈surf

dk

vk

Z

k∈surf

dk

vk
|Tk;k|

2

| {z }
fi−1ss

+
2ıNc

ns(E)Ω
2
BZ

Z

k∈bulk

dk

vk

Z

k∈surf

dk

vk
|Tk;k|

2

| {z }
fi−1sb

(6.2)

decomposedinsurface-to-surface(fi−1ss)andsurface-to-bulk(fi
−1
sb)contributionswillbe

analyzed,wheretheprefactors2ıNcand1=ΩBZcomefromthedefinitionofthescattering
probabilityandtherelation

P
k→

1
ΩBZ

R
FS
dk
vk
.Theintegrationscomparedtothedefinition

[Eq.(4.10)]ofchapter4arerestrictedtothelinesoftheconstantenergycontourthatbelong
totheTSS(k;k∈surf)orthoselinesderivedfrombulkstates(k∈bulk).Thescattering
rateswerenormalizedwithrespecttothedensityofstatesofthetopologicalsurfacestate
[ns(E)]andthusalsowithrespecttothephasespaceofpossibleinitialstates(i.e.thelength
ofthelinecorrespondingtotheTSSintheCEC)thatvarieswiththeenergy.Inthiswaywe
takeallthecomplexityofdirectionalityandanisotropyofthescatteringoutofthediscussion
andfocusonthetotalscatteringratesinstead.
Theenergy-dependenceofthesurface-to-surfaceandsurface-to-bulkscatteringrateis
showninFigure6.2(b).Overall,thesurface-to-bulkscatteringrateislowerthan(inthe
conductionband),orofthesameorderofmagnitude(forEinthevalenceband)as,the
surface-to-surfacescatteringrates.Thisobservationseeminglyagreeswiththeinterpretation
thatthescatteringrateishighifthelocalizationofinitialandfinalstateshaveahighoverlap
withthepositionofthescatteringdefect.Howeverthenumberofavailablebulkend-states
isalsolargerthanthenumberofavailablesurfaceend-states.Thetwocontributions,fissand
fisb,shouldthereforebecomparable,ifonlythequalitativeoverlapargumentistakeninto
account.Thusthestarkcontrastofthetwocontributionsisahighlynontrivialresult[208].
ThedominantfeatureinFig.6.2(b)istheverystrongvariationinthesurface-to-surface
scatteringratewithenergies,thatleadstoastrongvariationofthesurfacestate’slifetime4

betweenfis≈66fsat%forE≈EF+75meVandfis≈3:3psat%aroundE≈EF−100meV.
Thisenergy-dependencecanbeunderstoodfromthedensityofstatesonthescatteringdefect
[cf.Fig.6.1(b)].Theenergy-dependentscatteringrateexactlyfollowstheresonanceseenin
thedensityofstatesoftheimpurity,whichhighlightstheimportanceofresonantscattering.
Resonantscatteringisgenerallyknowntobeimportantforthescatteringbehaviorinmetals.
HerewehavedemonstratedthatalsointhetopologicallyprotectedsurfacestateofBi2Te3
thisisthecase.
WecanconcludethattheelectronsoftheTSSarejustassusceptibletoscatteringoff
defectsasaretrivialsurfacestates,e.g.theCuorAu(111)surfacestates[119,208,209].
Thetotalscatteringrateisstronglyenhancedifresonancesinthescatteringpotentialaremet.
Thisisthebehavioronewouldexpectfornormalmetallicstatesandtheonlydifferenceto

4Thelifetimescalesininverseproportionalitywiththeimpurityconcentration,i.e.foradefectdensityof
2at%thehereobtainedlifetimes(thengiveninfs=10−15s)wouldhavetobemultipliedby1=2.

119



6.Lifetimeandsurface-to-bulkscatteringoftheTSSin3DTIs

topologicallyprotectedstatesisthatthescatteringisdirected(scatteringmostlyinforward
scatteringdirection)andexactornearbackscattering,respectively,isabsentorstrongly
suppressed.

6.2.4. Ontheimportanceofthescatteringphasespace

end-states:understandingthesurface-to-bulkscattering

rates

Wehavewitnessedthedominatingfeatureofthesurface-to-surfacescatteringratesofthe
TSS.Next,thecoexistenceofsurfaceandbulkstatesthatleadstosurface-to-bulkscattering
willbediscussedindetail.Thereforethescatteringratesareshowninasemi-logarithmic
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plotinFigure6.3(a)makingthebulkcontributionbettervisible.

Figure6.3.:SurfacetobulkscatteringratesofthetopologicalsurfacestateinBi2Te3.(a)

Energy-dependenceofthesurface-to-surface(fi−1ss)andsurface-to-bulk(fi
−1
sb)

scatteringratesoffaTe-vacancy,wherethedifferentbehavior(fi−1ss <fi
−1
sb)forE

inthevalencebandascomparedtofi−1ss >fi
−1
sb forEintheconductionbandis

observed.(b)Rescaledscatteringratesshowingtheimportanceofthenumberof
possiblefinalstatesforthescatteringoftheTSStobulkstates.Thegrayshaded
areasin(a,b)highlightthepositionofthebulkbandgap.(c)Inverserelaxation
time(fi−1k )forE=EF−100meV,wheretheTSSistheinnermostring.On
theonehandtheTSSisscatteredmoreintensely(yellowcolor)andontheother
handaverylargenumberoffinalstatesleadingtoincreasingsurface-to-bulk
scatteringratesinthevalencebandareseen.

Weseethatthesurfaceandbulkdecomposedscatteringrateshowsaqualitativelydifferent
(fi−1ss <fi

−1
sb)behaviorinthevalencebandthanintheconductionband(fi

−1
ss >fi

−1
sb). With

decreasingenergy,theconstantenergycontouroftheTSSbecomessmallerandsmalleruntil
itreducestoasinglepointattheDiracpoint.Itisthereforeclearthattheratiobetween
thenumberofsurfacestates[ns(E)]andthenumberofbulkstates[nb(E)]willdifferlargely
invalenceandconductionband.Theavailablephase-spacerationb(E)=ns(E),ofbulkfinal
statestosurfacefinalstates,isconsequentlylargerinthevalencebandascomparedtothe
onsetoftheconductionband.Thelargenumberofbulkstatescanforexamplebeseen
in(c)wherethek-dependentscatteringratesforE−EF=−100meVareshown.Again,
mostlythesurfacestate(innermostring)isscatteredmostandthelargeareasofbulkstates
(extendedshapesinΓM)arelargelyunaffectedbythepresenceofsurfaceimpurities.The
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6.3.Theinfluenceofthewarpingstrength:comparisontoBi2Se3

effectofalargerscatteringphasespaceinthefinalstatescanthereforebefactoredout
byrenormalizingthesurface-to-surfaceandsurface-to-bulkscatteringratestothenumber
offinalstates[ns(E)andnb(E),respectively].ThisisshowninFig.6.3(b),whereinboth
casesofcoexistenceofthetopologicalsurfacestatewithvalenceandconductionbandsthe
renormalizedsurface-to-bulkscatteringrateissignificantlysmallerthantherenormalized
surface-to-surfacescatteringrate.Ourcalculationsthusshowtheimportanceofthefinal
states’phasespace,whichwasshowntosignificantlyimpactthesurface-to-bulkscattering
rate.Thisobservationisinagreementwiththemodel-basedcalculationsbySahaetal.[204].

Inconclusion,wehaveunderstoodtheenergy-dependenceofthesurfacestate’sscattering
processoffaTe-vacancyinBi2Te3. Wefoundthatthescatteringrateisdominatedby
scatteringbetweenstateswherebothinitialandfinalstatearecomingfromtheTSS.The
localizationatthesurfacethereforehascrucialimplicationsforthescatteringpropertiesof
topologicallyprotectedelectrons.Scatteringtobulkstatesonlybecomesimportant,ifthe
totalnumberofbulkstatesismuchlargerthanthenumberofsurfacestates,i.ewhenthe
phasespaceofpossiblefinalscatteringstatesisdominatedbybulkstates.Thisobservation
certainlyholdstruefortheenergyrangethatwasstudiedhere,howeveritcouldbedifferent
ifsurfaceresonancesoccur.InBi2Se3spin-polarizedsurfaceresonanceswererecentlyfound
intheunoccupiedbandstructurefarabovetheDiracpoint[201].Thesurface-localization
ofthesestatesandtheirspin-polarizationcanthenhaveasignificantimpactonpossible
scatteringeventbetweentheTSSandthetopologicallytrivialresonancestates.

6.3. Theinfluenceofthewarpingstrength:

comparisontoBi2Se3

Finally,theinfluenceofthewarpingstrengthinthesurfacestatesofBi2Te3willbeanalyzed
furtherincomparisonwithcalculationsfortheenergydependentscatteringratesoffthe
analogouscaseofaSe-vacancyinBi2Se3.TheresultsaresummarizedinFigure6.4.The
smallerwarpingstrengthinBi2Se3canbeseeninthebandstructureshownin(a)and(b).
ThedensityofstatesoftheSe-vacancydefectembeddedintothesurfaceshowsasimilar
behaviorastheTe-vacancyinBi2Te3witharesonancelyingwithinthebulkbandgap[cf.
Fig.6.4(c)].Apriori,wewouldthereforeexpecttoseearesonanceinthescatteringrates
aroundE−ED≈150meV.ThisfollowsalsofromthegeneralizedFriedelsumrulethatrelates
thechangeinthechargedensityduetotheimpuritytotheenergydependenceoftheT-matrix
vianimp(E)−nhost(E)=ı−1ImTrlnT(E).InBi2Se3thewarpingbecomesimportantonly
veryclosetotheconductionband[cf.Fig.6.4(b)].Aresonanceinthescatteringratesthat
deviatesfromthegeneralizedFriedelsumrulewouldthenindicateanunexpectedinfluence
ofthewarpingonthescatteringrate.Especiallyiftheresonanceliessignificantlyhigherin
energythanthepeakseenintheimpurityDOS,thehypothesis,formulatedintheprevious
sectionandstatingthatthewarpingisnegligible,wouldbecontradicted.

Theenergy-dependenceoffi−1ss andfi
−1
sb fortheSe-vacancyareshowninFig.6.4(c)ina

semi-logarithmicplot.Averysharpresonanceinthesurface-to-surfacescatteringrateisfound
whichexactlycoincideswiththeimpurityDOSofthevacancydefect.Thustheeffectofthe
warpingisfoundtobenegligible.AspreviouslyseenforthecaseofBi2Te3,withinthevalence
bandastrongersurface-to-bulkscatteringrateisfoundoverthesurface-to-surfacescattering
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6.Lifetimeandsurface-to-bulkscatteringoftheTSSin3DTIs

Figure6.4.:ScatteringratesoffaSe-vacancyinBi2Se3.(a)Plotofthebandstructurewhere
thedispersionofthetopologicalsurfacestateishighlightedwithwhitedashed
lines.Thelightshadedarea(betweentheblackhorizontallines)denotesthebulk
bandgapandtheblackdottedlinesindicatetherangeinwhichthescattering
rateandlifetimeshavebeenanalyzed.(b)DispersionoftheTSS(coloredwith
theenergy)showingthesmallwarpinginBi2Se3andthepositionofthevalence
andconductionbandsthatareplottedingray.(c)Totaldensityofstatesof
theSe-vacancy(red,fullline)andenergy-dependenceofthesurface-to-surface
(fi−1ss)andsurface-to-bulk(fi

−1
sb)scatteringratesforaSe-vacancydefect.(d)

Thescatteringratesrenormalizedtothedensityoffinalstates,showingthe
importanceoftheavailablescatteringphasespace.Thegrayshadedareasin
(c,d)highlightthepositionofthebulkbandgapandtheenergiesaremeasured
withrespecttotheDiracpointenergyED.
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6.4.Conclusionandoutlook

rate,whilethereversedsituationoccursfortheonsetoftheconductionband.Tohighlight
theinfluenceofthefinalstatephasespaceweagainrenormalizewithrespecttothefinal
state’sdensityofstates,shownin(d).Thisrevealsthattherenormalizedsurface-to-surface
scatteringratesareanorderofmagnitudehigherthanthesurface-to-bulkscatteringrates.
Thestrongvariationofthescatteringratesduetoresonantscatteringofftheimpurityleads
tolifetimesthatvarybetweenfis≈165fsat%atE−ED≈150meVandfis≈6:5psat%at
E=ED.
Wecanthussummarize,thatthescatteringratesinBi2Se3showananalogousbehavioras
thescatteringratesinBi2Te3.Theimpurityresonanceplaysadominantroleintheenergy
dependenceofthescatteringratesandtheTSSmainlyscatterstootherstateswithinthe
TSS.Onlywhenalargenumberofbulkstatesisavailabledoesthescatteringratefrom
theTSStobulkstatesbecomeimportant.Inconclusion,thestrongerwarpinginBi2Te3as
comparedtoBi2Se3onlyplaysaminorroleinthescatteringproperties.
Thescatteringresonancesofthetopologicallyprotectedsurfacestatein3Dstrongtopo-
logicalinsulatorscanthereforebeconnectedtothepeakintheimpurityDOS.Inchapter7
(pages144ff.)thescatteringpropertiesofspecificimpuritiesarefurtherinterpretedinterms
ofthescatteringphaseshift,whichcanbeconnectedtothedensityofstatesoftheimpurity5

viatheBreit-Wignerformula[cf.Eq.(7.5)onpage145].

6.4. Conclusionandoutlook

Inthischapter,theenergy-dependenceofscatteringrates(andlifetimes)oftopological
surfacestateelectronshavebeenstudiedfromfirstprinciples.Theanalysiswasconcentrated
onsingle(non-magnetic)vacancydefectslocatedinthefirstlayeronthe(111)surfaces
ofBi2Te3andBi2Se3.Thesedefectsoccurfrequentlyandareimportantfortheirintrinsic
dopingaswellastransportproperties.
InthescatteringratesoftheTSS,wefoundastrongsignatureoftheimpurity’sproperties,
namelytheresonancesinitsdensityofstates.Foraquantitativelycorrectdescriptionitis
thereforeofparamountimportancetodescribeimpuritiesembeddedinthesystemrealistically,
whichmakestheneedforourab-initioapproachtothescatteringratesevident.Inthe
presenceofbulkstatesthatcoexistwiththeTSS,wefindhighersurface-to-surfacescattering
ratesthansurface-to-bulkscatteringrates.Anelectronthathaspotentiallybeenpreparedin
theTSS(e.g.inasurfacestatedominatedtransportexperiment)stayswithintheTSS,even
ifbulkstatesaspossiblefinalstatescoexistwiththeTSS.Thisisconsistentwiththerecent
quantumtransportmeasurementsBi2Se3,wherethephasecoherencelengthandastrong
focusinginforwardscatteringdirectionwasevenseenforstronglydisorderedsamples[210,
211]. Weexpectthatthisbehaviorwillholdquitegenerally,ifthedensityofbulkstatesis
notmuchlargerthanthedensityofstatesofthetopologicalsurfacestate.
ThewarpedcontourofthesurfacestateinBi2Te3wasfoundtohavealargeimpacton
theanisotropyoftherelaxationrate[207].Thiswasunderstoodwiththelocalizationofthe
wavefunctionfordifferentstatesontheconstantenergycontour.Thewidelyusedconstant
relaxationtimeapproximationmightthereforenotbesufficienttocapturetheinteresting

5MorepreciselythedifferenceintheDOSbetweenhostandimpuritymatters.Fortopologicalinsulators
withEFwithinthegaptheDOSisverysmall(onlycontributionsfromthesurfacestatearethere)and
thereforetheinterpretationintermsoftheimpurityDOSisvalidinthiscontext.
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6.Lifetimeandsurface-to-bulkscatteringoftheTSSin3DTIs

scatteringpropertiesofthetopologicalsurfacestatein3Dstrongtopologicalinsulatorsbut
ourapproachofk-dependentrelaxationratesisimportant.Thecomparisonofthestrongly
warpedBi2Te3andthemuchlesswarpedBi2Se3systemsshowcased,thatthetotalscattering
ratesdonotdependonthestrengthofthewarping.Thescatteringresultsoffmagnetic
defects,thatshowedananisotropyfavoringcertainsegmentsinthewarpedCECduetothe
developingout-of-planecomponent(cf.chapter4),wouldhoweverindicatethatmagnetic
impuritiesmightbehavedifferently.Anextensiontootherdefects,includingnotonlydefects
inthefirstsurfacelayerbutthroughoutthewholesystem,wouldbeimportantinthefuture.
Recently,scanningtunnelingpotentiometry,thatallowsthemeasurementoftransport
propertiesontheatomicscaleusingamulti-tipSTMapproach,hasbeendemonstratedon
topologicalinsulators[212,213].Thistechniquecouldgiveaccesstothespacialdistribution
ofelectrontransportaroundindividualdefects.Theherepresentedcalculationoflifetimes
andscatteringratescouldbecomparedandadeeperunderstandingoftransportproperties,
thatcanbecomputedbasedonasemi-classicalBoltzmannformalism[75],wouldbeof
interest.
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Exchangeinteractionsonmagneticallydoped
topologicalInsulators

Inthischaptertheinterplaybetweenthetopologicallyprotectedsurfacestatesof
TIsandmagnetism,introducedviasurface-dopingwithtransitionmetalimpurities,is
studied.Theworkpresentedhereistheresultofacollaborationbetweentheoryand
experimentandgivesvaluableinsightsintothethecomplicatedcompetitionbetween
differentexchangecouplingmechanismsthatdeterminesthemagneticorderinthese
interestingmaterials.
Inparticularthedoubleandsuperexchangemechanismsthatfavor,respectively,ferro-
orantiferromagnetismatshortdistancesandthelong-rangeRuderman-Kittel-Kasuya-
Yosida(RKKY)interactionthatismediatedbytheelectronsofthetopologicalsurface
statecanbedistinguishedandunderstoodintermsofthescatteringpropertiesofthe
differentmagneticimpurities. WehighlighttheimportanceoftheRKKYinteraction
fordiluteconcentrationsofmagneticimpuritiesthatinBi2Te3isfurthermorestrongly
anisotropicinspaceduetoafocusingeffectcomingfromastrongwarpingintheFermi
surface.
Weuncovereddifferentmechanismsandespeciallypointouttheimportanceofthe
scatteringpropertiesofthemagneticimpuritiesfortheexchangecouplingstrengththat
canbeobservedinthismaterial.Thedistance-dependenceoftheoscillatoryexchange
couplingofmagneticimpuritiesonthesurfaceoftopologicalinsulatorswasstudied
forMn,FeandCoadatomsindifferentconcentrationsandamechanismsthatallows
tuningtheexchangeinteractionsandthereforethemagneticpropertiesoftransition
metaldopedtopologicalinsulatorswasfound. Wecoulddemonstratethatthedensity
ofstatesofasingleimpuritycaninfactbeanalyzedtopredictmagneticproperties
inthissystem.Furthermore,microscopiccontrolofthedistance-dependentexchange
interactionscanbeachievedbytuningoftheFermilevelpositionwhichallowstotailor
magneticpropertiesoftransitionmetalsonthesurfaceofastrongTI.
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

7.1.Introduction

Theinterplaybetweentopologicalnon-trivialstatesandmagnetismisafascinatingnew
emergingfieldinsolidstatephysics.Oneofthemostprominentexamplesisthequantum
anomalousHalleffect(QAHE),thatrealizesahallmarkoftopologicalstatesofmatterin
magnetictopologicalinsulators[214,215].ApreconditionfortheQAHEistheexistence
ofagapinthebandstructure.Inthehelicalsurfacestateofthetopologicalinsulator(TI)
thiscanbeachievedbyferromagneticorderingwithout-ofplanemagneticanisotropy[187].
Themechanismofgapopeningintopologicalinsulatorsisstillunderdebatesinceimpurity
resonancesarepredictedtooccurclosetotheDiracpoint[184,216]andwhichmight
formimpuritybandsthathybridizewiththesurfacestateinthetopologicalinsulator.This
hybridizationcouldberesponsibleforthegapopeningthatcanbestillbeseenfarabovethe
Curietemperature(TC)thatwasmeasuredinRef.[217].

Apartfromthemechanismofgapopeninganddespitenumerousresearchonmagnetically
dopedtopologicalinsulators[148,152,181,182,185,191,218–236]alsothemechanismof
howtoachieveferromagnetism(FM)inTIsisnotclearyet.Asitturnsout,adistinction
hastobemadebetweensurfaceandbulkdopedsamples.InbulkdopedTIsacompetition
betweenthecarrierconcentrationindependentvanVleckmechanism1andthecarriermediated
Ruderman-Kittel-Kasuya-Yosidamechanism[44]hasbeenfoundindifferentmagnetically
dopedbinaryandternarytopologicalinsulatorsoftheBi2Te3-familyofmaterials[215,220,231,
232].Ontheotherhand,acomparisonofbulksensitivemuon-spinrotationmeasurements
withsurfacesensitiveX-raycircularmagneticdichroism(XMCD)measurements[185]showan
increaseoftheCurietemperatureatthesurfaceascomparedtothebulk.Thisisinlinewith
theoreticalcalculations[219]thatstatethatthetopologicalsurfacestateinTIscanbreak
thecommonrule,statingthattheCurietemperatureinlowerdimensionsistypicallysmaller,
i.e.T3DC >T2DC ,andthatT

bulk
C <TsurfaceC canbepossibleintopologicalinsulators,which

suggestthatthemagnetismofsurface-dopedtopologicalinsulatorsdoesnotsimplyfollow
thebulkone.Additionally,inrecentexperiments[225]ferromagnetismatroomtemperature
wasobservedattheinterfaceofaEuS/Bi2Se3heterostructurethatconsistsofthetopological
insulatorandtheferromagneticinsulatorEuS.ThiscomesasasurprisesincetheCurie
temperatureofpureEuSisonly17K.Obviouslytheinterplayofmagnetismandthesurface
statesoftopologicalinsulatorsisveryfascinatingandneedsamoredetailedanalysis.

Sofar,surface-dopedsampleswerestudiedmainlywithrespecttothegeometry(absorption
site,relaxationtothermodynamicallystableposition)andbasicproperties(magneticmoment
oftheimpurity,hybridizationwithTIstates,magnetocrystallineanisotropy)ofindividual
adatoms[152,227–230,234–236].Inthisworkastudyoftheexchangeinteractionsof
purelysurface-dopedtopologicalinsulatorsispresented,whichisanimportantcontribution
totheemergingfieldofmagneticallydopedtopologicalmatter.Ourapproachisbasedon
theinteractionofanensembleofmagneticimpuritieswhichiscapturedbytheclassical

1ThevanVleckparamagnetismcanoccurinbandinsulatorsasitisthecaseinthebulkofBi2Te3.
Foraconcentrationcimptheresponsetoanexternalfieldisgiveninsecondorderperturbation
theorybythevanVlecksusceptibilitythatinmaterialslikeBi2Te3andBi2Se3canbewrittenas

ffl=4—2Bcimp
P

Enk<—;Emk>—

nk|Sz|mk mk|Sz|nk
En−E0

,with|nk inthevalenceband(Enk<—)and|mk in

theconductionband(Emk >—). Thematrixelementsnk|Sz|mk canberatherlargeduetothe
inverted-bandnatureofthebandgapintopologicalinsulators[214].
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HeisenbergHamiltonian

Ĥ=−
1

2

X

ij

Jiĵei·̂ej−
X

i

Ki(̂ez;i)
2; (7.1)

thatdescribestheinteractionbetweentwomagneticmomentsiandj,sittingatpositions
RiandRj.Theclassicaldescriptionofthespinsisappropriateforourcasebecauseofthe
usuallylargespinvaluesofS=3=2toS=5=2,whichisinferredbyamagneticmoment
oftheimpuritythat,forexample,reaches∼5—BinMn.Also,thenon-integerspin-values
foundforthedifferenttransitionmetalimpuritiesjustifytheusageoftheclassicalspinmodel.
Thedirectionofthemagneticmomentsatsiteiandjisgivenbytheunitvectorŝei;jandthe
secondterminEq.(7.1)istheuniaxialanisotropythateitherfavorsout-of-plane(Ki>0)
orin-plane(Ki<0)orientationofthemagnetizationdirectionoftheindividualimpurity.
TheexchangecouplingisgivenbytheexchangecouplingconstantsJijthatarethefocus
ofthestudypresentedinthischapter.Thesigndeterminesifferromagnetic(Jij>0)or
antiferromagneticcoupling(Jij<0)betweentwomagneticimpuritiesisfavored.
Inthefollowing,thetheoreticalaspectsofthedifferentexchangemechanismsthatplay
aroleandwhichcancompeteareexplained.ThentheXMCDmeasurements,thatguide
thiscombinedtheoreticalandexperimentalstudy,aredescribed. Themainpartofthis
chapteristhedetailedexplanationanddiscussionoftheexperimentalfindingswithrespect
totheresultsofourab-initiocalculationswheredifferentcompetingmechanismsthat
governtheexchangeinteractionsinsurface-dopedtopologicalinsulatorsareanalyzed.The
microscopicunderstandingthatisgainedeventuallyopensupnewwaysintailoringthe
exchangeinteractionsinmagneticallydopedtopologicalinsulatorsinthefuture.

7.1.1. Competingmechanismsoftheexchangeinteraction

Thebandstructureoftopologicalinsulatorscontainsontheonehandtheinsulatingbulk
statesbutontheotherhandalsothetopologicallyprotectedmetallicsurfacestates.Thus,
themechanismsoftheexchangeinteractionsontheonehandhaveacloseresemblance
tothemechanismsknownfromthefieldofdilutedmagneticsemiconductors(DMS)[237]
butontheotherhandalsofrommagneticallydopedmetalsortwodimensionalelectron
liquid2(2DEL).Here,wereviewthemechanismthatdictatetheexchangeinteractionsin
surface-dopedBi2Te3thatarestudiedhere.
Followingthediscussionspresentedin[238]and[239]wedistinguishbetweenthefollowing
mechanisms:(i)superexchangemechanismalsoknownaskineticexchangeduetolevel
repulsionbetweenoccupiedandunoccupiedd-states,(ii)doubleexchangeduetobroadening
associatedtobonding-antibondingformationand(iii)thefree-carriermediatedlong-ranged
Ruderman-Kittel-Kasuya-Yosida(RKKY)interactionduetopolarizationoftheelectronliquid
inthepresenceofmagneticimpurities.Itshouldbenotedthatthesuperexchangemechanism
usuallyfavorsantiferromagnetismwhereasdoubleexchangeusuallyfavorsferromagnetic
coupling.BothmechanismsdecaystronglywiththedistanceRbetweenimpurities,since

2Intheliteratureoftenthetermtwo-dimensionalelectrongas(2DEG)isused,whichseemhowever
inappropriate,sincethedensityofstatesismuchhigherasforexampleintheconductionbandof
semiconductorsfilledbytemperature,wheretheterm2DEGiscorrectlyusedduetotheverysmall
fractionofoccupiedstates.
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

theyrelyonhoppingbetweenorbitalsondifferentimpuritiesthatdecreasesexponentially
withR.Thisisaconsequenceofthelocalizationoftheimpuritywavefunctions.TheRKKY
interactionontheotherhandoscillateswiththedistancebetweenthemagneticatoms.
Additionally,thedecayofthisinteractionisonlypolynomial(intwodimensionsusuallywith
1=R2intheasymptoticlimit)andtheinteractionisthuslong-ranged.
Thedifferentmechanismsandespeciallyhowtheycanbetestedinafirstprinciples
calculation–asdoneinthemainpartofthetext–areexplainedinthefollowing.

Superexchangemechanismforshort-rangeAFMcoupling

Thesuperexchangemechanism,alsoknownaskineticexchange,stabilizesantiferromagnetic
couplingbetweentwomagneticatoms.Itissimplesttoexplainifthedensityofstateassumes
aspecialformforthemagneticimpuritieswheretheFermienergyliesinbetweenthemajority
andminorityresonances.Fortwoatomsinantiferromagneticalignment,theoccupiedlevel
ofatom1andtheunoccupiedlevelofatom2interactsincetheyareofthesamespin.This
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leadstolevelrepulsionbetweentheorbitalsofthetwospinswhichisshowninFigure7.1.

