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individually, rather than collectively; this would necessitate a much larger number of SCALE 

runs. Nevertheless, it is also possible to determine the relative importances from the main 

nuclide/reaction combinations contributing to the total uncertainty with a moderate number of 

samples [5]. Fortunately, the calculations are all independent and can be done in parallel, but for 

standard PCs and small computer clusters in the near future, the statistical method will most 

likely be limited to computing uncertainties and main importances. In that sense, the statistical 

sampling method is complementary to the adjoint-based sensitivity method currently in SCALE. 

2. METHODOLOGY 

The SCALE code package includes generic multigroup (MG) and pointwise (PW) cross-section 

(XS) libraries for use in transport calculations. SCALE multigroup computation sequences 

include initial operations that manipulate and perform resonance self-shielding calculations prior 

to the transport (and possibly depletion) calculations, as shown in Figure 1.  

 

  

Figure 1. Flow chart of SCALE multigroup computation sequences. 

 

The SCALE libraries contain the following four general types of nuclear data used in MG 

calculations: 

(a) PW 1D data used in CENTRM and PMC self-shielding calculations:  

xσ (E)  = energy dependent XS for reaction x at energy E processed from ENDF/B; 

keff ; power, 
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(b) Infinitely dilute MG 1D data for reaction “x”:  

 

  x

x,g

g

σ (E)
σ    

u
 


 ,  (1) 

where gu is the lethargy width of group g ; and brackets indicate lethargy integration 

over g. 

(c) Bondarenko self-shielding factors( aka, f-factors) vs background XS σ0: 

 
 x,g 0 x,g 0 x,gf (σ )   σ (σ ) /σ   ,  (2) 

where σx,g(σ0) is the self- shielded XS at σ0 , represented as 

 

  x
x,g 0

t 0 t 0

σ (E) 1
σ σ    

σ (E) σ ) σ (E) σ )


 
 (3) 

(d) 2D scattering distributions: 

MG data  s,g g'σ   and CENTRM PW thermal kernels,  thσ E E'  

Uncertainties in the calculated results depend upon the uncertainties in each of the above 

computational data; however, for this development the impact of uncertainties in the 2D 

distributions is ignored because no uncertainty data are available in the SCALE covariance 

libraries. Therefore, the remaining three types of input data can be collected into an M-

dimensional CDV of the form,  

 

       x y x,g ,g x,g 0 ,g 0

/ / /

X  ;   E , E .... ; , .... f ( ), f ( )....  y y

PW data for all reactions nuclides MG data for all reactions nuclides shielding factors for all reactions nuclides

     

 
 

  
  

, (4) 

where “M” is the number of input nuclear data parameters.  These quantities are based on 

evaluated nuclear data processed from ENDF/B. Uncertainties in the experimental data used in 

the evaluation process introduce uncertainties into the basic ENDF/B data; thus these quantities 

should more appropriately be considered as having a range of possible values described by a 

PDF. Modern ENDF/B data evaluations include not only an estimate for the expected value of 

the data, but also covariance data to describe the correlated uncertainties. ENDF covariance data 

are described by a symmetric covariance matrix 
x yα ,α

C , which has variances on the diagonal and 

covariances off the diagonal. Unfortunately, many older evaluations in ENDF/B do not include 

covariance information. SCALE includes a comprehensive library of MG covariance data 

processed from ENDF/B and is supplemented by approximate covariances for materials without 

ENDF covariances [3]. Uncertainties and correlations in the basic evaluated nuclear data cause 

uncertainties in the processed data used for calculations, and these uncertainties are responsible 

for uncertainties in the output responses.  
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2.1 Sampling Method  

The XSUSA code extends the SUSA code package developed by Gesellschaft fuer Anlagen- und 

Reaktorsicherheit (GRS) [4] to the application with nuclear data covariance. It randomly samples 

data from available covariance data with the sampling module MEDUSA, applies the samples to 

the reference nuclear data, and finally performs the statistical analysis of the entity of results. 

Oak Ridge National Laboratory has worked with GRS to couple the XSUSA sampling code with 

SCALE computational sequences. At present XSUSA is run to produce random samples for MG 

data values, although in the future it could also be applied to depletion data such as decay 

constants and fission product yields and also to delayed neutron parameters that are of major 

importance for transient calculations. The typical approach is to assume that the MG data PDF is 

a multivariate normal distribution, which is completely defined by the expected values and 

covariance matrices for the data. An XSUSA statistical sample consists of a full set of perturbed, 

infinitely dilute MG data for all groups, reactions, and materials. The SCALE MG covariance 

data are given as relative values of the infinitely dilute cross sections, so that a random 

perturbation sample for cross section  x,gσ  corresponds to 
 

 
x,g

x,g

σ

σ

 


. XSUSA converts these 

values to a set of multiplicative perturbation factors x,gQ that are applied to the reference data to 

obtain the altered values: 

 x,g x,g x,gσ' Q σ  ,  (5) 

where: 
 

 
x,g

x,g

x,g

σ
Q 1

σ

 
 


  . (6) 

The CDV defined in Eq. (4) contains PW cross sections and shielding factors in addition the 

infinitely dilute MG data. Furthermore, it can be seen from the definitions in Eqs. (1), (2), and 

(3) that these quantities are highly correlated because the PW cross sections appear in both the 

infinitely MG data and the self-shielding f-factors. For that reason, the three types of data 

appearing in the CDV cannot be sampled independently. For example, an energy-dependent 

perturbation in the PW cross section causes the infinitely MG cross section to be perturbed as 

shown below, 

 

  x

x,g

g

σ' (E)
σ'    

u
 


 (7) 

Similarly, the perturbed shielding factor can be obtained using Eqs. (2) and (3):  

 

 
 

x
x,g 0

t 0 t 0x,g

1 σ' (E) 1
f ' σ    

σ' (E) σ σ' (E) σσ'


 
  (8) 

Unfortunately, no SCALE covariance data are available for the energy-dependent PW XSs. For 

that reason, a simple approximation is used to obtain consistent, correlated perturbations in 

xσ (E) ,  x,gσ  , and  x,g 0f σ .  
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A comparison of the perturbed, infinitely dilute data given by Eqs. (5) and (7) shows that the 

expressions are equivalent if the PW data are perturbed in the following manner:  

 x x,g xσ' (E) Q σ (E)  , for E g    ; (9) 

i.e., the PW data are changed uniformly at all energy points with a group. Stated in another way, 

Eq. (9) assumes that PW data are fully correlated within a group. In fact, PW data do have strong 

short-range correlations of necessity, due to data continuity requirements; however, the 

correlations may not always extend over an entire group if the energy interval is large. Because 

different perturbation factors are applied to PW data in different groups, this approach introduces 

a discontinuity in xσ' (E) at the energy boundaries; however, this approximation is not expected 

to have much impact on the MG data because the group-averaged value only depends on the 

energy-dependent cross sections and flux within the group energy interval.  

The perturbed MG shielding factor defined in Eq. (8) is evaluated in a similar manner. Applying 

the approximation in Eq. (9), Eq. (8) can be written as  

 

 
 

x,g x

x,g 0

t,g t 0 t,g t 0x,g x,g

Q σ (E)1 1
f ' σ    

Q σ (E) σ Q σ (E) σQ σ


 
 ,  (10) 

After simplifying, Eq. (10) becomes 

 
   x,g 0 x,g 0f ' σ    f σ'  ; where 0 0 x,gσ' σ Q  (11) 

Therefore, the perturbed shielding factor can be obtained by simply evaluating the original f-

factor tabulation at a modified background XS value.  

In summary, the randomly perturbed CDV for use in SCALE sequence calculations is obtained 

as follows: 

(1) select a value for 
 

 
x,g

x,g

σ

σ

 


using XSUSA to sample MG covariance data in SCALE, 

(2) use Eq. (6) to convert the above relative perturbation into a multiplicative factor, 

(3) use Eq. (9) to obtain the perturbed PW data used in CENTRM/PMC, 

(4) use Eq. (5) to compute perturbed, infinitely dilute MG data, and  

(5) use Eq. (11) to compute the perturbed shielding factor.  

3. IMPLEMENTATION OF SCALE STATISTICAL SAMPLING METHODOLOGY 

SCALE has several sequences used for a wide range of applications that can benefit from a 

statistical sampling methodology to perform uncertainty analysis. These include CSAS for 

criticality safety, TRITON for lattice physics and depletion, Mavric for shielding, and several 
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others. In order to provide a robust capability for statistical analysis of existing and any new 

sequences, a “super-sequence” called Sampler has been developed (Figure 2). Sampler generates 

perturbed MG Master and PW CENTRM libraries based on a random CDV sample containing 

perturbation factors from XSUSA, and then executes an arbitrary sequence to produce perturbed 

output results. 

 

 

 

Figure 2. Sampler sequence flow chart. 

 

At present, a precomputed library of nuclear data perturbation factors generated by the XSUSA 

code is read by Sampler, but in the future it may be desirable to have an option to execute 

XSUSA within the Sampler sequence so that on-the-fly data sampling can be done. The process 

is repeated for a specified number of CDV samples, and the distribution of output results is 

analyzed to determine standard deviations and correlations in any desired output response. The 

perturbation factors are precalculated and saved in the same format as an AMPX master library. 

Each sample is treated as “material” with 1D data corresponding to perturbation factors for the 

respective reaction types. Sampler executes two codes, ClarolPLUS and CrawdadPLUS, that 

convert perturbation factors into a perturbed MG and PW library, respectively, and then executes 

a designated sequence. The Sampler sequence performs the following operations: 

(1) reads user input for the Sampler options (e.g., the desired number of samples) and reads the 

desired SCALE sequence input;  
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(2) prepares the secondary input for the ClarolPLUS and CrawdadPLUS codes; 

(3) executes ClarolPLUS and CrawdadPLUS to produce perturbed MG and CENTRM PW 

libraries; 

(4) executes the designated SCALE sequence using the perturbed MG and PW libraries; and 

(5) collects sequence output of perturbed results. (The available types of results that can be 

collected is currently limited but can be easily expanded in the future.) 

Sampler repeats steps (2)–(5) for a specified number of samples to obtain a distribution of results 

that can be converted to a standard deviation and correlation coefficients.  

4. EXAMPLE APPLICATION  

An earlier work applied the XSUSA/SCALE uncertainty analysis for criticality study [5], but it 

did not directly include the effects of perturbations in the PW cross sections and Bondarenko 

factors; instead, the perturbations were applied to the resonance shielded cross sections after the 

spectral calculations. Also, the calculations were not automated with the new Sampler sequence 

in SCALE. Here we apply the complete SCALE statistical sampling methodology in Sampler for 

the critical benchmark experiment LEU-COMP-THERM-008 described in the International 

Handbook of Evaluated Criticality Safety Benchmark Experiments (ICSBEP) [6] to determine 

uncertainties in the eigenvalue and power distribution, due uncertainties in nuclear data. This 

experiment corresponds to a 3 × 3 array of pressurized water reactor (PWR) fuel assemblies in a 

water pool. Figure 3 describes the experiment.  

The SCALE CSAS25 sequence was used for the computations. This sequence performs 

resonance self-shielding calculations using BONAMI, CENTRM, PMC, and WORKER, and the 

resulting self-shielded cross sections are used in the KenoVa Monte Carlo code. All components 

of the computational data vector were perturbed (i.e., MG data, Bondarenko factors for 

BONAMI, and CE data for CENTRM/PMC) as described in Section 2. Perturbation factors were 

generated by XSUSA based on a multivariate normal distribution with the covariance data given 

in the SCALE covariance library. MG capture, fission, chi, nubar, elastic, and inelastic reaction 

data for 
238

U, 
235

U, H, and 
16

O were varied. Three hundred random samples were taken for this 

example; i.e., 300 CSAS25 sequences were executed using the randomly perturbed nuclear data 

samples.  
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Figure 3. Critical benchmark description:  

A 3 × 3 array of PWR fuel assemblies consisting of 15 × 15 array of pins. 

 

Figure 4 illustrates the distribution of computed eigenvalues for this case. Table I shows a 

comparison of means and variances obtained using conventional perturbation methods in 

TSUNAMI and with the statistical sampling method. The agreement between uncertainties 

computed with the two approaches is very good.  

 

 

Figure 4. Distribution of computed eigenvalues from 300 random data samples. 
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Table1.  Comparison of keff means and standard deviations obtained with 

statistical sampling and perturbation theory 

Method Reference 
Mean 

value 

Uncertainty 

from XS data 

(%) 

XSUSA/MG-Keno 

(statistical sampling)
a
 

0.9966 ± 0.0008 0.9971 0.44 

TSUNAMI MG-Keno 

(perturbation theory) 
0.9966 ± 0.0008 0.9966 0.46 

a
XSUSA results based on 300 random samples. 

 

Figure 5 shows the pin power uncertainties computed with the statistical sampling approach 

based on two different self-shielding methods.  The first uses Bondarenko self-shielding with the 

BONAMI code, and the second uses the CENTRM computed pointwise energy spectrum.  The 

two approaches produce similar uncertainties.  To obtain similar results using TSUNAMI, 

separate generalized adjoint calculations would have to be performed for each pin; however, the 

sampling method produces all pin uncertainties from the same set of results used for the 

eigenvalue uncertainty.  

 

Figure 5. Uncertainties (% standard deviation) in computed pin powers, using BONAMI 

and CENTRM, respectively, for self-shielding. 
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5. SUMMARY 

A new “super-sequence” called Sampler has been developed to perform uncertainty analysis for 

any SCALE sequence by statistical sampling of the input nuclear data. The random sampling is 

done by XSUSA using nuclear data probability distributions associated with covariances 

obtained from the SCALE library. Data variations for multiple samples are stored on a 

pregenerated perturbation factor library for subsequent use in Sampler. Sampler executes a 

specified SCALE sequence for the desired number of samples; and the output distribution of 

results from the SCALE sequence runs can be converted into standard deviations and correlation 

coefficients for any desired responses computed in the sequence. 

The statistical sampling method was applied to a CSAS25 computation sequence (resonance self-

shielding + KENO transport solver) for a critical experiment. Uncertainties in the computed 

eigenvalues and power distribution were determined from 300 random samples. The TSUNAMI-

3D sequence was also executed to compute the eigenvalue uncertainty using conventional 

perturbation theory. The eigenvalue uncertainty obtained with statistical sampling and with 

perturbation theory agreed well.  

Several future improvements are recommended for the Sampler sequence. They include more 

advanced postprocessing methods and the capability of performing SCALE sequence 

computations in parallel for multiple samples on several CPUs. 
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ABSTRACT 

 
Sampling based uncertainty and sensitivity analyses due to epistemic input uncertainties, i.e. to an 

incomplete knowledge of uncertain input parameters, can be performed with arbitrary application 

programs to solve the physical problem under consideration. For the description of steady-state 

particle transport, direct simulations of the microscopic processes with Monte Carlo codes are of-

ten used. This introduces an additional source of uncertainty, the aleatoric sampling uncertainty, 

which is due to the randomness of the simulation process performed by sampling, and which adds 

to the total combined output sampling uncertainty. So far, this aleatoric part of uncertainty is mini-

mized by running a sufficiently large number of Monte Carlo histories for each sample calculation, 

thus making its impact negligible as compared to the impact from sampling the epistemic uncer-

tainties. Obviously, this process may cause high computational costs. The present paper shows that 

in many applications reliable epistemic uncertainty results can also be obtained with substantially 

lower computational effort by performing and analyzing two appropriately generated series of 

samples with much smaller number of Monte Carlo histories each. The method is applied along 

with the nuclear data uncertainty and sensitivity code package XSUSA in combination with the 

Monte Carlo transport code KENO-Va to various critical assemblies and a full scale reactor calcu-

lation. It is shown that the proposed method yields output uncertainties and sensitivities equivalent 

to the traditional approach, with a high reduction of computing time by factors of the magnitude of 

100. 

 

Key Words: Aleatoric and epistemic uncertainties, nuclear data, nuclear covariance data, Monte 

Carlo transport, XSUSA. 

 

 

1. INTRODUCTION 

 

Evaluated nuclear data are continuously being improved. During the last years, the European li-

brary was updated from JEF-2.2 to JEFF-3.1 [1] and further to JEFF-3.1.1 [2], the American li-

brary from ENDF/B-VI to ENDF/B VII.0 [3] and ENDF/B VII.1 [4], and the Japanese library 

from JENDL-3.2 to JENDL-3.3/AC-2008 [5] and JENDL-4.0 [6]. These library improvements 

are performed on the basis of the newest evaluations of differential experiments; validation is 

mainly done by comparing the results of Monte Carlo calculations with a large number of critical 

experiments covering a wide variety of fuel, moderator, and structure materials in different spec-

tral conditions. However, the precision of evaluated nuclear data is limited by the uncertainties of 

the underlying measurements and theoretical parameters. Estimated values for these uncertainties 

are stored in the so-called covariance files accompanying the evaluated nuclear data files. Along 
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with updates of the nuclear data, current research aims at improved evaluations and augmenta-

tion of the covariance files.  

 

Accordingly, growing attention is being paid to uncertainty and sensitivity studies concerning the 

nuclear data evaluations with respect to the results of neutron transport calculations. So far, most 

uncertainty investigations with nuclear covariance data, as performed, e.g., with TSUNAMI [7] 

or SUSD3D [8], are based on first order perturbation theory, and primarily consider the multipli-

cation factors and other integral quantities. In the current version SCALE 6.1, TSUNAMI now 

also provides generalized perturbation theory capabilities [9] to compute sensitivities and uncer-

tainties for reactor responses such as reaction rate and flux ratios as well as homogenized few-

group cross sections. With increasing computer power, sampling based methods, as implement-

ed, e.g., in MCNP-ACAB [10], NUDUNA [11], TMC [12], and XSUSA [13], have become more 

and more feasible. Within these approaches, the transport calculations are repeated many times 

with sampled nuclear data, and the results are statistically analyzed, leading to quantification of 

uncertainties of arbitrary output quantities, and, to a certain degree, to quantification of sensitivi-

ties with respect to the uncertain input parameters. 

 

So far, sampling based approaches have been applied with deterministic and Monte Carlo trans-

port solvers. When using a Monte Carlo code for the direct simulation of the neutron transport, 

an additional source of sampling uncertainty is introduced which results from the finite number 

of neutron histories sampled in the course of the Monte Carlo simulation (“aleatoric uncer-

tainty”). This adds to the uncertainty due to the incomplete knowledge of the nuclear data (“epis-

temic uncertainty”). Therefore, if a Monte Carlo code is applied to solve the transport problem, 

normally a sufficiently large number of neutron histories are used for each nuclear data sample, 

such that the aleatoric sampling uncertainty becomes negligibly small, and the observed output 

sampling uncertainty can be attributed to the epistemic nuclear data sampling uncertainty alone. 

This means that for each of the calculations with sampled nuclear data, the same high number of 

neutron histories as for the reference calculation is used. Obviously, the computational costs of 

this procedure may be immense when dealing with large sample sizes. 

 

In the present contribution, a method is proposed to perform the uncertainty analyses with 

strongly decreased numbers of Monte Carlo histories per calculation, and, nevertheless, without 

losing substantial information when determining the output uncertainties, thereby reducing the 

necessary computing times drastically. This method is applied along with the uncertainty and 

sensitivity analysis code XSUSA (“Cross Section Uncertainty and Sensitivity Analysis”) and 

KENO-Va as Monte Carlo transport solver to a variety of critical assemblies and a full scale re-

actor configuration. The results are then compared to corresponding results obtained with the 

“traditional” method with the same high numbers of neutron histories for each nuclear data sam-

ple as for the reference calculation.  