Figure7.1.:Illustrationofthesuperexchangemechanismthatfavorsantiferromagnetismdue
tolevelrepulsion.(a)Schematicimageofthehybridizationoftheimpurity
orbitalsandtheresultingenergylevelshifts.Theinteractionbetweenlevelsis
highlightedwithagreendoublearrowandtheresultingenergyshiftwithred
horizontalarrows.Thecorrespondingimageoftheenergylevelsisshownin(b).
VBandCBdenotevalenceandconductionband,thatdonotplayanimportant
roleforthismechanism.Figuremodifiedafter[238].

Inasimpletightbindingpicturethissituationcanbecapturedbyatwo-bandmodelthat
isdescribedbytheHamiltonian

Ĥ=

 
›1 t
t ›2

!

(7.2)

where›1;2istheenergyofoccupiedandunoccupiedlevelsandtisthehoppingstrength
betweenthetwolevels.Astraightforwarddiagonalizationofthismatrixgivestheeigenenergies
inthetoymodel.Duetotheinteractiondescribedbyt,theoriginallevelsshiftandformthe
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7.1.Introduction

levels–1;2=E0±
√
∆2+t2withE0=(›1+›2)=2and∆=(›2−›1)=2.Assumingt ∆,

theenergygainduetolevelrepulsion(comingfromtheshiftoftheoccupiedstates)canbe
writtenas2(›1−–1)≈t

2=∆,wherethefactor2comesfromthetwoelectronsofthetwo
atoms.ThisisdepictedinFig.7.1(b).

Fromtheenergygainduetolevelrepulsionitisobviousthatbyartificiallyincreasingthe
exchangesplitting∆thesuperexchangemechanismisweakened.Thiscanbedoneina
numericalexperimentwhichweperformedforthesystemsunderstudytogaininsightinto
theimportanceofthesuperexchangemechanism.AsmallshiftoftheFermilevelwillnot
affectthesuperexchangemechanismaslongastheFermienergyliesstillinthegap,ormore
preciselythatthedensityofstatesattheFermienergystayslow.

Doubleexchangeforshort-rangeFMcoupling

Thedoubleexchangemechanismisstabilizingferromagneticorder.Thismechanismdominates
theexchangeinteractionifeithermajorityorminoritystates,called›1;2asintheprevious
sectiononthesuperexchangemechanism,areclosetotheFermilevel.Thissituationis
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E
VB CB

|"i

(a)
l1

E |"i

l2

EF

schematicallyshowninFigure7.2.

Figure7.2.:Illustrationofthedoubleexchangemechanismthatfavorsferromagneticalign-
ment.(a)Thehybridizationsoftheorbitals(indicatedbyagreendoublearrow)
thatresultsinabroadeningoftheorbitalandaredistributionoftheelectrons
thatgainenergy(redarrows).Thisenergygainisdepictedin(b)wherethe
formationbonding-antibondingpairsisshown.VBandCBdenotevalenceand
conductionband.Figuremodifiedafter[238].

Inaferromagneticalignmentofthetwoatoms,thestatesclosetotheFermilevelhave
thesamespinandcanthereforeinteract.Followingthesametoymodelaswrittendownin
Eq.(7.2),theshiftedenergylevelsduetotheformationofbondingandantibondinglevelsis
–1;2=±tbecauseofE0=∆=0.Thus,thehybridizationleadstoabroadeningofthe
energylevelsandelectronsclosetotheFermilevelareredistributedintolowerlyingstates
whichmeansthatenergyisgained.
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

AsmallshiftoftheFermilevelcantunetheresonanceoutofhalffillingandtherefore
significantlychangethenumberofelectronsthatareredistributedwhichreducestheenergy
gainandthereforethestrengthofthedoubleexchangemechanism.Thiscanbedoneina
calculationwheretheFermilevelisvaried.
Sofarwehaveseenthetwomechanismsthatdeterminetheshort-rangeinteractions.In
realsystemsthesetwomechanismoccursimultaneouslyandcancompete.Ingeneraltheratio
∆=t,togetherwiththepositionoftheFermilevel(ifEFlieswithintheresonance,|t=∆|71
determineswhichoftheabovediscussedmechanismswins),determineswhethertheenergy
gainbysuper-ordoubleexchangedominateswhichwillresultinantiferro-orferromagnetic
couplingbetweentwomagneticimpurities.Inarealisticsystemalsoeffectslikecrystalfield
splittingsandmoregenerallythestrengthofthehybridizationwiththehoststatescanhave
significantimpactontheimpuritystates.Thiscanleadtomultiplepeakswithintheminority
andmajorityresonancessothatacomplicatedbalancebetweencompetinginteractionsisto
beexpected.

RKKYinteractionandlong-rangecoupling

TheRuderman-Kittel-Kasuya-Yosidainteraction[44]isaresultofthepolarizationthat
theexchange-splitimpuritystatesinduceonthefreecarriersofthehostsystem[237].In
topologicalinsulatorsthisistheelectronliquidofthetopologicalsurfacestate.Thiseffectis
alsorelatedtotheFriedeloscillations[35]that–asaresultofscatteringoffreeelectronsoff
theimpurity–manifestsasstandingwavesinthecharge(spin)densityaround(magnetic)
impurities.Thesepolarizedelectronscanthentransporttheinformationofthemagnetismat
oneimpuritytootherlocationswhichleadstoanexchangecouplingoverlongdistances.The
ideaofacarriermediatedinteractiongoesbacktoZener[240]andisdepictedinFigure7.3(a).
Thepolarizationeffectisindicatedbygreendoublearrowswhereastheresultingshiftinthe
hoststatesisindicatedbytheredhorizontalarrows.
ItisintuitivelyclearthattheexactformoftheFriedeloscillationsaroundanimpurity
dependsontheonehandontheimpurityandontheotherhandonthehostcrystalthat
engravesitsphysicalproperties,suchastopology,intothewavefunctionsofthepolarized
electrons. Thehostplaysamajorroleinthe(an)isotropyoftheinteractionsdueto
(an)isotropiesintheFermisurface,inthespiritofthestationaryphaseapproximation[154].
Theimpurity,byitsspindirectionororbitalordering,mayhoweveralsoplayanimportant
role.Theparamountimportanceofthehost’sproperties,thatarereflectedintheFermi
surface,issketchedinFigure7.3(b).Assumingisotropicscatteringproperties(forexample
byapoint-like‹-scatteringpotential),anisotropicFermisurface(left)willleadtouniversal
Friedeloscillationsinalldirectionsthatoscillateradiallywithacommonphaseanddecay.
Typicallytheseoscillationsareoftheformcos(q1R+ffi)=R

2intwodimensionsdependingon
thedistancefromtheimpurityR,aphaseshiftffiandq1=2kFcomingfrombackscattering
ofstatesontheFermisurface(kFistheFermiwavenumber).Thisdirectlytranslatesinto
anoscillatingdecayoftheRKKYinteractionwithincreasingimpurity-impuritydistance.This
situationisshownontheleftinFig.7.3(b).InthecaseofananisotropicFermisurface(here
depictedbyanhexagon)morestationarystationarypointsthanthescatteringvectorq1,here
calledq1,appearthatconnectdifferentpairsofk-pointswhichhavethesameFermivelocity.
ThisleadstoafocusingintheFriedeloscillationsthatcanbetranslatedintofocusedRKKY
interactionswithamuchslowerdecayincertaincrystallographicdirectionsascomparedto
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Figure7.3.:Sketchoftheinducedpolarizationinthehoststatesbyanexchange-splitimpurity
(a).Thepolarizinginteractionisdepictedwithgreendoublearrowthatleads
toaninducedpolarizationinthehoststates(indicatedwithredarrows).The
correspondenceofhostproperties(Fermisurface)andthedirectionalityofthe
RKKYinteractionisshownin(b).FlatpartsintheFermisurface(b,topright)
leadtostronglyfocusedexchangeinteractions(lowerright)highlightedwith
dashedlines.VBandCBdenotevalenceandconductionband.Figuremodified
after[238].

others[154,179,180].ThisissketchedonthebottomrightofFig.7.3(b).

BecauseofthecloserelationbetweentheRKKYinteractionandFriedeloscillations,insights
intotheimportanceofthismechanismisgivenbyacomparisonoftheFriedeloscillations
aroundasingleimpuritywiththedecayandoscillationsofthedistance-dependentexchange
interactions.ThiscanbedoneeasilywithintheframeworkoftheKKRmethodthatwas
usedinthecalculationspresentedbelow.

7.2.Experimentalobservationof magnetismin

surface-dopedBi2Te3

Theworkpresentedinthischapteristheresultofaveryfruitfulcollaborationwithanexperi-
mentalgroupatTriesteperformingX-raymagneticcirculardichroism(XMCD)measurements
[242].HighlightedshouldbetheworkdonebyAlessandroBarlawithwhomIcollaborated
most.Inthissection,theexperimentalresultsoftheTriestegrouparebrieflyreviewed.A
quicksidenoteontheXMCDtechniqueisgivenbelowbeforethesetupoftheexperiment
andtheresultsoftheTriestegrouparepresented.

Here,wecanonlytakeaquicklookatthetechniqueofX-rayabsorptionspectroscopy
(XAS)andX-raymagneticcirculardichroismtointroducethereaderwhomightnotbefamiliar
withthistechniquetothetopic.AmorecompleteintroductiontotheXMCDtechniquecan
forexamplebefoundintheworkofBaumgarten[241]whosemanuscriptisbeingfollowedhere.
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

TheXASandXMCDtechnique

AsthenameX-rayabsorptionspectroscopysuggests,inthistechniqueX-raysarebeing
shotatthesamplethatisstudied.TheX-rayphotonshaveahighenoughenergyto
excitetransitionsfromcoreelectronstopossiblefinalstatesneartheFermilevel.This
resultsinanabsorptionspectrumthatiselementspecific.Thesetupisdepictedin

X-rays
s+ s-

q

sample

2p core level

exchange-split
d-states close to EF

EF

Figure7.4.

Figure7.4.:SchematicimageoftheXAS/XMCDmeasurement.Theincidentangleis
depictedontheleftwhiletheschematicexcitationof2pelectronstothe
d-statesattheFermilevelforleftandrightpolarizedX-raysisshownon
therighthandside.

Tostudymagnetismtypicallycircularpolarizedlightisbeingusedinanenergyrange
aroundtheL2;3edgeswhichstandsforelectronsbeingexcitedfromthe2pcorelevel
tothestatesattheFermilevel.Theorbitalselectionrulesdictatethattheorbital
quantumnumbersofinitialandfinalstateshavetodifferbyone.Thismeansthatfor
example2pelectronsareabsorbedbythed-orbitalsattheFermilevelwhichmakes
thistechniquesensitivetothemagnetismcomingfromthed-statesasitisthecasein
transitionmetals.Leftandrightcircularpolarizedlightgivesdifferentweightingon
theexcitationofcoreelectronsdependingontheirtotalangularmomentum(orbital
plusspinmoment).
TheX-raymagneticcirculardichroismisthedifferenceoftheIntensityoftheXAS
obtainedfromrightandleftcircularpolarizedlight. Asdepictedontherighton
Fig.7.4,theXASsignaldiffersduetothedifferenceinthefinalstatesdensityofstates
thatisdifferentforthetwospinchannels.TheXMCDsignalcanbemeasuredfor
differentincidentanglesandthedifferencebetweennormalandgrazingincidencegives
informationaboutthefavoreddirectionofthemagnetization,i.e.themagnetocrystalline
anisotropy.TheintegratedXMCDintensityallowstousesumrulestogetinformation
abouttheaveragemagnetic-andorbitalmomentsinthesample.Thefinitepenetration
depthofX-raysmakesXASandXMCDasurfacesensitivetechnique,incontrastto
otherapproacheslikemuon-spinrotationexperiments.
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7.2.Experimentalobservationofmagnetisminsurface-dopedBi2Te3

7.2.1.Experimentalsetup

Tohaveacontrolledexperimentofsurface-dopedBi2Te3,MnandCowasdepositedbythe
experimentalgroupatverylowtemperatures(∼4K)invaryingconcentrationsof0.5-8%ofa
monolayerforMnand0.4-28%ofamonolayerforCoontothecleanBi2Te3surface.Transition
metalsdepositedatlowtemperaturesonBi2Te3areknowntooccupytwodifferentpositions
–thefccandhcphollowsites[152,227,228,230,234].Athighertemperaturesadatoms
diffuseintothematerialandoccupythethermodynamicallystablepositionsubstitutingBi
[229,236]orgoingdeeperintothevanderVaalsgap[185,224,233].Therefore,keepingthe
temperatureaslowaspossibleisacentralingredientinhavingexperimentalcontrolover
theabsorptionposition.XASandXMCDmeasurementswerethenperformedapplyingan
externalfieldof6Tandunderdifferentincidentangles.Furtherdetailsontheexperimental
setupcanbefoundin[242].

7.2.2.Experimentalresults

Figure7.5summarizestheexperimentalresultsoftheTriestegroupforMnandCodeposited
atlowtemperaturesandfordifferentcoverages.Amorein-depthanalysisoftheexperimental
datacanbefoundin[242].AnanalysisofthelineshapeandspectralfeaturesintheXAS
andXMCDspectraofMnandCoshownin(a)and(b)givesinformationaboutthed-filling
ofthe3dtransitionmetals.ForMnastatebetweend5andd6andforCoclosetod8can
beextracted.Themagnetocrystallineanisotropyisfoundtobeout-of-planeforMnaswell
asCowhereavalueoftheanisotropyconstantKatthelowestcoveragetakesvaluesof
1-1.2meVforMnand1.7-3.6meVforCo.

Figures7.5(c)and(d)showtheresultsofthesum-ruleanalysisthatgivesaccesstothe
averagespin-andorbitalmomentsofMnandCoatdifferentcoverages,respectively.The
measurementofthespinmomentalsocontainsthedipoleterm(mD)[243,244],thatis
notincludedinthecalculations. Withincreasingcoverageacleardecreaseoftheaverage
momentscanbeseenforbothMnaswellasCo. Whileatverydiluteconcentrationsthe
averagespinmomentoftheMnatomsiscloseto5—Badecreasetolessthan3—Bisfound
athighercoverageof0.08monolayers(ML).InCotheaveragespinmomentofroughly3—B
decreasesto1—Bforcoveragesexceeding0.04ML.Weshouldpointoutthatthesum-rule
analysisinvolvesthetotalintegratedXMCDintensitiesandthereforeincludesmonomersat
differentdistancesaswellasdimersandothersmallclustersthataremoreandmorelikely
tooccurwithincreasingcoverage.ThiswasforexampleseeninMnsurface-dopedBi2Te3,
whichisshowninFig.S2ofthesupplementalmaterialinRef.[131].Thisresultsinan
averagedvalueforthespinandorbitalmomentsthatiseffectivelydecreasedifneighborsat
shortdistancescoupleantiferromagnetically.ForMntheguidetotheeye(blackdashedline)
highlightsthatontopofthegeneraldecreaseinmswithhighercoverageonedatapoint
at0.018MLcoveragebreaksthistrendandformsashoulder.Thisisanindication,that
forthisconcentrationsomecontributionofferromagneticcouplingiscompetingwiththe
predominantantiferromagneticcouplinginsmallclusters.Thisbehaviorisfurtherstudied
withananalysisoftheeffectivemagnetizationpresentedbelow.

Theeffectivemagnetizationisderivedfromtheintensityofthemainspectralfeaturein
theXMCDsignalatvaryingfieldandnotfromtheintegratedintensitiesusedinthesumrule
analysis.Thisintensityallowstostudythemagnetizationcurvesatdifferentcoverageswhich
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

Figure7.5.:ExperimentalresultsforMnandCodepositedindifferentcoveragesatlow
temperaturesonBi2Te3.TheXASandXMCDspectraareshown,respectively,
forMnandCoin(a)and(b).(c)and(d)showthespinandorbitalmoments
dependingonthecoverageof3dadatomsdeterminedfromtheXMCDsumrules.
Themeasurementswereperformedbelow5KinanfieldofBext=6T.Panel(e)
showstheeffectivemagnetization(sometimescalledsaturationmagnetization
Msat)obtainedbyfittingthemagnetizationcurvesfortheexternalfieldsweeping
arangeofBext=±5TofMnandCofordifferentcoverages.Theshadedarea
indicatesthearangeofpossiblevaluesduetouncertaintiesinthemeasurement
apparatus.Imagetakenandmodifiedfrom[242].
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7.3. MicroscopicoriginoftheexchangemechanisminBi2Te3andcomparisontoexperiment

arethenfittedtothemagnetizationcurveofamodelofcoupledspinswithsuperparamagnetic
behaviortoextracttheeffectivemagnetization.Choosingonlythemainspectralfeature
allowstoneglectcontributionsfromdimersandothersmallclusterssincetheseareexpected
tochangetheshapeoftheXASspectra.ThiscanforexamplebeseeninFigure7.5(b)
whereashoulderathigherphotonenergiesarisesathighcoverages.Thus,thedatapresented
in(e)givesinformationaboutthemonomersandespeciallythecollectivebehaviorofsingle
magneticimpurities.

Thehigheffectivemagnetizationof6-10—B–thatclearlyexceedsthemagnetizationofa
singleMnatom–forMnindicatesshort-rangemagneticorderofferromagneticallycoupled
spins.Theblackdottedlinesprovideaguidetotheeyethathighlightsamaximuminthe
effectivemagnetizationaround0.02MLcoveragewhileforhighercoveragestheeffective
magnetizationdecreasesmonotonically. Thegeneraltrendofdecreasingmagnetization
withhighercoverages,i.e.smalleraverage Mn-Mndistances,indicatesanincreasein
antiferromagneticcouplingintheshort-rangeregimewhilearound0.02MLcoverage(roughly
18Åmeandistance)asignchangeintheexchangecouplingcouldexplaintheincreaseinthe
effectivemagnetization.

ForCo,theeffectivemagnetizationshowsthegeneraltrendofincreasingmomentwith
coverage.Thissuggestsferromagneticcouplingintheshort-rangeregime.Around0.015ML
coverage(roughly20ÅmeanCo-Codistance)adipinthegeneraltrendcanbeseenthat
suggestsasignchangeintheexchangecoupling.

Inconclusion,theexperimentalobservationsbytheTriestegroupshowdifferenttrendsof
competingmechanismsinMnandCo. Whilethesumruleanalysisindicatesatendencyto
antiferromagneticcouplingforbothMnandCoprobablyatshortdistancesorinclustered
atoms,theeffectivemagnetizationoflong-distancecoupledmonomersclearlyshowsdifferent
trendsforMnandCoimpurities.Itrevealsarangeofmeanimpurity-impuritydistances
wheretheinteractioncanbetunedfromantiferromagnetictoferromagneticandbackto
antiferromagneticcouplinginMnandvice-versaforCo. Withthefollowinganalysisbased
onab-initiocalculationsweareabletodemystifythenatureoftheexchangecouplingof
transitionmetalsurface-dopedtopologicalinsulators.

7.3. Microscopicoriginoftheexchange mechanism

inBi2Te3andcomparisontoexperiment

Theexperimentaldatapresentedsofargiveindicationofcompetingmechanismsthatactin
differentstrengthsatdifferentconcentrationregimes.Toshedsomelightintothemicroscopic
detailsoftheexchangeinteractionsandtogetabetterunderstandingweperformedan
extensiveab-initiostudyofMn,FeandCosurface-dopedBi2Te3.Theresultsarepresented
inthefollowingandcomparedtotheexperimentoutlinedabove.

7.3.1.Setupofcalculationandcomputationdetails

Westartbydiscussingthesetupofthecalculation.Thedensityfunctionaltheorybased
calculationsfortheBi2Te3hostsystemandtheimpurityembeddingwereperformedwithinthe
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

frameworkoftherelativistic3full-potentialKorringa-Kohn-RostokerGreenfunction(KKR-GF)
method[60–63]thatisdescribedinthefirstchapter.Thelocalspindensityapproximation
[53]fortheexchangecorrelationpotentialandanangularmomentumcutoffof‘max =3
wasused.ThepristinesurfaceofBi2Te3wassimulatedusinga6quintuplelayer(QL)thick
filmwiththeexperimentallatticeconstant[245]intowhichasingleimpuritywasembedded
self-consistentlybysolvingtheDysonequation.Thissimulatesthedilutelimitofimpurity
concentrationswheresingleimpuritiescanbetreatedindependently.Animpuritycluster
thatconsistsoftheimpurityitselfandthefirstshellofneighboringatomswasincludedin
thecalculationtoaccountforcorrectchargescreeningbythemetallicsurfacestateinthe
topologicalinsulator.Thecalculationwascheckedforconvergenceagainstalargercluster
consistingofthreetimesasmanyneighboringatomswithinalargerradius.Thepresenceof
themetallicsurfacestateleadstoanefficientchargescreeningwhichresultsinthesmall
clusterbeingenoughtoconvergethecalculation.
Transitionmetaladatomsdepositedonthesurfaceofstrongtopologicalinsulatorssuchas
Bi2Te3havebeenstudiedintheliteraturealready.Itisknownthattwodifferentabsorption

4

sites–thehcfandfcchollowsites–arepossible[230,234,236].BiaswellasTearelarge
atomssothatthesmallertransitionmetaladatomsrelaxconsiderablyintothefirstquintuple
layer[152,230,234,236].ThisisespeciallypronouncedinthefcchollowsitewithoutaBi
atomdirectlybeneath,asitoccursforthehcpsite.ThisisshowninFigure7.6wherethe
impuritypositioninthefcchollowsiteisshownfromasideview(left)andinatopview
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Figure7.6.:SetupoftheDFT-basedcalculationoftheexchangeinteractionsfordilute
impurityconcentrations. Thepositionoftheimpurityatthefcchollowsite
position(takenfromRef.[234])withinthefirstquintuplelayerisshowninaside
view(left)andfromatopview(middle).Ontherighthandsidethecalculation
schemeoftheexchangeinteractionstrengthusingthemagneticforcetheoremis
depicted.

ThesistercompoundBi2Se3ofBi2Te3hasbeenstudiedinthepastmainlywithFedoping

3Meaningthatspin-orbitcouplingandotherrelativisticeffectsareincludedinallstepsofthecalculationof
theself-consistentdensity.

4Weusetheterm absorptioninsteadofadsoptionbecausethepositionoftheimpurityissignificantly
relaxedintothefirstQLoftheBi2Te3film.
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[152,227–230].SurfacedopinginBi2Te3ontheotherhandwassofaronlystudiedforFe
[234,236],CoandTi[235]adatoms.Asitturnsout,therelaxationsintothefirstQLare
largerinBi2Te3ascomparedtoBi2Se3becauseofthelargerin-planelatticeconstant.

DuetothelackofdatafortherelaxationswechosetherelaxedpositionofFeinBi2Te3
[234]tomodeltheabsorptionsitesforMn,FeandCoatthefcchollowsiteposition.5The
hcphollowsitewasnotconsideredbecauseofthemorecomplexrelaxationsduetothe
presenceoftheneighboringatoms–especiallytheunderlyingBiatom–thatinBi2Se3can
leadtoachangeoftheadatomhightof0.06-0.027ÅifMnandCoarecompared[152].
However,thetopologicalsurfacestateisratherdelocalizedwithinthefirstquintuplelayer
[246]andonlythendecaysquicklyoverthenextquintuplelayers. Wecanthereforeassume
thatthesurfacestatecouplesefficientlytothetransitionmetalimpuritynomatterwhere
exactlyitresides. Onlyifthetransitionmetalimpurityiseffectivelydecoupledfromthe
surfacestateastronglyweakenedelectron-mediatedexchangeinteractioncanbeexpected.
ThisisforexamplethecaseinMnPcmoleculesdepositedonthesurfaceofBi2Te3thecase
wherenointeractionbetweenthemagneticmomentofMnandthesurfacestatewasfound
[247].

Additionally,theFriedelsumrule6connectsthechangeinthevalencechargeduetoan
impuritytothebasicscatteringproperties,namelythephaseshift,7oftheimpurities.The
chargeoftheimpurityhoweverwillnotchangesignificantlyforsmallchangesintherelaxed
positionsandneitherwilltheoverallFermilevel.Also,Eelboetal.[234]showedthat,while
theelectronicstructureofFeimpuritiesinthefccandhcpsitesdiffersslightly,themagnetic
momentontheotherhandisverysimilar(2:7—Binfccand2:5—Binhcpsite).Thisimplies
thatthelong-rangeRKKYinteractionthatisdeterminedbythesethreequantities8willnot
beaffectedbysmallrelaxationsaroundthepositionthatweassumedforourcalculation.
Thus,wecanassumethatthecouplingtothesurfacestatethatmediateslong-rangeRKKY
interactionissimilarforbothabsorptionsites.Inconclusion,wecanassumethattheexchange
couplingmechanismonlydependsverylittleontheabsorptionsitesothatconsideringthe
fcchollowsitealoneissufficient.

Thecalculationsoftheexchangeinteractionswereperformedinanapproximationapplying
themagneticforcetheorem[248,249]thatavoidstime-consumingself-consistencyforeach
pairofimpuritiesatdifferentdistances.Thisinvolvestakingtheenergydifferenceofasystem
with2impuritiesthatareoncealignedferromagneticallyandonceantiferromagnetically.
However,thetwostatesarenotcalculatedself-consistently. Oneusesinsteadtheself-

5NotethatthisisanimprovementoverthesubstitutionalsiteinthefirstTelayer,thatwasconsideredin
chapter5.HoweveracomparisonoftheMnimpurityDOSthatisshownhereandtheDOSshownin
Fig.5.2indicatesthatthesubstitutionalTepositionofchapter5wasagoodapproximationtothemore
realisticcasestudiedinthischapter.

6SeeforexampletheappendixD8(p.899ff)ofRef.[66]wheretherelation‹N(E)=1
ı

P
‘(2‘+1)‹‘(E)

isgiventhatdescribesthechangeintheintegrateduptoenergyE(local)densityofstates‹N(E)
duetotheenergydependentscatteringphaseshifts‹‘(E)whichareasignatureofthescatterer,i.e.
theimpurityembeddedintothesystem.Inthecaseofsubstitutionalimpuritiesthisresultsinthe
relationZimp−Zhost= 2

ı

P
‘(2‘+1)‹‘(EF)whereZ

impandZhostarethevalencechargeofimpurity
andsubstitutedhostatom,respectively,andthefactortwoiscomingfromthespindegreeoffreedom.
Herethesituationismorecomplexbecauseofthelackofsphericalsymmetryaroundtheimpurity,buta
generalizedFriedelsumrulestillholds,withZhost=0inthecaseofaninterstitialimpurityoradatom.

7Adetaileddiscussiononthephaseshiftsandtherelationtoimpurityscatteringispresentedonpages144ff.
8ForadetaileddiscussionseeEq.(7.9)onpage147.
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consistentpotentialofasingleimpuritytwice,placingitatthetwodistantsites,oncealigned
parallelandonceantiparallelinspinspace.Theseshouldbeconsideredastrialpotentials,
notveryfarfromthetrueself-consistentpotentials.Accordingtotheforcetheorem,the
sumofeigenvalues

P
i›iofoccupiedKohn-Shamstatesistakenineachtrialpotential,and

thedifference∆E=
P
i›i(FM)−

P
i›i(AFM)iscalculatedasagoodapproximationto

thedifferenceinself-consistenttotalenergies.Itissafetoassumethatthisholdsforlarge
enoughdistancesbetweenthetwoimpuritiesbecauseoftheefficientscreeningofthesingle
impuritiesbythesurfacestateelectrons,asdiscussedabove.

Thus,basedonthesingleimpuritycalculations,inaone-shotmannerthesingleparticle
energiesoftwoimpuritiesatdistanceatpositionsRiandRjwerecomputedfortheferro-
magneticandtheantiferromagneticalignmentofthemoments.Thedifferenceofthesingle
particleenergiesofthispairofatomsatadistanceR=|Ri−Rj|thengivestheexchange
couplingstrength9Jij(R)=(E

sp
↑↓−E

sp
↑↑)=2.Apositivesignoftheexchangeinteraction

signalsferromagneticcouplingwhereasanegativesignmeansantiferromagneticcoupling
whichcorrespondstotheHeisenbergmodelthatisdescribedbytheHamiltoniangivenin
Eq.(7.1).NotethattheplotsofFigures7.7,7.8,7.10,7.12and7.13showtheenergy
difference∆E=2Jijthatdiffersbyafactortwotothedefinitionoftheexchangecoupling
constantsoftheHamiltoniandefinedinEq.(7.1).

ThisprocedureisshownontherightinFig.7.6.Becauseinthescreeningclusterofasingle
impurityonlythefirstshellofneighborshavetobetakenintoaccounttheforcetheoremis
bestfortwoimpuritieshavingalargerdistancethantwotimesthein-planelatticeconstant,
i.e.impuritiesatsecondnearest-neighborpositionsorfurtherapart.Here,weonlyconsidered
pairsofatomshavingthesamelocalenvironment,i.e.theybothoccupythefcchollowsite
positionsothatthevectorconnectingthetwositesisa2Dlatticevector.

ThestrongrelaxationofthetransitionmetalatomicstatesintotheBi2Te3filmletsthe
atomshybridizewiththesurroundingstatesfromthehostwhichinfluencesthesizeofthe
momentsthatdifferfromthefreeatomicconfiguration. Wefindspinandorbitalmoments
rangingfrom1:2−3:6—Band0:17−0:37—B,respectively.Thecorrespondingfillingofthe
d-orbitals,thespin-andorbitalmomentsaswellasthemagnetocrystallineanisotropiesare
summarizedinTable7.1.

Table7.1.:Spinandorbitalmoments,thespinresolvednumberofelectronsNeinthed-
orbitalsandmagnetocrystallineanisotropyconstantsKofMn,FeandCoadatoms
inthefcchollowsitepositiononBi2Te3.Non-integervaluesofNearetheresult
ofhybridizationwiththehoststates.

mspin(—B) m
orb(—B) d↓(Ne) d↑(Ne) totald-filling(Ne) K(meV)

Mn 3.57 0.19 1.24 4.69 5.93 6.73
Fe 2.55 0.37 2.28 4.75 7.03 4.73
Co 1.20 0.17 3.51 4.67 8.18 -3.43

9Moregenerallythefullexchangetensorcanbecomputedthat–inadditiontothesocalledisotropic
exchangewhichwedealwithinthemainpartofthiswork–alsocontaintheDzyaloshinskii-Moriya
interaction.Inthedilutelimitofconcentrationsthatwestudyhere,thisshouldhoweverbenotimportant
duetothesingle-ionanisotropy.Amoredetaileddiscussioncanbefoundinsection7.3.6attheendof
thischapter.
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Wefindastrongout-ofplaneanisotropyforMnaswellasFewhichiswellinlinewith
previouscalculationsofFeonBi2Te3[234]whereavalueof12meVwasfoundwithinthe
LDA+Umethod.IncontrasttotheXMCDexperimentpresentedabove,whereforMn
andCoanout-of-planeanisotropyisfound,wefindanin-planeanisotropyforCoatoms.
Onereasonforthisdiscrepancycouldbethatthetwoabsorptionsitesmightfavordifferent
directions.ThisisforexampleseeninBi2Se3wherefortheCodopedsurfaceanin-plane
anisotropyisfoundforthefcchollowsitewhilethehcphollowsitefavorsanout-of-plane
anisotropy[230].ThistrendwasalsoseenforothertransitionmetalsonBi2Se3[152].An
influenceofdifferentFermilevelpositions,asdiscussedindetailinsection7.3.5,showsthat
theanisotropyinMnvariesonlyalittleandstaysout-of-plane,inFeastrongdecreasefrom
K=4:7meVtoK=1meVforshiftsoftheFermilevelofupto425meVisobservedandin
Cothein-planeanisotropyvariesbetweenK=−4meVandK=−2:5meV.Additionally,
aninfluenceofsmallclustersasdiscussedinsection7.3.6cannotbeexcluded.There,an
increasingtrendtowardsout-of-planeanisotropyisreportedforCoclustersofincreasingsize.
Fortheinterpretationofthedatarepresentingthedilutelimittheexperimentalout-of-plane
anisotropywasassumedforCoaswell,buttheexchangecouplingconstantswerederived
fromtheory,sincewebelievethatthemechanismsthatdeterminetheexchangeinteraction
areratherstableandonlysmallquantitativechangeswouldarise.

Inadditiontothedilutelimit,clustersofdimersandtrimersatthenextnearestpositions
werealsocomputedbutwithaself-consistentcalculationthattakesthechangesinthelocal
electronicstructureintoaccount.Theseresultsandthechangesthatariseascomparedto
thecaseofdiluteconcentrationsarepresentedintheendofthischapter.

7.3.2.Spatiallyanisotropicexchangecouplingintransition

metaldopedBi2Te3

Westartthediscussionofthedistance-dependentexchangeinteractionsbetweenmagnetic
impuritiesbylookingattheexchangecouplingstrengthJij(R)=∆E=2betweenapairof
impuritiesiandjsittingatpositionsRi=(0;0)andRj=(R;0).Thismeansthatwewill
firstanalysethecouplingstrengthinonecrystallographicdirection(ΓK)whichwesetasthe
x-direction.ThisispresentedinFigure7.7(a)wherethethreecurvesshowthecoupling
strengthforMn-Mn,Fe-FeandCo-Copairsatincreasingdistances.Theshortestdistance
consideredhereisthesecondnearest-neighborinΓK-directionaroundx=8Å.

Itisworthwhiletotakeacloserlookattheorderofmagnitudewefindforthestrengthofthe
exchangecoupling.ApairofMnatomsatadistanceofx≈8Åcouplesantiferromagnetically
withanexchangeenergyof∼4:2meV.Togetherwiththesizeofthespinmomentof3:57—B
reportedinTable7.1wecanestimatethatanexternalfieldofroughly20Twouldhaveto
beappliedtoforcethetwoatomsintoaferromagneticalignment.10Thiswouldbepossible
inmodernhigh-fieldlaboratories.11ForCoatthesamedistancewefindaferromagnetic
exchangecouplingstrengthof3.8meVwhichwouldcorrespond,hypothetically,toamagnetic
fieldofapproximately55Tactingonlylocallyandoppositeindirectiononthetwospins
toforcethemintoanantiferromagneticalignment.Thisstrongcouplingstrengthatshort

101meV=17:276—BT
11Suchasthehigh-fieldlaboratoryoftheRadboudUniversityinNijmegenwhereexperimentswithmagnetic
fieldsupto37.5Tcanbeperformed.(cf.http://www.ru.nl/hfml/facility/experimental/)
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Figure7.7.:SpatialanisotropyanddistancedependenceoftheexchangeinteractionforMn,
FeandCoadatomsinthefcchollowsiteofBi2Te3.Thedistancedependent
exchangecouplinginx-andy-directionsisshownin(a)and(b)startingfrom
thesecondnearest-neighbor.Theinteractionstrengthshowsadifferentdecay
inx-(a)andy-direction(b)andanoscillationinthesignoftheexchange
couplingisfound.ThiscanberelatedtotheshapeoftheFermisurface(c)
whichresultsintheanisotropicbehavioroftheexchangeinteractionshownin
theexchangeinteractionmapsin(d-f)forMn,FeandCo,respectively.The
scatteringvectorsq1andq2indicatethebackscatteringandtrivialscattering
channels.Thefirstimpurityislocatedat(0,0)andthestrengthoftheexchange
couplingisgivenasacolorcode.Thedashedblacklineindicatethecritical
radiusRcthatcorrespondstotheZeemanenergyinanexternalfieldof6Tasit
happensintheXMCDexperiment.(g)showsthedensityofstatesaroundthe
FermilevelforMn,FeandCo.
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distancesisatypicalvaluefortransitionmetalatomsandclustersasitwasforexamplestudied
onCu(001)andCu(111)surfacesbyMavropoulosetal.[239]wherecouplingstrengths
exceeding100meVforfirstnearest-neighborsofFeandCrwerefound.
Iftheorderofmagnitudeofthedistance-dependentcouplingstrengthiscomparedto
valuesofCoonPt(111)[179],wefindthecouplingstrength12tobealmostanorderof
magnitudelargerintheherestudiedtransitionmetaldopedtopologicalinsulatorsystem. We
suspectthatareasonforthestrongermagneticcouplingofthespinsintheTIisrelatedto
thefactthat(atleastatEF)noscatteringtobulkstatescanoccurbecausenootherstates
exceptforthetopologicalsurfacestateexist(forEFinthebulkbandgap).InPtonthe
otherhandsuchscatteringchannelsfromsurfacestatestobulkstatesarealwayspresent,
whichmightreducethecouplingstrength.
Atlowerimpurityconcentrations,i.e.largerdistancebetweenimpurities,wefindadecrease
inthecouplingstrengthandforallofthetransitionmetaladatomsasignchangeinthe
exchangecouplingconstantsaroundx=25Å.ThiscanbeseenintheinsetofFigure7.7
anditisthetypicalRKKY-typebehaviorofanoscillationinthecarriermediatedlong-range
exchangecouplingcomingfromtheFriedeloscillationsinthespindensityaroundimpurities.
ForMnthemaximalamplitudeofferromagneticcouplingisfoundtobe∼0:15meV.This
magnitudeisstillreasonablylargetobeofuseasthiscorrespondstoa(local)magneticfield
of0.7T.
Thedistancedependentstrengthoftheexchangecouplingintheorthogonalcrystallographic
direction(ΓM),whichwesetasthey-direction,isshowninFig.7.7(b).Thegeneraltrend
offerromagneticcouplingforFeandCoandantiferromagneticcouplingforMnwithadecay
atlargerdistancesandanRKKY-typesignchangeisalsoseenhere.Thelargerexchange
couplingstrengthatthefirstdatapointcanbeunderstoodfromthefactthatthefirstposition
iny-directionisthesecondnearest-neighborwhereasthefirstdatapointinx-directionis
thethirdnearest-neighbor13sothattheimpuritydistanceissmaller.Obviouslythedecay
oftheexchangecouplingisstronglyanisotropicasthemagnitudeoftheexchangecoupling
constantsdecaymuchfasteriny-ascomparedtothex-direction.Thisbecomesevidentin
lookingatthemagnitudeofthesignchangethathappensiny-directionaroundy=40Å
thatistwoordersofmagnitudesmallerthanthecorrespondingsignchangeinx-direction.
ThisspatialanisotropycanbeunderstoodfromtheFermisurfaceseeninFig.7.7(c).
Sincethelong-rangeoscillationsaresuspectedtooccurduetotheRKKYinteraction,the
shapeoftheFermisurfaceplaysamajorroleasfocusingcanoccur.Inthespiritofthe
stationaryphaseapproximation,therelativelyflatvalleysinΓK-direction(i.e.inkx-direction)
supporttheconditionforgoodnesting.TheFermivelocityofalargernumberofk-pointsis
focusedinthex-directionsothattheRKKYinteractionshowsaweakerdecayinx-(i.e.ΓK)
ascomparedtoy-direction(ΓM).Theoreticalpredictionsonthescatteringsignaturesofthe
topologicalsurfacestate[138,139,155,218],basedonalowenergymodelforthewarped
DiracsurfacestatethatdescribesthetopologicalsurfacesstateofBi2Te3[141],showedthe
appearanceofthesescatteringvectors(q1andq2)whichareinagreementwiththestationary
pointsbeingderivedwithinthestationaryphaseapproximation.Recently,incombination
withSTMexperimentswecouldshowthefocusingeffectintherealspaceoscillationsofthe

12NotethattheplotinFig.7.7shows∆EwhileFig.2aofRef.7.7givesJ=∆E
2
.

13Thefirstnearest-neighborwillbediscussedlaterinsection7.3.6wheresmallcompactclustersare
considered,inwhichcasetheisolatedimpuritypotentialisnotagoodapproximationandafullself-
consistentcalculationisneeded.
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chargedensityonthetopologicalinsulator[131].Thisworkisdiscussedindetailinchapter5.
Thepanels(d-f)ofFig.7.7highlighttheanisotropicexchangeinteractionsinshowingamap
oftheexchangecouplingconstantsinacolorcodeatthepositionofthesecondimpurity
withthefirstimpuritysittingat(0;0).
ThedifferentbehaviorofMnascomparedtoFeandCo(AFMvs.FMatshortdistances)can
alreadyqualitativelybeunderstoodfromthecompetingmechanismsdiscussedinsection7.1.1.
ThiscanbeseenfromthedensityofstatesaroundtheFermilevelforthedifferentimpurities
thatisshowninFig.7.7(g).ForMnoneobservesastateclosetohalffillingwhichresults
intheFermienergylyinginbetweenthefullyoccupiedmajoritypeakandtheunoccupied
minoritypeakcomingfromtheexchangesplitd-states.Fe(Co)thenhasone(two)electrons
moreoccupyingthed-statessothattherelativepositionofthepeakintheDOStothe
Fermienergyshiftsdownwards. Thissuggeststhatinthedifferentcasesthedetailsof
thecompetitionbetweendoubleandsuperexchangemechanismsplayadifferentrole.The
relativelybroadandmultiplepeakfeaturesintheDOSindicateacomplicatedinfluenceof
thecrystalfieldsplittingduetothesurroundingatomsinthehostBi2Te3crystal.Inthenext
sectionthefeaturesoftheDOSarefurtheranalyzedwithrespecttotheirimplicationsfor
theexchangemechanism.

7.3.3. Competingexchangemechanismsin Mn,FeandCo

surface-dopedBi2Te3

WehaveseenthatthethreedifferenttransitionmetaladatomsdepositedonBi2Te3ingeneral
showadecayintheexchangecouplingstrengthwithdistanceandasignatureoftheRKKY
interactionthatcomeswithasignchangeatlargeimpurity-impuritydistances.However,Mn
tendstocoupleantiferromagneticallywhereasCoandFetendtocoupleferromagnetically.
Thesedifferencesareanalyzedindetailhere.Threedifferenttestcalculationswereperformed
tostudythenatureoftheexchangemechanisminsurface-dopedBi2Te3;(i)forasingle
impuritytheFriedeloscillationsintheinducedspindensityaroundasinglemagneticimpurity
arestudiedandcomparedtothelong-rangebehavioroftheexchangeinteractions,(ii)the
distancedependentexchangeinteractionsarecomparedforsmallshiftsoftheFermileveland
(iii)theexchangeinteractionsareanalyzedwithanumericalexperimentwheretheoccupied
d-levelisshiftedfurtherdowninenergytoartificiallyincreasetheexchangesplitting.The
resultsofthisanalysisarepresentedinFigure7.8.Notethatweonlystudythex-directionin
thefollowingasthisisthedominantdirectioncomparedtothey-directionandthenatureof
theexchangemechanismqualitativelywillbethesame.14

Exchangemechanismsin MndopedBi2Te3

FirstwestudytheoriginoftheexchangemechanisminMndopedBi2Te3.Forasingle
Mnatominthefcchollowsiteat(0;0)theinducedspinmomentshowninFig.7.8(a)is

14Inprincipletheexchangeinteractioncanalsobespatiallyanisotropicduetodifferentorbitalsthatcontribute
andwhichextendindifferentdirections. The(111)surfaceofBi2Te3howeverhasarelativelyhigh
symmetry(C3v)wherex-andy-directionsarenotexactlyequivalent,butascanbeseeninFigure7.14,
onlytheout-of-planeorienteddz2-orbitaldiffersignificantlyfromtheotherin-planeorientedorbitals.This
willresultinaveryrobustmechanismaslongasthedz2peakdoesnotdominatetheDOSattheFermi
energy. Moredetailscanbefoundinsection7.3.5.
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

computedwithinthefcchollowsiteatdistancex,i.e.atposition(x;0),whereinthecalcu-
lationoftheexchangeinteractionthesecondatomisresiding.Thex-,y-andz-components
ofthespinareplottedingreen,orangeandblue,respectively.Thenon-vanishingx-and
y-componentsindicatethatacomplexrotationofthespinwiththedistanceoftheimpurity
ispresent.Thisleadstoacomplexinterferencepatternasitalsooccursintheinduced
magnetizationaroundanFeatomonAu(111)[119,209,250]. Atlargedistances,the
easy-axissingle-ionanisotropyenergyprevailsoverthein-planepartoftheexchange,sothat
theimpurityspinmomentisforcedtothe±zdirection.Thecalculationoftheexchange
couplingthereforeassumesthatbothimpuritiesarepointinginthez-direction(i.e.out-of-
planemomentM =Mêz)sothatthesurfacestateelectron-mediatedRKKYinteractionis
oftheformJij(R)∝m

ind(R)·M =mzMwiththeinducedmomentm=(mx;my;mz)
T

thatdecaysfromthefirstimpurityasseeninFig.7.8(a).Therefore,inthecomparison
ofinducedmomentbyasingleimpuritywiththeexchangecouplingshownin(b),wecan
neglectthein-planecomponentsanddealwiththemz-componentonly. Weseethatmz
decaysfromtheimpurityandasignchangecanbeseenatadistanceof∼20Åfromthe
impurity.Thisfitsverywelltothesignchangeintheexchangeinteractionshowninthe
Fig.7.8(b).GenerallytheRKKYinteractioninatwodimensionalelectronliquidhasthe

asymptoticformJRKKYij (R)∝cos(2kFR+2ffi+‹)
R2

forlargedistancesRwherethephaseshift‹
isascatteringpropertyoftheimpurityandffiaswellaskFaredeterminedbytheFermi
surface. Notethatwediscussthex-directionherewhichmeansthatkFisgivenbythe
k-vectorasindicatedintheinsetof(f).Acomparisonofthestructureofthedensityof
statesgivenin(c),theinducedFriedeloscillations(a)andtheresultingexchangeinteraction
givenin(b)isexplainedinthefollowing.Forthisdiscussionthephaseshiftandit’srelation
totheRKKYinteractionisneededwhichisintroducedintheshortdegressionpresentedbelow.

ScatteringphaseshiftsandtheRKKYinteraction

Inthissidenoteweintroducethescatteringphaseshiftsthatdetermineessential
propertiesofthescatteringoffimpurities.Ageneralintroductiontothescattering
probleminquantummechanicscanforexamplebefoundin[251]wherethebasic
equationsthatarebeingusedhereareexplainedindetail.
ForsimplicityweassumethatthescatteringpotentialissphericallysymmetricV(r)=
V(r),thatitdecaysquickly,i.e.r2V(r)

r→∞
→ 0andthattheelectronsfarawayfrom

thepotentialbehaveasfreeparticleswithE= ~2k2

2m
.Thentheangularpartofthe

SchrödingerequationisdecoupledfromtheradialSchrödingerequationthatreads
 

−
~2

2m

d2

dr2
+
‘(‘+1)

2mr2
+V(r)

!

u‘(r)=Eu‘(r) (7.3)

byusinganexpansioninpartialwavesP‘(cos„)thataregivenbyLegendrepolynomials
and‘indicatestheangularmomentumquantumnumber.Inthisbasisthefullwave
functionisgivenasΨ(r)=Ψ(r;„)=

P∞
‘=0

u‘(r)
r
P‘(cos„).Thesolutionsoftheradial

Schrödingerequationhavetheasymptoticbehavioru‘(r)
r→∞
∝ sin(kr−‘ı

2
+‹‘)which

definesthescatteringphaseshifts‹‘(E).Generally,thephaseshiftsaregivenbythe
eigenvaluesoftheS-matrixorscatteringmatrixS‘(E)=e

2i‹‘(E)thatcanberelated
tothet-matrixofthescatteringpotentialwhichin2Dreadst‘(E)=sin‹‘(E)e

i‹‘(E)
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[252].
Thescatteringcenternowcanbeassumedtohaveasingleresonanceinasingle
channel‘=‘0sothatthe‘-subscriptwillbedroppedfromnowon. Weassumethat
theresonanceoccursattheenergyERandhasafullwidthathalfmaximumofΓso
thatthedensityofstatesforthisimpurityina2DELisaLorentzianoftheform

DOS(E)=
1

ı

Γ=2

(E−ER)2+(Γ=2)2
: (7.4)

ThissituationisdepictedinorangeinFigure7.9(a).Inthecaseofresonantscattering

thephaseshiftsreadas‹(E)=−arctan
“
Γ=2
E−ER

”
.Thisenergy-dependenceofthe

scatteringphaseisshowninblueinFigure7.9(a). Withthisexpressionforthephase
shifttheBreit-Wignerformulaforthescatteringcrosssection

ff(E)=
2ı

k

(2‘0+1)(Γ=2)
2

(E−ER)2+(Γ=2)2
(7.5)

canbederived.Herewefind–upaaconstant–thesameLorentzianasinEq.(7.4)
whichdirectlyrelatesthedensityofstatestothescatteringpropertiesoftheimpurity.
AdditionallythephaseshiftcanbeinterpretedintermsoftheWignertimedelay that
readsas

∆t=2~
d‹(E)

dE
=

~Γ

(E−ER)2+(Γ=2)2
: (7.6)

Thetimedelayhasthephysicalinterpretationthatanelectronwhichencountersthe
scatteringpotentialwitharesonanceatERistrappedattheimpurityandstaysthere
forthetimegivenbytheWignertimerdelay.Afteralongtimeandatalargedistance
afterthescatteringeventtheinitialwavehastraveledfurtherandpickedupthephase
shift‹becausetheelectronstayedforthetimedelayattheimpuritybeforecontinuing.
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Figure7.9.:Relationbetweenthescatteringphaseshiftsduetoimpurityresonances
andthecompetingmechanismsforΓ=ER=10.(a)showsphaseshiftand
densityofstatesoftheimpurityresonance.TheFermilevelpositionsof
Mn,FeandCoareschematicallyindicatedontopinred,greenandblue
dashedlines,respectively.Theresultingcompetitionoftheshort-range
andlong-rangeRKKYmechanismisshownin(b)wherethegraydashed
andblackdottedlineindicatethefirstmaximum(orminimum)afterthe
signchangesintheexchangeinteractionsforMnandCoaswellasFe,
respectively.

Thegeneraldiscussionofthephaseshiftsgivenabovecannowdirectlybeconnected
totheRKKYinteraction.TheRKKYinteractionistheinteractionoftheinduced
magnetizationbyaspinresidingattheoriginwithasecondspinatdistanceR

JRKKY ∝−—Bm·S=−—BSmz (7.7)

wherethespinsareassumedtopointalongthez-directionSi=Si(0;0;1)
Twith

Si=±|Si|.Followingthestationaryphaseapproximation[154]wecancomputethe
asymptoticformoftheinducedmagnetizationforlargedistancesRwith

mz(R;E)=−
Im
ı
Trs
“
ffz·∆G(R;R;E)

”

∝ Trs
P

jj
ffz· kj

(E)t
kj;kj
(E) †

kj
(E)

exp

“
i(k⊥;j−k⊥;j)R+i(ffij−ffij)

”

R

˛
˛
˛
˛
@2E

@k2
||

˛
˛
˛
˛

≈
P

j

˛
˛ ̨↑kj

˛
˛
˛
2̨̨
t̨↑↑kj;kj

˛
˛
˛
2sin(2k⊥;jR+2ffij+‹kj)

R

˛
˛
˛
˛
@2E

@k2
||

˛
˛
˛
˛

(7.8)

where·and·denoteamatrixandvectorinspinspace,Trsthetraceoverspinsand∆G
isthedifferenceintheGreenfunctionbetweenthesystemwithoutandwithimpurity.
Thevectorkj=k⊥;ĵe⊥+k||;ĵe||isthepointontheFermisurfacewherethephaseof
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thecontributionseik·Rto∆G,askisvariedthroughthebandstructure,isstationary,
decomposedintoparallelandperpendicularcomponentswithrespecttotheFermi
surface.Thispointgivesrisetothephaseffijwhichtakesthevaluesı=2,−ı=2or
0,ifthestationarypointisaminimum,maximumorsaddlepoint,respectively.In
thecasewestudyheretheFermisurfacehasaminimumattheintersectionwiththe
kx-axis[cf.insetinFig.7.8(f)],whichgivesffij=ı=2.Forthediscussioninthemain
textonlyasinglepairofstationarypointsk⊥;jforthex-directionisimportant. We
willrefertothedifferencebetweenthesepointsas2kF.Thisisshownintheinset(f)
ofFig.7.8.Thedenominatorinthefinalexpressionmeasuresthecurvatureofthe
Fermisurfaceandgivesrisetothefocusingeffect.

Inthelaststeptheapproximationffz· kj
(E)t

kj;kj
(E) †

kj
(E)≈ ↑t↑↑ ↑

†
that

assumesthemajorityspinchannel(↓)tobefullyoccupiedandtheminority(↑)peak
tobeclosetotheFermilevelwhichistheonlyenergyofimportanceinthelong-range
limit.Thusweused (E)=( ↑(E); ↓(E))T≈( ↑(EF);0)

T.Equation(7.8)isthe
expressionfortheFriedeloscillationsthatmediatetheindirectinteractions.
Finally,togetfromthemagnetizationdensitytothemagnetization,theenergy
integrationmz(R)=

REF
−∞dEm(R;E)hastobeperformedtoarriveatthefinal

expressionfortheRKKYinteraction

JRKKY(R)∝
cos
“
2k⊥;jR+2ffij+‹kj

”

R2
˛
˛
˛
˛
@E
@k||

˛
˛
˛
˛

: (7.9)

Wecanseethatthescatteringphaseshiftthatenteredviathe t-matrixdirectly
translatesintotheRKKYinteraction.Tounderstandthecompetitionbetweenshort-
rangeinteractionandlong-rangeRKKYinteraction,weshowinFig.7.9(b)thedifferent
contributionsfromshort-andlong-rangeinteractionsforMn(top),Fe(middle)and
Co(bottom),respectively.Theshort-rangeexchangeinteractionismodeledwithan
exponentialdecayJshort(R)=Ae−R=R0with−AMn=AFe=ACo=5andR0=0:5
thatisshownwithadashedblueline.TheRKKYinteractionisplottedwithaorange
dottedlinethatisgivenbyJRKKY(R)=cos(2kFR+2ffi+‹)=R

2,wherekF=0:7,
ffi=ı=2andthephaseshiftdependsontheimpurity;‹Mn =0,‹Fe=ı=2and
‹Co=ı.
Themodelthatweusedheremakesseveralsimplifications.Firstofall,wehaveassumed
aneffectivepotentialthatscattersforthesakeofsimplicityonlyviaasinglescattering
channel.Secondlytheinteractionwiththehostsystemisneglectedinthesensethat
thesurfacestateelectronsaresimplymodeledbyfreeelectronsofthe2DEL.Thisis
certainlynottrueandinrealityalsothesimplerelationbetweent-matrixandphase
shiftsdoesnotholdanymore.Furthermoreduetostrongspin-orbitcouplingtheGreen
functionacquiresoff-diagonalelements[250,252]whichweneglecthere.However,
Bouazizetal.[253]showed,thattheinducedmagnetizationaroundimpuritiescan
alsoinsystemswithnon-sphericalsymmetrybeconnectedtotheeigenvaluesofthe
generalizedaS-matrix,whichconnectstheabovepresenteddiscussionofthephase
shiftsforthehereconsideredsphericalsymmetriccasetothegeneralsituation.
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Overallwecanconclude,thatthesimplemodelpresentedheredoesgiveareasonable
agreementtoourcalculationsandoffersvaluableinsightsintothemechanismunder
investigation.

aNotethatthet-matrixandS-matrixfornon-sphericalscatteringproblemsarenotnecessarily
diagonalinthesamebasis.

MninthefcchollowsiteofBi2Te3isclosetoahalffilledd-statesothattheFermi
energyliesin-betweenthed-resonancesascanbeseeninFig.7.8(c).Inotherwords,the
minorityspinresonanceisabovetheFermienergywhichisthesamesituationassketched
inFigure7.9(a).Thus,thescatteringofftheMndefectisoff-resonantwhichmeansthat
thescatteringphaseshift‹isclosetozero.Thisdeterminesonlythelong-rangelimitof
theexchangeinteraction.Toanalyzetheshort-rangecoupling,thefollowingtwonumerical
experimentsareperformed.