 

2. SEPARATION OF ALEATORIC AND EPISTEMIC UNCERTAINTIES 

 

Uncertainty and sensitivity analyses are performed to determine the uncertainties in the output 

quantities of a calculation describing a physical problem. Output uncertainties result from epis-

temic input uncertainties. These are due to the incompleteness of the knowledge about the input 

parameters, e.g. from measurement uncertainties, manufacturing tolerances, etc. As far as nuclear 
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data are concerned, the uncertainties mainly come from experimental errors and incomplete 

measurements, as well as uncertainties in physical model parameters. When applying random 

sampling methods for the uncertainty analysis, as implemented e.g. in the GRS SUSA code 

package [14], normally deterministic codes are used for solving the physical problem. For 

steady-state neutron transport in complex geometrical arrangements, however, Monte Carlo 

codes are best suited to describe the problem by a direct simulation of the microscopic processes, 

because practically no simplifications of the geometry are necessary. The application of the Mon-

te Carlo method as transport solver, however, introduces an additional kind of uncertainty to the 

calculation results, which results from the randomness of the calculation procedure performed by 

the Monte Carlo sampling process (“aleatoric uncertainty”). In “well-behaved” situations, this 

aleatoric sampling output uncertainty can be reduced or even eliminated by increasing the num-

ber of sampled neutron histories in the calculation. In Monte Carlo reference calculations, i.e. 

without taking epistemic input uncertainties into account, the number of neutron histories is cho-

sen such that the resulting aleatoric uncertainty of the output quantity under consideration, most-

ly expressed by variance or standard deviation, is below a desired value. When conducting sam-

pling based uncertainty analyses, the complete batch of calculations is usually performed with 

the same high number of neutron histories in each of the calculation runs. Further effort to sepa-

rate aleatoric and epistemic sampling uncertainties is unnecessary such that the usual one-

dimensional sample based epistemic uncertainty analysis can be performed.  

 

The method presented here shows that for many application cases it is not necessary to perform 

the full series of runs with such a high accuracy. In fact, it is possible to obtain reliable epistemic 

uncertainty results with substantially reduced number of neutron histories in each run, such that 

e.g. the total number of neutron histories for the whole series of all calculations is in the same 

order of magnitude as for the single high accuracy reference calculation run. 

 

The method works as follows: 

 

Generate two series of calculations.  

1
st
 series = the usual two-dimensional aleatoric/epistemic nested sampling with  

  - Outer (epistemic) loop: nuclear data sample of size Ne,  

  - Inner (aleatoric) loop: Monte Carlo transport sampling with reduced sample size Na  

2
nd

 series = another two-dimensional aleatoric/epistemic nested sampling with  

  - Outer (epistemic) loop: the same Ne sample values of nuclear data as in the 1
st
 series  

  - Inner (aleatoric) loop: new Monte Carlo transport sampling with the same reduced sample size 

Na independent of the 1
st
 series. 

Thus, for each output quantity of interest the two series of calculations provide two samples of 

values of size Ne each, or, in other words, a two-dimensional sample of size Ne. 

 

Finally compute the sample covariance of this two-dimensional sample. This sample covariance 

is the result of principal interest in epistemic uncertainty since it can be considered as the vari-

ance of the distribution quantifying the epistemic part of sampling uncertainty alone after having 

eliminated the effect of aleatoric sampling uncertainty.  

The accuracy of the results of this method depends inversely on the relative contribution of the 

aleatoric sampling uncertainty. It will therefore increase if the aleatoric sample size Na, i.e. the 
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number of neutron histories in the Monte Carlo runs will increase. On the other hand, obviously, 

the accuracy will also increase by increasing the epistemic sample size Ne.   

 

The mathematical basis of this method is the following result about conditional expectations: If 

two output variables Y and Y’ are identically distributed and conditionally independent given the 

vector of (epistemic) input variables U, then their covariance cov(Y,Y’) is equal to the variance 

of the conditional expectation E[Y|U] of Y given U, i.e. cov(Y,Y’) = var(E[Y|U]) [15]. In the 

present context U stands for the vector of all epistemic variables representing uncertainties in nu-

clear data, Y and Y’ stand for the output variables corresponding to the two cases considered as 

functions of the epistemic and aleatoric variables with the reduced aleatoric sample size. The 

above sampling scheme ensures the assumption that Y and Y’ are identically distributed and con-

ditionally independent given U. The conditional expectation E[Y|U] stands for the epistemic part 

of the output variable Y from which the aleatoric sampling uncertainty has been eliminated, i.e. 

averaged out. The result of principal interest is therefore its variance var(E[Y|U]) which quan-

tifies the epistemic uncertainty alone separated from the total combined uncertainty from both 

sources.  

 

It will be demonstrated in the next section that for determining the multiplication factor uncer-

tainties in critical assembly calculations, very small neutron history sample sizes Na are normally 

sufficient. It has to be kept in mind that when using extremely small numbers of neutron histories 

in the Monte Carlo criticality calculations, the results can be falsified by bias and source conver-

gence issues [16]. Therefore one should make sure that averaging over a long series of short 

Monte Carlo calculations, i.e. with small number of neutron histories  without epistemic uncer-

tainties, yields a result compatible with a single reference run obtained with large number of neu-

tron histories. Thus the uncertainty results obtained from the two series of short runs can reason-

ably be compared with the results from a single series of long runs.  

 

As an example, the performance gain is estimated with some typical values: The reference calcu-

lation is performed with Na=50,000,000 neutron histories. For determining the epistemic uncer-

tainties by the above method, Ne=1,000 nuclear data sample values are used along with the re-

duced number Na
*
=50,000 of neutron histories per run. One additional series of Ne=1,000 calcu-

lations without epistemic uncertainties is also performed for the convergence check of averaging. 

This finally means that the total number of sampled neutron histories within the entire exercise 

corresponds to the full number of histories of four long runs, only, i.e. a reduction of computing 

time by a factor of 250 if compared with 1000 runs with full number of neutron histories (in real-

ity, for the XSUSA/KENO calculations it is a factor of perhaps 100 due to the overhead caused 

by handling the nuclear data). 

 

3. RESULTS FOR CRITICAL ASSEMBLIES 

 

The method described above is applied for determining multiplication factor uncertainties and 

sensitivities of various critical assemblies. To cover a wide range of spectral conditions, two Ura-

nium and two Plutonium systems are chosen, with fast as well as thermal spectra. Three of  them 

are described in the International Handbook of Evaluated Criticality Safety Benchmark Experi-

ments [17]: The bare metallic Uranium sphere GODIVA (in the nomenclature of the Handbook 

HEU-MET-FAST-001), the bare metallic Plutonium sphere 
239

Pu JEZEBEL (PU-MET-FAST-
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001), and one of the P-11 series of bare spheres of Plutonium nitrate solutions (PU-SOL-

THERM-011, Case 16-1). KRITZ-2:13 is a light water moderated quadratic array of Uranium 

fuel pins, described in the International Handbook of Evaluated Reactor Physics Benchmark Ex-

periments [18] as KRITZ-LWR-RESR-003. The XSUSA analyses are performed with KENO-Va 

from the SCALE 6 code system [19] as Monte Carlo transport solver, with the 238 group 

ENDF/B-VII neutron cross section library and covariance data included in the SCALE 6 pack-

age; the covariance data are from a variety of sources, including high-fidelity evaluations from 

ENDF/B-VII, ENDF/B-VI, and JENDL-3.3, as well approximate uncertainties obtained from a 

collaborative project performed by Brookhaven National Laboratory, Los Alamos National La-

boratory, and Oak Ridge National Laboratory [20]. 

 

 

Table I. Multiplication factors obtained from KENO-Va for various critical assemblies. Re-

sults from one run with a large number of neutron histories and from mean of 1,000 runs 

with a small number of neutron histories per run. 

 

 GODIVA JEZEBEL KRITZ-2:13 P-11, 16-1 

(1) Reference long run 0.99989 0.99988 0.99644 1.01040 

95% conf. int. of reference 0.00024 0.00026 0.00007 0.00030 

(2) Mean of 1,000 short runs 0.99960 0.99992 0.99633 1.01013 

95% conf. int. of mean 0.00025 0.00028 0.00008 0.00029 

Rel. deviation (2) vs. (1) -0.029% 0.004% -0.011% -0.027% 

 

 

The reference calculations for GODIVA, JEZEBEL, and the P-11 case are performed with 

50,000,000, for KRITZ-2:13 with 400,000,000 active neutron histories. These numbers of histo-

ries are also used for determining output uncertainties and sensitivities with negligible aleatoric 

uncertainties (“long runs”), while for applying the above method to eliminate the aleatoric contri-

butions from the total uncertainty, only 50,000 or 400,000 active neutron histories are consid-

ered. 

 

First, it has to be shown that using such small numbers of histories does not lead to biased re-

sults. This is done in Table I, where the multiplication factor averages from 1,000 short runs 

(with 50,000 or 400,000 active neutron histories) are compared with the reference result from a 

single long run. It can be seen that the differences are sufficiently small, and furthermore that the 

95% confidence intervals from the short runs and that given in the long KENO calculation are 

very similar. Therefore there is no indication in any of the calculation cases that problems might 

arise by choosing overly small numbers of histories. 

 

After these checks, the actual uncertainty and sensitivity analyses are performed. The results for 

the output uncertainties are given in Table II. The reference values for the epistemic output un-

certainties are those obtained from 1,000 long KENO runs, where there is practically no contri-



W. Zwermann et al. 
 

2012 Advances in Reactor Physics – Linking Research, Industry, and Education (PHYSOR 2012), 

Knoxville, Tennessee, USA  April 15-20, 2012 

6/12 

 

bution from the aleatoric sampling uncertainty. When the corresponding calculations are per-

formed with 1,000 short runs, the determined uncertainties are clearly higher, by 4 – 6%. The 

obvious reason is the influence of a substantial aleatoric sampling uncertainty on the total output 

uncertainty. After having performed the 2
nd

 series of 1,000 short runs with the same nuclear data 

samples but new neutron history samples, the covariance between the two series has been com-

puted to eliminate the impact of aleatoric uncertainty, as described in section 2. Now, the result-

ing output uncertainties have practically the same values as from the 1,000 long runs, with a 

maximum relative difference of 1.3% for the KRITZ-2:13 assembly, being well inside the 95% 

confidence interval of the standard deviation, which is approximately +/–4% relatively to the 

value of the standard deviation. For the GODIVA, JEZEBEL, and P-11 calculations, the aleatoric 

uncertainties in the short KENO runs are given as 0.3 – 0.8%, in the KRITZ-2:13 calculations as 

0.08 – 0.18%; in all cases, these values are smaller than the epistemic uncertainties. 

 

 

Table II. Multiplication factors and corresponding uncertainties due to nuclear data covari-

ances obtained from KENO-Va with sampled nuclear data. Reference result from a single 

long run, results from 1,000 runs with a large number of neutron histories per run, from 

1,000 runs with a small number of neutron histories per run, and from 2 x 1,000 runs with 

a small number of neutron histories per run after elimination the aleatoric uncertainties. 

 

 GODIVA JEZEBEL KRITZ-2:13 P-11, 16-1 

Reference long run 0.99989 0.99988 0.99644 1.01040 

Mean of 1,000 long runs 1.00043 0.99985 0.99645 1.01054 

Epistemic uncertainty k/k (1) 
from 1,000 long runs 

1.063% 1.418% 0.529% 1.506% 

Mean of 1,000 short runs 0.99889 0.99901 0.99649 1.01055 

Total combined uncertainty k/k 
(1) from 1,000 short runs 

1.125% 1.474% 0.551% 1.586% 

Epistemic uncertainty k/ k (1) 
from 2 x 1,000 short runs 

1.056% 1.415% 0.536% 1.502% 

 

 

In addition to the quantified output uncertainties, the corresponding sensitivities, i.e. the contri-

butions to these uncertainties from individual nuclide/reaction combinations can be evaluated 

(sensitivity in the sense of uncertainty importance). To do this, the so-called “squared multiple 

correlation coefficient (R
2
)” is used as sensitivity/uncertainty importance indicator for parameter 

groups. It can be interpreted as the relative amount of output uncertainty coming from the uncer-

tainty of the respective parameter group. It is basically determined from correlations of the calcu-

lated output quantities with the sampled input quantities, i.e. with the sampled nuclear data, tak-

ing into account inter-dependencies of input quantities due to non-zero covariance terms [21]. It 

should be noted that these are not identical to contributions as given by TSUNAMI, and that 

even the ranking may be quite different due to correlations between different nuclide/reaction 



Aleatoric and Epistemic Uncertainties in Sampling Based Nuclear Data Uncertainty and Sensitivity Analyses 

2012 Advances in Reactor Physics – Linking Research, Industry, and Education (PHYSOR 2012), 

Knoxville, Tennessee, USA  April 15-20, 2012 

7/12 

 

groups. These sensitivities are displayed in Fig. 1 for the five most important parameter groups 

and for the four application cases, along with their 95% confidence intervals indicated by the er-

ror bars. (The contribution from 
238

U n, capture, 92238-0102, should be disregarded because it 

is below the 95% significance bound). 
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Figure 1. Sensitivity results: Squared multiple correlation coefficients (R
2
) from 

XSUSA/KENO for k-eff of four critical assembly calculations. Red columns: 1,000 long 

runs; blue columns: 2x1,000 short runs. Reaction IDs: 2 = elastic scattering, 4 = inelastic 

scattering, 18 = fission, 102 = n, capture, 452 = nu-bar, 1018 = fission spectrum. 
 

 

It can be seen that the sensitivity values determined from the short Monte Carlo runs are gener-

ally smaller than those from the long runs. Obviously, this is due to the presence of additional 

non-negligible aleatoric uncertainties, such that the relative contributions from the groups be-



W. Zwermann et al. 
 

2012 Advances in Reactor Physics – Linking Research, Industry, and Education (PHYSOR 2012), 

Knoxville, Tennessee, USA  April 15-20, 2012 

8/12 

 

come smaller.  However, the importance ranking of the input quantities is the same from long 

and short runs, at least for the dominating parameter groups.  

 

Taking KRITZ-2:13 as a typical example of a Monte Carlo critical assembly calculation, the fol-

lowing computing times are necessary (on a 2.53 GHz Intel Xeon CPU): One long KENO run 

takes approx. 4.5 hours, one short run approx. 40 seconds. Comparing the times for 1,000 long 

runs and for 3 x 100 short runs plus 1 long reference run, the gain in computational time apply-

ing the method described in this paper amounts to a factor of approx. 120. These are wall clock 

times, i.e. the overhead arising from the nuclear data handling is already taken into account. 

 

The calculations were performed with a Monte Carlo code with multi-group nuclear data; it 

should be mentioned that this is no restriction, i.e. the described method can also be applied 

when using continuous energy data. Likewise, it is not restricted to nuclear data uncertainties at 

all; it can equally well be used for analyses with a Monte Carlo transport solver and epistemic 

uncertainties from other sources, like manufacturing tolerances considered with the SUnCISTT 

code [22]. 

 

4. RESULTS FOR A FULL CORE ARRANGEMENT 

 

In the previous section, the method of eliminating the aleatoric uncertainties to determine epis-

temic uncertainties and sensitivities was applied to evaluating the epistemic uncertainty of the 

multiplication factors of critical assemblies. To demonstrate the possible computing time gain for 

other output observables, too, this method is applied to the calculation of the fuel assembly pow-

er distribution of a full core calculation benchmark [23]. The arrangement is a semi-realistic de-

scription of a mixed core with different MOX and UO2 fuel assemblies in different burn-up states 

in 2-d representation. The same codes and data as for the critical assembly calculations are used, 

with the distinction that the 238 group master libraries were pre-collapsed to 44 groups (the same 

structure as that of the covariance matrices). The long KENO runs are performed with 

1,000,000,000 active neutron histories; this large number was used to make sure that sufficiently 

well converged solutions for fission rate distribution are obtained. In fact, the Monte Carlo solu-

tion for a full scale LWR core arrangement may exhibit a rather slow convergence behaviour, 

and the real uncertainty of the reaction rate distribution can be much larger than the statistical 

uncertainty estimated in the Monte Carlo calculation [24]. For the short KENO runs, 2,000,000 

active neutron histories are used. 

 

Uncertainties and sensitivities are evaluated for the multiplication factor and the fuel assembly 

powers in a row of fuel assemblies along the x-axis of the core, denoted by p1 – p8. In Fig. 2, the 

calculated uncertainties are displayed. In this case, the k-eff uncertainties are practically identi-

cal, no matter whether a series of long or short runs is used. This is due to the fact that with 

2,000,000 neutron histories in the short runs, the aleatoric uncertainty of approx. 0.04% is al-

ready negligible as compared to the epistemic uncertainty of approx. 0.5%. For the assembly 

power uncertainties, the situation is rather different. From one series of long runs, the evaluated 

total combined uncertainties are much larger than the epistemic uncertainties alone, determined 

from the series of long runs. However, by using two series of short runs with different Monte 

Carlo random numbers as described above, the determined uncertainties are in very good agree-

ment with those from the series of long runs. 
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Figure 2. Uncertainties in k-eff and the powers in a row of fuel assemblies (p1 – p8) from 

full core calculations with XSUSA/KENO. Red columns: 1,000 long runs; green columns: 

1,000 short runs; blue columns: 2x1,000 short runs. 
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Figure 3. Sensitivity results: Squared multiple correlation coefficients (R
2
) from 

XSUSA/KENO for k-eff and the central power of a full core calculation. Red columns: 

1,000 long runs; blue columns: 2x1,000 short runs. Reaction IDs: Same as in Fig. 1. 
 

Correspondingly, the values of sensitivity indices “squared multiple correlation coefficients 

(R
2
)”, displayed in Fig. 3 for the main contributions to the k-eff uncertainty are the same for the 

series of long and short runs; for the assembly powers, the values are significantly larger from 

the series of long runs than from the short runs, due to the substantial aleatoric uncertainties in 
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each individual short run. As mentioned before, they provide a similar importance ranking. Each 

of the long runs takes approx. 13 hours while for a short run approx. 3 minutes are needed, lead-

ing to a factor of approx. 80 between the two different approaches. 

 

5. SUMMARY AND CONCLUSIONS  

 

When performing sampling based uncertainty and sensitivity analyses for neutron transport prob-

lems with codes directly simulating the microscopic processes, i.e. with the Monte Carlo method, 

two kinds of uncertainties have to be considered: aleatoric uncertainties which arise from the ran-

domness of the simulation procedure and the limited number of sampled particle histories, and 

epistemic uncertainties which arise from an incomplete knowledge of the values of input param-

eters. To determine the influence of the epistemic uncertainties alone, the sample calculations 

from epistemic sampling can traditionally be performed with a very large number of histories 

such that the aleatoric uncertainties become negligible and the entire sample output practically 

reflects only the influence of the epistemic uncertainties. It is clear that this procedure may be 

computer time consuming. In the present paper, a method was suggested which uses heavily re-

duced numbers of particle histories in each sample calculation, and, nevertheless, is able to elim-

inate the  aleatoric uncertainty contribution introduced to the output. This is accomplished by 

evaluating the covariance between two calculation series, each of them performed with identical 

sampled values of the epistemic variables, but with different and independently generated aleato-

ric Monte Carlo neutron histories. 

 

Applying this approach, sampling based uncertainty and sensitivity analyses with nuclear covari-

ance data were performed with the XSUSA code and KENO-Va from the SCALE 6 system as 

Monte Carlo transport solver, for several critical assemblies (fast and thermal, with Uranium and 

Plutonium), and a full scale steady-state reactor application. Equivalent uncertainty and sensitivi-

ty results were obtained as compared to the traditional method of using very large numbers of 

histories in each sample calculation. 

 

Thereby, computing times could be reduced by factors of the magnitude of 100. The use of mul-

ti-group nuclear data is no restriction, i.e. the described method can also be applied when using 

continuous energy nuclear data. The method can equally well be used for analyses with a Monte 

Carlo transport solver and epistemic uncertainties from other sources, like manufacturing toler-

ances. So far, the method was applied to stand-alone Monte Carlo criticality calculations; cur-

rently, investigations are being performed with calculations coupling Monte Carlo transport with 

depletion. 
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ABSTRACT 
 

Rod ejection transient of the OECD/NEA and U.S. NRC PWR MOX/UO2 core benchmark is 
considered under the influence of nuclear data uncertainties. Using the GRS uncertainty and 
sensitivity software package XSUSA the propagation of the uncertainties in nuclear data up to the 
transient calculations are considered. A statistically representative set of transient calculations is 
analyzed and both integral as well as local output quantities are compared with the benchmark 
results of different participants. It is shown that the uncertainties in nuclear data play a crucial role 
in the interpretation of the results of the simulation. 
 