Thefirstnumericalexperimentisdonetotestforthecontributionofthedoubleexchange
mechanismatshortdistances.Apriori,weexpectthedoubleexchangetobenegligiblefor
MnsincethedensityofstatesattheFermilevelisverylow.ThisisshownintheFig.7.8(c).
Thisconjectureistestedbythefollowingsetofcalculations.ThepositionoftheFermi
levelwasshiftedby±40meVfromtheoriginalvaluewhichwecallE0F.Theimpuritywas
re-convergedself-consistentlywiththeshiftedFermilevelwhichresultsinachangeddensity
ofstatesattheFermienergyasshownin(c)andtheexchangecouplingcurveswereanalyzed.
TheresultingdistancedependenceoftheexchangecouplingisshowninFig.7.8(b)ingreen
(EF=E

0
F−40meV),orange(EF≡E

0
F)andblue(EF=E

0
F+40meV). Withashiftof

theFermilevelalsotherelativepositionofthed-levelpeakswithrespecttoEFcanchange.
ForMnimpuritiesasmallshiftoftheFermilevelonlyleadstonegligiblechangesinthe
densityofstatesatEF[cf.Fig.7.8(c)].Inprinciple,theshiftoftheFermilevelhastwo
effects(i)thedoubleexchangemechanismisvariediftherelativepositionofthepartially
occupiedd-levelstotheFermilevelchangesand(ii)withachangeoftheFermilevelalsothe
FermisurfaceandthereforekFchangesandtheoscillationperiodintheFriedeloscillations
andconsequentlyalsotheRKKYinteractionchanges.InthecaseofMn,theshort-range
behaviordoesnotchangewithvaryingFermilevel[thethreecurvesinFig.7.8(b)coincide
forthefirstfewdatapoints]buttheexactpositionofthesignchangehighlightedinthe
insetmoveswithincreasingFermilevelclosertotheoriginwhichcomesfromthelargerkF
athigherenergies.ThechangeinkFcanbeseenintheinsetin(f).

Sincethecontributionofthedoubleexchangemechanismisvanishinglysmall,thesuperex-
changemechanismthatleadstoantiferromagneticcouplingdominatesatsmalldistances.
Thisconjectureexplainsthesignoftheshort-rangeinteractionandwasverifiedbythe
followingtest.Asintroducedinsection7.1.1,thestrengthofthesuperexchangemechanism
isinverselyproportionaltotheexchangesplitting.SinceforMn,FeandCoatleast5electrons
occupythed-levels,thismeansthat–followingHund’srule–themajorityspinchannelis
toaverygoodapproximationfullyoccupiedandtheminorityspinchannelempty.Thus,
thesplittingbetweenspinupandspindownstatescanbeincreasedartificiallybyshifting
theoccupiedd-statesdowninenergy. ThegraydottedcurveinFig.7.8(b)showsthe
resultingexchangecouplingwhenthemajorityd-statesareshifteddownby5.44eV.The
grayshadedareabetweentheoriginal∆E-curveforEF=E

0
Finorangeandthemodified

couplingstrengthhighlightsthatasizablereductionoftheexchangecouplingstrengthcanbe
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seenonlyforshortdistances(upto∼18Å).Thisconfirmsthattheshort-rangeinteraction
isgovernedbythesuperexchangemechanismandthatthelong-rangeexchangecoupling
thatexplainsthesignchangearoundx=20Åisduetoadifferentmechanism–theRKKY
interaction.

Insummary,theshort-rangeinteractionforMnimpuritiescanbemodeledasJshort∝
−e−R=R0duetotheexponentialdecayofthetightbindinghoppingparameterthatenters
thequalitativedescriptionofthedouble-andsuperexchangemechanisms.Thenegativesign
indicatesthatinMnthesuperexchangemechanismisdominating,whichleadstoshort-range
antiferromagneticcoupling.Thelong-rangeRKKYbehaviorisgivenbyatermthatcanbe
describedasJRKKY ∝cos(2kFR+2ffi+‹)=−cos(2kFR),becausethegeometryofthe
Fermisurfacegivesffi=ı=2[154]andtheoff-resonantscatteringinMnleadsto‹≈0.The
resultingexchangemechanism,showninFig.7.8(b),canthereforebemodeledwiththesum
ofthesetwocontributionsasschematicallyplottedinthetoppanelofFig.7.9(b).

ExchangemechanismsinFedopedBi2Te3

IncontrasttoMndopedBi2Te3,theexchangemechanisminFeturnsouttobedominated
bythedoubleexchangemechanismatshortdistances.Thesameanalysisasinthedetailed
discussionforMn,presentedabove,iscarriedoutforFeimpurities.Theseresultsaregiven
inFigure7.8(d-f).

Theinducedspinmomentshownin(d)qualitativelyhasthesamebehaviorasinMn.
Howeverthesignchange,seenintheinsetoccursatashorterdistance.Thisindicatesa
differentscatteringphaseshiftascomparedtoMnasonewouldhaveexpectedbecauseinFe
theDOSshowsanimpurityresonancerightattheFermilevelasshownin(e).Thismakes
theFeimpuritiesaresonantscatteringcenterincontrasttoMn,leadingtoascatteringphase
shiftof‹≈ı=2.ThecomparisonoftheoscillationsintheinducedspininFigure7.8(d)and
theexchangecoupling(e)suggestamorechallengingcomparisonascomparedtoMn,since
thesignchangeforFeoccursonlyaroundx≈27Å,whichisbarelyseenduetothevery
smallamplitudeascomparedtothecaseofMn.Thereducedamplitudeisaresultofthe
overalldecayoftheFriedeloscillationsandconsequentlythelong-rangeinteractionsmediated
byconductionelectrons.Beforethisbehaviorcanbeunderstoodwehavetoanalyzethe
short-rangeinteractionsinFeindetail.

Theresonanceoftheminorityd-statesinFesuggestedalreadyadominantdoubleexchange
mechanismforFeimpuritiesinBi2Te3.TheanalysisofshiftingtheFermilevelby±40meV
showstheconsequencesoftheFermilevelbeingtunedclosertothepeakoftheresonanceas
seeninFigure7.8(f).Thisstronglymodifiestheexchangeinteractionstrengthpresentedin
(e).Averystronginfluenceofthedoubleexchangemechanismcanthereforebededuced.
Thesuperexchangemechanismontheotherhandcannotbeneglectedentirelyasthe
numericalexperimentofshiftingtheoccupiedd-statesrevealsthattheratiobetweenthe
competingdouble-(JDX)andsuperexchange(JSX)mechanismsinFeisestimatedtobe
|JSX|=JDX=(JDX+JSX)=JDX=(JDX−|JSX|)=JDX=1−J=̃J≈0:5withJstanding
fortheoriginal15Jij(x=x0)atunshiftedFermienergy,withx0≈8Åbeingthefirstdata
pointintheplot(i.e.J=JDX−|JSX|,sinceJSX<0andJDX >0),andJ̃standing
forJij(x=x0)aftershiftingtheoccupiedd-statesdownwardstoincreasetheenergylevel

15NotethatJij=
∆E
2
,i.e.Jsand∆Eonlydifferbyaconstantwhichdropsoutintheratio|JSX|=JDX.
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splittinganddiminishthesuperexchange(thusJ̃=JDX).Thedoubleexchangemechanismis
twiceasimportantasthecontributionfromsuperexchangewhichreducestheoverallcoupling
strength.

Overall,theshort-rangeexchangemechanismbehavesasJshort∝+e−R=R0andthelong-
rangeRKKYinteractionasJRKKY ∝cos(2kFR+2ffi+‹)=−sin(2kFR),sinceffi=ı=2as
discussedaboveandtheresonantscatteringforFegivesascatteringphaseshiftof‹≈ı=2.
Thecompetitionbetweentheshort-andlong-rangeinteractionsisdepictedinthemiddle
panelofFig.7.9(b)fromwhereitcanbeseenthatthefirstoscillationthatisvisibleforMn
occursatshorterdistancesandthereforewithahigheramplitudeascomparedtothecaseof
Fe.

ExchangemechanismsinCodopedBi2Te3

Finally,weanalyzethecompetingexchangemechanismsforCoadatomsonBi2Te3.The
trendwesawbycomparingtheinducedmomentsbyMnandFeimpuritiescontinueswitha
furtherincreasedphaseshiftthatmanifestsitselfinthepositionofthefirstsignchangethat
movestowardssmallerdistancesRbetweentheimpurities.Thisishighlightedwiththeinset
inFig.7.8(g).TheresonanceinthedensityofstatesofCoadatomsisshownin(i)and
liesbelowEF.Consequently,thescatteringphaseshiftapproaches‹≈ı.Thesecondpeak
intheDOScanbeneglectedfornowbecauseitarisesfromthedz2-orbitalthatisdirected
out-of-plane.16Acomparisontothedistance-dependentexchangecouplinginFig.7.8(h)
showsthatthecomplicatedcompetitionofshort-andlong-range(RKKY)behaviorisobvious
asthesignchangeinFig.7.8(h)doesnotcoincidewiththesignchangein(g),butis
closetothepositionofthesignchangeobservedforMn.Thisindicatesthatthepositionof
thesignchange,thatisduetotheoscillationsintheRKKYinteraction,ismodifiedbythe
competitionwiththeferromagneticshort-rangecouplingthatshiftsthepositionoftheonset
ofAFMcouplingtowardslargerdistances.

Theanalysisofcompetingdouble-andsuperexchangemechanismspresentedinFig.7.8(h)
showsthatashiftoftheFermilevelhassomeeffectonthedoubleexchangemechanismwhich
ishowevermuchlesspronouncedthaninFe.Acomparisonwiththenumericalexperiment
[greylinein(h)]thatdecreasesthesuperexchangepartrevealsthatthedoubleexchange
mechanisminCoisdominatingwithanevensmallerratioof|JSX|=JDX=1−J=̃J≈0:2.

Overall,thecompetitionofshortandlong-rangeinteractionscanbewrittenasJshort∝e−R=R0

andJRKKY ∝cos(2kFR+2ffi+‹)=cos(2kFR)withffi=ı=2andascatteringphaseshift
of‹≈ıwhichisdepictedinthebottompanelofFig.7.9(b).Fromhere,wealsounderstand
whythepositionofthesignchange,respectivelyfromAFMtoFMandFMtoAFMcoupling,
intheexchangecouplingconstantsofMnandCo,occursatsimilardistanceswhereasin
Fethepositionofthesignchangeintheexchangecouplingonlyhappensatmuchlarger
distances.

7.3.4. Comparisontoexperiment

Forthemoment,experimentalXMCDresultsareonlyavailableforMnandCo.Thereforewe
leaveFeoutofthecomparisonpresentedinthissection.Sofar,wehaveseeninexperiment

16Cf.Fig.7.14anddiscussioninsection7.3.5fordetails.
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thatinMnandCodifferentmechanismcontributeandunderstoodthecompetitionbetween
differentmechanismsinthedifferenttransitionmetaladatomsonBi2Te3atvaryingdistances.
Nowwewanttocomparetheresultsofthecalculationspresentedinsection7.3.2tothe
experimentalobservablesdiscussedinsection7.2.2.

Comparisonbetweenexperimentandtheoryforverylowcoverages

First,thepropertiesofsingleadatomsarecomparedwhichintheexperimentareextracted
fromthelowestadatomcoverageof0.005MLinMnand0.004MLintheCodopedsystem.
Whilethed-orbitalfillinginexperiment(d5-d6forMnandd8forCo)isingoodagreement
withexperiment,17theresultingspin-andorbitalmomentsareslightlysmallerinthesimulation
ascomparedtotheexperiment. WeshouldpointoutthatthedipolartermmDisnotincluded
inthesimulationbutitiscontainedintheresultsfromthesumruleanalysis.However,
thespinmomentshouldbethedominatingcontribution.Neverthelessthedipolartermcan
beaslargeas20%ofthespinmoment[242]whichwillmakeaquantitativecomparison
difficult.IntheXMCDexperimentstheimpuritydoesnotoccupyonlythefcchollowsitebut
thehcpsiteaswell.DFTcalculationswithinLDAarefurthermoreknowntosystematically
underestimatetheorbitalmoment[254,255].Acomparisonofthevaluesobtainedherefor
theFeimpuritywiththeLDA+UcalculationspresentedbyEelboetal.[234]showsthat
thespinmomentisinverygoodagreementbuttheorbitalmomentislargerifcorrections
duetocorrelationeffects,asitisdonewithinLDA+U,areaccountedfor.Thesimulation
resultsforspinandorbitalmomentscertainlyonlyconsiderssingleimpuritieswhereasthe
sum-ruleandeffectivemagnetizationanalysisfromXMCDgiveaveragemomentsandthe
collectivebehavior.Anotherreasonforthehighermomentsintheexperimentascompared
tooursimulationcouldthereforebetheinfluenceofcollectivebehaviorbetweenmultiple
impurities.Ifshort-rangemagneticorderispresentalreadyatverydiluteconcentrations(due
tolong-rangermagneticinteractions),theaveragingdoneimplicitlyinthesumruleanalysis
willgiveahighereffectivemomentthanthatofasingleatom.Theeffectivemagnetization
fittinggivesamomentofroughly6—BforMnand2—BforCowhereasthesumrulesgive
5—BforMnand3—BforCo.Thehighvalues(certainlyhigherthanthemaximalvalue
of5—B)forMncanbeunderstoodinthesensethatatdiluteconcentrationstheeffectof
antiferromagneticcouplingisonlyveryweakandmorepairsofMnatomsarepresentata
distancewheretheycoupleferromagneticallythanatshorterdistanceswheretheycouple
antiferromagnetically.ForCothehighermomentinthesum-ruleanalysisindicatesthat–in
contrasttoMn–theshort-rangeferromagneticcouplingseemstobemoreimportantthan
thelong-rangeantiferromagneticcontributionsforpairsatlargerimpurity-impuritydistances.

Comparisonfor MndopedBi2Te3atdifferentcoverages

Theaveragingoverthestatisticaldistributionofadatomsthatisinherentlydonewithinthe
XMCDmeasurementdoesnotallowtodistinguishbetweendifferentcouplingstrengthin
differentcrystallographicdirections. Wehaveseenalreadythattheexchangeinteractionsare
stronglyanisotropicwiththex-directionbeingmuchmoreimportantthanthey-direction.
Therefore,inthelong-rangelimitwecanrestrictouranalysistothedominantexchange

17Cf.Table7.1onpage138
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couplingconstantsofthex-direction(i.e.ΓK)inthefollowingdiscussionandcomparisonto
experiment.Themuchsmallercontributionsiny-direction(i.e.ΓM)willbeneglected.
Next,wecomparethecoveragedependenceoftheaveragespinmomentsandeffective
magnetizationforMnshowninFig.7.5(c,e)withtheresultsofthe∆E-simulationspresented
inFig.7.7.ThestrongdecreaseoftheaveragemomentforMnwithhighercoveragecanbe
understoodfromthefactthatatshortdistancesMntendstocoupleantiferromagnetically.
WiththeincreasingconcentrationofMnatomsonthesurfacethepresenceofpairsofatoms
atashortdistanceisincreasing.Thesepairscoupleantiferromagneticallysothatonaverage
themomentisreduced. WeshouldpointoutthattheXMCDmeasurementsforFig.7.5
(c)areperformedwithanexternalfieldofBext=6T.Togetherwiththespinmomentof
Mnandtheoveralldecayoftheexchangecouplingconstantswecanestimatethatonlyof
positionswithinacriticalradiusofRc≈15Åhavetobeconsidered.Thisradiusisfoundby
lookingfor∆E(Rc)=m

spinBextwhereBext=6Tandmspinistakenfromthevaluesofour
calculationshowninTab.7.1.ThisradiusisshowninFig.7.7(d)withadashedblackcircle.
Theexchangecouplingtoallotherpositionsoutsideofthiscircleistoosmalltocounteract
theZeemanenergytheindividualspingainsbyaligningwiththeexternalfield. Weseethat
inMndopedBi2Te3allthepositionswithinthedashedcirclearecoloredinbluewhichmeans
thattheinteractionisantiferromagnetic.Thisexplainsthelargedecreasewithincreasing
coveragewhichwillresultinshorterMn-Mndistancesonaveragesothatmoreandmore
pairsarewithintheradiusofAFMcoupling.
Thisiswellinlinewiththeeffectivemagnetizationmeasurementsthatshowsoverall
antiferromagneticcoupling(generaltrendofdecreasingmoment)forincreasingcoverage
onMnatomsonthesurface. Additionally,asignchangetoferromagneticcouplingfor
averageMn-Mndistancesof15-20Åisobserved.Sincetheeffectivemagnetizationeffectively
excludesshort-rangeclustersandisperformedatvaryingexternalfieldsbetweenBext=−5T
andBext=+5T,themeasurementcanbecomparedstraightawaywiththesimulated∆E
curvesassumingthedilutelimit.Especiallyitisnotrestrictedtothepositionswithinthe
circlegivenbyRcat6T.TheobservedchangetoFMcouplingthatoccursaround15-20Åin
experiment[peakinFig.7.7(e)],iswellreproducedbythecalculatedoscillationaround20Å
showninFig.7.7(a).

ComparisonforCodopedBi2Te3atdifferentcoverages

TheaveragemomentsforCoatdifferentcoveragesinFig.7.5(d)showadecreasewith
highercoverageswhile,accordingtotheab-initiocalculations,theshort-rangemechanism
favorsferromagneticcoupling. ThecriticalradiusforCowithaspinmomentof1:2—B
correspondingtotheexternalfieldofBext=6TisRc≈22Å.Ifthisistakenintoaccount
[cf.blackdashedcircleinFig.7.7(f)],thenweseethatthesignchangeatdistancesof
∼20ÅplaysarolefortheaveragedmomentsasantiferromagneticallycoupledCoatoms
canbepresent.Itishoweverunlikelythatthisistheonlymechanismleadingtotheobserved
decreaseintheaverageCo-momentbecausethereductionislarge,reachingafactor3.The
magnitudeofthesignchangetoantiferromagneticcouplingisonlysmallcomparedtothe
sizeoftheferromagneticcouplingatshorterdistancesthatissupposedtobemoreandmore
importantwithincreasingcoverages.Thereforeitisunlikelythatthesmallantiferromagnetic
couplingstrengthcanleadtothisstrongdecrease. Theeffectofdoping,thatwehave
neglectedsofar,shouldbetakenintoaccount.Thiswillbestudiedindetailinthenext
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section.

TheeffectivemagnetizationofCoontheotherhandfitsverywellthedistancedependence
oftheexchangecouplingconstantsinCodopedBi2Te3.Thecleartrendtoferromagnetism
thatincreaseswithincreasingcoverageisobservedwithasignchangeintheexchange
mechanismthatmanifestsitselfasadipinthemagnetizationcurvearoundameanimpurity-
impuritydistanceof20Å.Thecalculationsshowthesametrendswithasignchangeinthe
RKKYinteractiontoantiferromagneticcouplingaround25Å.Thisslightlylargerdistance
couldalsobeduetodopingthatchangestheFermilevel.

Anintermediatesummary

Insummary,wecanunderstandthemajorityofthefeaturesseeninexperimentfromthe
calculationswehaveanalyzedsofar.TheoverallbehaviorintheaveragemomentsofMn
andeffectivemagnetizationfitwellbetweentheoryandexperiment.Howeverthefeaturethat
deviatesfromtheguidetotheeyeinFig.7.5(c)atacoverageof0.018,wherethedecrease
intheaveragespinmomentshowsashoulder,cannotbeunderstoodfromthediscussionso
far.

AlsoforCo–atleasttosomeextent–thedecreaseintheaveragemomentandthe
effectivemagnetizationfittothecalculated∆E-curves.Alsothesurprisinglysmallinfluence
offerromagneticcouplingatshortCo-Codistancesthatseemstodecreasefurtherwithhigher
coveragesisnotfullyunderstoodatthispoint.Additionally,theexactlocationofthesign
changesintheforMnaswellasCooccursatlargerdistancesinthecalculationascompared
toexperiment.Thediscrepanciesthatoccurbetweentheoryandexperimentwillbediscussed
inthefollowingwheretheeffectofdopingthatisintroducedbytheincreasingamountof
adatomsonthesurfacewillbeanalyzed.

7.3.5. Tailoringtheexchangeinteraction:dopingdependence

IntroducingimpuritiestothesurfaceoftopologicalinsulatorsresultsinashiftedFermilevel.
TheeffectcanforexamplebeseenbyARPESandSTSmeasurementsofFedopedBi2Se3
[228,229]orCodopedBi2Se3[230]whereashiftof∼50meVfor1%dopingconcentration
isobserved.SimilartrendsforMnandCoadatomswereseenwithaFermilevelshiftof
∼100meVinBi2Te3[40].Additionallythepristinesurfacesoftopologicalinsulatorsalready
showinhomogeneitiesinthelocalpositionoftheFermilevelthatareknownaschargepuddles.
Theycanbeattributedtospeciallyvaryingconcentrationsofdifferentintrinsicdefects[38].
Thesizeofthechargepuddlestypicallyextendsovertensofnanometers.ThustheXMCD
measurementsmayaverageoverseveralareaswithlocallyvaryingFermilevels.Thiscan
evenbecontrolledtoformtopologicalp-njunctions[153]bychangingthegrowthconditions
inpreparingsinglecrystalsoftopologicalinsulators.Theconcentrationofdifferentintrinsic
defects,suchasvacanciesoranti-siteimpurities,canthereforebecontrolledtovaryinspace.

Theinfluenceofdopingthatwesuspecttoincreasewithincreasingimpurityconcentration
willbediscussedinthefollowing.ThechangeintheimpuritydensitywithvaryingFermi
levelsandtheresultingdistance-dependentexchangecouplingstrengthiscalculatedand
relatedtotheobservationsintheXMCDexperiment.
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InfluenceofachangingFermilevelfor MndopedBi2Te3

InFigure7.10thedopingdependenceoftheMn-Mninteractionsispresented.TheFermi
levelwasvariedinarangeof−20meVto+425meVwithrespecttotheinitialFermilevel
position.In(a)thedistancedependentexchangecouplingstrengthisshown. Withincreasing
Fermileveltheshort-rangeantiferromagneticcouplinginx-directiondecreasesmonotonically
from−4:5meVto−0:5meV.Thiscanbeunderstoodfromthechangeinthedensityof
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statesthatisshownin(b)asfollowsinthediscussionbelow.

Figure7.10.:DopingdependenceoftheMn-Mnexchangeinteraction.(a)and(b)show
theexchangeinteractionstrengthinx-directionandcorrespondingDOSfor
aFermilevelshiftedintherange-40meVto+425meVwithrespecttothe
originalFermilevel(cf.Fig.7.7).ThepositionoftheFermilevelismarked
withaverticallineinthecolorcorrespondingtotheFermienergyshift.(c)
showstheanisotropyanddirectionalityoftheinteractionand(d)thechange
inspin-andorbitalmomentwithashiftintheFermilevelinblueandorange,
respectively.StronglyshiftingtheFermilevelleadstoastrongchangeinthe
exchangemechanismbecausetherelativealignmentofthepeaksintheDOS
totheFermilevelcanbetuned.

ChargeneutralitydictatesthatthepeaksintheMndensityofstateshavetomoveup
inenergywithashiftintheFermilevel.However,thestronghybridizationoftheimpurity
stateswiththesurroundingletstheMnd-states‘pin’tothehoststateswhichresultsin
therelativepositionoftheFermileveltotheimpuritystatestoshiftup.TheFermienergy
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getstunedthroughthefirstpeakinthecrystalfieldsplitminorityDOSoftheimpurity.
Thus,withaFermilevelthatmovesslowlythroughtheDOSthecomplexcompetition
betweensuper-anddoubleexchangemechanismsischangedinfavorofthedoubleexchange
mechanism.Consequentlythesignchangeintheexchangecouplingconstantsoccursat
smallerimpurity-impuritydistances.Ontheonehandthisisduetothecompetitionbetween
RKKYandshort-rangeinteractionwheretheRKKYparttakesoveratshorterdistances.
OntheotherhandthewavelengthoftheoscillatingRKKYinteractiondecreaseswiththe
increaseintheFermiwavevectorwhentheFermienergyincreases.Thiscanbeseenfrom
theFermisurfaceswhichareshowninFigure7.11forFermilevelsat+100meV,+275meV
and+425
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Figure7.11.:EvolutionoftheFermisurfacewithshiftedFermienergyfrom+100meV(a)
over+275meV(b)to+425meV(c)withrespecttotheoriginalFermilevel.
Thetopologicalsurfacestateistheouter-mostlinewhiletheotherlinesare
projectionsofthebulkstates.ThecorrespondingdispersioninΓKandΓM-
directionsisshownin(d)wherethetopologicalsurfacestateishighlightedwith
awhitedashedline.

ThefullmapsoftheMn-Mninteractionatstrongdopingof+100meVand+425meVis
showninFig.7.10(c).Itcanbeseenthatatshortdistancesevenachangetoferromagnetic
couplingcanoccurduetothechangingdouble-vs.superexchangeratiodiscussedabove.
Therefore,withveryhighdopingandsmallaverageMn-Mndistancesferromagnetismcould
bepossibleevenwithMnimpurities.

ThespinandorbitalmomentsastheyvarywithchangingFermilevelpositionareshownin
(d).Itcanbeseenthatthespinmomentdecreasesslightlybyroughly9%withtheincreasing
occupationofthed-statesathigherFermilevel.Theorbitalmomentontheotherhand
increasesby50%reachingavalueof0:29—B.

NowthatweknowwhathappenswithshiftingFermilevelthatprogressivelyoccursfor
increasingcoveragesintheexperimentwecanunderstandthesofarunclearshoulderthat
wasobservedinthedecreasingaveragespinmomentcurveat0.018MLcoveragepresented
inFig.7.5(c). WithincreasingcoveragetheFermilevelshiftsandforashiftofmore
than175meVthesignchangeintheexchangeinteractionslieswithintheradiusRcthatis
dictatedbytheexternalfieldappliedintheexperiment.18Thisvalueiswellinlinewiththe
experimentallyknownFermilevelshiftinMndopedBi2Te3[40];ifweextrapolatethevalues

18Cf.discussioninsection7.3.4andFigure7.7
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obtainedfor1%dopingto1.8%whereweseetheanomalyintheXMCDmeasurementswe
obtainaFermilevelshiftof∆EF≈1:8·100meV=180meVwhichiswellinlinewiththe
valueobtainedfromthesignchangeintheexchangecouplingconstantsfromfirstprinciples.
Alsothetrendinthemeasuredorbitalmoment[lowerpanelinFig.7.5(c)],whichshowsa
veryflatcurveupto∼3%Mn-doping,canbeunderstood. Withincreasingcoveragethe
averageorbitalmomentisexpectedtodecreaseduetoantiferromagneticallycoupledMn
atomsthateffectivelycancelthetotalorbitalmomentofthisarrangementofatoms.The
trendsofanorbitalmomentthatincreases,astheFermilevelprogressivelyshiftsintothe
Mnd-resonance,counteractsthistrend–atleastpartially–whichmightgiveanexplanation
fortheexperimentalobservationananalmostconstantorbitalmomentforMncoverages
between0and0.04ML.
Inconclusion,wehaveseenthattheFermilevelshiftduetodopingcanexplainthelast
remainingdiscrepanciesbetweenexperimentandtheoreticalsimulations.Controloverthe
positionoftheFermilevelopensupthewaytoanewmechanismformicroscopiccontrol
overtheexchangeinteractionsinMndopedBi2Te3.Thismayleadtonewpossibilitiesfor
futureexperiments.