Key Words: rod ejection, uncertainty analysis, XSUSA, nuclear data, ATHLET, 
QUABOX/CUBBOX 

 
 

1. INTRODUCTION 
 
According to the current practice of nuclear power plant (NPP) design and safety analysis 
conservative assumptions and models are required to confirm the fulfilling of the acceptance 
criteria. Last years a new trend is to be observed – replacement of the conservative analyses with 
best-estimate calculations in combination of performing of uncertainty and sensitivity analysis 
(BEPU).The best estimate analysis require for a big class of transients and safety analyses the 
application of coupled neutronics/thermal-hydraulics codes. An aim of the recently defined 
OECD Benchmark for Uncertainty Analysis in Modeling (UAM) is to investigate the confidence 
bounds of the results from simulations and analysis in real applications [1]. One of the proposed 
reference scenarios for the UAM benchmark is the reactivity initiated accident (RIA) in a 
pressurized water reactor (PWR). 
 
In Ref. [2] the impact of the nuclear data covariance on reactor core calculations was already 
considered. The XSUSA method [2], developed in GRS, is applied to steady state analysis of the 
PWR MOX/UO2 core transient benchmark [3] without taking into account the thermo-hydraulic 
feedbacks. The XSUSA method is quite universal and well suited for performing full core 
analysis. In contrast to other state of the art methods, based on the usage of direct and adjoint 
fluxes in the framework of the generalized perturbation theory [4-6],, with XSUSA uncertainties 
can be directly propagated through the complete calculation chain.  
 
In the paper the XSUSA method is applied to analyze the rod ejection transient with the coupled 
system code ATHLET-QUABOX/CUBBOX (A-Q/C) [7]. In Section 2 of the paper, the steady 
state core with thermo-hydraulic feedbacks is considered, which corresponds to the Part 3 of the 
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benchmark. In Section 3, where the main results of the paper are discussed, the rod ejection 
transient with defined boundary conditions from Part 4 of the benchmark is analyzed. 
 

2. HOT ZERO POWER (HZP) ANALYSIS 
 
In the Part 3 of the benchmark the critical boron concentration and the 3D assembly power 
distribution are required to be calculated. To perform this simulation the GRS coupled system 
code A-Q/C is used for which the neutronic and thermo-hydraulic parameters are specified as 
defined in the Benchmark. 

2.1. Neutronics model 
 
The neutronics model is a full 3D core layout of 193 fuel assemblies. The core is designed with 
mixed MOX/UO2 fuel assemblies with different burnup. The quarter of the core load scheme is 
shown on Figure 1. The core is radially surrounded by a baffle and a reflector. Upper and bottom 
reflectors are considered also; the spacer effects are neglected. The active core zone is 
subdivided into 23 axial zones. The fuel and moderator temperature distributions are calculated 
by ATHLET taking into account the specified initial and boundary conditions  
 
 

 
 
 

2.2. A set of N = 100 complete two-group cross section libraries (XS) is generated using the 
XSUSA platform and the spectral code NEWT from SCALE-6 [8]. The generated XS-
libraries have the following simplified table structure: two parametric points for fuel 
temperature (560°K and 900°K), three - for moderator density (661.14 kg/m3, 711.87 
kg/m3 and 752.00 kg/m3) and two - for boron concentration (1000 ppm and 2000 ppm). 

Figure 1 Core configuration (1/4 core) of PWR-MOX/UO2 
benchmark. Red circle – ejected rod position 
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By calculating each parametric point of each library form the set (fuel assembly type, 
fuel temperature, moderator density and boron concentration) the same set of random 
numbers is used. Hence the correlations are naturally preserved and are implicitly 
contained in the output data. The obtained varied cross-section libraries are then 
saved [2]. By the simulations with the A-Q/C a linear interpolation algorithm of 
parametric values in the XS libraries is used. Thermal hydraulics model 

 
Each fuel assembly is treated in ATHLET system code as a single thermo-hydraulic (TH) 
channel. The whole core is represented by 193 parallel TH channels and all reflector assemblies 
are lumped in one TH channel. No cross-flows are assumed between the TH-channels. Thermal 
properties for UOX and MOX are taken from the benchmark specification. The TH boundary 
inlet conditions for each one of the TH channel are taken to be the same. Each TH-channel has 
its own time-dependent volume. A converged steady state condition is considered after 10 s of 
zero transient performed with ATHLET code.  

2.3. Results 
 
Figure 2 shows the histogram of critical boron concentration from all performed variation runs. 
The mean value denotes 1296 ppm and the standard deviation is 88 ppm which is 7% of the 
mean value. 
 
The mean value of the critical boron concentration calculated by all benchmark participants is 
1329 ppm and the difference between the highest and the lowest critical boron concentration 
denotes 86 ppm. Our simulated variation results are in a good correspondence with the results of 
other benchmark participants. Moreover there is a good agreement between the critical boron 
concentrations distribution and the fitted normal distribution. 
 
 

 
 

Figure 2 Histogram of critical boron 
concentrations. Red curve - fitted density of 

normal distribution 
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The relative axial power distribution is shown on Figure 3. Again the results of benchmark 
participants and the simulated variation results are in a good agreement. 
 
The steady state relative assembly power is shown in Figure 4. The left plot compares the A-Q/C 
mean value with the radial power of DeCART calculation which is considered to be the reference 
solution of the benchmark. The right plot of Figure 4 shows the standard deviation of A-Q/C 
variation runs. The maximum deviation between the mean values of A-Q/C assembly power and 
DeCART assembly power values as well as the pattern of the radial power allow concluding that 
the initial state of all A-Q/C variation runs is in a good agreement with benchmark results; and 
the standard deviation of A-Q/C runs covers the difference between A-Q/C assembly power 
mean value and the benchmark reference value. 
 
 
 

 
 
 

Figure 3 Relative axial power distribution for 
steady state. Blue bars - plot of nodal calculated 

values, red dots - benchmark participants’ results 
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Tables, like Table I, are numbered in Roman numerals, with the caption centered above the table, in 
boldface.  Triple-space before and after the table. 

 
3. TRANSIENT ANALYSIS 

 
The Part 4 of the Benchmark defines the rod withdrawal at position (E, 5) (see Figure 1). The rod 
is assumed to be fully ejected in 0.1 sec from HZP conditions described in previous Section 2. 
Small break LOCA is not considered.  
 
For each A-Q/C variation run the corresponding critical boron concentration is taken into 
account for further analysis. The integration time step by all runs is kept to be 
constant st 5100.5 −⋅=∆ . Calculations are performed on the Windows HPC Cluster with Intel 
Xeon 2.5GHz CPU’s. The CPU time for each transient calculation with duration of 5 s (10 s for 
the zero transient should be considered also) is about 5 hours.  
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Figure 4 Relative radial assembly power. Left plot: difference between A-Q/C variation 
runs mean and benchmark reference DeCART; right plot: standard deviation of A-Q/C 

variation runs 
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Figure 5 shows the reactivity histories of the rod ejection transient for all benchmark 
participants. All results with the exception of BARS are similar. The median of A-Q/C variation 
runs is in a good agreement with majority of benchmark results. The width of the 95%-quantile 
band at the plateau of the power peak time is approximately 140 pcm. 95%-quantile band goes in 
a direct vicinity of BARS result. As a matter of fact, all participants except the one that applied 
BARS code have used the same specified in the Benchmark XS-library. On the contrary, 
BARS-team [9] prepared its own XS-library using the isotopic compositions and geometry of the 
benchmark specification. The “outlier” BARS calculation is possibly a consequence of using 
different XS-library. 
 
More striking is the effect of XS-variations onto the core power history. The Figure 6 shows that 
already the results from 95%-quantile band can reach peak values that are approximately 3.5 
times larger than the nominal power. On the other hand there are results in which the rod ejection 
leads to a non pronounced power peak during the whole transient. As a result of all calculations a 
relatively large uncertainty band is formed which is at 95%- quantile level roughly 300% of 
nominal power. The minimum and maximum power peak values are 21% and 608% of the 
nominal power. It can be seen also in Figure 6 the difference between the median, which is a 
numerical value separating the higher half of a distribution from the lower half, and the mean, 
which is the average of the distribution, values of A-Q/C variation calculations. The median is a 
better indicator of the most typical value for distributions with outliers. The difference between 
median and mean values is due to the strongly nonlinear effect of the thermo-hydraulic coupling 
in the system. 

Figure 5 Reactivity evolution. The plot shows benchmark 
participants’ results and the results of all runs with variated 
XS libraries. Blue ribbon – 95% quantile range; blue curve is 

the median of all A-Q/C runs 
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Though the 95%-quantile band does not include BARS result, the range between A-Q/C results 
with maximum and minimum values of power peak contains even the BARS result. This again 
indicates that the transient is very sensitive to XS-library variations. 
 
 

 
 
 
It is also interesting to look at the nodal distribution of the uncertainties. Figure 7 presents bubble 
diagrams of the standard deviation of fuel assemblies’ normalized power. The snapshot is made 
at time stm 36.0= after beginning of the rod ejection. It is a median value of the power peak 
times. Left plot of Figure 7 shows the absolute value of standard deviation. Position 

)4,12(),( =yx  corresponds to the coordinates of the ejected control rod. The assembly power 
around this position is highest which leads to the largest absolute values of standard deviation. 
On the other hand, the right plot of Figure 7 shows the relative values of standard deviations 
normalized to corresponding values of the power mean values. This scaling gives a possibility to 
reveal a global effect of the rod ejection on to the uncertainties of the assembly power. A local 
effect of rod ejection leads to responses in the assemblies that are not in its direct vicinity. 
 
 

Figure 6 Core power history. The plot shows benchmark 
participants’ results and the results of runs with variated 

XS libraries. Blue ribbon denotes the 95% quantile 
range. Blue curve is the median of all A-Q/C variation 

runs 
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4. CONCLUSIONS  
 
In the present paper is studied the influence of nuclear data uncertainties for the rod ejection 
transient. The applied core data is based on the specification of the NEA/OECD MOX/UO2 
Benchmark. A significant uncertainty range in the global and local values of the power is 
observed. The effect of uncertainty spread is global and influences the power distribution in the 
whole active core. The results of the performed study are compared with the results of all 
participants in the MOX/UO2 Benchmark. The main parameter distributions of all participants 
with the exception of one - BARS are covered by the uncertainty range of the performed 
calculations with A-Q/C based on XS variations sampled with the GRS code XSUSA.  
The presented work shows the importance of performing nuclear data uncertainty analysis on the 
global and local core parameter evolutions and it is a step forward in the development of BEPU 
methodology.     
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ABSTRACT 

 
Along with best-estimate calculations for design and safety analysis, understanding uncertainties 

is important to determine appropriate design margins. In this framework, nuclear data uncertainties 

and their propagation to full core calculations is a critical issue. To deal with this task, different 

error propagation techniques, deterministic and stochastic are currently developed to evaluate the 

uncertainties in the output quantities. Among these is the sampling based uncertainty and 

sensitivity software XSUSA which is able to quantify the influence of nuclear data covariance on 

reactor core calculations. In the present work, this software is used to investigate systematically 

the uncertainties in the power distributions of two GEN-III PWR cores. With help of a statistical 

sensitivity analysis, the main contributors to the uncertainty are determined. Using this 

information a method is studied with which loading patterns of reactor cores can be optimized 

with regard to minimizing power distribution uncertainties. It is shown that this technique is able 

to halve the calculation uncertainties of a MOX/UOX core configuration. 

  

Key Words: uncertainty analysis, sensitivity analysis, nuclear data, covariance, XSUSA, UAM-

Benchmark. 

 

 

1. INTRODUCTION 

 

Nuclear data are the basis of all methods of neutron transport calculation and thus the quality of 

the nuclear data used is essential for obtaining reliable calculation results. Currently different 

techniques are developed to quantify the calculation uncertainties on different stages of the 

reactor core calculation chain. Some of today’s uncertainty and sensitivity tools are based on 

adjoint fluxes in the framework of the generalized perturbation theory [1][2][3][4]. These 

techniques primarily consider the multiplication factors of small, critical assemblies. Such 

compact critical assemblies are not necessarily representative for power reactors at operating 

conditions. To consider these, complex hybrid approaches are currently developed [5]. Other 

approaches are based on statistical sampling techniques [6][7] including the so called “Total 

Monte Carlo” method [8], which determines output uncertainties by random sampling the 

nuclear basis data before generating evaluated files. 

 

The methodology developed and pursued at GRS – XSUSA – is a different sampling approach 

[9][10]. Based on the GRS method implemented in the code package SUSA (“Software for 

Uncertainty and Sensitivity Analysis”) [11], many varied multi-group input libraries are 

generated using the evaluated nuclear covariance data shipped with the SCALE 6 code package 

[12] and the corresponding multi-group ENDF/B-VII library. The variations of the input data are 

generated randomly from the given probability distributions of the parameters including possible 
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correlations between them. XSUSA was applied successfully from simple pin cell calculations to 

burn-up calculations [13] and full core calculations using Monte-Carlo [9][14] and diffusion 

codes [10]. Thus the method is able to propagate the nuclear data uncertainties through all stages 

of the reactor core calculation chain. 

 

However, quantifying the output uncertainties is only one aim of the investigations. The second 

aim is to determine which of the input uncertainties is most responsible for the output 

uncertainties. These two pieces of information are necessary to reach the third and final goal, 

namely to find a way to minimize the calculation uncertainties. In this paper an uncertainty 

analysis is presented concerning with all three aims.  

 

 

 

 

2. UNCERTAINTY AND SENSITIVITY ANALYSIS OF TWO SIMILAR PWR CORES 

2.1. Uncertainty Analysis 

Using the XSUSA-Methodology in combination with the spectral code NEWT and with the 

diffusion code QUABOX/CUBBOX [15] as described in [10] the uncertainties of two similar 

three-dimensional GEN-III PWR cores introduced in the specification for the OECD UAM-

Benchmark [16] are calculated. Both cores have fresh loadings, one with only UOX assemblies 

and the other with a mixed MOX/ UOX loading as shown in Fig. 1. There are five different types 

of 17x17 fuel assemblies:  

 

 Type 1: UOX 2.1% 
235

U assembly without UO2-Gd2O3 rods 

 Type 2: UOX 3.2% 
235

U assembly with 20 UO2-Gd2O3 (1.9% 
235

U) rods 

 Type 3: UOX 4.2% 
235

U assembly without UO2-Gd2O3 rods 

 Type 4: UOX 4.2% 
235

U assembly with 12 UO2-Gd2O3 (2.2% 
235

U) rods 

 Type 5: MOX assembly without UO2-Gd2O3 rods 

 

Figure 1. Configurations of the two investigated GEN-III PWR cores. 
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The radial reflector is modelled by homogeneous assemblies in stainless steel at the core 

boundary; beyond this stainless steel reflector, borated water is represented. Concerning the core 

axial description, the axial reflector at the bottom and the top of the active fuel length is 

modelled by clads bathed with borated water. For the lower axial reflector, the claddings are 

filled with a Zircaloy tube and the upper reflector’s claddings are filled with a diluted stainless 

steel material to model springs. The heavy radial reflector is represented on the total core length 

and the boundary conditions are defined as zero albedo. As can be seen in Fig. 1, the two set-ups 

show only differences in the outer most row of fuel assemblies. Where the UOX core shows a 

mixture of assembly types 3 and 4, the outermost row of the MOX/UOX consists only of fuel 

type 5, i.e. MOX assemblies. 

 

 

 

 

 

A set of N = 300 complete few-group cross section libraries was generated using XSUSA with 

the spectral code NEWT from SCALE 6. For all different fuel assemblies (including the 

reflectors) the same set of random numbers, i.e. the same varied multi-group libraries, was used. 

Thus the correlations between the cross-sections of different assemblies are preserved naturally 

and are implicitly contained in the homogenized few-group libraries [10]. These few-group 

libraries serve as input for the diffusion core model QUABOX/CUBBOX which calculates the 

multiplication factor and the power distribution for each individual run. The results are then 

analysed by statistical methods. 

 

 

 

 

 

Figure 2. Mean values of the power distribution of the investigated reactor cores for N=300 

calculations. 



M. Klein et al. 
 

2012 Advances in Reactor Physics – Linking Research, Industry, and Education (PHYSOR 2012), 

Knoxville, Tennessee, USA  April 15-20, 2012 

4/11 

 

 

Table I. Mean values and statistical standard deviations of keff. 

 

keff mean uncertainty 

UOX 1.00292 0.00513 

MOX/UOX 1.00063 0.00488 

 

 

Table I, Fig. 2 and Fig. 3 show mean values and uncertainties of the full core calculations. For 

both configurations the mean value of the multiplication factor is a little overcritical. The mean 

of both radial power distributions are relatively flat with peaking values in the outer region of the 

core. The uncertainties, calculated as statistical standard deviations, of keff are about 0.5 % for 

both, the UOX and the MOX/UOX loading and thus they are in good agreement with values 

from other UOX dominated systems [9][10][12][13]. The uncertainties of the power distribution 

also show a similarity: both have a relatively high uncertainty in the center and the outermost 

region of the core and a very low uncertainty in a circle at half way in-between. However, 

looking at the magnitude of the uncertainties it becomes apparent, that the MOX/UOX core has a 

much higher calculation uncertainty. Whereas the uncertainty is smaller than 5 % in every node 

of the UOX core, it reaches 9.4 % in the outer region and even 13 % in the center of the 

MOX/UOX core.  

 

The fact that the uncertainty is almost twice as high in the center of the MOX/UOX core is of 

special interest, as the core loadings show no difference in this region (see Fig. 1). Thus the root 

of this phenomenon cannot be determined without further investigations.  

 

 

 

 

Figure 3. Uncertainties in the power distribution of the investigated reactor cores. 
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2.2. Sensitivity Analysis 

To find out the main contributors for different uncertainties, a statistical sensitivity analysis as 

implemented in SUSA [17] was performed. The sensitivity measures chosen here are based on 

Pearson correlation. The method correlates an arbitrary output value (here: keff or the assembly 

power in the center of the core) with all different uncertain input values (here: homogenized two-

group cross sections) and gives back a statistical sensitivity coefficient between [-1;1]. A value of 

1 (-1) means a total correlation (total anti correlation) between input and output value, whereas a 

value of 0 means that there exists no correlation between the input and output value.  

 

The left side of Fig. 4 shows the statistical sensitivity coefficients for keff of the UOX core. It 

can be seen that the coefficients are group-wise approximately the same for the different 

assembly types for each cross section. This is due to strong correlations between the uncertain 

input cross-sections (i.e. fis of assembly type 1 to 4 are correlated due to similar nuclide 

inventories) which are not taken into account in this sensitivity measure. The most important 

contributors to the uncertainty of keff are fis
2 

– which is due to the large uncertainties of  of 
235

U – and abs
1
 – which is due to the large uncertainties of the absorption of 

238
U. Looking at the 

right side of the same Fig. 4 one sees that the same input cross sections contribute also most to 

keff of the MOX/UOX core. The cross sections of the MOX assembly seem to play an 

unimportant role in this case which is maybe due to sheer numbers (nUOX/nMOX = 193/48). This 

result is in good agreement with the fact that keff is almost the same for both cases. The 

reflector plays no important role in this case. 
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Figure 4. Statistical sensitivity coefficients for the uncertainty in keff for the UOX core (left 

side) and the MOX/UOX core (right side). 
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To find out the reason of the bigger uncertainties in the power distribution of the MOX/UOX 

core, the same analysis was performed for the assembly power of the central assembly. The 

results are displayed in Fig. 5. For the UOX core (left side) it becomes apparent that many of the 

cross-sections in the fast energy group, especially the down-scatter cross-section and abs
1
, are 

the main contributors to the uncertainty. However, the situation is completely different for the 

MOX/UOX core (right side). All the parameters that are important in the UOX core have much 

lesser importance in this core. Instead the main contributors are by far the MOX cross-sections, 

especially fis
2
. That means that the outermost row of assemblies has a big influence not only 

locally but on the global power distribution of the core.  
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2.3. Minimizing the effect of nuclear data uncertainties on the power distribution using a 

superposition technique 

The sensitivity analysis only reveals that the MOX assemblies are the main contributors to the 

uncertainty of the power distribution but it does not tell if MOX assemblies are per se the main 

source of uncertainties or if it is just the special geometric configuration of this particular core. 

To analyze this, a simplified one-dimensional reactor model is investigated. The model consists 

of 17 MOX assemblies in a chain, with heavy-reflector assemblies on both ends (see Fig. 6). The 

boundary conditions are vacuum on the reflector side and reflective else where. To investigate 

how local cross-section uncertainties of one special assembly influence the global set-up only the 

cross-sections of some particular assemblies are assumed to be uncertain, i.e. a XSUSA 

investigation was performed, where only some of the cross-sections were varied while all the 

Figure 5. Statistical sensitivity coefficients for the uncertainty in the nodal power of the 

central fuel assembly for the UOX core (left side) and the MOX/UOX core (right side). 
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others were kept constant. The fuel assemblies with varied cross-sections are denoted by an 

arrow in Fig. 6.  

 

In the first one-dimensional calculation only the cross-sections of the central assembly (see 

configuration 1 in Fig. 6) were assumed to be uncertain. This results in large uncertainties in the 

center and a smaller peak in the outer part of the chain while in-between these peaks there is 

almost no uncertainty. This behavior can be understood better when the bias of the deviation 

from the mean value is taken into account also. This is shown in the lower part of Fig. 6, where 

the deviations in the varied assembly are always defined to be in positive direction. One can see, 

that the deviations in the second peak have always the opposite direction than the central peak, 

which is a consequence of the power normalization.  
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In a second calculation two assemblies at positions 3 and 15 are assumed to have uncertain cross-

sections (see configuration 2 in Fig. 6). The biased result is two positive uncertainty peaks at 

position 3 and 15 and one negative peak in the center of the core. Thus the biased uncertainty in 

configuration 2 has just the opposite direction than in configuration 1. The uncertain cross-

sections are totally correlated in this example, i.e. if they deviate in a positive direction at 

position 3 they will also deviate positively at position 15. The same should be true if we 

introduce even more assemblies with uncertain cross-sections, e.g. additionally at position 1. If 

the individual assemblies do not influence each other too much, the result of this should then be a 

superposition of the results of configurations 1 and 2 (see black dashed line in Fig. 6).  

 

That this assumption is true can be seen with sampling configuration 3. In the center of the chain, 

one can see that the positive biased uncertainty stemming from the central assembly cancels out 

the combined negative biased uncertainty from assemblies 3 and 15. The assemblies seem not to 

interact too much, as the resulting line lies almost exactly on the superposed line of 

configurations 1 and 2. One can continue the superposition technique by adding more uncertain 

cross-sections at positions with negative biased uncertainty, e.g. positions 6 and 12. The result of 

this (see configuration 4) can be seen as the green line in Fig. 6: the highest resulting uncertainty 

is only one fifth of the highest uncertainty in the initial configuration 1.  

 

 

 

 

 

This simple example on the one-dimensional model reactor shows, that the superposition 

technique can minimize the calculation uncertainties in the power distribution by applying a 

different core configuration. In order to show that the technique is suitable for realistic three-

dimensional reactor core models as well, it was applied to the MOX/UOX core. The sensitivity 

analysis in the preceding section showed, that the MOX assemblies in the outer section of the 

Figure 6. Uncertainties in the power distribution of the one-dimensional reactor model. The 

arrows denote the positions where uncertain cross-sections were assumed in the individual 

configurations. 

Figure 7. New configuration and power distribution of the MOX/UOX core. 



Improvement of the Loading Pattern to Minimize Calculation Uncertainties in Reactor Core Calculations  

2012 Advances in Reactor Physics – Linking Research, Industry, and Education (PHYSOR 2012), 

Knoxville, Tennessee, USA  April 15-20, 2012 

9/11 

 

reactor are the main contributors to the uncertainties of the power distribution. A closer 

investigation also showed that the biased uncertainties have opposite signs in the center and the 

outer regions of the core. The positions of eight MOX assemblies were exchanged with eight 

central positioned UOX assemblies. In order not to change the power distribution in the core too 

much and keep the multiplication factor near criticality (keff = 1.00009; keff = 0.00494), the 

enrichment of the central MOX assemblies was lowered a little bit and the enrichment of the new 

outer UOX assemblies was increased. However, the new MOX/UOX core has almost the same 

nuclide inventory as the original core. The configuration and the mean values of the resulting 

power distribution are shown in Fig. 7, the uncertainties of the power distribution in Fig. 8. It can 

be seen, that the resulting uncertainties are much smaller than the ones in the original 

configuration. This can be seen in particular in the right part of the Fig. 8 which shows the 

uncertainties in the central row of fuel assemblies of all three investigated core configurations. It 

shows that the uncertainties in the new MOX/UOX configurations are in the order of the ones of 

the UOX core.  

 

This example demonstrates that the superposition technique can be applied to minimize the 

calculation uncertainties of realistic reactor cores. It also shows that MOX/UOX configurations 

do not have to be per se responsible for a uncertain power distribution but only in combination 

with a special core configuration. Therefore it is important to investigate every different 

configuration.  

 

 

 

 

 

3. SUMMARY AND CONCLUSIONS  

 

The influence of nuclear data uncertainties on reactor core calculations was investigated 

systematically using the sampling based uncertainty and sensitivity software XSUSA. The 

method was applied to three-dimensional steady state calculations of two GEN-III reactor cores. 

Figure 8. Uncertainties in the power distribution of the new configured MOX/UOX core 

(left side). The right graph shows the magnitude of uncertainties in the central horizontal 

row of assemblies for all three investigated three-dimensional reactor cores. 
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While the uncertainty in keff was about the same for both reactor cores, the uncertainties in the 

nodal power distribution were much higher in the MOX/UOX core than in the UOX core. They 

reached 13% in the central fuel assembly. A statistical sensitivity analysis revealed that the MOX 

assemblies were the main contributors to the uncertainties in the power distribution.  

 

Using a simplified one-dimensional reactor core model it was demonstrated that calculation 

uncertainties can be minimized by an appropriate core configuration. The same technique was 

applied to the MOX/UOX core. By rearranging eight fuel assemblies the calculation 

uncertainties could be halved in value and thus had the same magnitude as the uncertainties for 

the UOX core. 

 

In conclusion, it is desirable to routinely accompany reactor calculations by uncertainty and 

sensitivity analyses in the future. Especially MOX/UOX configurations have to be investigated 

as some core loading patterns can have high calculation uncertainties.  
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Introduction 
 

The diffusion approximation of the transport equation is usually applied for production 
calculation for the analysis of the current generation of light water reactors (LWR), 
because the transport equation is very costly to solve for full core-sized problems. 
Advanced coarse-mesh and nodal methods have been successfully developed to 
spatially discretize the diffusion equation for a long time. Such a coarse-mesh or 
nodal approach is the method implemented in QUABOX-CUBBOX (QC) [1] which 
has been widely used for performing accident analysis because of the good accuracy 
and low CPU and memory expenses. 

 

Currently, the state of art of performing accident analysis for PWR and BWR is based 
on applying coarse-mesh neutron codes that use cross sections homogenized over 
large spatial regions, typically of the size of one fuel assembly. The results generated 
are well validated and proved to be reliable. However, current trends towards 
increased operation flexibility stimulate the utilities to consider more complicated 
reactor core designs and operation strategies, such as cores loaded partially with 
mixed-oxide fuel or high burn-up loadings. Such cores may feature a highly 
heterogeneous flux/power profile inside the reactor. To estimate the impact of such 
heterogeneities on safety relevant quantities, it is desirable to have an exact 
knowledge of the pin-power distribution both at steady-state conditions and during 
transients. With an appropriate cross section treatment using the so called Super 
Homogenization method (SPH) [2,3], it will be shown that the neutron diffusion code 
QC can be applied not only for coarse mesh analyses, but for pin-by-pin 
investigations on a full-core scale, as well. 

 

The SPH procedure is an equivalence procedure which was developed by Kavenoky 
and Hébert in the 1980s. The aim of this procedure is to preserve the reaction rates 
and the currents at the pin-cells interfaces in a single assembly calculation. As 
developed in [3], this method can provide an appropriate set of SPH factors without a 
normalization condition. The method uses a lattice code providing the heterogeneous 
solution and a diffusion (or transport) code to provide a pin-wise homogenized 
solution. However no modification of both lattice and diffusion code has to be done to 
compute the SPH factors: a new set of SPH corrected cross sections can be 
processed using the output data given by both codes. 
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Figure 1 Core configuraion of the OECD MOX/UO2 Benchmark core [6]. 

 

Application of the method to the MOX/UO2 Benchmark core 
 

Earlier studies showed that the combination of QC and SPH is capable to exactly 
reproduce the pin-power values and the eigenvalue of heterogeneous fuel 
assemblies with reflective boundary conditions [4]. Though, as mentioned above, no 
normalization is needed on a single assembly level it is obvious that the SPH factors 
can be multiplied by any arbitrary constant without modifying the reaction rates in the 
calculation. However, the normalization factor becomes important when larger setups 
(i.e. reactor cores) are calculated using different kinds of fuel assemblies. 

 

As described in [5], there are several ways to normalize the SPH factors after the 
SPH iterations. The first idea described initially by Hébert in [3], is to use the Flux-
Volume normalization. This normalization preserves the average flux over the 
assembly in each group. Further studies showed that the normalization by so called 
Generalized Selengut factors yields the best results for heterogeneous core 
configurations with an excellent treatment of the assembly interfaces [5]. Own studies 
supported this observation such that for the calculations shown here this 
normalization was applied. 

 

In order to demonstrate that the method is suitable to describe even highly 
heterogeneous core configurations it was applied to calculate the OECD MOX/UO2 
Benchmark core [6]. As shown in Figure 1, the core distribution is composed of four 
different assembly types at different burn-up values. There are two different UO2 
Assemblies with 4.2% and 4.5% enrichment and two different MOX assemblies with 
4.0% and 4.3% enrichment, where the Pu-vector contains 94% fissile isotopes. 
Based on Westinghouse design, there are five different types of pin cells: fuel, guide 
tubes, control rods, IFBA (Integral Fuel Burnable Absorber) and WABA (Wet Annular 
Burnable Absorber) pins. Taking the burn-up into consideration there are 25 different 
assemblies types. 



  

Figure 2 Color map of the power distribution for the ARO state (left) and the ARI state (right) 
at HZP conditions. 

 

The lattice code HELIOS was applied to generate the pin-wise cross sections and the 
heterogeneous flux for the fuel assemblies. For the reflector the tested model from [7] 
including reflector discontinuity factors was applied. All cross sections were modified 
by SPH factors as described in [5]. It is mentioned that the calculated power 
distribution significantly depends on the basis data used for this core calculation [7]. 
The results were compared to a MCNP reference solution based on JEF-2.2 nuclear 
data. The 2D ‘all-rods-out’ (ARO) and the ‘all-rods-in’ (ARI) states at fixed T/H 
conditions (ρM = 752.06 kg/m3, Tcore = 560 K, SB = 1000.0 ppm) were calculated with 
QC. Figure 2 shows a color map of the power distribution of both calculated states. 

 

 
Figure 3 Relative difference of the assembly averaged power distribution between MCNP 

(ref.) and QUABOX/CUBBOX for the ARO (left) and the ARI (right) states at HZP conditions. 
Note that the slight asymmetry comes from the statistical error of the Monte-Carlo solution. 
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    |Power Err.| ≤ 1 % 1 % < |Power Err.| ≤ 3 % 3 % < |Power Err.| ≤ 5 % 5 % < |Power Err.|     



Table I Eigenvalues for the ARO and ARI states at HZP conditions obtained with different 
codes. 

 ARO ARI 

MCNP (ref.) 1.06065 0.99001 
QUABOX/CUBBOX with SPH 1.06000 0.98728 

 

Table I displays the calculated multiplication factors with reference values. The QC 
solution shows only a deviation of 65 pcm for the ARO state and 273 pcm for the ARI 
state. To get an overview of the quality of global power distribution the power was 
averaged assembly wise and compared to the MCNP reference. As can be seen in 
Figure 3 the QC solution for the ARO state shows a very good agreement. Both, the 
UOX and the MOX assemblies are represented equally well. Only some assemblies 
in the outermost row show a significant deviation of about 3%. The situation slightly 
changes when the control rods are inserted in the ARI state. However the differences 
stay below 3% in most of the fuel assemblies and the maximum difference stays well 
below 5%. 

 
Figure 4 Relative differences of the pin-power distributions between MCNP (ref.) and 

QUABOX/CUBBOX. The left side shows values for the ARO state, the right side shows 
values for the ARI state. 
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2 4.7% 4.1% 3.4% 1.8% 1.0% -0.5% 0.4% 0.6% -0.9% 0.6% 0.4% -0.5% 1.0% 1.8% 3.4% 4.1% 4.7% 2 2 1.9% 1.4% 1.4% 0.4% -1.4% -1.2% -2.2% -2.1% -1.1% -2.1% -2.2% -1.2% -1.4% 0.4% 1.4% 1.4% 1.9% 2

3 3.7% 3.4% 1.5% -1.3% -2.1% -1.7% -1.9% -1.9% -1.7% -2.1% -1.3% 1.5% 3.4% 3.7% 3 3 1.0% 1.4% -0.7% 0.0% -1.4% 0.1% 0.3% 0.3% 0.1% -1.4% 0.0% -0.7% 1.4% 1.1% 3

4 3.0% 1.8% -1.3% -3.0% -3.1% -0.7% -0.4% -1.9% -0.4% -0.7% -3.1% -3.0% -1.3% 1.8% 3.0% 4 4 0.2% 0.4% 0.0% -0.8% 0.8% -0.4% -0.1% 1.9% -0.1% -0.4% 0.8% -0.8% 0.0% 0.4% 0.2% 4

5 2.4% 1.0% -2.1% -3.0% -1.8% -2.8% -0.7% -0.5% -2.2% -0.5% -0.7% -2.8% -1.8% -3.0% -2.1% 1.0% 2.4% 5 5 -0.5% -1.4% -1.4% -0.8% -1.0% 1.0% -0.1% 0.3% 1.7% 0.3% -0.1% 1.0% -1.0% -0.8% -1.4% -1.4% -0.5% 5

6 1.5% -0.5% -3.1% -2.8% -2.7% -2.1% -2.1% -2.7% -2.8% -3.1% -0.5% 1.5% 6 6 -0.9% -1.2% 0.8% 1.0% 1.7% 2.0% 2.0% 1.7% 1.0% 0.8% -1.2% -0.9% 6

7 1.7% 0.4% -1.7% -0.7% -0.7% -2.7% -1.0% -0.5% -2.3% -0.5% -1.0% -2.7% -0.7% -0.7% -1.7% 0.4% 1.7% 7 7 -1.7% -2.2% 0.1% -0.4% -0.1% 1.7% 1.2% 0.8% 1.1% 0.8% 1.2% 1.7% -0.1% -0.4% 0.1% -2.2% -1.7% 7

8 2.0% 0.6% -1.9% -0.4% -0.5% -2.1% -0.5% -0.4% -2.2% -0.4% -0.5% -2.1% -0.5% -0.4% -1.9% 0.6% 2.0% 8 8 -1.7% -2.1% 0.3% -0.1% 0.3% 2.0% 0.8% 1.0% 0.0% 1.0% 0.8% 2.0% 0.3% -0.1% 0.3% -2.1% -1.7% 8

9 1.2% -0.9% -1.9% -2.2% -2.3% -2.2% -2.2% -2.3% -2.2% -1.9% -0.9% 1.2% 9 9 -1.5% -1.1% 1.9% 1.7% 1.1% 0.0% 0.0% 1.1% 1.7% 1.9% -1.1% -1.5% 9

10 2.0% 0.6% -1.9% -0.4% -0.5% -2.1% -0.5% -0.4% -2.2% -0.4% -0.5% -2.1% -0.5% -0.4% -1.9% 0.6% 2.0% 10 10 -1.7% -2.1% 0.3% -0.1% 0.3% 2.0% 0.8% 1.0% 0.0% 1.0% 0.8% 2.0% 0.3% -0.1% 0.3% -2.1% -1.7% 10

11 1.7% 0.4% -1.7% -0.7% -0.7% -2.7% -1.0% -0.5% -2.3% -0.5% -1.0% -2.7% -0.7% -0.7% -1.7% 0.4% 1.7% 11 11 -1.7% -2.2% 0.1% -0.4% -0.1% 1.7% 1.2% 0.8% 1.1% 0.8% 1.2% 1.7% -0.1% -0.4% 0.1% -2.2% -1.7% 11

12 1.5% -0.5% -3.1% -2.8% -2.7% -2.1% -2.1% -2.7% -2.8% -3.1% -0.5% 1.5% 12 12 -0.9% -1.2% 0.8% 1.0% 1.7% 2.0% 2.0% 1.7% 1.0% 0.8% -1.2% -0.9% 12

13 2.4% 1.0% -2.1% -3.0% -1.8% -2.8% -0.7% -0.5% -2.2% -0.5% -0.7% -2.8% -1.8% -3.0% -2.1% 1.0% 2.4% 13 13 -0.5% -1.4% -1.4% -0.8% -1.0% 1.0% -0.1% 0.3% 1.7% 0.3% -0.1% 1.0% -1.0% -0.8% -1.4% -1.4% -0.5% 13

14 3.0% 1.8% -1.3% -3.0% -3.1% -0.7% -0.4% -1.9% -0.4% -0.7% -3.1% -3.0% -1.3% 1.8% 3.0% 14 14 0.2% 0.4% 0.0% -0.8% 0.8% -0.4% -0.1% 1.9% -0.1% -0.4% 0.8% -0.8% 0.0% 0.4% 0.2% 14

15 3.7% 3.4% 1.5% -1.3% -2.1% -1.7% -1.9% -1.9% -1.7% -2.1% -1.3% 1.5% 3.4% 3.7% 15 15 1.0% 1.4% -0.7% 0.0% -1.4% 0.1% 0.3% 0.3% 0.1% -1.4% 0.0% -0.7% 1.4% 1.1% 15

16 4.7% 4.1% 3.4% 1.8% 1.0% -0.5% 0.4% 0.6% -0.9% 0.6% 0.4% -0.5% 1.0% 1.8% 3.4% 4.1% 4.7% 16 16 1.9% 1.4% 1.4% 0.4% -1.4% -1.2% -2.2% -2.1% -1.1% -2.1% -2.2% -1.2% -1.4% 0.4% 1.4% 1.4% 1.9% 16

17 5.8% 4.7% 3.7% 3.0% 2.4% 1.5% 1.7% 2.0% 1.2% 2.0% 1.7% 1.5% 2.4% 3.0% 3.7% 4.7% 5.8% 17 17 3.1% 1.9% 1.0% 0.2% -0.5% -0.9% -1.7% -1.7% -1.5% -1.7% -1.7% -0.9% -0.5% 0.2% 1.1% 1.9% 3.1% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(B,2) (B,2)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 3.1% 2.5% 1.6% 1.3% 0.9% 0.4% 0.7% 0.8% 0.6% 0.9% 0.9% 0.5% 0.7% 1.4% 1.5% 2.2% 2.6% 1 1 3.0% 2.0% 1.3% 0.9% 0.9% 0.5% 1.1% 1.0% 0.6% 1.0% 0.8% 0.5% 0.7% 1.0% 1.6% 2.3% 2.9% 1