InfluenceofachangingFermilevelforFedopedBi2Te3

TheFermileveldependenceofFesurface-dopedBi2Te3ispresentedinFigure7.12. With
increasingpositionoftheFermilevelthestrengthoftheshort-rangeexchangecouplingfirst
increasesfrom∼2:2meVto∼4:5meVwithashiftedFermilevelpositiongoingfrom0to
+125meV.Afterwards,uptoaFermilevelof+425meVtheshort-rangeexchangedecreases
tolessthan2meVat∼8ÅFe-Fedistance.Thisbehaviorcanbeunderstoodfromthe
correspondingdensityofstatesshownin(b)whereitcanbeseenthatthepositionofthe
Fermilevelrelativetothed-resonancesistunedthroughthemaximum,thatisreachedata
Fermilevelpositionof+125meV.Thisishighlightedinthezoomedinset.Consequentlythe
doubleexchangemechanismthatfavorsferromagnetismatshortdistancesisstrengthened
whenthepositionoftheFermilevelapproachesthemaximumofthed-levelresonance.
Thepositionofthesignchange–thatcomesfromthecompetitionofoscillatingRKKY
interactionandtheshort-rangeinteractiondiscussedabove–ontheotherhanddecreases
monotonicallywithashiftintheFermilevel.Thisisduetothedecreasingwavelengthofthe
oscillationsthatshiftsthepositionofthefirstsignchangetolowerdistances.Additionally
thephaseshiftistunedfromslightlybelow‹=ı=2toslightlyabovewhichalsoshiftsthe
positionofthephaseshiftclosertotheorigin.
Theresulting∆E-mapsat+100meVand+425meVareshownin(c).Onlyforastrong
shiftoftheFermileveldoestheoscillationintheexchangecouplingapproachsmallenough
distancessothatpositionswhereantiferromagneticcouplinglieinthecirclegivenbythe
criticalradiusRc≈20Åthatisdeterminedbytheexternalfieldof6Tinthemeasurement.
Thespin-andorbitalmomentdependingontheFermilevelpositionareshownin(d).In
thespiritofHund’srule,astheFermilevelscansthroughtheresonance,thespinmoment
decreasesmonotonicallyby∼20%andtheorbitalmomentfirstincreasesby∼13%,hasits
maximumwherethemaximumintheDOSpeakishitexactlybytheFermienergyandthen
decreasesby∼25%uptoaFermilevelpositionof+425meV.
OverallwecansaythatthestrongferromagneticcouplinginFedopedBi2Te3uptolarge
distancesisratherstablewhichmakesFeagoodcandidateforachievingferromagnetismin
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Figure7.12.:DopingdependenceoftheFe-Feexchangeinteraction.Panelsasdescribedin
Fig.7.10.ThestrongshiftintheFermileveltunesthepeakpositionintothe
d-levelresonanceandfurtheroutofresonance.Thisleadstoaninitialincrease
andasucceedingdecreaseintheexchangecouplingstrengthatshortdistances
duetochangesinthedoubleexchangemechanism.
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surface-dopedthreedimensionaltopologicalinsulators.

InfluenceofachangingFermilevelforCodopedBi2Te3

Thedoping,i.e.Fermilevel,dependenceoftheexchangecouplingatvaryingdistancesforCo
surface-dopedBi2Te3ispresentedinFigure7.13.In(a)theexchangecouplingstrengthin
x-directionisshownforavariationoftheFermilevelpositionbetween−20and+425meV.
Weseethattheshort-rangeinteractionstrengthdecreasesdrasticallyby80%withincreasing
Fermilevel.ThiscanberelatedtotherelativepositionoftheFermienergytothepeaks
inthed-resonancesoftheimpurityduetothe‘pinning-effect’discussedintheanalogous
caseofMndopedBi2Te3. WhiletheFermilevelsitsattherightshoulderofthefirstpeak
intheminorityspinchannel,theFermilevelsgraduallyshiftsintothesecondpeakthatis
splitofffromthefirstoneduetothecrystalfield.Thisseemstobecounterintuitiveasthe
superexchangemechanismshouldincreaseandthedoubleexchangemechanismshouldbe
strongestatthepeakpositionHowever,wecanseefromanorbitalanalysisofthedensity
ofstates,thatispresentedinFigure7.14,thatthesecondpeakintheDOSconsistsofthe
dz2-orbitalwhichisorientedintheout-of-planedirectionandthusonlyplaysaminorrole
forthein-planedirectedexchangeinteraction.Consequently,fortheexchangeinteractions
studiedhereonlythefirstpeakisimportantandthecontributionfromboththedouble
exchangeandthesuperexchangemechanismsisgettingsmallerwithincreasingFermilevel.
Inthesignchangeoftheexchangeinteractions,highlightedintheinsetofFig.7.13(a),we
stillseeamonotonicdecreaseinthepositionofthezero-crossingwithincreasingFermilevel
asinthecaseofMnandFe.However,alsotheamplitudeoftheRKKYinteractionisreduced
duetotheorbitalcharacterofthed-electronsintheimpurity,sincethespinpolarizationof
thein-planeorientedorbitalsplayamajorroleintheexchangeinteractionwithintheplane
offcchollowsiteabsorptionpositionsoftheimpuritiesandsincetheimpurityspinmoments
dropswithincreasingEF[Fig.7.14(d)].
Intotal,theinteractionstrengthofCoimpuritiesinthewholerangebetweenshort-and
long-rangelimits–thataregovernedbydifferentexchangemechanisms–showsadecrease
inthecouplingstrength.Theresulting∆E-curveatEF=E

0
F+425meVinx-directionis

veryflat.ThisistrueforallcrystallographicdirectionsascanbeseeninFigure7.13(c)
whereforFermilevelsof+100meVand+425meVthefullmapsofexchangecoupling
interactionsisshown.Formoderatedoping,resultinginaFermilevelshiftof+100meV,the
antiferromagneticallycoupled(blue)positionsliewellwithinthecircleofRcthatdependson
theexternalfieldappliedintheexperiment.TheratiooftheAFMtoFMinteractionmoves
infavoroftheAFMinteractionwithanincreasingpositionoftheFermienergyandgives
anadditionalexplanationforthestrongdecreaseseeninthemeasuredaveragemagnetic
momentspresentedinFig.7.5(d).
Thedependenceofthespin-andorbitalmomentsonthepositionoftheFermienergy
showninFigure7.13(d)strengthenthistrend.Thespinmomentisfoundtodecreaseby
morethan40%withincreasingdopingwhichisanotherreasonforthedecreasingaverage
spinmomentinexperiment.Theorbitalmomentalsohasadrasticdecreaseby75%with
varyingthepositionoftheFermilevelinarangeof−20meVand+425meVwhichgoesin
linewithexperimentalobservationsoftheaverageorbitalmomentsinCowithincreasing
coverage.
ThecalculatedtrendsthatoccurwhenincreasingdopingofCoinsurface-dopedBi2Te3help
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Figure7.13.:DopingdependenceoftheCo-Coexchangeinteraction.Panelsasdescribedin
Fig.7.10. WithincreasingFermilevelshiftthepeakathigherenergiesarising
fromcrystalfieldsplittingbecomesresonant,i.e.liesattheFermilevel.This
leadstoadecreaseintheoverallexchangecouplingstrengthasseenin(a)and
(c)becauseoftheorbitalcharacterdiscussedinFig.7.14.
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Figure7.14.:DensityofstatesoftheCoimpuritywithshiftedFermilevelby-40meVand
+425meVwithrespecttotheoriginalFermienergy.ThecorrespondingFermi
energyisshownwithaverticallineintherespectivecolor.Shownisonlythe
minorityspinchannelandadecompositionintothedifferentorbitalsofthe
d-levelisshown.Thecrystalfieldsplittingresultingfromthecrystalsymmetries
givesadegeneracyofdx2−y2anddxyorbitalsaswellasthedxzanddyzorbitals.
AthigherFermienergythepositionoftheFermilevelmovesintothepeak
formedbythedz2orbitalofCothatissplitoffduetocrystalfieldsplitting.

ustounderstandthetrendsintheXMCDexperiment. Wecanclaimthatwedounderstand
themechanismsthathappenwhenastrongtopologicalinsulatorismagneticallydopedat
thesurface.Thisnewlygainedknowledgeallowsustohavemorecontroloverthemagnetic
propertiesinthisfascinatingclassofmaterials.

7.3.6. Thehighconcentrationlimit:nearest-neighbordimerand

trimer

Sofarwehaveassumedthattheimpuritiesinteractmagneticallybutdonotchangethe
localelectronicstructureofeachother.Thisallowedustodo“one-shot”calculationsusing
themagneticforcetheoremwheretheself-consistentlycalculatedimpuritypotentialofthe
singleimpuritycasewasreused. Thiswasmotivatedwiththeefficientscreeningbythe
surfacestateelectronsthatwefindforadatomsinthefcchollowsiteonBi2Te3.However,
foratomsoccupyingnearest-neighborpositionsthisapproximationbreaksdown.Therefore
westudieddimersandtrimersofatomsthatstilloccupythefcc-hollowsitepositionbut
thatonlyhaveadistanceofasinglelatticeconstant.Thecalculationofthegroundstate
electronicandmagneticstructureforthesesmallclusterswasdonefullyself-consistently.In
Figure7.15(a-c)thetotal(i.e.sumofminorityandmajorityspinchannel)densityofstates
forMn,FeandCoisshownwithasolidredlineforthesingleimpuritycase,withasolidand
adashedgreenlineforthetwoatomsofthedimerandwithasolidblue,dashedlighterblue
anddottedskybluelineforthethreeatomsofthetrimer.Thecorrespondingalignmentsof
thespinsisshownin(d)forthedimersandin(e)forthetrimersofMn,FeandCo.

Thedensityofstatescurvesin(a-c)showthatthebasicshapeoftheresonancesiskept
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Figure7.15.:Totaldensityofstates(a-c)andexchangeinteractionsindimers(d)andtrimers
(e)onnearest-neighborpositions.Thepositionsoftheatoms(showingonly
thetransitionmetalatomsandnotthesurroundinghostatoms)isindicated
byballsin(d,e)whicharecoloredaccordingtothestrengthoftheexchange
interactionJij.Thearrowsshowthedirectionoftherelaxedspinmoments
withthesizeofthemomentsgiveninawhite-to-blackcolorscale.Thecones
givesizeanddirectionoftheDzyaloshinskii-MoriyainteractionDijcoloredina
purple-white-green.Thedirectionofthespins(whitegreyandblackarrows)
inthesmallclustersarearesultofJij,Dijandanisotropyenergy.Thetotal
densityofstates(a-c)ofthetransitionmetalatomsgivenforsingleimpurity,
dimerandtrimerinforMn,FeandCorevealthattheself-consistentcalculation
onlyintroducesmallshiftsofthepositionofthepeaksascomparedtothe
singleimpuritycase.

161
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alsofordimersandtrimersbutthecurvesshiftdownwardinenergyand/orarebroadened.For
Mn(a),theantiferromagneticalignmentofthemomentsreducesthehybridizationbetween
d-orbitalsofthesamespinatneighboringimpurities,thusnosignificantbroadeningappears.
SharpfeaturesastheyappearintheFeandCo(b,c)DOSarebeingwashedoutintobroader
peaksduetohybridizationwiththeneighboringatoms.Thesetrendswillgenerallyleadto
areductionoftheexchangeinteractionswithincreasingimpurity-clusterasithappensfor
exampleintransitionmetalclustersonCu[239].
Incontrasttothepairsofsingleatomsthatwerestudiedforlargerdistances,wecomputed
thefullexchangecouplingtensorJ¸̧ij forallpairsofatomswithinthedimersandtrimers.
WeusedtheLiechtensteinformula[248,249]asextendedbyEbertandMankovsky[256]
whichitisimplementedintheKKRimpcode[61].Theexchangetensorcanbeextracted
withtheenergyintegral[256,257]

J¸̧ij =−
1

ı
Im

EFZ

−∞

dETr
h
∆V¸

i
G
ij
∆V¸

j
G
ji

i
(7.10)

where∆V¸
i
isthechangeinthepotentialduetoaninfinitesimalrotationofthemagnetic

momentiindirectioņ ∈x;y;zandG
ij
istheGreenfunctionthatdescribesthepropagation

betweensitesiandj. Notethat∆VandGarematricesinorbitalandspindegreesof
freedom.ThereferencestatefortheJ-matrixcalculationwaschosentobethecollinear
configurationandnotthecantedalignmentofthespinsshownshowninFig.7.15(d,e).The
canteddirectionsofthespinswerehowevertheresultsofanotherself-consistencycalculation,
wherethedirectionofthemomentswereallowedtorelaxed.Thenon-collinearalignmentof
thespinscanratherbeseenastheresultofthedifferentcompetinginteractions.19

ThisgivesusontheonehandtheexchangecouplingconstantJijthatwediscussed
previouslybutalsoallowsustocomputetheDzyaloshinskii-MoriyavectorDijaswell.The
correspondingHamiltoniancontainingthesetwointeractionsplusthesingle-ionanisotropy
readsas

Ĥ=−
1

2

X

ij

Jiĵei·̂ej−
X

i;j

Dij·̂ei×êj−
X

i

Ki(̂ei;z)
2 (7.11)

wherethedirectionofthespinsisgivenbyêiandtheuniaxialanisotropyKdeterminesif
theeasyaxisisout-of-plane(K<0)orin-plane(K>0)withrespecttothesurfaceis
favoredwiththesurfacenormalpointinginthez-direction.Thisequationmakesitclear
thattheDzyaloshinskii-Moriyainteraction(DMI)favorsatiltingofthespinwithacertain
chirality,dependingonthedirectionofDij,whereastheexchangecouplingfavorsparallel
orantiparallelalignment.Thecompetitionoftheseinteractionsisthedrivingforcebehind
interestingphenomenasuchasspin-spiralsorSkyrmionsinmagneticsystemswithspin-orbit
coupling[258–262]. Weshouldpointoutthatastrongout-of-planeanisotropy,asfound
fortransitionmetaldopedBi2Te3,willreducethetiltingofthemomentsintroducedbythe
Dzyaloshinskii-Moriyainteractionasthespinsareforcedtopointperpendiculartothesurface.
TheJij-constantsthendeterminesiftwomomentswillbealignedinparallelorantiparallel
configuration.

19Notehoweverthatintheself-consistentcalculationeveninteractionsthatmightnotbeincludeinthe
modeldescription[cf.Eq.(7.11)]thatweusedinourinterpretation.Thiscouldincludebi-quadraticor
4-spininteractiontermsinadditiontothehereconsideredsingle-ionanisotropy,exchangeinteractionand
Dzyaloshinskii-Moriyainteraction.
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7.3. MicroscopicoriginoftheexchangemechanisminBi2Te3andcomparisontoexperiment

Inthefollowingtheexchangeinteractioninsmallclusters,namelydimersandtrimers,will
beanalyzedandtherelationtothedilutelimitstudiedintheprevioussectionsandtothe
experimentalfindingswillbeinvestigated.

ExchangeandDzyaloshinskii-Moriyainteractioninnearest-neighbordimersof
Mn,FeandCoinsurface-dopedBi2Te3

WecontinuebylookingatthedimerspresentedinFig.7.15(d). Weshowonlythetransition
metalatomsandexcludetheneighboringatomsastheinducedmagnetizationistwoorders
ofmagnitudesmallerthanontheimpurityitselfandcanthereforebeneglected.Thespin
moments,relaxedself-consistentlyinamplitudeanddirection,aregivenbythearrowswhere
thesizeofthespinmomentsisrepresentedwiththecolorinawhite-to-blackcolorscale. We
seethatthemomentsintheMn-dimeralignantiferromagneticallywhereasthemomentsin
Fe-andCo-dimerspointinthesamedirection.TheCodimerisorientedin-planeduetothe
easy-planeanisotropyofthesingleatoms.Thedirectionsofthespinswithinthedimersare
aresultofthecompetingexchange,Dzyaloshinskii-Moriyaanduniaxialanisotropyenergies.
Thecorrespondingvaluesofexchangecouplingconstantsaregiveninthecolor(red-to-blue)
oftheballsshowingthepositionoftheatoms.ThedirectionandstrengthoftheDij-vector
isgivenbytheconesinaviolet-to-greencolorscale.Togetabetterunderstandingthe
numbersforJijandDij,averagedoverthetwopositionsofthedimer,aregiveninTable7.2.

Table7.2.:AveragestrengthofexchangeandDzyaloshinskii-Moriyainteractionsinnearest-
neighbordimersandtrimersofMn,FeandCo.

Mn-dimer Mn-trimer Fe-dimer Fe-trimer Co-dimer Co-trimer

Jij(meV) -26.00 -22.26 10.31 5.19 9.53 8.59
Dij(meV) 2.23 1.99 3.24 3.22 1.12 0.82

ObviouslythetiltingintheFe-dimerismorepronouncedascomparedtotheMndimer
whichisaresultoftherelativelylargeD=J-ratio20givingavalueof0.31forFebutonly0.09
forMn.Lietal.[227]studiedFeonBi2Se3andalsofoundalargeD=J-ratioof0.3thatled
tocantedmomentsastheconsequenceofthedifferenttermsappearinginEq.(7.11)where
alsotheimportanceofthelargeout-ofplaneanisotropyof5:8meVforthefinalnon-collinear
spin-structureinthedimerwasstressed.IntheCo-dimerbothmomentsaretiltingslightly
inz-direction.Thiscannotbeunderstoodfromthein-planeanisotropyoftheCoatoms
andthesmallD=J-ratioof0.12.Howeverthistrendfitstheobservationsmadeforsingle
CoatomsdepositedonBi2Se3[230]whereexperimentallyanin-planeanisotropyatlow
coveragesthatchangestoanout-of-planeanisotropyathighercoverageswasobserved.
DFTcalculationsrevealedthatCofavorsanin-planedirectioninthefcchollowsitebutan
out-of-planedirectionofthemagnetizationinthehcphollowsite[230].
Overallwecansaythatfordimersthetrendsseenintheshort-rangeinteractionsofthe
dilutelimitstillholdatnearestneighborpositions.Theexchangecouplingtogetherwiththe
anisotropyplaythemajorroleinthealignmentofthespins.

20Neglectinguniaxialanisotropies,theD=J-ratioleadstoanopeningangle„betweenthetwospinsvia
tan„=D=J.
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Nearest-neighbortrimersof Mn,FeandCoinsurface-dopedBi2Te3

InFigure7.15(e)thenearest-neighborMn,FeandCotrimersareshown.Asinthecaseof
Mn-dimers,intheMn-trimerstheexchangecouplingbetweentheatomsisantiferromagnetic
butthestrengthdecreasesslightly.ThiscanbeattributedtothesmallshiftseenintheDOS
andincombinationtothemechanismoftheexchange,whichwasinvestigatedinthedilute
limitbyshiftingtheFermilevel.Forthreeatomstheantiferromagneticcouplingcannotbe
compensatedandfrustrationhappens.Thisresultsinastrongtiltingoutofthez-directionof
twomomentsthatcompensatethethirdmomentwhichpointsalmostentirelyin−z-direction.
Thisexplainswhy–incontrasttoFeandCotrimersthatalignferromagneticallyandare
symmetric–thedensityofstatesofthethreeatomsshowninblue(a)isnotcompletely
degenerate.Thenon-collinearalignmentofthespinsintheMn-trimerisalmostentirelydue
tofrustrationandnotbecauseoftheDzyaloshinskii-MoriyainteractionastheD=J-ratiois
only0.09–asinthecaseoftheMn-dimer.

Thesizeofthecluster(threeascomparedtotwoatomsdiscussedabove)alsoplays
animportantroleintheexchangeinteractionstrengthintheFe-trimer.Itdecreasesfrom
10.3meVinthedimerto5.2meVinthetrimer(cf. Tab.7.2). Theinteractionisstill
ferromagneticbutundergoesastrongdecreasethatcanbeexplainedwiththeoverall
broadeningofthedensityofstatespeaksthatleadtoasignificantlysmallerdensityofstates
attheFermilevel. Thisdirectlyinfluencestheexchangemechanismandfinallyreduces
thecouplingstrength.TheDzyaloshinskii-Moriyainteractionontheotherhandisalmost
constantwhichfinallyleadstoanevenlargerD=J-ratioof0.62.Thisexplainsthelarge
tiltingangleseeninFig.7.15(e,middle).

InthecaseofCo-trimersweseethatthetrendtowardsout-of-planeorientationthatwas
seeninthedimercontinuesandfinallyleadstoanout-of-planealignmentofthethreespins.
Thestrengthoftheferromagneticexchangeinteractiononlydecreasesslightlywhichisinline
withthesmallchangethatcanbeseeninthedensityofstateswhengoingfromthedimerto
thetrimer.ThethreemomentsalignalmostperfectlyinparallelsincetheD=J-ratioeven
dropsbelow0.1.

Ontheinfluenceofnearest-neighborclusters-comparisontoexperiment

Finallywewanttocommentontheimplicationstheresultsfordimersandtrimershave
ontheinterpretationofthedataobtainedfromtheXMCDmeasurementsandonthe
comparisonwehavedonesofar.Theresultsfornearest-neighborclusterssuggestthatthe
basicmechanismsthatdeterminethecompetitionbetweensuper-anddoubleexchangewill
notchangesignificantly.Actuallyclustersofgrowingsizewillbelessimportantsincethe
interactionsbetweenatomsthatareveryclosebyastronghybridizationofthewavefunctions
comeshand-in-handwhichcausesareductionoftheinteractionstrength. However,the
nearestneighborinteractionsarestillstrongerinclustersasformoredistantneighbors.
InpickingonlytheintensityofthemainfeatureoftheXMCDsignaltogettheeffective
magnetizationtheclustersareindeedeffectivelyexcludedsincetheXMCDspectrawillchange
duetothechangesintheDOS.Thereforeintheeffectivemagnetizationmeasurementsin
factthedilutelimit–whichwasthefocusofourstudy–canbetested.

Thechangesinthedistancedependentexchangecouplingstrengththatoccurduetoa
shiftoftheFermilevelalreadycapturethephysicsbehindachangeinthecouplingstrength
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andthecomplicatedinterplaybetweendifferentmechanisms.Theapproximationintreating
theexchangecouplingaloneandneglectingcontributionsfromtheDzyaloshinskii-Moriya
interactionisjustified.ThereasonforthisisthatonlyforFetheDMIcanhaveasignificant
impact,whichwasnotstudiedexperimentally.InsuchcaseswheretheD=J-ratiogets
aslargeas0.3orhigheralong-rangeinfluenceoftheDMIhasbeenfound. Thisisfor
examplethecaseinFeonPt111wheretheratiobetweenDandJdoesnotsystematically
favoroneovertheotheratlargerdistancesbutacomplexnon-collinearstructurearises
[263].IntheLiechtensteinformula[Eq.(7.10)]itcanbeseenthattheexchangeaswellas
Dzyaloshinskii-Moriyainteractiondecayviathedecayingpropagationbetweentheimpurities
thatentersthroughtheGreenfunctions.21ItisthereforeclearthattheDMIwillshowa
similardecaywiththedistanceastheexchange.IncontrasttotheFe/Pt111case[263],
theout-of-planeanisotropyismuchstrongerforthissystem.Thisexplainswhy–atleast
inthedilutelimit–theDMIcanbeneglectedsincethemagnetocrystallineanisotropywill
notdependonthedistancebutonlyonthepositionoftheatomslocally.Thecontribution
fortheanisotropywillnotdecaywithdistancebuttheDMIdoes.Hence,atiltingofthe
magneticmomentswillbelessandlessfavoredoveracollinearorientationandonlythe
exchangeinteractionalonewillplayarole.

7.4. Conclusionsandoutlook

Inthischapterwehavestudiedtheexchangemechanismsforsurface-dopedBi2Te3.Different
transitionmetalimpurities–namelyMn,FeandCo–havebeenconsideredandacareful
comparisontomeasurementsbytheTriestegroupwascarriedout.IncombinationofXMCD
measurementsanddensityfunctionalcalculationswesuccessfullyunderstoodthemechanisms
thatgoverntheexchangeinteractionsinthisinterestingclassofmaterials.
Wefoundthatthenatureoftheexchangeinteractioncanbedecomposedintoashort-range
andalong-rangepart.Theshort-rangeinteractionsaredeterminedbyacomplexcompetition
betweencontributionsofdifferentorigin;(i)thesuperexchangemechanismthatfavors
antiferromagnetismcomingfromlevelrepulsionbetweenoccupiedandunoccupiedstates
and(ii)thedoubleexchangemechanismthatfavorsferromagnetismduetohybridization
inducedbroadeningofimpurityresonances.ForMn,FeandCoimpuritiesonBi2Te3these
mechanismsweredistinguishedandtheresultingshort-rangeexchangeinteractioncouldbe
explained.
Additionally,wefoundthattheelectronsofthetopologicalsurfacestateinBi2Te3play
acrucialrolefortheexchangemechanisminthedilutelimit.Thesurfacestateelectrons
canmediatethelong-rangeRKKYinteraction.Theimportanceoftheimpurity’sscattering
propertiesandthecompetitionbetweenshort-andlong-rangemechanismswasdiscussed.
Thescatteringphaseshift,thatdependscruciallyontheimpurity,isacentralingredientthat
–toourknowledge–hasnotbeenstudiedsofarinthediscussionofpossiblelong-range
RKKYinteractionsontopologicalinsulators.Takingtheimpurityphaseshiftsintoaccount
evenmodifiesthecasewheretheFermienergyapproachestheDiracpoint.Incontrastto
whatwasstatedearlier[182]theRKKYinteractiondoesnotalwayshavetobeferromagnetic

21Inthestationaryphaseapproximation[154]theGreenfunctionsG(R;0)decayin2Dwith1=
√
Rforlarge

distancesRfromtheimpurity(whichleadstotheknown1=RbehaviorviaG(R;0)TG(0;R))ascanfor
examplebeseeninEq.(7.8).
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7.ExchangeinteractionsonmagneticallydopedtopologicalInsulators

becauseofJRKKY(kF→ 0)∝ lim
kF→0

cos(2kFR+‹)
R2

∝cos‹.Thusfor‹=ı
2
antiferromagnetic

orderwouldbeexpectedatalldistances.
Theinfluenceofsurfacestateelectronscanbeverycrucialinachievingferromagnetic
orderinmagneticallydopedtopologicalinsulators.Hereweshowthatforsurfacedoped
samplesalreadyinconcentrationsoflessthan0.5%,withthelong-rangemagneticinteractions
mediatedbythesurfacestateelectrons,signaturesofferromagnetismcanbeobservedin
XMCDexperiments.
Furthermore,westudiedtheFermileveldependenceontheexchangemechanismsin
surface-dopedBi2Te3. WeshowedthatthepositionoftheFermienergycansystematically
changelong-andshort-rangeinteractionswhichopensupnewpossibilitiestotailorthe
exchangeinteractionsinmagneticallydopedtopologicalinsulators.Especiallyinthecase
ofFedopedBi2Te3awaytopossiblelong-rangeferromagneticorderopensupwhichcould
givebettercontroloverthemagneticpropertiesthatareessentialtorealizethequantum
anomalousHalleffect.
Moreover,thestrongdopinglimitwasstudiedbyconsideringsmallclusters–dimersand
trimers–oftransitionmetalatomsandthechangesintheexchangeinteractionsaswellas
theDzyaloshinskii-Moriyainteractionatveryshortdistanceswasinvestigated.Duetothe
largeratioofDMItoexchange,Feisacandidatetorealizepossiblenon-collinearstatessuch
asSkyrmionsonthesurfaceoftopologicalinsulators,inthehighconcentrationlimit.
Thestrongspatialanisotropyoftheexchangeinteractionsthatcomesalongwiththe
focusingeffectinBi2Te3mightopenawaytoengineernovelmagneticstoragedevices.For
afurtherstudy,experimentsthatcanmeasurethespatialanisotropy(forexampleusing
theatomicresolutionofscanningtunnelingmicroscopy)wouldbeofinterest.Recentlythis
techniquewasusedtostudyexchangeinteractions[179,264]andevenDzyaloshinskii-Moriya
interactionsontheatomicscale[263]whichcouldopenupnewperspectivesonthefieldof
magnetismincombinationwithtopologicalmatter.
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II Weylsemimetalphasediagram

Inthischapterthestudyoftopologicallyprotectedelectrons,thatwaspresentedin
thepreviouschaptersofthisthesisforthesurfacestateintopologicalinsulators,is
broadenedfromgappedtometallicsystems.Inparticularwestudythenewclass
oftype-II Weylsemimetals,wheretheresultsofacollaborativeexperimentaland
theoreticalwork,whichwasrecentlysubmittedforpublication[265],arereviewed.
Inourwork,weidentifythat,ininversionsymmetrybrokentransitionmetaldichalco-
genites(TMDCs),atopologicalphasetransitioncanbeobservedingoingfromWTe2,
whichisfoundtobetopologicallytrivial,toMoTe2,thatisfoundtobeinastable,
topologicallynontrivialWeylphase.Ourdetailedanalysisreveals,that–acrossthe
topologicalphasetransition–universalsignatures,inparticularwithoutaclearon-off
behaviorinphysicalobservables,isfound.Thisincludestheexistenceofspin-polarized,
arc-likefeaturesinthesurfaceelectronicstructure–whichmightbemisinterpretedas
topologicalFermiarcs–andimpurityresonances,thatappearclosetotheposition
whereWeylpointsemerge.Theseresonanceswerefoundtobeduetointrinsicanti-site
defects.Theirexistencemaystronglyaffecttheinterestingtransportpropertiesinthis
familyofmaterials,inparticularsincetheintrinsicdefectscanbeexpectedotoccur
frequentlyinTMDCs.Ourworkisthereforeofimmenseimportanceforthefuture
researchinthisnewfieldoftopologicalmatter.
Theanalysisofscatteringfeatures,measuredbyquasiparticleinterference,revealsthat
thetopologicalFermiarcsinMoTe2arecharacterizedbystronglysuppressedinter-arc
scattering.Thiscanbetracedbacktotheoppositespin-textureinarcsonopposite
sidesoftheBrillouinzone.
Inthischapterwewillfirstintroducethetopicoftype-II Weylsemimetalsinthe
MoxW1−xTe2familyofTMDCsandthenpresentourdetailedcharacterizationof
WTe2andMoTe2.OurdensityfunctionalbasedcalculationsarecomparedtoARPES
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measurementsshowingtheFermisurfaceinthesematerials.Thenscatteringsignatures
intermsofquasiparticleinterferencemeasurementsbySTMandoursimulationsare
compared.Finally,theexistenceofimpurityresonancesandtheirimportancefor
transportpropertiesisdiscussedinthelastpartofthischapter.