2 2.5% 2.2% 1.8% 0.7% 0.4% -0.6% 0.2% 0.4% -0.6% 0.5% 0.2% -0.8% 0.2% 0.9% 1.4% 1.8% 2.1% 2 2 2.0% 2.0% 1.3% 0.7% 0.1% -0.5% 0.5% 0.5% -0.6% 0.3% 0.4% -0.7% 0.6% 0.9% 1.7% 2.1% 2.2% 2

3 1.6% 1.8% 0.7% -0.9% -1.2% -1.1% -1.1% -1.0% -1.1% -1.2% -0.6% 0.8% 1.8% 2.0% 3 3 1.3% 1.3% 0.7% -1.0% -1.3% -1.2% -0.9% -1.0% -0.9% -1.3% -0.9% 0.7% 1.6% 1.7% 3

4 1.3% 0.7% -0.9% -1.6% -1.7% 0.0% -0.2% -1.2% -0.1% -0.1% -1.9% -1.4% -0.5% 0.9% 1.5% 4 4 0.9% 0.7% -1.0% -1.8% -1.7% -0.4% 0.0% -1.0% 0.1% 0.1% -1.6% -1.5% -0.5% 0.8% 1.7% 4

5 0.9% 0.4% -1.2% -1.6% -0.8% -1.5% -0.2% 0.0% -1.2% 0.2% 0.0% -1.3% -0.3% -1.3% -1.0% 0.7% 1.4% 5 5 0.9% 0.1% -1.3% -1.8% -1.2% -1.6% -0.2% 0.0% -1.3% -0.3% -0.1% -1.3% -0.7% -1.5% -0.8% 0.7% 1.2% 5

6 0.4% -0.6% -1.7% -1.5% -1.4% -1.2% -1.2% -1.4% -1.6% -1.6% -0.1% 0.8% 6 6 0.5% -0.5% -1.7% -1.6% -1.3% -1.0% -1.2% -1.3% -1.5% -1.7% -0.3% 0.9% 6

7 0.7% 0.2% -1.1% 0.0% -0.2% -1.4% -0.3% -0.3% -1.2% 0.0% 0.1% -1.4% -0.1% -0.3% -1.0% 0.6% 1.1% 7 7 1.1% 0.5% -1.2% -0.4% -0.2% -1.3% -0.1% -0.3% -1.2% 0.0% -0.1% -1.2% -0.1% 0.1% -0.9% 0.8% 1.3% 7

8 0.8% 0.4% -1.1% -0.2% 0.0% -1.2% -0.3% -0.1% -1.1% 0.2% 0.2% -1.3% 0.0% -0.2% -0.8% 0.6% 1.2% 8 8 0.9% 0.5% -0.9% 0.0% -0.1% -1.0% -0.3% 0.1% -0.8% 0.4% -0.2% -1.3% 0.1% 0.1% -0.8% 0.7% 1.4% 8

9 0.6% -0.6% -1.2% -1.2% -1.2% -1.1% -0.5% -1.1% -1.3% -1.3% -0.6% 0.8% 9 9 0.6% -0.7% -1.1% -1.3% -1.2% -0.8% -0.7% -1.1% -1.0% -1.1% -0.4% 0.9% 9

10 0.9% 0.5% -1.0% -0.1% 0.2% -1.2% 0.0% 0.2% -0.5% 0.2% -0.1% -1.4% -0.1% -0.1% -1.0% 0.6% 1.3% 10 10 1.0% 0.3% -1.0% 0.1% -0.3% -1.2% 0.0% 0.4% -0.7% 0.4% 0.3% -1.0% 0.0% 0.1% -0.8% 0.6% 1.4% 10

11 0.9% 0.2% -1.1% -0.1% 0.0% -1.4% 0.1% 0.2% -1.1% -0.1% 0.1% -1.4% -0.4% -0.3% -1.0% 0.6% 1.3% 11 11 0.8% 0.3% -0.9% 0.1% -0.1% -1.3% -0.2% -0.2% -1.1% 0.3% 0.4% -1.2% 0.0% 0.0% -0.7% 0.7% 1.3% 11

12 0.5% -0.8% -1.9% -1.3% -1.4% -1.3% -1.4% -1.4% -1.3% -1.7% -0.3% 1.2% 12 12 0.5% -0.7% -1.6% -1.3% -1.2% -1.3% -1.0% -1.2% -1.5% -1.6% -0.4% 1.1% 12

13 0.7% 0.2% -1.2% -1.4% -0.3% -1.6% -0.1% 0.0% -1.3% -0.1% -0.4% -1.3% -0.5% -1.5% -0.9% 1.0% 1.5% 13 13 0.7% 0.6% -1.3% -1.5% -0.9% -1.5% -0.2% 0.1% -1.0% 0.0% 0.0% -1.5% -0.8% -1.4% -1.1% 0.8% 1.5% 13

14 1.4% 0.9% -0.6% -1.3% -1.6% -0.3% -0.2% -1.3% -0.1% -0.3% -1.7% -1.5% -0.9% 0.9% 1.3% 14 14 1.0% 0.9% -0.9% -1.5% -1.7% 0.1% 0.1% -1.1% 0.1% 0.0% -1.7% -1.4% -0.8% 1.1% 1.7% 14

15 1.5% 1.4% 0.8% -0.5% -1.0% -1.0% -0.8% -1.0% -1.0% -0.9% -0.9% 1.0% 1.8% 2.1% 15 15 1.6% 1.7% 0.7% -0.5% -0.8% -0.9% -0.9% -0.8% -0.8% -1.1% -0.8% 0.7% 1.6% 1.9% 15

16 2.2% 1.8% 2.0% 0.9% 0.7% -0.1% 0.6% 0.6% -0.6% 0.6% 0.6% -0.3% 1.2% 0.9% 1.8% 2.1% 2.5% 16 16 2.3% 2.1% 1.6% 0.8% 0.7% -0.4% 0.8% 0.7% -0.4% 0.6% 0.7% -0.4% 0.8% 1.1% 1.6% 2.1% 2.1% 16

17 2.6% 2.1% 2.0% 1.5% 1.4% 0.8% 1.1% 1.2% 0.8% 1.3% 1.3% 1.2% 1.5% 1.3% 2.1% 2.5% 2.8% 17 17 2.9% 2.2% 1.7% 1.7% 1.2% 0.9% 1.3% 1.4% 0.9% 1.4% 1.3% 1.1% 1.5% 1.7% 1.9% 2.1% 2.8% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

    |Power Err.| ≤ 1 % 1 % < |Power Err.| ≤ 3 % 3 % < |Power Err.| ≤ 5 % 5 % < |Power Err.|     



 

 

 
Figure 5 Relative differences of the pin-power distributions between MCNP (ref.) and 

QUABOX/CUBBOX. The left side shows values for the ARO state, the right side shows 
values for the ARI state. 

 

(C,3) (C,3)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 3.6% 3.2% 2.8% 2.4% 2.5% 1.7% 1.9% 1.7% 1.3% 1.7% 1.5% 1.3% 1.6% 2.0% 2.3% 2.6% 3.8% 1 1 0.9% 0.7% 0.6% 0.2% -0.2% -0.3% -1.1% -1.2% -1.2% -1.5% -1.4% -0.9% -0.6% -0.1% 0.4% 0.4% 1.2% 1

2 3.2% 3.4% 2.4% 1.6% 1.2% -0.4% 0.7% 1.1% -0.2% 1.1% 0.9% -0.6% 0.8% 1.1% 1.9% 2.5% 3.0% 2 2 0.7% 0.8% 0.7% 0.4% -0.6% 0.2% -0.9% -1.0% 0.4% -1.4% -1.4% 0.2% -1.0% 0.6% 0.4% 0.4% 0.4% 2

3 2.8% 2.4% 1.4% -0.7% -1.0% -0.9% -1.1% -0.9% -1.1% -1.4% -1.0% 1.2% 1.9% 2.0% 3 3 0.6% 0.7% 0.1% 1.0% 0.1% 1.3% 1.3% 1.3% 1.1% -0.2% 0.5% -0.5% 0.3% -0.1% 3

4 2.4% 1.6% -0.7% -1.4% -1.6% 0.0% 0.3% -1.1% 0.4% -0.2% -2.0% -1.9% -0.9% 0.9% 1.6% 4 4 0.2% 0.4% 1.0% 0.6% 2.6% 0.3% 0.5% 2.6% 0.1% 0.3% 2.1% 0.4% 0.4% -0.5% -0.8% 4

5 2.5% 1.2% -1.0% -1.4% -1.3% -1.9% -0.1% -0.1% -1.5% 0.2% 0.0% -1.6% -1.1% -2.1% -1.4% 1.0% 1.4% 5 5 -0.2% -0.6% 0.1% 0.6% 0.0% 2.3% 0.7% 0.6% 2.1% 0.5% 0.7% 2.3% -0.7% 0.0% -0.7% -1.6% -1.4% 5

6 1.7% -0.4% -1.6% -1.9% -1.5% -1.6% -1.6% -1.4% -2.1% -2.1% -1.0% 0.7% 6 6 -0.3% 0.2% 2.6% 2.3% 2.8% 2.6% 2.4% 2.5% 2.3% 2.2% -0.7% -1.8% 6

7 2.2% 0.7% -0.9% 0.0% -0.1% -1.5% 0.1% -0.3% -1.2% -0.1% -0.2% -1.7% -0.5% -0.7% -1.7% 0.2% 0.7% 7 7 -1.1% -0.9% 1.3% 0.3% 0.7% 2.8% 1.0% 0.9% 2.1% 0.9% 1.0% 2.2% 0.0% -0.2% 0.3% -2.2% -2.6% 7

8 1.7% 1.1% -1.1% 0.3% -0.1% -1.6% -0.3% 0.4% -1.0% 0.1% -0.1% -1.3% -0.2% -0.2% -1.3% 0.2% 0.9% 8 8 -1.2% -1.0% 1.3% 0.5% 0.6% 2.6% 0.9% 1.4% 0.7% 1.3% 0.8% 2.5% 0.2% 0.0% 0.3% -2.1% -2.4% 8

9 1.3% -0.2% -1.1% -1.5% -1.2% -1.0% -1.2% -1.6% -1.6% -1.9% -0.8% 0.6% 9 9 -1.2% 0.4% 2.6% 2.1% 2.1% 0.7% 0.7% 1.8% 2.2% 1.5% -0.8% -2.2% 9

10 1.7% 1.1% -0.9% 0.4% 0.2% -1.6% -0.1% 0.1% -1.2% 0.1% 0.0% -1.5% -0.4% -0.3% -1.6% 0.4% 1.1% 10 10 -1.5% -1.4% 1.3% 0.1% 0.5% 2.4% 0.9% 1.3% 0.7% 1.0% 0.5% 2.1% 0.2% 0.0% 0.5% -2.4% -2.5% 10

11 1.5% 0.9% -1.1% -0.2% 0.0% -1.4% -0.2% -0.1% -1.6% 0.0% -0.5% -1.9% -0.6% -0.6% -1.3% 0.2% 0.8% 11 11 -1.4% -1.4% 1.1% 0.3% 0.7% 2.5% 1.0% 0.8% 1.8% 0.5% 0.6% 1.9% 0.0% -0.4% 0.3% -2.4% -2.6% 11

12 1.3% -0.6% -2.0% -1.6% -1.7% -1.3% -1.5% -1.9% -2.0% -2.3% -1.2% 0.5% 12 12 -0.9% 0.2% 2.1% 2.3% 2.2% 2.5% 2.1% 1.9% 2.0% 2.1% -1.0% -2.0% 12

13 1.6% 0.8% -1.4% -1.9% -1.1% -2.1% -0.5% -0.2% -1.6% -0.4% -0.6% -2.0% -1.5% -2.1% -1.9% 0.3% 1.1% 13 13 -0.6% -1.0% -0.2% 0.4% -0.7% 2.3% 0.0% 0.2% 2.2% 0.2% 0.0% 2.0% -1.1% 0.0% -0.6% -1.9% -1.5% 13

14 2.0% 1.1% -1.0% -2.1% -2.1% -0.7% -0.2% -1.9% -0.3% -0.6% -2.3% -2.1% -1.1% 0.7% 1.4% 14 14 -0.1% 0.4% 0.5% 0.0% 2.2% -0.2% 0.0% 1.5% 0.0% -0.4% 2.1% 0.0% 0.1% -0.5% -1.0% 14

15 2.3% 1.9% 1.2% -0.9% -1.4% -1.7% -1.3% -1.6% -1.3% -1.9% -1.1% 0.8% 1.6% 1.9% 15 15 0.4% 0.4% -0.7% 0.4% -0.7% 0.3% 0.3% 0.5% 0.3% -0.6% 0.1% -0.6% -0.1% -0.5% 15

16 2.6% 2.5% 1.9% 0.9% 1.0% -1.0% 0.2% 0.2% -0.8% 0.4% 0.2% -1.2% 0.3% 0.7% 1.6% 2.1% 2.4% 16 16 0.4% 0.4% 0.1% -0.5% -1.6% -0.7% -2.2% -2.1% -0.8% -2.4% -2.4% -1.0% -1.9% -0.5% -0.1% 0.0% -0.2% 16

17 3.8% 3.0% 2.0% 1.6% 1.4% 0.7% 0.7% 0.9% 0.6% 1.1% 0.8% 0.5% 1.1% 1.4% 1.9% 2.4% 3.7% 17 17 1.2% 0.4% -0.1% -0.8% -1.4% -1.8% -2.6% -2.4% -2.2% -2.5% -2.6% -2.0% -1.5% -1.0% -0.5% -0.2% 1.1% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(D,4) (D,4)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 -1.3% 0.9% -2.2% -0.8% -0.4% -1.4% -0.5% -0.4% -1.5% -0.6% -0.3% -1.2% -0.2% -0.6% -2.3% 0.4% -1.8% 1 1 -1.6% 0.8% -1.8% -0.4% -0.4% -1.4% -0.3% -0.2% -1.2% -0.5% -0.2% -1.0% -0.3% -0.6% -2.2% 0.7% -1.3% 1

2 0.9% -1.2% 1.6% -1.1% -1.1% 1.1% -1.3% -1.0% 1.1% -1.5% -1.4% 1.0% -1.3% -1.0% 1.9% -1.3% 0.5% 2 2 0.8% -1.3% 1.0% -0.8% -1.5% 1.1% -1.2% -1.3% 1.0% -1.3% -1.3% 1.0% -1.0% -0.9% 1.5% -1.3% 0.8% 2

3 -2.2% 1.6% -0.3% -0.9% -0.9% -0.4% -0.7% -0.6% -0.6% -0.7% -0.6% -0.8% 1.5% -2.2% 3 3 -1.8% 1.0% -0.4% -0.5% -0.4% -0.4% -0.2% -0.4% -0.3% -0.6% -0.8% -0.2% 1.6% -2.1% 3

4 -0.8% -1.1% -0.9% -0.3% 0.2% 2.1% 2.2% 0.2% 1.7% 2.2% -0.4% -0.2% -0.6% -0.8% -0.7% 4 4 -0.4% -0.8% -0.5% -0.4% -0.1% 1.9% 2.1% 0.1% 1.9% 2.2% 0.1% -0.3% -0.4% -0.9% -0.1% 4

5 -0.4% -1.1% -0.9% -0.3% 1.8% 0.5% 2.2% 2.1% -0.1% 1.9% 2.3% -0.1% 1.1% -0.1% -0.8% -1.1% -0.3% 5 5 -0.4% -1.5% -0.4% -0.4% 1.4% 0.2% 2.0% 2.4% 0.1% 2.3% 2.5% 0.6% 1.7% -0.1% -0.6% -0.9% -0.1% 5

6 -1.4% 1.1% 0.2% 0.5% 0.3% 0.6% 0.2% 0.2% 0.1% -0.3% 1.3% -1.5% 6 6 -1.4% 1.1% -0.1% 0.2% 0.4% 0.1% 0.2% 0.3% 0.2% 0.0% 1.4% -1.0% 6

7 -0.5% -1.3% -0.4% 2.1% 2.2% 0.3% 1.6% 1.5% -0.3% 1.5% 1.6% 0.4% 2.2% 2.5% -0.9% -1.2% -0.1% 7 7 -0.3% -1.3% -0.4% 1.9% 1.8% 0.4% 1.7% 1.5% -0.4% 1.5% 2.1% 0.4% 2.0% 2.3% -0.3% -1.0% -0.1% 7

8 -0.4% -1.0% -0.7% 2.2% 2.1% 0.6% 1.5% 0.0% -3.5% 0.0% 1.8% 0.3% 2.2% 2.1% -0.8% -1.5% -0.3% 8 8 -0.2% -1.3% -0.2% 2.1% 2.4% 0.1% 1.5% 0.1% -3.2% 0.1% 1.6% 0.4% 2.4% 2.3% -0.6% -0.9% -0.1% 8

9 -1.5% 1.1% 0.2% -0.1% -0.3% -3.5% -3.6% -0.1% 0.4% 0.2% 0.9% -0.8% 9 9 -1.2% 0.8% 0.1% 0.1% -0.4% -3.2% -3.1% -0.4% 0.5% 0.0% 0.8% -1.1% 9

10 -0.6% -1.5% -0.6% 1.7% 1.9% 0.2% 1.5% 0.0% -3.6% 0.3% 1.8% 0.4% 2.0% 2.0% -0.1% -1.0% -0.3% 10 10 -0.5% -1.3% -0.4% 1.9% 2.3% 0.2% 1.5% 0.1% -3.1% 0.4% 1.8% 0.2% 2.2% 2.0% -0.5% -1.3% -0.4% 10

11 -0.3% -1.4% -0.6% 2.2% 2.3% 0.2% 1.6% 1.8% -0.1% 1.8% 2.1% 0.6% 2.6% 2.3% -0.1% -0.7% -0.2% 11 11 -0.2% -1.3% -0.3% 2.2% 2.5% 0.1% 2.1% 1.6% -0.4% 1.8% 1.9% 0.3% 2.4% 2.1% -0.6% -1.0% -0.2% 11

12 -1.2% 1.0% -0.4% -0.1% 0.4% 0.3% 0.4% 0.6% 0.3% 0.2% 1.0% -1.0% 12 12 -1.0% 1.0% 0.1% 0.6% 0.4% 0.4% 0.2% 0.3% -0.1% -0.5% 0.9% -1.5% 12

13 -0.2% -1.3% -0.7% -0.2% 1.1% 0.1% 2.2% 2.2% 0.4% 2.0% 2.6% 0.3% 1.8% 0.4% -0.5% -0.7% -0.2% 13 13 -0.4% -1.0% -0.6% -0.3% 1.7% 0.2% 2.0% 2.4% 0.5% 2.2% 2.4% -0.1% 1.2% -0.2% -1.1% -1.2% -0.9% 13

14 -0.6% -1.0% -0.6% -0.1% -0.3% 2.5% 2.1% 0.2% 2.0% 2.3% 0.2% 0.4% -0.5% -1.0% 0.0% 14 14 -0.6% -0.9% -0.8% -0.1% -0.2% 2.3% 2.3% 0.0% 2.0% 2.1% -0.5% -0.2% -1.0% -1.5% -0.9% 14

15 -2.3% 1.9% -0.8% -0.6% -0.8% -0.9% -0.8% -0.1% -0.1% -0.5% -0.5% -0.3% 1.4% -1.9% 15 15 -2.2% 1.5% -0.2% -0.4% -0.6% -0.3% -0.6% -0.5% -0.7% -1.1% -1.0% -1.1% 1.1% -2.6% 15

16 0.4% -1.3% 1.5% -0.8% -1.1% 1.3% -1.2% -1.5% 0.9% -1.0% -0.7% 1.0% -0.7% -1.0% 1.4% -1.1% 0.9% 16 16 0.7% -1.3% 1.6% -0.9% -1.0% 1.4% -1.0% -0.9% 0.8% -1.3% -1.0% 0.9% -1.2% -1.5% 1.1% -1.7% 0.1% 16

17 -1.8% 0.5% -2.2% -0.7% -0.3% -1.5% -0.1% -0.3% -0.8% -0.3% -0.2% -1.0% -0.2% 0.0% -1.9% 0.9% -1.0% 17 17 -1.3% 0.6% -2.1% -0.1% -0.1% -1.0% -0.1% -0.1% -1.3% -0.4% -0.2% -1.5% -0.9% -1.1% -2.6% 0.1% -1.9% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(E,5) (E,5)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 5.3% 4.4% 3.6% 2.6% 2.2% 1.0% 1.8% 1.6% 1.2% 1.5% 1.6% 1.3% 2.6% 3.3% 4.2% 5.1% 6.1% 1 1 2.6% 1.4% 0.8% -0.1% -1.5% -2.2% -2.6% -2.2% -2.4% -2.4% -2.5% -1.5% -0.8% 0.1% 1.4% 2.7% 3.2% 1

2 4.4% 3.9% 3.1% 1.7% 0.2% -1.2% 0.5% 0.6% -1.1% 0.2% 0.6% -0.8% 1.0% 2.4% 4.0% 4.6% 5.4% 2 2 1.4% 1.0% 0.5% -0.3% -2.3% -2.3% -2.8% -3.5% -2.0% -3.0% -2.7% -2.0% -2.2% 0.3% 1.6% 2.1% 2.8% 2

3 3.6% 3.1% 1.0% -1.9% -2.7% -2.6% -2.3% -2.1% -2.0% -2.2% -1.2% 1.8% 4.0% 4.3% 3 3 0.8% 0.5% -1.2% -0.7% -2.3% -0.9% -0.8% -1.1% -0.9% -2.5% -0.5% 0.2% 2.5% 2.3% 3

4 2.6% 1.7% -1.9% -3.1% -3.2% -1.2% -1.1% -2.3% -0.5% -0.9% -3.5% -3.0% -0.9% 2.4% 3.3% 4 4 -0.1% -0.3% -0.7% -1.9% 0.3% -0.8% -1.5% 0.6% -1.1% -0.9% 0.2% -1.1% 0.1% 1.6% 1.2% 4

5 2.2% 0.2% -2.7% -3.1% -2.1% -3.3% -1.1% -0.9% -2.5% -1.0% -1.2% -3.1% -2.1% -3.3% -1.9% 1.6% 2.9% 5 5 -1.5% -2.3% -2.3% -1.9% -2.7% 0.3% -0.8% -0.5% 0.9% -0.5% -0.7% 0.6% -0.7% -0.7% -0.9% -1.2% 0.6% 5

6 1.0% -1.2% -3.2% -3.3% -2.9% -2.6% -2.6% -3.1% -2.9% -3.1% -0.8% 2.2% 6 6 -2.2% -2.3% 0.3% 0.3% 1.5% 1.2% 0.6% 1.5% 1.7% 2.4% -0.1% 0.4% 6

7 1.8% 0.5% -2.6% -1.2% -1.1% -2.9% -0.8% -0.7% -2.6% -0.9% -1.1% -2.6% -1.0% -0.6% -1.7% 1.0% 2.0% 7 7 -2.6% -2.8% -0.9% -0.8% -0.8% 1.5% 0.2% -0.1% 1.1% 0.6% 0.1% 1.5% 0.0% 0.1% 1.0% -0.2% -0.5% 7

8 1.6% 0.6% -2.3% -1.1% -0.9% -2.6% -0.7% -0.6% -2.4% -0.7% -0.5% -2.7% -0.6% -0.3% -1.4% 0.9% 2.2% 8 8 -2.2% -3.5% -0.8% -1.5% -0.5% 1.2% -0.1% 0.8% 0.0% 0.8% -0.2% 1.9% -0.3% 0.9% 1.2% -0.5% 0.0% 8

9 1.2% -1.1% -2.3% -2.5% -2.6% -2.4% -2.2% -2.4% -2.3% -1.7% -0.5% 2.1% 9 9 -2.4% -2.0% 0.6% 0.9% 1.1% 0.0% -0.5% 1.6% 1.5% 1.7% 0.4% 0.4% 9

10 1.5% 0.2% -2.1% -0.5% -1.0% -2.6% -0.9% -0.7% -2.2% -0.6% -0.3% -2.7% -0.5% 0.1% -1.5% 1.1% 2.5% 10 10 -2.4% -3.0% -1.1% -1.1% -0.5% 0.6% 0.6% 0.8% -0.5% 0.6% 0.6% 2.0% 1.0% 0.5% 1.0% -1.0% -0.1% 10

11 1.6% 0.6% -2.0% -0.9% -1.2% -3.1% -1.1% -0.5% -2.4% -0.3% -0.8% -2.2% -0.9% -0.4% -1.3% 1.3% 2.5% 11 11 -2.5% -2.7% -0.9% -0.9% -0.7% 0.8% 0.1% -0.2% 1.6% 0.6% 2.1% 1.8% 1.2% 0.5% 1.0% -1.1% -0.4% 11

12 1.3% -0.8% -3.5% -3.1% -2.6% -2.7% -2.7% -2.2% -3.2% -2.6% -0.5% 1.7% 12 12 -1.5% -2.0% 0.2% 0.6% 1.5% 1.9% 2.0% 1.8% 1.9% 2.7% 0.3% 0.6% 12

13 2.6% 1.0% -2.2% -3.0% -2.1% -2.9% -1.0% -0.6% -2.3% -0.5% -0.9% -3.2% -1.8% -2.7% -2.2% 1.1% 2.7% 13 13 -0.8% -2.2% -2.5% -1.1% -0.7% 1.7% 0.0% -0.3% 1.5% 1.0% 1.2% 1.9% -0.1% 0.8% 0.5% 0.6% 1.4% 13

14 3.3% 2.4% -1.2% -3.3% -3.1% -0.6% -0.3% -1.7% 0.1% -0.4% -2.6% -2.7% -1.0% 2.6% 3.4% 14 14 0.1% 0.3% -0.5% -0.7% 2.4% 0.1% 0.9% 1.7% 0.5% 0.5% 2.7% 0.8% 1.3% 2.1% 2.0% 14

15 4.2% 4.0% 1.8% -0.9% -1.9% -1.7% -1.4% -1.5% -1.3% -2.2% -1.0% 2.2% 3.9% 4.3% 15 15 1.4% 1.6% 0.2% 0.1% -0.9% 1.0% 1.2% 1.0% 1.0% 0.5% 1.3% 1.7% 2.6% 3.3% 15

16 5.1% 4.6% 4.0% 2.4% 1.6% -0.8% 1.0% 0.9% -0.5% 1.1% 1.3% -0.5% 1.1% 2.6% 3.9% 5.0% 5.8% 16 16 2.7% 2.1% 2.0% 1.6% -1.2% -0.1% -0.2% -0.5% 0.4% -1.0% -1.1% 0.3% 0.6% 2.1% 2.6% 3.5% 3.6% 16

17 6.1% 5.4% 4.3% 3.3% 2.9% 2.2% 2.0% 2.2% 2.1% 2.5% 2.5% 1.7% 2.7% 3.4% 4.3% 5.8% 6.4% 17 17 3.2% 2.8% 2.3% 1.2% 0.6% 0.4% -0.5% 0.0% 0.4% -0.1% -0.4% 0.6% 1.4% 2.0% 3.3% 3.6% 4.7% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(F,6) (F,6)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 -2.0% -0.6% -1.3% -1.6% -1.6% -2.4% -2.5% -2.7% -2.9% -2.5% -2.4% -2.5% -2.4% -1.7% -1.7% -0.8% -1.1% 1 1 -1.2% -0.7% -2.0% -1.6% -1.7% -2.8% -2.3% -2.7% -3.2% -2.7% -2.7% -2.5% -2.5% -2.7% -1.8% -1.6% -1.4% 1

2 -0.6% 0.5% 1.0% 0.6% 0.3% -0.3% -0.1% 0.0% -0.1% 0.0% 0.8% -0.1% 0.1% 0.5% 0.5% 1.2% 0.0% 2 2 -0.7% 0.4% 0.8% 0.4% 0.5% -0.1% 0.1% 0.1% -0.1% 0.4% 0.2% 0.6% 0.5% -0.2% 0.1% 0.5% -0.1% 2

3 -1.3% 1.0% 1.3% 1.0% 1.0% 0.4% 0.5% 0.2% 0.7% 1.1% 1.0% 1.1% 1.9% -0.3% 3 3 -2.0% 0.8% 0.2% 0.8% 0.5% 0.6% 1.0% 0.0% 0.2% 1.0% 0.5% 0.9% 0.6% -1.1% 3

4 -1.6% 0.6% 1.0% 0.6% 0.6% -0.2% 0.8% 0.0% 0.5% 0.4% 0.5% 0.7% 0.7% 1.1% 0.2% 4 4 -1.6% 0.4% 0.8% 0.6% 0.5% 0.0% 1.0% 0.1% 0.5% 0.1% 0.0% 0.0% -0.1% 0.8% -0.3% 4

5 -1.6% 0.3% 1.0% 0.6% -0.2% -0.1% -0.5% 0.0% -0.2% 0.4% 0.8% 0.0% 0.8% 1.1% 1.0% 1.4% -0.5% 5 5 -1.7% 0.5% 0.5% 0.6% -0.3% 0.4% 0.1% 0.1% 0.2% -0.1% 0.9% 0.5% 0.6% -0.2% 0.3% 0.5% -1.2% 5

6 -2.4% -0.3% 0.6% -0.1% 0.0% -0.3% 0.2% 0.6% 0.4% 0.6% 1.1% -1.1% 6 6 -2.8% -0.1% 0.5% 0.4% 0.1% -0.3% -0.3% 0.0% 0.6% -0.2% 0.7% -0.3% 6

7 -2.5% -0.1% 0.4% -0.2% -0.5% 0.0% 0.6% 0.5% -0.5% 0.1% 0.2% 0.0% 0.4% 1.0% 0.6% 0.8% -0.2% 7 7 -2.3% 0.1% 0.6% 0.0% 0.1% 0.1% 0.2% 1.1% 0.4% 0.6% 0.5% 1.1% 1.1% 0.4% 0.4% 1.3% -0.4% 7

8 -2.7% 0.0% 0.5% 0.8% 0.0% -0.3% 0.5% 0.6% -1.2% 0.6% 0.6% 0.2% 0.6% 0.8% 0.8% 0.2% -1.0% 8 8 -2.7% 0.1% 1.0% 1.0% 0.1% -0.3% 1.1% 1.7% -1.2% -0.1% 0.8% 0.1% 0.4% 1.0% 0.8% 0.6% -0.4% 8

9 -2.9% -0.1% 0.0% -0.2% -0.5% -1.2% -1.1% -0.4% 0.3% 0.0% 0.4% -1.1% 9 9 -3.2% -0.1% 0.1% 0.2% 0.4% -1.2% -1.5% 0.4% 1.0% 1.3% 1.1% -0.6% 9

10 -2.5% 0.0% 0.2% 0.5% 0.4% 0.2% 0.1% 0.6% -1.1% 0.2% 0.5% 0.4% 0.3% 0.3% 0.6% 0.5% -0.3% 10 10 -2.7% 0.4% 0.0% 0.5% -0.1% -0.3% 0.6% -0.1% -1.5% 0.9% 0.6% 0.9% 1.1% 1.1% 0.7% 1.2% 0.0% 10

11 -2.4% 0.8% 0.7% 0.4% 0.8% 0.6% 0.2% 0.6% -0.4% 0.5% 0.8% 0.4% 0.9% 0.9% 1.1% 0.4% -1.0% 11 11 -2.7% 0.2% 0.2% 0.1% 0.9% 0.0% 0.5% 0.8% 0.4% 0.6% 1.2% -0.3% 0.9% 0.9% 0.4% 1.0% 0.1% 11

12 -2.5% -0.1% 0.5% 0.0% 0.0% 0.2% 0.4% 0.4% 0.7% 1.3% 0.4% -0.8% 12 12 -2.5% 0.6% 0.0% 0.5% 1.1% 0.1% 0.9% -0.3% 0.3% 0.0% 0.9% -0.7% 12

13 -2.4% 0.1% 1.1% 0.7% 0.8% 0.4% 0.4% 0.6% 0.3% 0.3% 0.9% 0.7% 0.8% -0.1% 0.8% 1.2% -1.3% 13 13 -2.5% 0.5% 1.0% 0.0% 0.6% 0.6% 1.1% 0.4% 1.0% 1.1% 0.9% 0.3% 1.4% 0.9% 1.3% 1.0% -0.3% 13

14 -1.7% 0.5% 1.0% 1.1% 0.6% 1.0% 0.8% 0.0% 0.3% 0.9% 1.3% -0.1% 0.7% 0.8% -1.0% 14 14 -2.7% -0.2% 0.5% -0.2% -0.2% 0.4% 1.0% 1.3% 1.1% 0.9% 0.0% 0.9% 0.5% 0.8% -0.1% 14

15 -1.7% 0.5% 1.1% 0.7% 1.0% 0.6% 0.8% 0.6% 1.1% 0.8% 0.7% 1.5% 0.3% -0.2% 15 15 -1.8% 0.1% 0.9% -0.1% 0.3% 0.4% 0.8% 0.7% 0.4% 1.3% 0.5% 1.0% 1.6% 0.7% 15

16 -0.8% 1.2% 1.9% 1.1% 1.4% 1.1% 0.8% 0.2% 0.4% 0.5% 0.4% 0.4% 1.2% 0.8% 0.3% 0.5% 0.8% 16 16 -1.6% 0.5% 0.6% 0.8% 0.5% 0.7% 1.3% 0.6% 1.1% 1.2% 1.0% 0.9% 1.0% 0.8% 1.6% 1.4% 0.2% 16

17 -1.1% 0.0% -0.3% 0.2% -0.5% -1.1% -0.2% -1.0% -1.1% -0.3% -1.0% -0.8% -1.3% -1.0% -0.2% 0.8% 3.4% 17 17 -1.4% -0.1% -1.1% -0.3% -1.2% -0.3% -0.4% -0.4% -0.6% 0.0% 0.1% -0.7% -0.3% -0.1% 0.7% 0.2% 3.3% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

    |Power Err.| ≤ 1 % 1 % < |Power Err.| ≤ 3 % 3 % < |Power Err.| ≤ 5 % 5 % < |Power Err.|     



 
Figure 6 Relative differences of the pin-power distributions between MCNP (ref.) and 

QUABOX/CUBBOX. The left side shows values for the ARO state, the right side shows 
values for the ARI state. 

 

The pin-wise power distribution along the diagonal (A,1) to (F,6) is compared to the 
MCNP reference in Figure 4 to Figure 6 (left side: ARO, right side: ARI). It can be 
seen that the representation of the inter assembly power distribution is very good as 
well for the ARO as for the ARI state. Most of the pin-powers show a difference of 
less the 3% and only few pins show a difference above 5% in the corners of the 
assemblies (A,1) and (E,5). Somewhat smaller deviations in the values of the corner 
pins of (B,2) and (C,3) suggest that the most erroneous pin powers are positioned in 
corners where a fresh UOX assembly is located near a highly burned-up UOX 
assembly. However, it should be noted especially that the UOX/MOX (i.e. (D,4) and 
(F,6)) and controlled/uncontrolled (i.e. ARI state (A,1), (C,3) and (E,5)) assembly 
interfaces reproduce the Monte-Carlo reference accurately. 

 

Summary and Conclusions 
 

In this paper it was demonstrated that QUABOX/CUBBOX is capable to calculate a 
highly heterogeneous full-core problem with a pin-wise resolution. Using pin-wise 
homogenized cross sections adjusted by SPH factors it was demonstrated that the 
pin-power distribution for as well UOX and MOX assemblies can be obtained with a 
high accuracy. Compared to transport solvers the needed CPU time is very low such 
that coupled accident analysis using a pin-wise resolution comes into reach for 
standard application. 
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(E,5) (E,5)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 5.3% 4.4% 3.6% 2.6% 2.2% 1.0% 1.8% 1.6% 1.2% 1.5% 1.6% 1.3% 2.6% 3.3% 4.2% 5.1% 6.1% 1 1 2.6% 1.4% 0.8% -0.1% -1.5% -2.2% -2.6% -2.2% -2.4% -2.4% -2.5% -1.5% -0.8% 0.1% 1.4% 2.7% 3.2% 1

2 4.4% 3.9% 3.1% 1.7% 0.2% -1.2% 0.5% 0.6% -1.1% 0.2% 0.6% -0.8% 1.0% 2.4% 4.0% 4.6% 5.4% 2 2 1.4% 1.0% 0.5% -0.3% -2.3% -2.3% -2.8% -3.5% -2.0% -3.0% -2.7% -2.0% -2.2% 0.3% 1.6% 2.1% 2.8% 2

3 3.6% 3.1% 1.0% -1.9% -2.7% -2.6% -2.3% -2.1% -2.0% -2.2% -1.2% 1.8% 4.0% 4.3% 3 3 0.8% 0.5% -1.2% -0.7% -2.3% -0.9% -0.8% -1.1% -0.9% -2.5% -0.5% 0.2% 2.5% 2.3% 3

4 2.6% 1.7% -1.9% -3.1% -3.2% -1.2% -1.1% -2.3% -0.5% -0.9% -3.5% -3.0% -0.9% 2.4% 3.3% 4 4 -0.1% -0.3% -0.7% -1.9% 0.3% -0.8% -1.5% 0.6% -1.1% -0.9% 0.2% -1.1% 0.1% 1.6% 1.2% 4

5 2.2% 0.2% -2.7% -3.1% -2.1% -3.3% -1.1% -0.9% -2.5% -1.0% -1.2% -3.1% -2.1% -3.3% -1.9% 1.6% 2.9% 5 5 -1.5% -2.3% -2.3% -1.9% -2.7% 0.3% -0.8% -0.5% 0.9% -0.5% -0.7% 0.6% -0.7% -0.7% -0.9% -1.2% 0.6% 5

6 1.0% -1.2% -3.2% -3.3% -2.9% -2.6% -2.6% -3.1% -2.9% -3.1% -0.8% 2.2% 6 6 -2.2% -2.3% 0.3% 0.3% 1.5% 1.2% 0.6% 1.5% 1.7% 2.4% -0.1% 0.4% 6

7 1.8% 0.5% -2.6% -1.2% -1.1% -2.9% -0.8% -0.7% -2.6% -0.9% -1.1% -2.6% -1.0% -0.6% -1.7% 1.0% 2.0% 7 7 -2.6% -2.8% -0.9% -0.8% -0.8% 1.5% 0.2% -0.1% 1.1% 0.6% 0.1% 1.5% 0.0% 0.1% 1.0% -0.2% -0.5% 7

8 1.6% 0.6% -2.3% -1.1% -0.9% -2.6% -0.7% -0.6% -2.4% -0.7% -0.5% -2.7% -0.6% -0.3% -1.4% 0.9% 2.2% 8 8 -2.2% -3.5% -0.8% -1.5% -0.5% 1.2% -0.1% 0.8% 0.0% 0.8% -0.2% 1.9% -0.3% 0.9% 1.2% -0.5% 0.0% 8

9 1.2% -1.1% -2.3% -2.5% -2.6% -2.4% -2.2% -2.4% -2.3% -1.7% -0.5% 2.1% 9 9 -2.4% -2.0% 0.6% 0.9% 1.1% 0.0% -0.5% 1.6% 1.5% 1.7% 0.4% 0.4% 9

10 1.5% 0.2% -2.1% -0.5% -1.0% -2.6% -0.9% -0.7% -2.2% -0.6% -0.3% -2.7% -0.5% 0.1% -1.5% 1.1% 2.5% 10 10 -2.4% -3.0% -1.1% -1.1% -0.5% 0.6% 0.6% 0.8% -0.5% 0.6% 0.6% 2.0% 1.0% 0.5% 1.0% -1.0% -0.1% 10

11 1.6% 0.6% -2.0% -0.9% -1.2% -3.1% -1.1% -0.5% -2.4% -0.3% -0.8% -2.2% -0.9% -0.4% -1.3% 1.3% 2.5% 11 11 -2.5% -2.7% -0.9% -0.9% -0.7% 0.8% 0.1% -0.2% 1.6% 0.6% 2.1% 1.8% 1.2% 0.5% 1.0% -1.1% -0.4% 11