8.1.Introduction

Sofar,theworkpresentedinthisthesisdealtwithtopologicalinsulatorsandinparticular
withtheirsurfacestate’sproperties.Here,thediscussionisextendedtotopologicalmetals
bystudyingthescatteringpropertiesinthe(possibly)topologicallynontrivialtype-IIWeyl
semimetalcandidatesWTe2andMoTe2.Afterthediscoveryoftopologicalinsulators[266,
267],concentratedresearchinterestwasdrivenbytheexcitingnewphysicsthatcomes
alongwiththetopologicalpropertiesintheelectronicbandstructuresofsolids.Recently,
ourunderstandingoftopologicallynon-trivialbandstructureswasenlargedfromgapped
systemsoftopologicalinsulators(TIs)totheungappedfamilyofWeylsemimetals(WSMs)
[268,269].1IncontrasttoTIs,notonlythesurfacebutalsothebulkhoststopologically
nontrivialquasiparticles.ThesearerelatedtothesocalledWeylpoints,whichareband
touchingsinthethreedimensionalbulkbandstructure,thatgenerallyoccuratgeneric2

k-pointsintheBrillouinzoneandareprotectedbytopology,i.etheycannotvanishby
smallperturbations.OneofthemoststrikingfeaturesofWeylsemimetalsis,thatthewell
knownbulk-boundarycorrespondencedictatestheexistenceoftopologicallyprotectedsurface
states.Thesenon-trivialsurfacestatesformunusual,openbutfinitecontoursoftheconstant
energycontour,connectingtheprojectionsofthebulkWeylpointsonthesurface[274,275].
AnumberofinterestingtransportphenomenaareassociatedtoWeylsemimetals,which
includetheveryhighmobility,extremelylargemagnetoresistance[276],andevenmoreexotic
phenomenasuchasthechiralanomaly[277]orthepossibilitytotunnelbetweenopposite
surfacesthroughthebulkbygoingacrosstheWeylpoints[278].Therobustness,thatis
expectedfromthetopologicallyprotectednatureoftheWeylpoints,isastrongdrivingforce
behindthecurrentlyskyrocketingresearchinterestinthisfield.

ThefirstobservationofWeylsemimetalswasreportedintheTaAsmonopnictidefamiliy,
knownastype-IWeylsemimetals[268,269,279–282].Lateronthesocalledtype-IIclass
of Weylsemimetalswasdiscovered,whereLorentz-invarianceisbroken. Thisleadsto
stronglytiltedWeylconesattheboundaryofbulkelectronandholepockets[283].Recently
theMoxW1−xTe2familywasfoundtobeapromisingcandidatetorealizethisnewclassof
topologicalmetal[283–286].Thesematerialsevenallowtocontinuouslytunetheirtopological
propertiesbychangingthechemicalcomposition[286].ThephasediagramofMoxW1−xTe2
isthereforeaperfectplaygroundforstudyingtheelectronicpropertiesandfundamental
propertiesinthefascinatingclassoftype-IIWeylmaterials.

1WeylsemimetalsarehowevernotthesoleexampleoftopologicallynontrivialmetalsandDirac(e.g.in
Na3Bi[270,271])aswellasnodallinesemimetals(e.g.inCu3PdN[272,273])haveattractedconsiderable
researchinterestintherecentpast.However,inthisthesiswerestrictthediscussiontotheclassesof
topologicalinsulatorsandWeylsemimetals.

2GenerallynothighsymmetrypointsintheBrillouinzoneprotectedbycrystalsymmetries.
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Ourcombinedexperimental(STMmeasurementsbytheWürzburggroup,ARPESmeasure-
mentsbytheLausannegroup[A.P.Weber,J.H.Diletal.])andtheoreticalstudygoesbeyond
themereidentificationofpossibleWeylmaterialsbutaimsatadetailedcharacterizationof
theirfunctional3response,whichiscertainlyaprerequisiteforpossiblefutureapplications
basedonthetopologicalnatureofWeylsemimetals. Weexploretheextremecasesofthe
MoxW1−xTe2phasediagram,i.e. WTe2andMoTe2,anddemonstratetheexistenceofa
universalresponsetoperturbations.Inparticular,weshowthatimpurity-inducedscattering
propertiescanbefoundinthetopologicallynon-trivialMoTe2butalsoforWTe2,which
wefindtobetopologicallytrivial.Fermiarcscatteringisanalyzedindetailandwefind
additionallyimpurityinducedresonances,thatappearclosetotheenergywhereWeylpoint
areexpectedtoemerge.ThiscanlifttheWeylpointslocally,whichhascertainlysevere
implicationsforthetransportpropertiesintopologicalmetals.

Inthefollowing,firsttheMoxW1−xTe2familyofmaterialsisintroduced,theirtopological
propertiesareanalyzedandacomparisonofourcalculatedDFT-bandstructureswithangle-
resolvedphoto-emission4experiments(ARPES)ispresented.Then,scatteringsignatures
thatwerecomputedforintrinsicdefects,whichcanbeexperimentallyaccessedviaQPImea-
surementsusingtheSTMonthepristinematerial,willbediscussed.Finally,thepossibility
ofimpurityresonances,whichmightevenlifttheWeylnode,isdemonstrated.Thereader,
whomightnotbefamiliarwithWeylsemimetals,canfindashortintroductiontothetopic
inthesidenodebelow. WewouldliketostressthatallexperimentalSTMmeasurements
andtheARPESmeasurementsofFermisurfaces,shownanddiscussedinthischapterin
comparisontoourfirst-principlescalculations,arecomingfromtheWürzburg(STM)and
Lausanne(ARPES)groups,respectively.

Weylsemimetals

Aftertheintensestudyofelectronicstructuretopologyingappedsystems(i.e.in
topologicalinsulators),recentlyalsotopologyinungappedsystemsbecameafocus
ofmoderncondensedmatterresearch,whicheventuallyledtothediscoveryofWeyl
semimetals(WSM)incondensedmattersystems.aInthissidenotethebasicsofWeyl
physicsinsolidstateresearchbarereviewedbasedonthediscussionbyMurakamiin
[105].
InWeylsemimetals,topologicallyprotectedcrossingsinthebulkbandstructureoccur
atgenericpointsintheBrillouinzone.Theseso-calledWeylpoints (WPs)always
occurinpairs.Oneconditionfortheirappearanceisthateitherinversionsymmetry
ortime-reversalsymmetryhastobebroken.cTheWeylpointsareprotectedbythe
topologyofthebandstructureandcannotbeannihilatedbysmallperturbations,which
wouldonlyresultinshiftingtheWeylpointsink-space.TheWPsarecharacterizedby
thetopologicalchargeofchiralityofBerrycurvature,or“Chernnumber”.Theyform

3Weunderstandthetermfunctionalinamathematicalsenseandstudytheresponseofthesystemtosome
externalstimulus,inthiscasenaturallyoccurringdefects.

4InARPESelectronsfromtheoccupiedstatesinasampleareexcitedbyirradiatingwithLaserpulsesor
synchrotronirradiation.Typicallyhemisphericalanalyzersareusedwhichgivesagoodenergyandk
resolutionandthefull(occupied)quasiparticlebandstructureinsolidscanbereconstructed.Amuch
deepergoingintroductioncanbefoundforexamplein[287].
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eithersourcesordrainsofBerrycurvature,dependingontheChernnumber[105].A
pairofWPscanonlyvanish,ifpairsofoppositechiralitymeet.
Inanalogytothetopologicallyprotectedsurfacestateintopologicalinsulators,the
bulk-boundarycorrespondenceleadstotopologicallyprotectedsurfacestatesonthe
surfaceofWeylsemimetalsaswell.IncontrasttotheclosedloopsoftypicalFermi
surfaces,thetopologicallyprotectedsurfacestatesareopencontours,socalledFermi
arcs,thatconnecttheprojectionsofthebulkWeylpointsofoppositechiralityonthe
surface.AskonaFermiarcapproachestheprojectionsoftheWPonthesurface,
thecorrespondingsurfacestatebecomesdelocalizedandturnsintoabulkstateasa
singularbulkbandstructurepoint(theWeylpoint),whichresultsintheopencontour
shapeseenonthesurface.TheexistenceofFermiarcsistopologicallyprotectedand
theycanonlyvanishifthecorrespondingpairofWeylpointsisannihilatedbybringing
themtogetherink-space.
Amongthefirstmaterials,where–ininversionsymmetrybrokensystems–Weylpoints
andFermiarcswerefound,wastheTaAs-classofmaterials,where–attheWeylpoint
energy–theconstant-energysurfacebecomespointlike.Thesematerialsareknownas
type-IWeylsemimetals.Additionally,inLorentz-invariancebrokensystems,dsocalled
type-IIWeylsemimetalsarepossible[283].Intype-IIWSMstheWeylpointsoccurat
thecontactbetweenelectronandholepockets.ThecorrespondingFermiarcstherefore
alwayscoexistwith(trivial)electronand/orholepocketsontheconstant-energy
contours.Thematerialsstudiedinthischapter,MoTe2andWTe2,arecandidatesfor
thisnewclassofWeyl-IItopologicalmaterials.

aActuallynotonlyWeylsemimetalsexistbutothertopologicalmetalssuchasDirac-ornodalline
(semi-)metalswerefound.TheinterestedreadercanfindanintroductiontotheseinRef.[105]
andinthereferencestherein.

bInhigh-energyphysicstheWeylHamiltonianwaslongknown.However,aphysicalrealizationof
thisfundamentalparticleintermsofquasiparticlesinsolidsisfareasiertoachieve.

cIfbothsymmetriesarepresentthe WeylpointscancollapsetoasinglepointformingaDirac
semimetal.

dThetype-IIWeylphysicshasnotbeenmetinhighenergyphysicsbecausethereLorentz-invariance
isnecessarilypreserved.Inthequasiparticlebandstructuresofsolids,thecorrespondingrestriction
ishowevernotthere.

8.2. MoxW1−xTe2:atype-II Weylsemimetal?

Thetransitionmetaldichalcogenites(TMDCs)oftheMoxW1−xTe2familyarecharacterized
byalayeredstructure,wherethetransitionmetal(TM)atoms(MoorW)areseparated
bybilayersofTe,thusformingstacksofTe-TM-Tetrilayers(TLs).TheTLsarebound
toeachotherviavanderWaalsforcesandthisweakbondformsanaturalcleavingplane,
whichiswhyexperimentallyalwaysaTe-terminatedsurfaceisfound.Attemperaturesbelow
≈250KMoTe2undergoesaphasetransitionfromthehigh-temperatureinversionsymmetric,
monoclinic1Tstructuretothelow-temperatureinversionsymmetrybreaking,octahedralTd
structure(spacegroupPmn21)[288–291].Thelow-temperaturecrystalstructureofMoTe2
isshowninFigure8.1a,whichisthesamecrystalstructureWTe2canbecrystallizedin[292].
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Theseinversionsymmetrybreakingmaterialscantherefore,atleastinprinciple,hostthe
unconventionalWeylphysics.AsshowninFig.8.1a,theTMDCtrilayersarebuckledsothat
theTe-atomsinasurfacelayeroccupytwoinequivalentpositions,whichwedenoteasTe1
andTe2.Thisstructureisalsoseenintheatom-resolvedSTMimageinb,wherethepristine
surfaceofWTe2isshownandthecolumnsofTe1andTe2positionsarevisible.

Recentdensityfunctionaltheorycalculationsindicatedthat,byincreasingtheMoconcen-
trationinMoxW1−xTe2whenstartingfromWTe2,thesystementersaprogressivelymore
stableWeylphasewithanincreasinglylargeseparationbetweentheWeylpoints[286].This
isschematicallyillustratedinFig.8.1c,wherethetransitionfrom–inthiscasetopologically
trivial5–WTe2overMoxW1−xTe2with8Weylpoints(WPs)intheBrillouinzonetoMoTe2
having4WPsisshown. Wewouldliketopointout,thatwefindMoTe2tohost4WPs,
inagreementwithRef.[285].However,someothercalculationsonMoTe2[293–295]find
MoTe2tohavecrossedtoaphasehosting8WPs.TheadditionalpairsofWeylpointsare
howeververycloseinreciprocalspaceandcouldbeannihilatedbysmalllatticedistortions,
e.g.inducedexperimentallyviastrainortemperature[294].Forthefollowingdiscussion,this
will,however,notplayanimportantroleaseveninthe8WPphaseofMoTe2byfarthe
largestpartoftheobservedarcisoftopologicalnontrivialnatureandthetrivialpartwillonly
haveavanishinglysmallspectralweight.

ThetopologicalphasethroughouttheMoxW1−xTe2phasediagram,whichisindicatedin
Fig.8.1c,isdiscussedinthefollowing. WithincreasingMoconcentrationtheelectronand
holebands(indicatedbygreenandorangecolorsinFig.8.1)comecloser(i.e.theorange
bandmovesupandthegreenbandmovesdown)andfinallytouchformingpairsofWeyl
points(blackandwhitepointslabeledWP1andWP2),which,duetothecrystalsymmetry
inthismaterials,happenssimultaneouslyinfourregionsoftheBrillouinzone.Thisleadsto
atotalnumberof8WPsinthefullBrillouinzone. WithincreasingMoconcentrationthe
orangeandgreenbandsmovefurtherintoeachothersothatWP2movesdowninenergyand
comescloserinktoits“mirror-symmetrycousin”fromtheleft.TheWPsofthispairhave
oppositechiralityduetomirrorsymmetry[105]inthelatticeandcanthereforeannihilateif
theytouch.ThesituationisshownontherightpartofFig.8.1c,where–afterannihilation
ofWP2–onlyWP1isleft,representingthecaseof4WPsinthefullBrillouinzone.

TheincreasinglylargerseparationbetweenpairsofWeylpoints,6ingoingfromtheleft
torightinFig.8.1cwithincreasingMoconcentration,makestheWeylphasesuccessively
morestable,sincesmallperturbationsinthecrystalwouldonlyleadtosmallchangesinthe
bandstructureandtheWPswouldonlymoveslightlyinreciprocalspace[286].Thelarger
WPseparationwouldalsohavesevereconsequencesforthetopologicallynontrivialFermi
arcsonthesurface,asindicatedind. Wehavetomention,thatthetype-IInatureofthis
material,withcoexistingelectronandholepocketsatsomeenergy,substantiallycomplicates
thestructureofsurfacestatesandbulkpocketsseenonthesurfaceofthesematerials,which
isschematicallyshowninFig.8.1d.Generally,surfacestatescanexist,whichformallydo
notformopenarcs,i.e.theyarenotunclosedcontoursasFermiarcsare.However,parts
ofthe(closed)contoursmayoverlapwithprojectedbulkbandsformingsurfaceresonances
(dashedlinesinFig.8.1d),whichhaveareducedsurfaceweight,ascomparedtotruesurface

5HereweindicateWTe2tobetopologicallytrivialhavingnoWeylpoints.Thisisincontrasttoearlier
studies(e.g.Ref.[283])andwillbeaddressedinthenextsectionindetail.

6WP1inthediscussionabove.
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Figure8.1.:aCrystalstructureofMoTe2andWTe2;bAtomicallyresolvedSTMtopography
oftheWTe2surface.TheexistenceoftwoinequivalentTesiteslabelledTe1
andTe2withTe1beingslightlyhigherthanTe2givesrisetothecolumn-like
charactervisibleintheSTMimage.cSchematicrepresentationofthetype-II
Weylphasediagram.Althoughbeingtopologicallytrivial, WTe2isfoundto
lieveryclosetothetopologicalphasetransition.Consequently,smalllattice
distortionscaneasilydriveWTe2intoaWeylphase.BystartingfromWTe2
andsubstitutingWwithMo,thesystementersintoaprogressivelymorestable
Weylphase. dEvolutionofthetopologicalFermiarcsasafunctionoftheMo
concentration.ByincreasingtheMoconcentration,topologicalFermiarcs(red
lines)becomeprogressivelylarger.ImageincludingcaptiontakenfromRef.[265].
STMexperiment(panelb)performedbytheWürzburggroup.
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states,whichextendintheprojectedbandgap.Aswewilldiscussindetailinthefollowing,
thissituationisfoundinWTe2,where–withouthavingWPs–(trivial)surfacestatesexist
whicheffectivelyappeartobeopen.Therefore,experimentallyansweringthequestionofthe
topologicalnatureofthecompundsinthisphasediagramprovestobeproblematic.The
discriminationbetweentopologicallynontrivialandtrivialsurfacestatesisverychallenging
duetothefactthat–incontrasttotype-IWeylsemimetals–theprojectionsoftheWPs
liewithintheprojectionsofseveralbulk-derivedstates[294–301].Also,theWeylpointsin
MoxW1−xTe2areexpectedtoappearatenergiesabovetheFermilevel[283–286],which
makesthemunaccessibletoconventionalphoto-emissiontechniques[294–301]. Whilea
generalconsensuswasreachedoverthetopologicalnatureoftheMoTe2arcs[294–296],the
situationinWTe2ishighlycontroversial[297–300].MoTe2isfoundinastableWeylphase,

7

butWTe2ontheotherhandappearstobeveryclosetoaphasetransitionwhereWPscan
appear[297].ThiswouldhowevermeanthattheWPs–iftheyexistatall–areinclose
proximityandcouldeasilybeannihilatedbysmalllatticedistortions,forexampleintroduced
bystrainoftemperature[297].Itisthereforeofspecialimportancetounderstandthetwo
extremecasesoftheMoxW1−xTe2phasediagramandstudythetwomaterialsMoTe2and
WTe2inordertogainimportantinsightsintothebehaviorofthetopologicallynontrivial
type-IIWeylsemimetalsacrossthetopologicalphasetransition.

Intheremainderofthischapter,wepresentastudyvisualizingthecompositionalinde-
pendenceoftheresponsetoperturbationsanddiscusstheresultintermsofWeylnodes
andFermiarcs.Incontrasttoearlierstudies[295],wecanclearlyresolvetheopen-contour
natureofthesurfacestates,discusstheirtopologicalnatureanddemonstratethattopological
Fermiarccontributionsarestronglysuppressedbytheirspintexture,whichprotectsthem
frombackscattering[295,302].Inlinewiththeoreticalpredictions[303,304],wefindinour
ab-initiocalculationsandtheWürzburgSTSmeasurementsnewquasiparticles,stemming
fromdefectresonances,thatariseclosetotheWeylpointenergyandliftthedensityof
statesminimumassociatedtoWeylnodes.Theinsightsgainedintothetopologicalnatureof
surfacestatesandresonancesinWTe2andMoTe2,togetherwiththeexistenceofimpurity
resonancesandthescatteringsignaturesofFermiarcs,isanimportantextensionofthe
propertiesoftopologicallyprotectedelectrons,thatweresofarmainlydiscussedwiththe
surfacestatesoftopologicalinsulators.

8.2.1. Computationaldetails

Inthissection,wereviewthecomputationaldetailsofourab-initiocalculationsandin
particularstressthedifferencesinourcalculations,showingno Weylphasein WTe2,as
comparedtoearlierstudies(e.g.Ref.[283]),whereWTe2waspredictedtobeinaWeyl
phase.

7Notethatthepossiblephasetransitionbetween4and8WPswillnotplayanimportantrole,sincein
thecaseof8WPsonlythe“tips”ofthesurfacestatearcswillbecutoffasindicatedinFig.8.1d.The
topologicallytrivialpartofthearcwillalsonotplayanimportantrolesinceitisveryshortandthusits
spectralweightcanbeassumedtobemuchsmallerthanthatofthetopologicallynontrivialpartofthe
arc.
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Bulkandthinfilmcalculations

Ourfirstprinciplescalculationsareperformedusingthefull-potentialrelativisticKorringa-
Kohn-RostokerGreenfunctionmethod(KKR)[60,62,63,144],wheretheexperimental
low-temperaturelatticeconstantsforMoTe2[288]andWTe2[305]havebeenused.The
localspindensityapproximation(LSDA)fortheexchangecorrelationfunctional[53]wasused
andthetruncationerrorduetothefiniteangularmomentumcutoffintheexpansionofthe
wavefunctionsof‘max=3wascorrectedbyusingLloyd’sformula[144].Thefull-potential
treatmentincludescorrectionsfortheexactshapeoftheatomiccells[56,57]andthe
convergenceofthecalculationwascheckedwithrespecttok-pointgridandenergycontour.
Thebandstructuresalonghighsymmetrylines(notshownexplicitly)andFermisurfacesare
ingoodagreementwithpreviouslypublisheddataonMoTe2(e.g.foundinRef.[285])and
WTe2(e.g.Ref.[283]).
EventhoughtheDFTcalculationsofthedispersionalonghighsymmetrylinesisingood
agreement,incontrasttothecalculationsinRef.[283]wedonotfindWeylpointsinWTe2.
Wesee,globallyintheBrillouinzone,adirectenergygapvaryinginenergybutofatleast
∼15meV,althoughanindirectgapdoesnotexist.8Itisknownthattheexactlocationof
thetransitiontothetype-IIWeylphasecanbetunedwiththelatticeconstant,spin-orbit
couplingstrength,ordopingbetweenMoTe2andWTe2inMoxW1−xTe2[286,294].Itis
thereforeeasytoforeseethatallthedetailsoftheapproximations,thatenterthedifferent
calculations,canplayanimportantroleintheaccuratedescriptionofthelocationofthephase
transition.Inmostoftheliterature[283–286,294,295,297,301,302,306],thecalculations
ofthetopologicalnatureofmaterialsarebasedonWannierfunctions,withtight-binding
parametersextractedfromonfirstprinciplescalculationsusingthepseudopotentialpackage
VASP.Inourcalculationsontheotherhandweusedtheall-electronKKRmethodand
computedthebandstructureinthefullBrillouinzonewithoutadetourviaWannierfunctions
andinterpolation.CalculationsbyIreneAguilera[307]withtheall-electronfull-potential
augmentedplanewave(FLAPW)methodasimplementedintheFLEURcode[308],andusing
thegeneralizedgradientapproximationGGA[309]fortheexchangecorrelationfunctional,
confirmtheabsenceofWeylpointsinWTe2. Wecanthereforeconcludethatthechoice
ofexchange-correlationfunctional(LSDAvs.GGA)onlyplaysaminorroleanddoesnot
significantlychangetheoutcomeofthecalculations.Thedifferences(WPsfoundornotin
WTe2)arethereforesuspectedtobeduetothedetailsintheWannierinterpolationordue
tosmalldifferencesintheall-electronvs.pseudopotentialdescription.
InFigure8.2thebulkFermisurfaceofMoTe2isshown,wherethecolorcodeindicatesthe
spin-polarization(sxina,b,syinc,dandszine,f)ofthestatesontheFermisurface. We
wouldliketopointoutthatnotouchingpointsofelectronandholepockets(largecentral
shapeandsmallerouterwedges,respectively)canbeseenintheFermisurface,becausethe
WeylpointsdonotlieattheFermilevel. Withincreasingenergy–i.e.comingclosertothe
Weylpointenergy–electronandholesheetscomeclosertogetherandfinallytouch,forming
4Weylpoints,asdiscussedlateroninFig.8.4b.Becauseinversionsymmetryisbrokeninthe
Tdcrystalstructure,alreadyinthebulkbandstructurethetwo-foldconjugationdegeneracy
isbrokenandeachFermisurfacesheetissinglydegenerate.TherightcolumnofFig.8.2
(panelsb,d,f)highlightsthisfactbyshowingacutoftheFermisurfacealongky=0,where
alsotheinnerpartsoftheFermisurfacecanbeseen.ThisshowsthateachFermisurface

8cf.Fig.8.4a,whichwillbediscussedinthenextsection.
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sheetissplitintwoandeachpocketalsocontainsasecond,innerpocketwithoppositespin
direction(highlightedbytheblackarrowsind).ThestrongSOCleadstoareductionof
thespinpolarizationtomagnitudeoftheorderof80%(inunitsof~=2)whichisfurther
significantlyreducedalonglinesofcrystal-symmetry-enforcedbandcrossings(e.g.along
kx=0).TheFermisurfaceofWTe2showsverysimilarbehaviorwherethemaindifferenceis
thesizeiftheinnerpocket(notshownexplicitly). Wecanthereforededucethatanysurface
state–beingoftopologicallynontrivialortrivialorigin–willbespin-polarizedandthatthe
mereobservationofspinpolarizedsurfacestates,thatduetooverlapwithbulkstatesonly
seemtobeopen,doesnotautomaticallymeanthattheobservedstateisaFermiarc,asfor
examplerecentlyconcludedforthearc-likefeatureseeninWTe2[306].
Thethinfilmcalculations,withwhichthesurfacesofWTe2andMoTe2weresimulated,

wereperformedforathicknessof8triplelayers(TL).Thebucklingofthestructureledto
atotalsizeoftheunitcellthatconsistsof74atomsincludingemptycells,computedfully
self-consistentlyincludingspinorbitcoupling.9Thelargethicknesswaschosentoensure
thatthetopandbottomsurfacesdecouple,10whichwascheckedbycomparingtheband
structureswithincreasingthicknessesbetween1TL(∼4Åthinfilm)and8TL(∼53Åthick
film)thicknesses.Theorientationofthefilm,whichwasusedinthecalculation,isshownin
Tab.8.1todefineuniquelytheinequivalent–duetolackinginversionsymmetry–“top”and
“bottom”surfaces.