12 1.3% -0.8% -3.5% -3.1% -2.6% -2.7% -2.7% -2.2% -3.2% -2.6% -0.5% 1.7% 12 12 -1.5% -2.0% 0.2% 0.6% 1.5% 1.9% 2.0% 1.8% 1.9% 2.7% 0.3% 0.6% 12

13 2.6% 1.0% -2.2% -3.0% -2.1% -2.9% -1.0% -0.6% -2.3% -0.5% -0.9% -3.2% -1.8% -2.7% -2.2% 1.1% 2.7% 13 13 -0.8% -2.2% -2.5% -1.1% -0.7% 1.7% 0.0% -0.3% 1.5% 1.0% 1.2% 1.9% -0.1% 0.8% 0.5% 0.6% 1.4% 13

14 3.3% 2.4% -1.2% -3.3% -3.1% -0.6% -0.3% -1.7% 0.1% -0.4% -2.6% -2.7% -1.0% 2.6% 3.4% 14 14 0.1% 0.3% -0.5% -0.7% 2.4% 0.1% 0.9% 1.7% 0.5% 0.5% 2.7% 0.8% 1.3% 2.1% 2.0% 14

15 4.2% 4.0% 1.8% -0.9% -1.9% -1.7% -1.4% -1.5% -1.3% -2.2% -1.0% 2.2% 3.9% 4.3% 15 15 1.4% 1.6% 0.2% 0.1% -0.9% 1.0% 1.2% 1.0% 1.0% 0.5% 1.3% 1.7% 2.6% 3.3% 15

16 5.1% 4.6% 4.0% 2.4% 1.6% -0.8% 1.0% 0.9% -0.5% 1.1% 1.3% -0.5% 1.1% 2.6% 3.9% 5.0% 5.8% 16 16 2.7% 2.1% 2.0% 1.6% -1.2% -0.1% -0.2% -0.5% 0.4% -1.0% -1.1% 0.3% 0.6% 2.1% 2.6% 3.5% 3.6% 16

17 6.1% 5.4% 4.3% 3.3% 2.9% 2.2% 2.0% 2.2% 2.1% 2.5% 2.5% 1.7% 2.7% 3.4% 4.3% 5.8% 6.4% 17 17 3.2% 2.8% 2.3% 1.2% 0.6% 0.4% -0.5% 0.0% 0.4% -0.1% -0.4% 0.6% 1.4% 2.0% 3.3% 3.6% 4.7% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

(F,6) (F,6)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

1 -2.0% -0.6% -1.3% -1.6% -1.6% -2.4% -2.5% -2.7% -2.9% -2.5% -2.4% -2.5% -2.4% -1.7% -1.7% -0.8% -1.1% 1 1 -1.2% -0.7% -2.0% -1.6% -1.7% -2.8% -2.3% -2.7% -3.2% -2.7% -2.7% -2.5% -2.5% -2.7% -1.8% -1.6% -1.4% 1

2 -0.6% 0.5% 1.0% 0.6% 0.3% -0.3% -0.1% 0.0% -0.1% 0.0% 0.8% -0.1% 0.1% 0.5% 0.5% 1.2% 0.0% 2 2 -0.7% 0.4% 0.8% 0.4% 0.5% -0.1% 0.1% 0.1% -0.1% 0.4% 0.2% 0.6% 0.5% -0.2% 0.1% 0.5% -0.1% 2

3 -1.3% 1.0% 1.3% 1.0% 1.0% 0.4% 0.5% 0.2% 0.7% 1.1% 1.0% 1.1% 1.9% -0.3% 3 3 -2.0% 0.8% 0.2% 0.8% 0.5% 0.6% 1.0% 0.0% 0.2% 1.0% 0.5% 0.9% 0.6% -1.1% 3

4 -1.6% 0.6% 1.0% 0.6% 0.6% -0.2% 0.8% 0.0% 0.5% 0.4% 0.5% 0.7% 0.7% 1.1% 0.2% 4 4 -1.6% 0.4% 0.8% 0.6% 0.5% 0.0% 1.0% 0.1% 0.5% 0.1% 0.0% 0.0% -0.1% 0.8% -0.3% 4

5 -1.6% 0.3% 1.0% 0.6% -0.2% -0.1% -0.5% 0.0% -0.2% 0.4% 0.8% 0.0% 0.8% 1.1% 1.0% 1.4% -0.5% 5 5 -1.7% 0.5% 0.5% 0.6% -0.3% 0.4% 0.1% 0.1% 0.2% -0.1% 0.9% 0.5% 0.6% -0.2% 0.3% 0.5% -1.2% 5

6 -2.4% -0.3% 0.6% -0.1% 0.0% -0.3% 0.2% 0.6% 0.4% 0.6% 1.1% -1.1% 6 6 -2.8% -0.1% 0.5% 0.4% 0.1% -0.3% -0.3% 0.0% 0.6% -0.2% 0.7% -0.3% 6

7 -2.5% -0.1% 0.4% -0.2% -0.5% 0.0% 0.6% 0.5% -0.5% 0.1% 0.2% 0.0% 0.4% 1.0% 0.6% 0.8% -0.2% 7 7 -2.3% 0.1% 0.6% 0.0% 0.1% 0.1% 0.2% 1.1% 0.4% 0.6% 0.5% 1.1% 1.1% 0.4% 0.4% 1.3% -0.4% 7

8 -2.7% 0.0% 0.5% 0.8% 0.0% -0.3% 0.5% 0.6% -1.2% 0.6% 0.6% 0.2% 0.6% 0.8% 0.8% 0.2% -1.0% 8 8 -2.7% 0.1% 1.0% 1.0% 0.1% -0.3% 1.1% 1.7% -1.2% -0.1% 0.8% 0.1% 0.4% 1.0% 0.8% 0.6% -0.4% 8

9 -2.9% -0.1% 0.0% -0.2% -0.5% -1.2% -1.1% -0.4% 0.3% 0.0% 0.4% -1.1% 9 9 -3.2% -0.1% 0.1% 0.2% 0.4% -1.2% -1.5% 0.4% 1.0% 1.3% 1.1% -0.6% 9

10 -2.5% 0.0% 0.2% 0.5% 0.4% 0.2% 0.1% 0.6% -1.1% 0.2% 0.5% 0.4% 0.3% 0.3% 0.6% 0.5% -0.3% 10 10 -2.7% 0.4% 0.0% 0.5% -0.1% -0.3% 0.6% -0.1% -1.5% 0.9% 0.6% 0.9% 1.1% 1.1% 0.7% 1.2% 0.0% 10

11 -2.4% 0.8% 0.7% 0.4% 0.8% 0.6% 0.2% 0.6% -0.4% 0.5% 0.8% 0.4% 0.9% 0.9% 1.1% 0.4% -1.0% 11 11 -2.7% 0.2% 0.2% 0.1% 0.9% 0.0% 0.5% 0.8% 0.4% 0.6% 1.2% -0.3% 0.9% 0.9% 0.4% 1.0% 0.1% 11

12 -2.5% -0.1% 0.5% 0.0% 0.0% 0.2% 0.4% 0.4% 0.7% 1.3% 0.4% -0.8% 12 12 -2.5% 0.6% 0.0% 0.5% 1.1% 0.1% 0.9% -0.3% 0.3% 0.0% 0.9% -0.7% 12

13 -2.4% 0.1% 1.1% 0.7% 0.8% 0.4% 0.4% 0.6% 0.3% 0.3% 0.9% 0.7% 0.8% -0.1% 0.8% 1.2% -1.3% 13 13 -2.5% 0.5% 1.0% 0.0% 0.6% 0.6% 1.1% 0.4% 1.0% 1.1% 0.9% 0.3% 1.4% 0.9% 1.3% 1.0% -0.3% 13

14 -1.7% 0.5% 1.0% 1.1% 0.6% 1.0% 0.8% 0.0% 0.3% 0.9% 1.3% -0.1% 0.7% 0.8% -1.0% 14 14 -2.7% -0.2% 0.5% -0.2% -0.2% 0.4% 1.0% 1.3% 1.1% 0.9% 0.0% 0.9% 0.5% 0.8% -0.1% 14

15 -1.7% 0.5% 1.1% 0.7% 1.0% 0.6% 0.8% 0.6% 1.1% 0.8% 0.7% 1.5% 0.3% -0.2% 15 15 -1.8% 0.1% 0.9% -0.1% 0.3% 0.4% 0.8% 0.7% 0.4% 1.3% 0.5% 1.0% 1.6% 0.7% 15

16 -0.8% 1.2% 1.9% 1.1% 1.4% 1.1% 0.8% 0.2% 0.4% 0.5% 0.4% 0.4% 1.2% 0.8% 0.3% 0.5% 0.8% 16 16 -1.6% 0.5% 0.6% 0.8% 0.5% 0.7% 1.3% 0.6% 1.1% 1.2% 1.0% 0.9% 1.0% 0.8% 1.6% 1.4% 0.2% 16

17 -1.1% 0.0% -0.3% 0.2% -0.5% -1.1% -0.2% -1.0% -1.1% -0.3% -1.0% -0.8% -1.3% -1.0% -0.2% 0.8% 3.4% 17 17 -1.4% -0.1% -1.1% -0.3% -1.2% -0.3% -0.4% -0.4% -0.6% 0.0% 0.1% -0.7% -0.3% -0.1% 0.7% 0.2% 3.3% 17

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

    |Power Err.| ≤ 1 % 1 % < |Power Err.| ≤ 3 % 3 % < |Power Err.| ≤ 5 % 5 % < |Power Err.|     
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Introduction 
 

Neutron transport calculations for criticality and other parts of the nuclear calculation 
chain have reached a very high level of precision. The Monte Carlo method with its 
direct simulation of nuclear reactions is used for reference calculations; a comparable 
accuracy can also be obtained with deterministic transport methods which solve the 
Boltzmann equation on a fine spatial grid without homogenization of large regions, 
and a multi-group representation for the energy dependence of the nuclear data. An 
indispensable pre-requisite for such high-accuracy calculations is the quality of the 
nuclear data used; correspondingly, evaluated nuclear data are continuously being 
improved, resulting in the current versions JEFF-3.1.1 [1], ENDF/B-VII.1 [2], and 
JENDL-4.0 [3] of the most important nuclear data libraries. 
However, the precision of the calculation results is limited by the uncertainties of the 
input parameters. For criticality calculations, which are normally performed without 
thermal-hydraulic feedback, the uncertain input quantities are technological 
parameters due to, e.g., manufacturing tolerances, and nuclear data due to 
uncertainties of the underlying measurements and theoretical parameters. Estimated 
values for the nuclear data uncertainties are stored in the so-called covariance files 
accompanying the evaluated nuclear data files. 
With respect to nuclear data uncertainties, deterministic tools based on perturbation 
theory like TSUNAMI [4] and SUSD3D [5], as well as sampling based methods as 
implemented in MCNP-ACAB [6], NUDUNA [7], TMC [8], and XSUSA [9] have been 
developed. The sampling tool SUnCISTT [10] based on the GRS method [11] is 
available for the treatment of uncertainties in technological parameters. 
The present contribution focuses on the application of the GRS tool XSUSA [9] with a 
Monte Carlo code as neutron transport solver. A method is proposed and applied to 
perform the uncertainty and sensitivity analyses with strongly decreased numbers of 
Monte Carlo histories per calculation as compared to the conventional application 
and, nevertheless, without losing substantial information when determining the output 
uncertainties, thereby reducing the necessary computing times drastically. After 
giving an outline of the method, its application to a criticality benchmark, which is 
being investigated within an OECD/NEA working group, is described. 
 
 

Separation of Aleatoric and Epistemic Uncertainties 
 
Uncertainty and sensitivity analyses are performed to determine the uncertainties in 
the output quantities of a calculation describing a physical problem. Output 
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uncertainties result from epistemic input uncertainties. These are due to the 
incompleteness of the knowledge about the input parameters. 
So far, sampling based approaches have been applied with deterministic and Monte 
Carlo transport solvers. When using a Monte Carlo code, an additional source of 
sampling uncertainty results from the finite number of neutron histories sampled in 
the course of the Monte Carlo simulation (“aleatoric uncertainty”). This adds to the 
uncertainty due to the incomplete knowledge of the parameters (“epistemic 
uncertainty”). Therefore, if a Monte Carlo code is applied to solve the transport 
problem, normally a sufficiently large number of neutron histories are used for each 
nuclear data sample, such that the aleatoric sampling uncertainty becomes negligibly 
small, and the observed output sampling uncertainty can be attributed to the 
epistemic nuclear data sampling uncertainty alone. That means that the complete 
batch of calculations is performed with the same high number of neutron histories in 
each of the calculation runs. Further effort to separate aleatoric and epistemic 
sampling uncertainties is unnecessary such that the usual one-dimensional sample 
based epistemic uncertainty analysis can be performed. 
The method presented here shows that for many application cases it is not 
necessary to perform the full series of runs with such a high accuracy. In fact, it is 
possible to obtain reliable epistemic uncertainty results with substantially reduced 
number of neutron histories in each run, such that e.g. the total number of neutron 
histories for the whole series of all calculations is in the same order of magnitude as 
for the single high accuracy reference calculation run. The quintessence of the 
method consists in running two series of calculations with heavily reduced numbers 
of Monte Carlo histories each, instead of running one series with the full number of 
Monte Carlo histories. It is important that these two series are performed using 
identical nuclear data variations for each pair of calculations, but different Monte 
Carlo random numbers (by choosing different random number seeds). By evaluating 
the covariance between the two calculation series it is possible to widely eliminate 
the aleatoric uncertainty from the result. The details of the method as well as its 
mathematical basis are discussed in [12]. 
 
 

Uncertainty and Sensitivity Analysis for the EG-UACSA Benchmark 
Phase II 

 
Although the EG-UACSA Benchmark Phase II [13] is mainly dedicated to estimating 
the influence of manufacturing tolerances, one optional task refers to the influence of 
nuclear data uncertainties, which is investigated in the present paper. Uncertainty 
and sensitivity analyses referring to manufacturing tolerances with the GRS method 
are presented in [10]. 
The arrangement is a two-dimensional representation of an infinite lattice of fuel 
assemblies, simulating a storage situation. The fuel assemblies consist of 17x17 pin 
cells, 25 of which contain control rod guide or instrumentation tubes; the fuel is fresh 
UO2 with 4 wt.-% 235U enrichment, moderated by light water at room temperature. 
The fuel assemblies are placed inside square stainless steel support channels. A 
slight sub-criticality is obtained by the presence of borated steel welds around the 
fuel pin arrays. For criticality calculations at nominal geometry, as it is the case for 
the nuclear data uncertainty and sensitivity analyses presented here, the description 
of one quarter of a fuel assembly with reflecting boundary conditions on all surfaces 
is appropriate. 



The calculations were performed with the Monte Carlo code KENO-Va from the 
SCALE 6 [14] system as transport solver, with reflecting boundary conditions on all 
surfaces to account for the 2D problem geometry. For comparison, the 2D SN 
transport code NEWT was also applied. In all calculations, the SCALE 6 general-
purpose 238-group ENDF/B-VII based library was used, along with the SCALE 6 
covariance data for the uncertainty analyses. In both the calculation routes, the same 
spectral calculations with the SCALE modules BONAMI and CENTRM for the 
unresolved and resolved resonance regions were used to obtain problem specific 
multi-group data. 
 

 
Fig. 1: Calculation model for the arrangement of the EG-UACSA benchmark phase II. 

 
Uncertainty and Sensitivity Analysis with XSUSA were performed with both the 
deterministic transport solver NEWT and the Monte Carlo transport solver KENO-Va. 
In all cases, a sample size of 1000 was chosen (i.e. 1000 calculations with randomly 
varied nuclear data were performed). The high number of calculations is performed in 
order to be able to determine the main contributions to the total uncertainty. When 
using the deterministic code NEWT, there is no aleatoric uncertainty in the solution 
method, and therefore, the reference calculation with nominal nuclear data has to be 
repeated in full length with sampled nuclear data, leading to a multiplication of the 
calculation time by a factor of 1000. When using the Monte Carlo code KENO-Va, the 
conventional method of performing all calculations with sampled data using the same 
number of histories as for the reference calculations, leads to similar results. To be 
specific, 50 x 106 histories per run were used, resulting in a calculation time of 
approximately 25 min per run, practically the same as the time needed for one NEWT 
calculation. In this case, the aleatoric uncertainty due to the stochastic treatment of 
the neutron transport is estimated to be 0.01% per run, which is negligible as 
compared to the epistemic uncertainty of 0.42% due to the nuclear data covariance. 
When reducing the number of Monte Carlo histories by a factor of 1000, i.e. applying 
only 50 x 103 histories per run, the corresponding aleatoric uncertainty of 0.35% is 
substantial and in the same order of magnitude as the epistemic uncertainty, leading 



to a combined uncertainty which significantly overestimates the true epistemic 
uncertainty. By performing a second series of calculations and determining the 
covariance of these two series, one finally arrives at an uncertainty value which is 
practically identical to the true epistemic uncertainty. The gain in CPU time is 
dramatic: While approximately 400 hours were necessary to perform the 1000 long 
runs, the method just described takes less than 3 hours. These are wall clock times, 
i.e. the overhead arising from the nuclear data handling is already taken into account. 
These results are summarized in Table 1. 
 

Table 1: Multiplication factors for the EG-UACSA Phase II benchmark and corresponding 
uncertainties due to nuclear data covariance obtained from NEWT and KENO-Va with 

sampled nuclear data. Reference results from single long runs, results from 1000 runs with a 
large number of neutron histories per run, from 1000 runs with a small number of neutron 
histories per run, and from 2 x 1000 runs with a small number of neutron histories per run 

after elimination the aleatoric uncertainties. 

 k  k/k 
aleatoric 

k/k 
total 

CPU time 
per run 

CPU time 
total 

NEWT (ref.) 0.99212 -  25 min  

XSUSA/NEWT (1000 runs) 0.99226 - 0.424% 25 min 400 h 

KENO (ref. long run) 0.99293 0.01%  25 min  

XSUSA/KENO (1000 long runs) 0.99308 0.01% 0.418% 25 min 400 h 

XSUSA/KENO (1000 short runs) 0.99306 0.35% 0.544% 5 sec 1.5 h 

XSUSA/KENO (2 x 1000 short runs) 0.99305 0.35% 0.411% 5 sec 3 h 
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Fig. 2: Sensitivity results: Squared multiple correlation coefficients (R2) from XSUSA/KENO 
for k-eff of the EG-UACSA Phase II benchmark. Red columns: 1000 long runs; blue columns: 

2 x 1000 short runs. Reaction IDs: 2 = elastic scattering, 18 = fission, 102 = n, capture, 452 
= prompt multiplicity. 

 



In addition to the quantified output uncertainties, the corresponding sensitivities, i.e. 
the contributions to these uncertainties from individual nuclide/reaction combinations 
can be evaluated. To do this, the so-called “squared multiple correlation coefficient 
(R2)” is used as sensitivity/uncertainty importance indicator for parameter groups. It 
can be interpreted as the relative amount of output uncertainty coming from the 
uncertainty of the respective parameter group. It is basically determined from 
correlations of the calculated output quantities with the sampled input quantities, i.e. 
with the sampled nuclear data, taking into account inter-dependencies of input 
quantities due to non-zero covariance terms [15]. These sensitivities are displayed in 
Fig. 2 for the five most important parameter groups, along with their 95% confidence 
intervals indicated by the error bars. It can be seen that the sensitivity values 
determined from the short Monte Carlo runs are generally smaller than those from 
the long runs. Obviously, this is due to the presence of additional non-negligible 
aleatoric uncertainties, such that the relative contributions from the groups become 
smaller.  However, the importance ranking of the input quantities is the same from 
long and short runs, at least for the dominating parameter groups. 
 