Table8.1.:PositionsofthefirstlayerinMoTe2inunitsofthein-planelatticeconstant

(3:477Å)[288].InbetweentwoTMTe2layersliesalayerwithemptyspheres(ES)
thatisneededforconvergenceintheangularmomentumexpansion.The“top”
surfacelayeristhefirstline.Intotal,theunitcellconsistsof16layers(including
emptyspherestoaccountforthelargerseparationinthevanderWallsgap),that
containtwotriplelayers(columns2-4and6-8,respectively),wherethebuckling
leadstotheneedoftwopositionsperTeandTMlayer,respectively.Thebuckled
positionscanbeseeinFig.8.1a.ThecalculatedWTe2filmwasorientedinthe
samewaywithonlyslightchangesinthelatticeconstantandpositions[305].

x y z x y z
Te 0.50 -1.29 1.63 Te 0.50 0.54 1.61
Te 0.00 -0.39 1.45 Te 0.00 -0.37 1.43
TM 0.00 -1.10 1.06 TM 0.0 -1.08 1.04
TM 0.50 -1.77 1.00 TM 0.50 0.07 0.98
Te 0.50 -0.66 0.61 Te 0.50 1.16 0.60
Te 0.00 -1.57 0.44 Te 0.00 -1.54 0.42
ES 0.50 -1.06 0.05 ES 0.50 0.75 0.02
ES 0.50 -0.15 0.02 ES 0.50 1.65 0.00

Thetopandbottomsurfacelocalizationoftheelectronicstatesinthethinfilmcalculations
ofMoTe2andWTe2intheTd-structureareshowninFig.8.3,wheretheslightlydifferent

9Thisresultsinaproblemsizeofconsiderablecomputationaldemand. Onlytheparallelizationefforts,
describedinchapter3,madeatimelycomputationofthissystemfeasible.

10ExceptforpossibleFermiarcs,thatnecessarilyconnectthroughthebulkneartheirend-points(atthe
Weylpoints),nomatterhowthickthefilmbecomes.
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Figure8.2.:BulkspinpolarizationofMoTe2atE=EF.a,c,eFermisurfaceofMoTe2
wherethecolorcodegivesthevalueofsx-,sy-andsz-componentofthespin,
respectively,fromtoptodown.b,d,fFermisurfacewithcomponentsofthebulk
spin-polarizationbutcutalongky=0torevealtheinnerlyingFermisurface
sheets.Thearrowsindhighlighttheoppositespin-direction(red,bluecolors)
oftheinnerandouterFermisurfacesheet.
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8.2. MoxW1−xTe2:atype-IIWeylsemimetal?

shapeofthesurfacestatesonthetwosurfacescanbeseen.Thelocalizationofthestatesis
indicatedbyblue(localizedontopsurface)andred(bottomsurface)color.Themeasure
oflocalization,thatwasusedhere,isdefinedasX=A−B

A+B
,whereA(B)aretheintegrated

densitieswithinthefirst(last)MoTe2andWTe2trilayers(TLs)inthefilm.Thedetailed
comparisonofARPESmeasurementsoftheFermisurface,donebytheLausannegroup,QPI
imagesfromtheWürzburggroupandtheherereportedab-initiocalculationsofthesurface
electronicstructure,letuscometotheconclusionthatinMoTe2thetopsurface(bluestates
inFig.8.3)wereprobedexperimentallywhereasinWTe2the’bottom’surface(redstates)

a b
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havebeenstudied.

Figure8.3.:a,bLocalizationofthestatesontheFermisurfaceinMoTe2andWTe2thinfilms.
Thecolorcodeindicatesthelocalizationontop(blue)andbottom(red)surfaces
thatareinequivalentduetothelackofinversionsymmetry.Theprojections
ofbulkbandsarehighlightedwithagraybackground.Imageincludingcaption
modifiedfromthesupplementalmaterialofRef.[265].

BasedontheconvergedpotentialsofthethinfilmsofWTe2andMoTe2,thetwo-dimensional
Fermisurfaces(e.g.seeninthelocalizationplotsofFig.8.3)werecomputedwithveryhigh
accuracy[60,63].Thehighaccuracy,withadensek-meshof∼106pointsinthesurface
Brillouinzone,isnecessaryfortheaccurateexJDOSimages,whichareusedtosimulatethe
experimentalFourier-transformedquasiparticleinterference(FT-QPI)images,thatwillbe
discussedinmainpartofthischapter.

Calculationsofimpuritypropertiesandscatteringrates

ThecalculationofscatteringratesandFourier-transformedquasiparticleinterferenceimages
wasdoneforsinglesubstitutionalimpuritiesrepresentingintrinsicdefects.Thecomputation
wasdoneself-consistentlyusingtheembeddingtechniqueviatheDysonequationforthe
impurityGreenfunction[61].Inourcalculationsweneglectedstructuralrelaxationsaround
theimpuritiesandassumednon-magneticdefects.Thecalculationsincludedimpurityclusters
consistingoftheneighboringatomsupto,andincluding,thethirdshellofneighborsfor
acorrectscreeningofthechangeinthechargedensityaroundtheimpurity.Anumberof
substitutionalintrinsicdefectsintheoutermostTLofMoTe2andWTe2filmshavebeen
considered.ThesurfacebucklingintheTdstructureleadstotwodistinctpositionsineach
layer(Te1/2andTM1/2),which–duetothelackofinversionsymmetry–alsodifferontop
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andbottomsurfaces.ThedefectsthatwereconsideredarevacanciesintheoutermostTe
layer(VcTe1=2),thesubstitutionofaTeatombyanintrinsictransitionmetalatom(WTe1=2
inWTe2andMoTe1=2inMoTe2)andthereversedsituationofaTeatomintheoutermost
TMlayer(TeTM1=2).Bothtopandbottomsurfaceswereconsidered,whichisindicatedbya
subscript“t”or“b”inthefollowing.Adetailedanalysisofthelocaldensityofstatesonthe
differentimpuritiesandthecomparisontoexperimentalSTSspectraonobserveddefects11

showsthatonlytheTMTe1=2tandTMTe1bimpuritieshavearesonanceinthelocaldensityof
statesthatlieswithintheenergyrange,whereresonancesaremeasuredexperimentally.12The
totalenergycalculationsadditionallyrevealedthattheTe1t/Te1bpositionsare1:0−1:5eV
morestablethantheTe2t/Te2bpositions(cf.Tab.8.2).

Table8.2.:TotalenergiesofdifferentTMTe2substitutionaldefectswithrespecttotheTMTe1
defectattopandbottomsurfaces,respectively.ValuesaregivenineV.

system\impurity TMTe2t TMTe2b
WTe2 1.41 1.24
MoTe2 1.45 1.04

ThecomparisonofLDOSspectra,totalenergiesofthedefects,andacomparisonof
simulatedquasiparicleinterference(QPI)spectra(usingtheexJDOS)withexperimental
observationsletusconclude,thatonMoTe2theMoTe1tdefectandthetopsurfaceandon
WTe2theWTe1bdefectonthebottomsurfacehavebeenprobedintheexperiments.For
theremainderofthischapterwewillusetheseimpurities.Inthefollowingdiscussionand
comparisontoexperimentalobservations,wewill–forsimplicityofthenotation–dropthe
indices“t”and“b”.
ThecalculationsofimpurityscatteringarebasedonthecomputationoftheT-matrix
andFermi’sGoldenrule[62],asdiscussedextensivelyinthepreviouschapters.Forthe
analysisthatwepresenthere,theexJDOSimagesaswellasthescatteringrates(inverse
ofthelifetime)ofthestatesatdifferentenergieswereused. Asintroducedpreviously,
thescatteringrateofastatekatenergyEisdefinedasfi−1k =

1
ΩBZ

R
dkv−1k P̃k;kwhere

Pkk(E)=P̃kk‹(Ek−Ek)isthetransitionratefromstatektostatekandtheintegralis
performedoveraconstant-energycontourEk=Ek=EandtheexJDOS[131]iscomputed
viaEq.(4.45)definedinchapter4.

8.2.2. Ab-initiosurfacebandstructuresof WTe2and MoTe2in

comparisontoARPESmeasurements

OurDFT-calculatedbandstructuresofbulk WTe2andMoTe2areshownforkz=0in
Figure8.4a,b,where,duetocrystalsymmetry,theWeylpointsareexpectedtoemerge[283].
However,asthebandstructuresina,bshow,in WTe2no Weylpointsarefoundinour
calculation,whereasinMoTe24WPsemerge.

13RedandgreendotsindicatetheWeylpoints
inMoTe2,wherethecolorreferstothedifferentchirality. Wewouldliketostressagainthat

11Theseareshowninthelastsectionofthischapter.
12Cf.Fig.8.8andcorrespondingdiscussioninthetext.
13Notethatonlytheky>0halfoftheBrillouinzoneisshownwhichcontainsonepairofWPs.Asecondpair
ofWPsexistbymirrorsymmetryatthecorrespondingky→−kylocationswithinterchangedchirality.
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theelectronicstructureofWTe2inparticular,isverydelicateand,asdiscussedinRef.[286],
alreadysmallchangesofthelatticeconstantscandrivethesystemintoanon-trivialphase
hosting8WPs.Thedifferencesinthecalculationmethodsshowingcontradictingresultsof
WTe2with8Weylpointswerealreadydiscussedindetailintheprevioussection.
AlthoughwefindWTe2tobetrivialandMoTe2tobetopologicallynontrivial,thesurface
electronicstructure,showninc,d,thatisbasedonthethinfilmcalculations,indicatethat
inbothWTe2(a,c)andMoTe2(b,d)surfacestatesarefound,whichendinthepockets
around|kx|=0:4Å

−1,sothatthehybridizationwithbulkstatesleadstosurfaceresonances
andeffectivelyaseeminglyopenarccontour.Theoverlapwiththebulk-derivedpockets(cf.
grayregionsinFig.8.3)canthenreducethesurface-weightofthesurfacestatecontours,
effectivelymimickinganopenarcevenforWTe2.TheARPESmeasurementsoftheLausanne
group(Fig.8.4e,f)showanoverallexcellentagreementwithourcalculationsandprovethe
existenceofarc-likefeaturesintheFermisurfaceofbothmaterials.Anopencontouris,
however,notveryclear,inparticularforMoTe2(f),whereclosedloopsareactuallyseen.
ThiscanbeattributedtotheconsiderablebulksensitivityoftheAPREStechnique,that
effectivelymeasuresthefirstfewatomiclayers,sothatdistinguishingsurfaceresonancesand
surfacestatesisverydifficult.
Theobservationsofarc-likefeaturescouldbemisinterpretedasasignatureofFermiarcs.
However,withthedetailedcomparisontoourcalculations,wecouldshow,thatthesituation
ismorecomplicatedandthatnoteveryfeaturethatlookslikeanopenarcisautomatically
oftopologicalnature.Indeed,inourab-initiocalculationsweobserveseveralelectronic
featureswithinasmallpartoftheBrillouinzone,thatcannotberesolvedwiththeARPES
measurementsoftheFermisurface.Theanalysisofourcalculatedbandstructuresactually
showsthatmostoftheobservedarc-likefeaturesareoftrivialoriginandthatonlyforMoTe2
topologicallynontrivialFermiarcscanexist.Thetopologicalarcsare,however,notlocated
directlyattheFermilevelbut∼60meVabove.
Fromthiscomparison,wecanthusconcludethattheanalysispresentedinthissection
provestheexistenceofarc-likefeaturesinthesurfacebandstructureofinversionsymmetry
brokencrystalsoftheMoxW1−xTe2family.Thisishowevermerelyanecessary,butnota
sufficientconditionfortheexistenceofbulkWeylpoints.Thedisentanglementofsurface
andbulkcontributionsandadiscussionontheirtrivialandnontrivialnaturewillbegivenin
thefollowingsection.

8.3. QPIsignatureofthescatteringpropertiesof

topologicallytrivialandnontrivialsurfacestates

in WTe2and MoTe2

Nowwefocusonthecomparisonofscatteringratesandquasiparticleinterferencesignatures
betweenourfirstprinciplesbasedcalculationsandexperimentallymeasuredQPIimagesfrom
theWürzburggroup.Thequasiparticleinterferenceapproachisknowntobeapowerful
toolinaccessingthepropertiesofsurfacestatesintopologicalmatter[37,40,42,310–312].
IncontrasttothepreviouslydiscussedARPESapproachtotheFermisurface,alsothe
unoccupiedelectronicstructurecanbeprobedexperimentally.Thismakestheenergy,where
theWeylpointsareexpectedtoemerge,accessible[283–286].AftercomparingtheQPI
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8.Universalresponsetoimpuritiesinthetype-IIWeylsemimetalphasediagram

Figure8.4.:a,bCalculatedbulkbandstructureatkz=0,c,dtheoreticalande,fexperimental
FermisurfaceforWTe2andMoTe2,respectively.ForMoTe2thecalculationfor
the“top”surfaceandforWTe2forthe“bottom”surfacearepresentedinc,d
(seenotationinTab.8.1).Ina,thedottedlinesshowthebandstructurealong
kyattheparticularkxwheretheelectronandholepocketsapproacheachother
closest.Inb,thedottedlinesshowthebandstructurealongkyatthespecific
kxwhereWeylpointsappear(greenandredcircles,reflection-symmetricaround
kx=0).TheexperimentalFermisurfaceshavebeenobtainedbyangle-resolved
photoemissionspectroscopyatatemperatureT<60Kusingphotonenergiesof
20and24eVforMoTe2andWTe2,respectively.Imageincludingcaptiontaken
fromRef.[265].Experimentsine,fperformedbytheLausannegroup.
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8.3.QPIsignatureofthescatteringpropertiesofFermiarcsinWTe2andMoTe2

imagesfor WTe2andMoTe2betweenexperimentandtheoryandrelatingtheresultsto
theobservationsmadeinARPESexperiments,wewillanalyzetheenergydependenceof
thescatteringsignatureinMoTe2andcommentontheobservationswithrespecttothe
topologicalnatureofthesurfacestates.

8.3.1. Quasiparticleinterferenceonthesurfaceoftype-II Weyl
semimetalcandidates WTe2and MoTe2

InFigure8.5a,d,thedifferentialconductancemaps,measuredbytheWürzburggroup,close
totheFermienergy(E−EF=10meV)areshown,respectively,for WTe2andMoTe2.
TheFourier-transformedimages(b,e)allowtheanalysisofscatteringpropertiesoffintrinsic
defectsonthepristinematerialinreciprocalspace. Weobservearc-likefeaturesforboth
WTe2andMoTe2,highlightedbybluedashedlines,whichdeveloparoundqx=0:4Å

−1in
qx-directionandwhich,contrarytotheARPESresults,giveasignatureforopenarcsin
WTe2aswellasMoTe2
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Figure8.5.:aDifferentialconductancedI/dUmapclosetotheFermi(E−EF=10meV);
bFourier-transformeddI/dUmapandctheoreticallycalculatedquasi-particle
interferencepatternobtainedonWTe2;dDifferentialconductancedI/dUmap
closetotheFermi(E−EF=10meV);eFourier-transformeddI/dUmapandf
theoreticallycalculatedquasi-particleinterferencepatternobtainedonMoTe2.
Thequasi-particleinterferencepatternisdominatedbyscatteringeventsbetween
oppositeFermiarcs.ImageincludingcaptiontakenfromRef.[265].Experiment
(a,b,d,e)performedbytheWürzburggroup.

TounderstandtheiroriginwecomputedtheFT-QPIimagesusingtheexJDOSapproach
[131],wherethescatteringpropertiesoftheimpurities,thatwereidentifiedasdescribedin
sec.8.2.1,enter.TheexJDOSresultsareshowninc,fforWTe2andMoTe2,respectively. We
seethat,inagreementwithFT-QPIimagesfromexperiment(b,e),(open)arc-likefeatures
arevisibleinourexJDOScalculations.Thefeaturesatsmall|q|willnotbeanalyzedin
detailsince,asdiscussedinapreviouschapter,theyconcernonlyshortrangescattering
signatures. Weare,however,mostlyinterestedinthetheintra-arcscattering,onwhichthe
focusofthefollowinganalysisisput.Theobservationofanarc-likefeatureissupportedby
thepreviouslydiscussedphoto-emissiondata(cf.Fig.8.1e,f).Ifwewritetheinitialandfinal
statesaskiandkf,thenthescatteringvectorisgovernedbymomentumconservationtobe
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8.Universalresponsetoimpuritiesinthetype-IIWeylsemimetalphasediagram

q=kf−ki.ThequantitativeagreementbetweenARPESresults(scatteringvectorqin
e,fofFig.8.4),andthescatteringsignaturesinFT-QPIimagesfromSTMandexJDOS
imagesisremarkable. Wecanthusrelatetheopen-arcfeatureintheQPIimagestointra-
arcscatteringbetweenthearc-likefeaturesontheFermisurfaceonoppositesidesofthe
Brillouinzone.ThehighersurfacesensitivityoftheSTMtechniqueascomparedtoARPES
measurements14demonstratestheopen-contournatureofthesurfacestatesandexplains,in
particularforMoTe2,theseeminglyclosedcontours,observedintheFermisurfacebyARPES
measurementswiththehighersensitivityalsotosurfaceresonancesinARPESascompared
toSTMexperiments.
Wecanthusstatethatindeedarc-likefeaturesareclearlyobservedattheFermienergyin
differentexperimental(STMandARPES)measurementsandourDFTcalculations.This
isfoundinbothWTe2andMoTe2,whichcomesasasurpriseiftheobservedabsenceof
WeylpointsinWTe2isconsidered.Thuswehaveanindicationthatthenatureofthestates
istrivial.ThecloseproximityofWTe2toatopologicalphasetransition,butlyingonthe
trivialsideofthephasediagram,letsusadditionallyexcludeanysignificantcontributionof
topologicalnontrivialFermiarcsintheobservationofWTe2.Evenifaslightdistortionof
thestructureresultsintheappearanceofWeylpointsandcontributionsfromtopological
arcstheexpectedverysmallseparationoftheWPsinreciprocalspacewouldgiveriseto
onlyavanishinglysmallcontributiontothetotalsignal.InMoTe2ontheotherhand,the
topologicalFermiarcsareexpectedtobemuchlargergivingarobustsignature.Theposition
oftheWeylpointsinenergyis,however,abovetheFermilevelandthearc-likefeatureinthe
surfacestatesofMoTe2isthereforelikelytobeofthesame(trivial)natureasthearc-like
featureinWTe2.

8.3.2.EnergydependenceofFermiarcscatteringin MoTe2

Togainadeeperinsightintothescatteringpropertiesoftrivialandtopological(Fermi)arcs
andtorevealsignaturesoftheirtopologicalprotection,wefocusinthefollowinginvestigation
onMoTe2,wherethebulkbandstructureclearlyshowedthestableexistenceofWeylpoints.
Theenergydependenceofthescatteringproperties,whichcanbeaccessedexperimentally
viaFT-STSimagesfordifferentbiasvoltages,willbeanalyzedtoscanarangeofenergies
whichisfarbelowtheWPenergy,andthenprogressivelycomesclosertothepositionin
energywhereWPsemerge.
InFigure8.6aaschematicrepresentationoftheenergy-dependenceofthescattering
eventsamongsurfacearcsisshown,whichisderivedfromourtheoreticalcalculationsofthe
constantenergycuts,thataredisplayedinbforthreerepresentativeenergies(EF−50meV,
EF+10meVandEF+60meV). Withincreasingenergy,i.e.ingoingfromtoptobottom
inFig.8.6,thetrivialpartofthearc-likefeaturefirstsplitsofffromthebulk-derivedbands15

andthe(trivial,V-shaped)arc-likesurfacestate(whichhaspreviouslybeendiscussedclose
toEF)emerges.Thenatureofthisstatecanbeconcludedtobethesameastheoneseen
forWTe2. Wecanconcludethatitisatopologicallytrivialstate,becauseitispresentfor

14InARPESthephotonshaveafinitepenetrationdepthintothesampleandelectronsfromthefirstcouple
oflayerscanleavethesamplewhichresultsinaneffectivemeasurementsofthefirstfewatomiclayers.
ThetunnelingcurrentthatismeasuredwithSTMontheotherhandprobesthetailofthewavefunctions
thatextendsoutofthesurface.

15Atthehighestenergythestateisasurfaceresonance,thatlieswithintheprojectedbulkbands.

182



8.3.QPIsignatureofthescatteringpropertiesofFermiarcsinWTe2andMoTe2

bothWTe2andMoTe2,irrespectiveoftheexistenceofWeylpoints,andadditionallyitlies
wellbelowthepositioninenergy,wheretheWeylpointsarefound.Thisobservationisin
agreementwithrecentstudiesintheliterature,whereinMoTe2[294]andWTe2[297],with
changingnumberofWeylpoints–includingnoWPsatall–thesamestructureofsurface
stateshasbeenseen.
TheexperimentalFT-STSimages,showninc,revealthatatthelowestenergy(toppanel)
onlyveryweakQPIsignaturesarefound. Thiscanbeunderstoodasaconsequenceof
thesmallsurfacecharacterfoundforthesurfaceresonances,thatliecompletelywithinthe
projectionofbulk-derivedbands. WhencomingclosertothepositionoftheWeylpoints
(middlepanel)thesurfacestatesemergesandscatteringbetweentheV-shaped,arc-like
featuresoccur.Thisisvisibleastheclearopenarc,thatcanbeseenaroundqx=0:4Åin
themiddlepanelofFig.8.6c

EF = +10 meV

Surface	state	topology

v
v

x

v

x

v

Sca�ering	rateFT-dI/dUmap

EF = +10 meV

EF = +60 meV

EF = +10 meV

EF = -50 meV EF = -50 meV

EF = +60 meV

0.6

0.6

0.6

a b c d
High 

s
urf
a
c
e 
w
ei
g
ht

Low

High 

I
nt
e
n
sit
y

Low

0.37 

p
s
-
1/
at.
%

0.15

Energy	cut

Low

High 

Tr
a
n
siti
o
n r
at
e

Low

topological

trivial
B
a
n
d 
c
h
ar
a
ct
er

EF = +60 meV

EF = -50 meV

.

Figure8.6.:aSchematicrepresentationofthescatteringeventsamongFermiarcsinMoTe2,
btheoreticallycalculatedsurface-projectedconstantenergycuts,cexperimen-
tallyobtainedFouriertransformedquasiparticleinterferencepatternsandd
theoreticallycalculatedscatteringrate.In(b-d)theblackdotsidentifytheWeyl
points.Allresultsaregivenforthreerepresentativeenergies;belowtheFermi
(toppanels),closetotheFermi(middlepanels),closetothepositionoftheWeyl
points,wheretheextensionofthetopologicallynon-trivialarcsismaximized
(bottompanels).ImageincludingcaptiontakenfromRef.[265].Experiment(c)
performedbytheWürzburggroup.

Whengoingfurtherupinenergy(lowestrowinFig.8.6)weseethatthearc-likesurface
stateisprogressivelyabsorbedintothebulkpocket,thatdevelopsaroundqx=0:4Å,while
thecentralpocketshrinks,16asseeninb.Thisisaccompaniedbyaflatteningofthearc,

16Cf.Fig.8.4b
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whichisindicatedina. WewouldliketostressthatthecenteroftheFermiarc,whichis
visibleclosetotheenergyoftheWPs(bottompanel),doesnothybridizewithprojectionsof
thebulkstates,eventhoughitliescompletelywithintheprojectionofbulkbands.Insteadit
isstronglylocalizedonthesurfaceand–asexpectedforFermiarcs–becomesdelocalized
onlyveryclosetotheprojectionsoftheWPs.Thiscanbeseenfromthesurfaceweight,
showsinthelowerpanelofb. Wewouldliketopointoutthatthetopologicallynontrivial
FermiarcinMoTe2developsoutofthetipofthetopologicallytrivialsurfacestate,whichwas
alsoseeninWTe2. WhencomingclosertotheenergyoftheWeylpointsthetopologically
protectedFermiarcshowsupandthetopologicalprotectionpreventsitfrombeingabsorbed
bytheprojectedbulkpocket.
InFigure8.7thesurfacestatelocalization,togetherwiththespinpolarizationisshownfor
EF+60meV.Thetopologicalsurfacestate,locatedonthetopsurface(a)ishighlightedwith
theblackarrow.Fromthespinpolarizationitcanbeseen,thatthearcismainlypolarized
iny-direction,wherebymirrorsymmetrythearcontheoppositesideoftheBrillouinzone
showsapolarizationinoppositedirection.Theflatteningofthearcs,togetherwiththe
spin-polarization(indicatedinawiththebluearrows)leadstotheconsiderablyweakerQPI
signatures,thataremeasuredexperimentally(cf.lowestpanelinc)closetotheenergyof
theWeylpoints.Thecleararcseeninc
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Figure8.7.:LocalizationaandspinpolarizationforthesurfaceprojectedstatesinMoTe2
forE=EF+60meV.Givenarex,yandzcomponentsofthespinpolarization
(inunitsof~=2)inb,c,d. ThetopologicalFermiarc,localizedatthe“top”
surfaceismarkedbyablackarrowina.Imageincludingcaptiontakenfrom
supplementalmaterialofRef.[265].

Thismechanismofprotectionagainstbackscattering,originallydiscussedinRashba
materials[36]orrecentlyintopologicalinsulators[42],extendsinthepresentcaseoverlarge
parallelsegmentsoftheconstant-energycontour,wellbeyondindividualpairsoftime-reversal
partners.EssentiallythefulllengthofthetopologicalFermiarcfulfillsthenestingcondition
buthasoppositespinpolarizationonoppositesidesofthesurfaceBrillouinzone. The
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8.4.ImpurityresonancesinMoTe2andWTe2

discussionofthescatteringratesinthetopologicalsurfacestate,thatwaspresentedinthe
previouschapters,showedthatthestrongspin-momentumlockingledtoprotectionagainst
backscattering,whichevenholdsfornearbackscatteringandinthepresenceof(nottoo
strong)magneticdefects.Theintra-arcscatteringofthetopologicalFermiarcsinMoTe2is
alsoclosetotime-reversalsymmetry,whichresultsinforbiddenexactbackscattering.The
oppositespincharacteroftheFermiarcsonoppositesidesthereforeleads–inanalogyto
nearbackscatteringinTIs–toastrongsuppressionofnearbackscattering.Consequently,
intra-arcscatteringamongtopologicallynontrivialFermiarcsinMoTe2isstronglysuppressed.
Thismechanismofforbiddenbackscatteringisfurthersupportedbythecalculatedscattering
rates,thatarepresentedinpaneldofFig.8.6.IngoingclosertotheenergyoftheWeyl
point(fromtoptobottom),firstthescatteringrateincreasesduetothebetterlocalization
atthesurfaceandtheincreasinglylargerextendofthearc-likesurfacestates. Withthecloser
proximitytotheWeylpoint(bottompanel)thescatteringratedecreasesagain,whichisa
resultofthediscussedspin-textureprotectionmechanism.Thisobservationmeans,thatlong
lifetimesandrelaxationlengthsareexpectedforthesestateswhichmeansthatthesestates
arewellsuitedforcoherenttransport.

8.4.Impurityresonancesin MoTe2and WTe2

Finally,theeffectimpuritieshaveontheWeylnodes,thatarecharacterizedbyaminimum
inthedensityofstates,isdiscussed. RecenttheoreticalstudiesshowedthatDirac-like
materialscommonlyhostimpurityinducedresonances,whichcanlifttheDirac-node[304].In
topologicalinsulatorsthiswasrecentlyconfirmed,wheremagneticdopantshavebeenfound
toeffectivelyfillthegap,thatopensupattheDiracpointwithmagneticorder[216].In
WeylsemimetalsscatteringoffimpuritiesisexpectedtolifttheWeylnodeandintroduce
newquasiparticlesclosetotheenergyoftheWeylpoint[303,304].
Theexperimentalandab-initioinvestigationofthispredictionissummarizedinFigure8.8,

where,respectively,ina,bhighresolutionimagesofthetopographyarounddefectsinWTe2
andMoTe2,measuredbytheWürzburggroup,areshown.Twocharacteristicintrinsicdefects,
highlightedbythewhitearrows,wereidentifiedasanti-sitedefects,thatcommonlyoccurin
transitionmetaldichalcogenites[302,313,314].Theidentificationwasbasedonacomparison
ofthelocaldensityofstates,computedfordifferentintrinsicdefects(anti-sites,vacancies,
adatoms),withtheLDOSspectrafromtheSTSmeasurement.Inexperimentonlyasingle
typeofimpuritiesisfound,sothatacomparisonwiththeexJDOSimagesfordifferent
typesofimpuritieswillrevealdifferencesinthescatteringsignatures,thatdominatethe
experimentalFT-QPIimage.Thebestmatchofimpuritydensityofstates,localdensityof
statesmeasuredintheSTScurvesonthedefect,aswellasFT-QPIandexJDOSimagesfor
individualimpurities,inparticularwithoutstatisticalaverageofdifferentimpuritytypes,let
usconcludethatanti-siteTMTedefectsareobservedinexperiment.
TheSTSscansontheimpurities,whichwereperformedbytheWürzburggroup,were
acquiredontwopositions;(i)directlyaboveofthedefect(redline)and(ii)farawayfrom
thedefect(blueline).Theexistenceofalowminimum,seeninthebluecurvesforthe
unperturbedmaterial,suggestsasemi-metalliccharacterofWTe2andMoTe2.Incontrast,
ontopofthedefectsastrongpeakinseen,whichliftstheminimumseeninthelocaldensity
ofstatesofthedefect-freematerial.Thepositionoftheimpurityresonancesliesveryclose
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Figure8.8.:a,bTopographicimagesacquiredonWTe2andMoTe2.Inbothcases,intrinsic
defectsarepresentonthesurface. c,dComparisonofscanningtunneling
spectroscopydatatakenonadefect-freearea(blueline)andbypositioning
thetipontopofantisitesdefects(WandMosubstitutingTe)revealingthe
emergenceofquasiparticleresonancesclosetheWeylpointenergy(seediscussion
inthetext).e,fAb-initiocalculatedlocaldensityofstatesonthepristinesurface
(blueline)andontopofanantisitedefect(redline)confirmtheexperimental
findings.Greenverticallinesareusedasmarkertoidentifythepositionofthe
peakmaximum.ImageincludingcaptiontakenfromRef.[265].Experiment
(a-d)performedbytheWürzburggroup.
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8.5.Conclusionsandoutlook

tothepositioninenergywhereWeylpointareexpectedtoemerge,i.e.attheenergywhere
theWeylpointsarefoundinMoTe2orwheretheminimuminthegapinWTe2isseen,which
isinagreementwiththeenergy,whereotherworksfindWeylpointsinWTe2[283,297,300].
TheimpurityresonancescalculatedfromfirstprinciplesfortheTMTeimpuritiesareshown
ine,f.Thecalculatedpositionoftheimpurityresonancepeakisinexcellentagreement17

withtheexperimentalobservations. Wecanthusconcludethatsimilarbehaviorintermof
transitionmetalanti-sitedefectsinducedresonancesclosetotheenergyoftheWeylpoints
arecommonin WTe2andMoTe2.Inparticularthetopologicalnatureofthebulkband
structure,i.e.thefactifatopologicalphasetransitionwaspassedornot,doesnotplayan
importantroleintheexistenceofresonancesclosetothepositionwhereWeylpointsemerge.

Therelevanceofourobservationsgoeswellbeyondtheidentificationoftopologicalaspects
inthebandstructure.Itiswellknownthatdisorder,inparticularresonantimpurities,
significantlyaffecttransportproperties.Inthefieldoftopologicalsemimetalsbothpositive
aswellasnegativemagnetoresistanceeffectswerereportedwithimpuritiesbeingclaimedto
betheexplanation[315,316].Ourcombinedexperimentalandtheoreticalobservationsnow
serveasanimportantcontributionbyprovidingadetailedmicroscopicpictureofresonant
scatteringoffimpuritiesintype-IIWeylsemimetals.

8.5. Conclusionsandoutlook

Theresultsofthischapterwerethecollaborativeoutcomeofdifferentexperiments(STM,
ARPES)andourab-initiocalculations. Withthehelpofourfirstprinciplesbasedanalysis,
wewereabletoshedlightonthetopologicalnatureofobservedsurfacestatesandclarify
theirresponsetoscatteringoffnaturallyoccurringdefects. Westudiedthenewlydiscovered
type-IIWeylsemimetalsofthetransitionmetaldichalcogenitesintheMoxW1−xTe2family.
Inparticular,byathoroughcharacterizationof WTe2andMoTe2wewereabletoshow
that,whileMoTe2isinastableWeylphase,WTe2isclosetoatopologicalphasetransition
andwefindittobetopologicallytrivial.Irrespectiveifthetopologicalphasetransitionhas
takenplaceornot,wefindcommoncharacteristicsinbothtopologicallytrivial(WTe2)and
topologicallynontrivial(MoTe2)phases;(i)weclearlyresolvearc-likefeaturesatEF,which
are,however,identifiedtobetopologicallytrivialinnature,and(ii)impurityresonancesshow
upclosetothepositioninenergy(∼50meVaboveEF),whereWeylpointsarefound(in
MoTe2)orexpectedtoemerge(byclosingthegapseeninWTe2e.g.throughtuningthe
latticeconstant).

Wedemonstrated,thattheobservationofanseeminglyopen,arc-likefeatureinthesurface
electronicstructureisonlyanecessarybutnotasufficientsignaturefortheexistenceof
Weylpointsinthebulk,becausetopologicallytrivialsurfacestatesandsurfaceresonances
maysimplylooksimilartonontrivialFermiarcs.Thebrokeninversionsymmetry,together
withthestrongspin-orbitcouplinginthesematerials,necessarilyresultinspin-polarized
states.Theobservationofspin-polarizedarc-likefeaturesisthereforenotenoughtodeduce
thetopologicalnatureofasystem,i.e.totellifWeylpointsarepresentinthebulkband
structure.

17NotethatinthetheoreticalcalculationsweshowtheLDOSdirectlyontheimpuritywhiletheSTM
experimentmeasuresatsomedistancefromtheimpurity.
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8.Universalresponsetoimpuritiesinthetype-IIWeylsemimetalphasediagram

Furthermore,weidentifiedscatteringsignaturesofboththetopologicallytrivialsurface
states(e.g.in WTe2andMoTe2atEF)andnontrivialFermiarcs(inMoTe2atE≈
EF+60meV). WefindthattheflatshapeoftheFermiarcinMoTe2,incombination
withtheinversionsymmetryandspin-orbitcouplinginducedspin-momentumlockingleads
toaspin-textureprotectionmechanism,whichstronglysuppressesinter-arcscatteringin
betweenFermiarcs.Thisbehaviorhaspreviously18alsobeenobservedintheprotection
againstbackscatteringinthesurfacestateoftopologicalinsulators. Wecanthusconclude
thatsuchasignatureisacommonscatteringfeatureoftopologicallyprotectedelectrons,
thataretypicallycharacterizedbystrongspinorbitcouplingandthereforespin-momentum
locked,topologicallyprotectedsurfacestates.Moreover,alsostatesarisingintheproximity
ofthetopologicalphasetransition,thatwillinherittopologicalpropertieswhenthephase
transitiontoatopologicallynontrivialphaseoccurs,werefoundtoshowsimilarbehavior.
Thestudyofintrinsicanti-sitedefects,whichnaturallyoccurinthesematerials,showed
theexistenceofstrongimpurityresonancesclosetotheFermienergy. Wecoulddemonstrate
thatthesedefectsareresponsibleforstrongchangesinthelocaldensityofstatescloseto
theWeylpointenergy.EveninWTe2,wherenoWeylpointsareseeninthecalculations,
weobservethesamesignatureinthelocaldensityofstatesinthedefectivesystems.Since
impurityresonancesareimportantfortransportpropertiesingeneral,wecanconclude
thattheimportanceofdefectsforthefascinatingtransportpropertiesinthisnewclassof
materialscannotbeoverstressed[317,318].Recently,theimportanceofresonantimpurity
stateswasalsodemonstratedinhalf-HeuslerDiracsemimetals[319]whichhighlightsthe
genericimportanceofresonantstatesforthetransportpropertiesoftopologicallynontrivial
systemsandstressestheimportanceofourresultsbeyondthespecificsystemsoftype-II
Weylsemimetals.
OverallwehaveseenuniversalsignaturesinbothtopologicallytrivialWTe2andnontrivial
MoTe2,nomatterifthetransitiontotheWeylphasewaspassedornot.Inparticularwe
showedthat–eventhoughthetopologicalinvariantchangesdiscontinuouslyatthephase
transition–asmoothbehaviorisfoundinphysicalobservables,suchasimpurityresonances
andtheexistenceofspin-polarizedsurfacestates,thatonlyseemtobearc-likeatthe
Fermienergy.Especiallynoon-offbehaviorcanbeseeninthestudiedresponses(impurity
resonancesandseeminglyopencontoursviaquasiparticleinterference)acrossthephase
diagramofthetype-IIWeylmaterialfamilyofMoxW1−xTe2.Recently,asimilarbehavior
wasfoundintopologicalinsulators,where–byapproachingthecriticalpoint(i.e.thepoint
ofinversioninbulkbandstructure)–spinpolarizedstatesprogressivelyemerge[320]. We
canthereforeclaimthatthefascinatingnewphysicsconnectedtothetopologicalnatureof
topologicallyprotectedelectronsshowcommoncharacteristicsinbothnontrivialinsulators
(i.e.TIs)andmetals(Weylsemimetals).

18i.e.inthechapters4to6
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Conclusionsandoutlook

Thisthesishasdealtwiththefirstprinciplescalculationofthescatteringprocessesof
topologicallyprotectedelectronsoffdefectsontopologicalinsulatorsandtype-II Weyl
semimetals.Despitetheongoinghighresearchinterestinthisrelativelynewfieldofcondensed
matterphysics,themicroscopicscatteringpropertiesoftopologicallyprotectedelectrons
offimpuritieshavesofarnotbeenstudiedindetailonthehighlevelofaccuracypossible
withab-initiocalculations.Severalpartsofthisworkbenefitedimmenselyfromfruitful
collaborationswithexperimentalistgroupsfrom Würzburg(STMexperiments),Trieste
(XMCD)andLausanne(ARPES)andanoverallverygoodagreementbetweentheirhigh
precisionmeasurementsandthecalculationspresentedinthisthesiswasfound.Thismutual
agreementspeaksforthequalityofthefirst-principlesapproachfollowedhereandinparticular
highlightstheimportanceofimpurityresonancesintopologicallynontrivialsystems.The
workthatwaspresentedinthisthesisiscomposedoftwoparts;(i)technicalimprovements
totheexistingcomputercodesanddevelopmentsofnewfunctionalitiesthatmadethe
calculationsofthisthesispossibleand(ii)in-depthstudiesofdifferentaspectsrelatedto
impurityscatteringintheprototypicaltopologicalinsulatorBi2Te3andthenewlydiscovered
type-IIWeylsemimetalsofthetransitionmetaldichalcogenitefamilyofmaterials,givinga
unifyingpictureoftheresponseoftopologicallyprotectedelectronstodefects.

Methoddevelopment

Theveryinterestingsurfacephysicsthatwasstudiedinthisworkintopologicallynontrivial
systemsrestontheaccuratecalculationof,atleastfromthepointofviewofacomputational
scientist,largesystems.Theparallelizationefforts,describedinchapter3,resultedinthenew
implementationofahybrid(OpenMP/MPI)three-levelparallelizationschemeintheJülich
KKRcodefordensityfunctionaltheorybasedcalculationsofsolidstateproperties.Itwas
demonstratedthattheparallelversionofthecodeworksverywellandinparticularexhibits
excellentweakandstrongscalingcharacteristics.Thebenefitofthisnewdevelopmentfor
thetime-efficientavailabilityoffuturescientificresultsbasedontheJülichKKRcodeis
immeasurable.
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9.Conclusionsandoutlook

Inaddition,anewfunctionalityrelatedtothecomputationofscatteringsignatures,as
accessedexperimentallyviaquasiparticleinterferencemeasurements,wasdeveloped.This
waspresentedinchapter4,wheredifferentapproachestothecomputationofFourier
transformedquasiparticleinterferenceimages,measuredwithscanningtunnelingspectroscopy
(FT-STS),werecomparedandinparticularthelimitsofthe“standardway”ofmodeling
FT-STSresultswiththeso-calledjoint-density-of-states-basedapproacheswerecriticized.
Onlyifthenewlyproposedextendedjointdensityofstatesmodel,thattakesintoaccount
arealisticdescriptionofthescatteringmatrixoffimpuritiestogetherwiththenecessary
weightingoflarge-anglescatteringinSTS,isused,canthephysicalnatureofthefascinating
scatteringprocessesintopologicalinsulatorsbereproducedaccuratelyenoughandunderstood
onthelevelofthesingleimpurityscatteringproperties. Additionally,the,withinthe
approximationsofdensityfunctionaltheory,veryfirstimplementationoftheformallyexact
ab-initiocomputationofFourier-transformedquasiparticleinterferenceimageswasdeveloped,
whichisasignificantimprovementoverthead-hocmodelsofthebasedonjointdensity
ofstatesapproaches.Theavailabilityofthesenewtoolsoffersgreatpotentialforfuture
applicationstointerestingphysicalproblemsandallowstouncovercaptivatingscattering
signaturesobservedinexperiments.

Scattering-relatedphysicalpropertiesoftopologicallyprotectedelectrons

Thefundamentalscatteringpropertiesoftopologicallyprotectedelectronswereintroducedin
chapter4. Weverifiedtheabsenceoftime-reversebackscatteringoffnon-magneticsingle
atomdefects,whichevenextendsoverawideregionofelectronicstatesontheconstant
energycontourinthevicinityoftheexactbackscatteringpointoftime-reversalpartners.A
verystrongsuppressionofthe(near)backscatteringrateisfoundwithinthisregionthatis
accompaniedbyaverystrongdirectionalityinforward(smallangle)scatteringdirectionof
theoverallscatteringresponsetosinglenon-magneticdefects.Evenmoresurprisingwasthat
forsinglemagneticdefectsthebackscatteringstrengthwasfoundtobestillverylowalthough
time-reversalsymmetryisbrokeninthepresenceofthemagneticdefect.Thisbehaviorcould
beunderstoodwiththeoff-resonantnatureofthedefectsbyemployingWignerspictureof
atime-delayinthescatteringprocess.Asymmetricscatteringsignatureswerefurthermore
seenandassociatedtoaspin-selectionrule,statingthatforlargescatteringangles(i.e.
inbackscatteringdirection)thedirectionaligningthefinalstate’sspinwiththeimpurity
momentisfavored.ThiswasfoundtobetheconsequenceofthestrongwarpingoftheBi2Te3
surfacestatetogetherwiththeassociatedcomplexspin-texture,promotingthismaterialtoa
paradigmaticTIwithpromisingproperties.
Theresultspresentedinchapter5demonstratedhowthefundamentalscatteringsignatures
inthemetallicsurfacestateinastrongtopologicalinsulatorcanbetailoredviaFermilevel
tuninganddefectengineering.ThewarpingoftheBi2Te3surfacestateallowstotunethe
Fermilevelintoaregimeofhexagonally-shapedFermisurfacethatsupportsgoodnesting.
Togetherwithanincreasedbackscatteringrate,verylong-rangedandreal-spacefocused
chargedensityoscillationswereobservedinagreementwithSTMexperimentsdemonstrating
thepossibilityforcoherenttransferofspin-informationintopologicalinsulatorsystemsover
mesoscopicdistances,relevantforpossiblefuturedeviceapplications.Thebackscattering
strengthwasshowntorelycruciallyonthemagnitudeofthespin-momentofthedefect
(i.e.themagneticpartinthescatteringpotential)andonlyforagroupofseveralmagnetic
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impuritiescoupledtogetherferromagnetically,i.e.formingamacro-spinwithamuchlarger
momentthanthesingleimpurity,wasthebackscatteringstrengthfoundtobesufficiently
largetoexplaintheexperimentalobservations.Thisledtothefundamentalnewinsighton
theopeningofaverydirectionalbackscatteringchannelforscatteringoffmagneticdefectsin
topologicalinsulators.
Furthermore,theenergy-dependenceoflifetimeandscatteringratesofthetopological
surfacestate(TSS)werediscussedinchapter6,whereintrinsicimpurities(inparticular
surfacevacancies)showedresonancesthatleadtostrongsignaturesinthecorresponding
scatteringrates.Namely,evidenceofresonantscatteringwasfoundthatcouldbeconnected
tothedensityofstatesoftheimpurity.Astronginfluenceonthelifetimeofthesurface
statethatcanvarybetweentensoffemtosecondstopicosecondsistheresultofthese
impurityresonances.Moreover,wefindthatintra-bandscatteringintheTSSispromoted
overscatteringintobulkstatesaslongasthephasespaceofavailablefinalstatesinthebulk
isnotmuchlargerthanthatofthesurfacestate.Thiswasassociatedtothelocalizationof
theTSSatthesurfaceandthisrulewasfoundtoholdaslongastheFermienergyliesinthe
vicinityofthebulkbandgap.
Theimportanceofresonantscatteringwasadditionallyseeninthedistance-dependent
exchangeinteractionsonmagneticallydopedBi2Te3,studiedinchapter7.Thenatureofthe
exchangeinteractioncouldinfactbedecomposedintoashort-rangeandalong-rangepart
that,respectively,dominatethebehavioratmoderateanddiluteconcentrationofthemagnetic
dopants.ThesecalculationshelpedunderstandingthetrendsseeninXMCDexperimentsand,
theshort-rangebehaviorwasfoundtodependcruciallyonthelocationofimpurityresonances
withrespecttotheFermilevel,whichcanleadtoeitherferromagneticorantiferromagnetic
coupling.TheTSSelectronswerefurthermorefoundtomediatelong-rangedRKKY-type
interactions,wherethephaseshiftofthecorrespondingoscillationsinthedistance-dependent
exchangecouplingstrengthcouldalsobetracedbacktotheimpuritiesscatteringproperties
andthepositionwithrespecttotheFermienergyofresonancesintheimpuritydensityof
states.Athoroughinvestigationshowedthatthenatureoftheexchangecouplingbetween
magneticimpuritiescanindeedbechangedwithdifferentimpuritiesandevenfine-tunedwith
ashiftintheFermilevel,i.e.engineeredforinstancebydoping.Also,interestingnon-collinear
magneticstructureswerefoundinthehighconcentrationlimitofFeimpuritiesonBi2Te3
openingthepossibilitytorealizenon-collinearstatessuchasSkyrmionsonthesurfaceofa
topologicalinsulator.
Finally,thediscussionofscatteringpropertiesoftopologicallyprotectedelectronswas
complementedwithanab-initioinvestigationofimpurityresonancesandthecorresponding
scatteringpropertiesoffsurfaceanti-sitedefectsinmaterialsrealizingthetype-II Weyl
semimetalphasediagram.Inparticularthelow-temperaturestructuresofMoTe2andWTe2
werestudied,whereMoTe2wasfoundtohostWeylpointsandacorrespondingnontrivial
FermiarcsbutWTe2wasfoundtobetopologicallytrivial.Asdiscussedindetailinchapter8,
andinagreementbetweenexperiments(STMandARPES)andtheory(thisthesis),universal
signaturesintermsofimpurityresonancesandspin-polarizedsurfacestateswereshownto
existnomatterifthetopologicalphasetransitioninthesetransitionmetaldichalcogeniteshas
beenpassedornot.ComplementarytothefindingsinthestrongtopologicalinsulatorsBi2Te3
andBi2Se3,thetype-IIWeylsemimetalcandidatesoftheMoxW1−xTe2familyalsoshowa
spin-textureprotectionmechanisminthetime-reversalscatteringpropertiesandmoreover
impurityresonances,thatareduetointrinsicnon-magneticdefects.Thesenewinsightshave
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importantimplicationsforthepromisingtransportpropertiesinthisnewclassofmaterials.
Throughoutthestudiespresentedhere,thebenefitofab-initiocalculationsforthecorrect
descriptionofimpurities,andinparticularfortheirscatteringproperties,waspointedout.
Itislongknownthatresonantscatteringofelectronsisofgreatimportance,especially
withrespecttoelectronictransport.Theworkofthisthesisdemonstrated,basedonfirst
principlescalculations,theimmenseimportanceofimpurityresonancesonthescattering
propertiesalsofortopologicallyprotectedelectrons. Thefundamentalunderstandingof
thescatteringpropertiesthatweregainedwithinthisthesishasthereforegreatpotential
inguidingfutureexperiments.Theunderstandingofdifferentingredientsdeterminingthe
microscopicscatteringsignatureoftopologicallyprotectedelectronsopensupnewwaysto
tunethesepropertiesandcouldevenbeusedtostronglyinfluencecoherencelengthsand
collectivemagneticbehaviorofmagneticimpuritiesonthesurfaceoftopologicalinsulatorson
thebrinkoftheemergingfieldsofinterfacesbetweenmagnetismandtopologicalinsulators.
Inconclusion,therelevanceofresonantimpuritiescannotbeoverstated,inparticularwith
respecttotransportpropertiesoftime-reversalprotectedelectrons.

Outlook

Basedonthemicroscopicunderstandingofscatteringpropertiesintopologicallynontrivial
systemsachievedwhileworkingonthisthesis,thenextstepisthesimulationoftransport
propertiesinsurfacedopedtopologicalinsulators.Inthiswork,amongotherthings,we
demonstratedthepossibilitytoachieveferromagnetismfromimpuritiescoupledtothe
topologicalsurfacestateinBi2Te3.Thissystemthereforehastheprospectforarealization
ofthequantumanomalousHalleffect,whichcouldbeexploredinthefuture.Additionally,
afterachievingaferromagneticstateofmagneticdefectsonthesurface,simulationsofspin-
pumpingexperimentsviatheEdelsteineffectisanaturalextensionofthiswork.Theneedfor
currentsflowingthroughthesurfacestatesinTIsystemsalsoraisesthedemandforreal-space
simulationsofthepotentiallandscapeonTIsurfacesarounddefects,whichisexperimentally
accessiblebyscanningtunnelingpotentiometry.Thevisualizationofcurrentsarounddefects
(inthespiritoftheLandauerdipole)aswellasthespinandchargeredistributionofthe
standingwavesduetothepresenceofexternalcurrentsshouldfurthermorebepartofsuch
ananalysis.Alloftheabovementionedpossibilitiesforfuturedirectionsneedacarefultuning
oftheresonantpropertiesofintentionallyinduced,andnaturallyoccurring,impuritiesin
topologicalinsulatorsystems.Thepresentthesisshowsthatsuchatargeteddesignisindeed
arealisticpossibilityinthenearfuture.
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Appendix

A.1.ImplementationdetailsoftheFT-QPI

calculationwithinKKR

HeresomedetailsontheimplementationofEq.(4.55)andEq.(4.56)aregiven.Throughout
thisappendixtheshorthandnotation·indicatesamatrixincombinedangularmomentum
andspinindicesL=(‘;m;s).Threeingredientsareneededwhichare(i)theconstructionof
theFouriercoefficientsofthestructureconstantsenteringthemultiplescatteringpartofthe
GreenfunctionGhost(k)whichiscomputedfromthescatteringpathoperatorfihost(k),(ii)
theconstructionoftheimpurityscatteringpathoperatorfiand(iii)thecomputationofthe
prefactorcontainingtheradialintegration.Inthefollowingexpressionswedropthelattice
vectorindicesiandjthataretreatedexplicitlyinthelatticesumpresentedinthemaintext
andkeepthesub-latticeindicesonly.Thenotationusedhereisthesameasinchapter2.

A.1.1. ConstructionofGhost

IntheroutinekkrmatoftheKKRcodethescatteringpathoperatorfihost(k),whichisthe
KKRequivalentoftheT-matrix,isusedtoconstructthemultiplescatteringpartofthe
Greenfunction.Thescatteringpathoperatorusedinthescreened-KKRformalismisdefined
withrespecttothedifferencet−trefinthesingle-siteT-matricesoftheatomicpotential
andtheauxiliaryrepulsivereferencepotential,neededtoachieveN-scalinginthenumberof
atomiclayersinthestructureconstants.Therefore,Ghost(k)needstobecomputedfromthe

knowledgeoffihost(k),whichcanbedoneusingtherelation

Ghost
—
(k)=−(t—−tref;—)−1‹—+(t−t

ref;)−1fihost
—
(k)(t—−tref;—)−1 (A.1)

wherethesingle-siteT-matricestandtrefarecomputedintheroutinestmat_newsolver
andtbrefoftheKKRcode.Thematrixinversion(t—−tref;—)−1iscomputedefficientlyvia
LU-decompositionusingtheLAPACK-routines.
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A.Appendix

A.1.2.Impurityscatteringpathoperator

IntheKKRlanguagethescatteringoffanimpurityiscapturedbytheimpurityscattering
pathoperator,thatcanbeconstructedfrom∆timpandGimp,whichweredefinedinchapter
2andthatalsoenterthecalculationofscatteringrates.Thesequantitiesarematricesin
angularmomentumindicesandatomicpositionintherealspaceclusteraroundtheimpurity.1

Fromtheknowledgeof∆timpandGimptheimpurityscatteringpathoperatorisgivenas

fi
——
=∆timp

—
‹——+∆t

imp
—
Gimp
——
∆timp
—
: (A.2)

A.1.3. Calculationoftheprefactor

Finallysomecomputationaldetailsoftheintegralprefactor

Z

d3xe−iq·x
h
RL(x;E)̄RL(x;E)

i

| {z }
≡Q̃ (x)

; (A.3)

whichisamatrixinangularmomentumindices,willbeaddressed.Thisintegralisevaluated
inanalogytotheconstructionofthedensityinthefull-potentialKKR-formalismandsome
importantdetailsarebrieflyreviewed.

Westartwiththeexpansionintheangularmomentumbasisoftheterminsquarebrackets
containingthesite-dependentscatteringsolutions.Thisexpansionreads

Q̃(x)=
X

L

Q̃
L
(x)YL(̂x) (A.4)

whereQ̃
L
(x)aretheexpansioncoefficientscontainingtheradialdependenceandforwhich

wecanwrite

RL(x;E)̄RL(x;E)=
X

LL

RLL(x;E)̄RL L(x;E)CLLL : (A.5)

HereRandR̄arethescatteringsolutionsdefinedinEq.(2.9),Eq.(2.12)inchapter2and
theGauntcoefficientsCLLL enterduetothecutoffatthecellboundariesinanalogytothe
single-siteexpansionofGreenfunctionasforexampleexplainedbyDrittler[55]andBauer
[61].ThesummationsoverL andL aretruncatedwiththecutoff‘max intheangular
momentumexpansionofthescatteringsolutionsbecausetheGauntcoefficientsobeythe
relation

CLLL =0 if‘>|‘+‘| (A.6)

whichleadstoanuppercutoffofLcut=(4‘max+1)
2.

Thesecondstepistousetheidentity

e−iq·x=
X

L

4ıi‘j‘(qx)YL(̂q)YL(̂x) (A.7)

1ThefilesDTMTRXandGMATLL_GESwrittenoutbytheKKRscatter-toolcontainthisinformation.
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A.2.UsedSoftwarepackages

wheretherealsphericalharmonicsYLandsphericalBesselfunctionofthefirstkindj‘are
used. Wecanthereforeseparatetheangular(givingGauntcoefficients)andradialpartsof
theintegrationprefactorwhichreads

Z

d3xe−iq·x̃Q(x) =
X

LLL

Z

dxj‘(xq)4ıi
‘YL(̂q)̃Q

L
(x)ΘL(x)

×
Z

dΩYL(̂x)YL(̂x)YL(̂x)
| {z }

=CLLL

(A.8)

wherex=|x|,q=|q|,andtheshapefunctionΘL(x)takecareofatruncationoftheradial
integrationtotheboundariesofthecells.ItshouldbementionedthattheGauntcoefficients
CLLL thatariseherehaveamaximalcutoffdependingonthe‘-cutoffusedforexpansionof
exponentiale−iq·x.Inpracticewefoundavalueof‘max;exp=18suitableforsufficientlyhigh
accuracywithouttoomuchcomputationalcost.

A.2. UsedSoftwarepackages

TheplotsanddiagramsofthisthesiswereproducedusingthesoftwarepackagesVESTA
[321],Paraview[322],andmatplotlib[323].
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