 

Summary and Conclusions 
 
When performing sampling based uncertainty and sensitivity analyses for neutron 
transport problems with the Monte Carlo method, two kinds of uncertainties have to 
be considered, namely aleatoric uncertainties arising from the stochastic nature of 
the simulation procedure, and epistemic uncertainties arising from an incomplete 
knowledge of the values of input parameters. To determine the influence of the 
epistemic uncertainties alone, the sample calculations from epistemic sampling can 
traditionally be performed with a very large number of histories such that the aleatoric 
uncertainties become negligible and the total uncertainty practically only comes from 
the influence of the epistemic uncertainties. This procedure may be CPU time 
intensive. In the present paper, a method was applied which uses heavily reduced 
numbers of particle histories in each sample calculation, and, nevertheless, is able to 
largely eliminate the aleatoric uncertainty contribution introduced to the output. 
Applying this approach, sampling based uncertainty and sensitivity analyses with 
nuclear covariance data were performed with the XSUSA code and KENO-Va from 
the SCALE 6 system as Monte Carlo transport solver, for an international criticality 
benchmark. Equivalent uncertainty and sensitivity results were obtained as compared 
to the traditional method of using very large numbers of histories in each sample 
calculation. 
Thereby, computing times could be reduced by factors of the magnitude of 100. The 
use of multi-group nuclear data is no restriction, i.e. the described method can also 
be applied when using continuous energy nuclear data. The method can equally well 
be used for analyses with a Monte Carlo transport solver and epistemic uncertainties 
from other sources, like manufacturing tolerances. So far, the method was applied to 
stand-alone Monte Carlo criticality calculations; currently, investigations are being 
performed with calculations coupling Monte Carlo transport with depletion. 
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For the multiple sources of error introduced into the standard computational regime for simulating reactor cores, rigorous
uncertainty analysis methods are available primarily to quantify the effects of cross section uncertainties. Two methods for
propagating cross section uncertainties through core simulators are the XSUSA statistical approach and the “two-step” method.
The XSUSA approach, which is based on the SUSA code package, is fundamentally a stochastic sampling method. Alternatively,
the two-step method utilizes generalized perturbation theory in the first step and stochastic sampling in the second step. The
consistency of these two methods in quantifying uncertainties in the multiplication factor and in the core power distribution was
examined in the framework of phase I-3 of the OECD Uncertainty Analysis in Modeling benchmark. With the Three Mile Island
Unit 1 core as a base model for analysis, the XSUSA and two-step methods were applied with certain limitations, and the results
were compared to those produced by other stochastic sampling-based codes. Based on the uncertainty analysis results, conclusions
were drawn as to the method that is currently more viable for computing uncertainties in burnup and transient calculations.

1. Introduction

Computational modeling of nuclear reactor stability and
performance has evolved into a multiphysics and multiscale
regime. Various computer codes have been developed and
optimized to model individual facets of reactor operation
such as neutronics, thermal hydraulics, and kinetics. These
codes are most often coupled to produce more realistic
results. While it is crucial to produce best-estimate calcula-
tions for the design and safety analysis of nuclear reactors, it
is equally important to obtain design margins by propagating
uncertainty information through the entire computational
process. The purpose of the OECD (Organization for Eco-
nomic Cooperation and Development) Uncertainty Analysis
in Modeling (UAM) benchmark is to produce a framework
for the development of uncertainty analysis methodologies
in reactor simulations [1]. Three phases comprise the

benchmark, with each phase building in scale on its prede-
cessors. The first phase deals with uncertainties in neutronics
calculations, the second phase deals with neutron kinetics,
and the final phase requires the propagation of uncertainties
through coupled neutronics/thermal-hydraulics simulations.

The neutronics phase of the UAM benchmark deals
specifically with the propagation of input parameter uncer-
tainties to uncertainties in output parameters on a full-core
scale. In the established framework of full-core analyses,
lattice homogenized few-group cross sections are used as
inputs to core simulators. Core simulators utilize a number
of approximations to the exact transport equation, effectively
introducing uncertainties into output parameters. Geometri-
cal uncertainties and numerical method simplifications can
also be attributed to the introduction of modeling uncer-
tainties. While it is important to propagate all known uncer-
tainties when conducting a thorough uncertainty analysis,
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the necessary methods to make this possible must still be
developed. However, rigorous methods already have been
developed to propagate cross section uncertainties from
lattice transport solvers to core simulators. Consequently,
few-group homogenized cross section errors are assumed for
now to be the sole source of uncertainty in the subsequent
analyses.

Two methods already exist for propagating cross section
uncertainties through core simulators. The first method is
commonly referred to as the stochastic sampling (Monte
Carlo) method. The XSUSA (Cross Section Uncertainty and
Sensitivity Analysis) code system is representative of this
approach [2]. XSUSA was developed by GRS based on the
SUSA code package [3]. An alternate approach, the two-
step method, utilizes generalized perturbation theory in
the first step and stochastic sampling in the second step
[4, 5]. The purpose of this paper is to show consistency
between these two methods in the framework of phase I-3
of the UAM benchmark. As defined in the UAM benchmark
specifications, the Three Mile Island Unit 1 (TMI) core
will be the focus of application for the XSUSA and two-
step methods. The TMI core is chosen for analysis mainly
because it has been the focus of past benchmark problems
and is therefore of great familiarity in the nuclear engineering
community [6].

The two-step method is motivated largely by the com-
putationally expensive solution of the transport equation.
In the stochastic sampling approach there is effectively a
one-to-one mapping between the solutions of the transport
equation and the set of homogenized cross section inputs
for a core simulator. Alternatively, for practical problems the
two-step method provides a means by which an unlimited
number of core simulator inputs can be generated at the
cost of relatively few transport-type solutions. The means
mentioned above is a few-group covariance matrix whose
elements are generated with linear perturbation theory.
Hence, the quality of the core simulator inputs produced
by the two-step method is limited by the extent to which
linear perturbation theory can describe the system under
study. Contrarily, stochastic sampling through the XSUSA
approach produces core simulator random inputs whose
distributions are not subject to linear approximations. This
paper shows that the linear approximations used in the two-
step method can be remarkably accurate.

2. Methodology

Both the stochastic and two-step methods actively use the
modules in SCALE to propagate cross section uncertainties
[7]. Also, both methods make strong use of SCALE’s 44-
group covariance library. The multigroup cross sections are
assumed to follow a multivariate normal distribution and
so expected values and a covariance matrix suffice to fully
describe the distribution. In the XSUSA approach, all input
parameters are varied simultaneously, and the number of
required calculations to achieve a certain statistical accuracy
in output parameters of interest is independent of the
number of inputs [2]. The number of required runs can

be calculated by Wilks’ formula, which gives the confidence
level that the maximum code output will not exceed with
some specified probability. Contrarily, the two-step method
depends on the number of input parameters since each
input requires a transport-like solution. The two different
methodologies are summarized below.

2.1. XSUSA Approach. The covariance matrix between
inputs plays a central role in stochastic sampling. Cross
section uncertainties are correlated, and the degree of
correlation can be described by a covariance matrix. Cross
section uncertainties must be perturbed such that their
correlation relations are always preserved. If X is a vector
of mean values whose covariance relations are defined by

the matrix Σ, then correlated random variables X′ can be
generated by applying [8]

X
′ = X + A

T
Z. (1)

In (1) the operator A
T

is the upper right triangular matrix
obtained by taking the Cholesky decomposition of the
covariance matrix. Every covariance matrix is Hermitian
and positive definite; thus, all covariance matrices have a

Cholesky decomposition Σ = A
T
A. The vector Z in (1)

is a random normal vector. When A
T

multiplies Z, linear
combinations of the uncertainties are taken in accordance
with their covariance relations, and so X

′
is normally

distributed with covariance Σ.
Hence, to produce perturbed cross sections X

′
, only the

Cholesky decomposition of the cross section’s covariance
matrix is needed along with a random normal vector. In
the XSUSA approach, ENDF/B-VII nuclear data in the
SCALE 238-group structure are used. Spectral calculations
are performed in BONAMI and CENTRM to produce a
problem-specific cross section library, as seen in Figure 1.
By use of SCALE’s 44-group covariance library with the
problem-specific library generated by the spectral calcula-
tions, the XSUSA code applies perturbations to create a
set of N varied, problem-dependent cross section libraries.
Specifically, the MEDUSA module samples the 44-group
covariance library that is enlarged to accommodate all
problem-specific nuclides and reactions. CLAROL-plus then
takes the output from MEDUSA and creates a problem-
specific multigroup library. The XSUSA code works to make
sure varied data are physically consistent. This procedure
does not include the implicit effects of uncertainties in self-
shielding, but extensions are currently being made to include
these effects [9].

Each set of N cross section libraries produced by XSUSA
is passed to SCALE’s lattice physics transport solver NEWT,
which in turns produces N perturbed, homogenized, few-
group cross section libraries. The perturbed few-group
libraries are then used as input for core simulators such
as PARCS [11] and QUABOX/CUBBOX [12]. Once all N
libraries are processed by the core simulator, statistics can
be taken on the output parameters of interest. As indicated
in Figure 1, NEWT can be replaced by any of SCALE’s
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Figure 1: Flow diagram of the XSUSA approach starting from use of the ENDF/B-VII 238-group library and ending with a statistical
evaluation of output parameters.

transport solvers. For example, XSDRN can be used for one-
dimensional (1D) calculations and KENO for Monte Carlo
reference solutions [2].

2.2. Two-Step Method. Unlike the XSUSA approach, the two-
step method is only partly based on sampling techniques. In
the first step it makes use of the generalized adjoint for the
transport equation [13]. In the two-step method, problem-
dependent self-shielded data are also generated before any
perturbed cross sections are calculated, as seen in Figure 2.
Using the problem-dependent cross sections, the TSUNAMI
module is applied to calculate the forward transport, adjoint
transport, and generalized adjoint transport solutions to
the problem at hand. The SCALE module SAMS then uses
the problem solutions to calculate sensitivity coefficients for
responses of interest. A response RxG for reaction type x in
broad-group G is defined as a ratio of inner products with
the forward neutron flux [10]:

RxG = 〈H1Φ〉
〈H2Φ〉 . (2)

The explicit sensitivity coefficient of the response RxG with
respect to some nuclear data parameter σng in the transport
equation is then given as [10]

∂RxG

∂σng
=
〈
Φ
(
∂H1/∂σng

)〉

〈ΦH1〉 −
〈
Φ
(
∂H2/∂σng

)〉

〈ΦH2〉

+

〈
Γ∗xG

∂(L− λP)
∂σng

Φ

〉
,

(3)

where Φ is the solution of the forward transport equation, L
is the migration and loss operator, and P is the production
operator.

The generalized adjoint Γ∗xG can be obtained by solving
the generalized adjoint transport equation in [10]

(L∗ − λP∗)Γ∗xG =
1
RxG

dRxG

dΦ
. (4)

The solution of (4) requires the solution of the adjoint trans-
port problem for each response. The pertinent responses
of interest are the homogenized few-group cross sections
needed for core simulators. Equations (3) and (4) above
are used to compute explicit sensitivity coefficients. The
TSUNAMI methodology incorporates implicit sensitivity
effects arising from resonance self-shielding [10].

If the covariance matrix Ci of some input parameters is

available along with the sensitivities S relating the change in
outputs with respect to the change in input parameters, the
“sandwich rule” can be applied to obtain a covariance matrix

for the outputs Co. The “sandwich rule” is expressed in [14]

Co = SCiS
T
. (5)

Consequently, since Ci is the SCALE 44-group covariance
matrix, a covariance matrix for the few-group homoge-
nized cross sections can be obtained. The SCALE module
TSUNAMI-IP is used to generate a global covariance matrix
relating the few-group cross sections in each assembly and
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Figure 2: Flow diagram for the proposed two-step method, which mainly utilizes the generalized perturbation theory modules in SCALE
[10].

reflector regions comprising a full-core problem. With (1),
this global covariance matrix is sampled to produce N
perturbed cross section libraries that can then be used as
input for a core simulator. By applying the XSUSA and two-
step methods to calculate uncertainties in output param-
eters of interest for the full-core TMI problem, it can be
shown that the two different approaches produce consistent
results.

3. Application

3.1. Implementation. The computational implementation of
the two-step and XSUSA methods strays somewhat from
their theoretical formulations. Specifically, modifications
must be made since the generalized perturbation theory
capabilities in SCALE are currently limited to only some
of the responses required by core simulators. First, the
TSUNAMI module currently cannot compute the uncer-
tainty in the few-group homogenized transport cross section.
However, uncertainties in the total and scatter cross sections
can be calculated. To approximate perturbations to the
transport cross section, is used the following:

Σ∗tr,G = Σt,G − μΣs,G. (6)

The average cosine of the scattering angle μ is held constant
while the total cross sections Σt,G and scatter cross sections
Σs,G are perturbed to yield an effectively perturbed transport
cross section Σ∗tr,G that can be used as input to a core
simulator. Normally a critical spectrum based on either
the P1 or B1 approximation is utilized to compute few-
group cross sections. However, the critical spectrum cannot
be correctly accounted for in the TSUNAMI generalized
perturbation theory methodology. Consequently, in the
proceeding analysis the default B1 critical spectrum calcu-
lation in SCALE is disabled in favor of the simplified P1
formulation shown in (6). Similarly, TSUNAMI does not
generate uncertainties for kappa, the average energy release
per fission event. To calculate a perturbed kappa-fission
cross section, the average value of kappa κ is multiplied by
a perturbed fission cross section Σ f ,G to obtain an effec-
tively perturbed kappa-fission cross section κΣ∗f ,G as shown
in

κΣ∗f ,G = κΣ f ,G. (7)

A more subtle modification must be made when calculating
the uncertainties in assembly discontinuity factors (ADFs).
At the assembly level where reflective boundary conditions
are used, TSUNAMI can approximate ADF uncertainties



Science and Technology of Nuclear Installations 5

very well by taking the ratio of the average flux of a thin
surface at the assembly boundary to the assembly averaged
flux [15]. A cell volume normalization factor is also needed
to account for the size of the thin surface at the assembly
boundary. While this approach is valid for an infinite
system, TSUNAMI is currently not capable of accurately
quantifying ADF uncertainties at reflector interfaces due to
leakage effects. To calculate uncertainties in few-group ADFs
along reflector interfaces, a method developed by Yankov
et al. is used [15]. The method is based on the 1D adjoint
diffusion approximation generally used to treat reflector
interface ADFs, the neutron balance equation on a fuel
assembly/reflector interface, and the “sandwich rule.”

The two-step method is presented algorithmically in
Table 1. The majority of the algorithm consists of file manip-
ulations. In the second step of the algorithm, it is important
to check that the global covariance matrix produced by
TSUNAMI-IP is positive definite. The global covariance
matrix consists of examining the correlations among few-
group cross sections between all assemblies in the core. Use
of a global covariance matrix is essential when sampling cross
sections for an entire core, since otherwise the similarity
of the nuclide composition of different fuel assembly types
is neglected. If the global covariance matrix is not used,
the output parameter uncertainties can be greatly misrepre-
sented. In most cases, the global covariance matrix produced
by TSUNAMI-IP will only be nearly positive definite due to
a lack of diagonal dominance. However, the matrix can be
made more diagonally dominant by multiplying the matrix’s
off-diagonal terms by 1 − ε for some very small value
ε.

Note that the XSUSA approach does not require any of
these modifications since it is fundamentally a statistically
based approach, whereas the two-step method uses a deter-
ministic approach in the first step.

3.2. Results

3.2.1. Pin-Cell Calculations. Before the two-step and XSUSA
methods are applied to a full core problem, it is prudent to
perform a preliminary investigation on an easily tractable
problem. Such a tractable problem consists of a single TMI
pin-cell, as defined in the UAM benchmark [1]. Since the two
methods of interest fundamentally work with covariances,
the preliminary investigation will compare how the two-step
and XSUSA methods can calculate variances and covariances
for few-group parameters. Recall that SCALE/TSUNAMI,
the underlying code system used in the two-step method,
considers both the explicit and implicit contributions from
cross sections. The XSUSA method only considers explicit
effects for the same perturbations. Consequently, to produce
a fair comparison the implicit sensitivity coefficient com-
ponent is disabled in TSUNAMI. To this end, 1000 XSUSA
samples of few-group scatter and fission cross sections are
compared to those produced by the modified TSUNAMI
code.

First, the standard deviations for the scatter and fission
cross sections are compared in Figure 3, which depicts ratios

Table 1: Algorithm for applying the two-step method using SCALE
and a core simulator.

(1)

For each assembly and reflector in the core, create a
TSUNAMI-2D input file. In each input, responses should
correspond to the few-group total, absorption, nu-fission,
fission, Chi, and scatter cross sections. Responses for ADFs
should also be specified. The TSUNAMI-2D input files
can be executed in parallel.

(2)

From the “.sdf” sensitivity files in TSUNAMI-2D outputs,
use TSUNAMI-IP to generate a global covariance matrix
along with mean and standard deviations of the responses.
Verify that the global covariance matrix is positive definite.

(3)

Sample the covariance matrix to produce N perturbed
cross section sets. Using (6) and (7), process the perturbed
cross sections to obtain perturbed values for the transport
and kappa-fission cross sections. Also, apply the method
developed by Yankov et al. [15] to determine uncertainties
in the reflector ADFs.

(4)
Using each set of perturbed cross sections, produce N
input files for the core simulator.

(5)

Execute the core simulator N times using a different cross
section set each time. These executions can be done in
parallel.

(6)
Scanning the core simulator’s N output files, extract
relevant data. Perform a statistical analysis on the relevant
output data.

of standard deviations produced by XSUSA and SCALE. In
Figure 3, two different SCALE results are shown. The first
result, labeled “GPT(explicit),” considers only the explicit
sensitivity coefficients in SCALE. The second result, labeled
“GPT(explicit, XSUSA),” not only considers the explicit
sensitivity coefficients but also utilizes the same perturbation
factors generated by the XSUSA simulations. For an in-
depth discussion of how perturbation factors are used in
the pertinent methodologies the interested reader is referred
to [16]. Ideally, all ratios in Figure 3 would be identical
unity in the case where the responses depend linearly
on the uncertain parameters. However, since XSUSA is a
statistical method, some variability is present in the results.
Some variability can also result from nonlinear phenomena.
When the same perturbation factors are used in SCALE
and XSUSA, all points are well contained in the 95%
confidence interval bounds. The same phenomenon can
be observed when the generalized perturbation theory and
statistically generated covariance matrices are compared in
Figure 4.

In Figure 4 the correlation coefficients should ideally lay
along the dotted line, representing a one-to-one relationship.
Figure 4(b) has points concentrated more closely around
the dotted line because identical perturbation factors are
used in XSUSA and SCALE. All effects considered, the slight
discrepancies visible in Figure 4(b) must be from nonlinear
effects. The black lines bounding the points in Figure 4
represent the 95% confidence bounds for the correlation
coefficients calculated with the Fisher transformation [17].
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Table 2: Uncertainty in the effective multiplication factor from using the two-step and XSUSA methods with a sample size of 290.

Two-step method XSUSA method Absolute difference (pcm)

k-eff mean 1.30268 1.30330 62

k-eff stand. deviation 0.00569 0.00564∗ 5

Relative SD % 0.43706 0.43272
∗

The 95% confidence interval is [0.00522, 0.00614].

Table 3: Uncertainty in the effective multiplication factor from using “one-step” schemes.

XSUSA/KENO TSUNAMI-3D Absolute difference (pcm)

k-eff mean 1.30294 1.30279 15

k-eff stand. deviation 0.00608∗1 0.00588∗2 20

Relative SD % 0.46679 0.45120
∗1

The 95% confidence interval is [0.00563, 0.00661]. ∗2The 95% confidence interval is [0.00544, 0.00639].

3.2.2. Full-Core Calculations. The TMI core under con-
sideration consists of 11 different UO2 assemblies and a
reflector region placed in 1/8 symmetry. All control rods are
ejected from the core, which is at hot zero power [1]. By
use of the XSUSA and two-step methods, uncertainties are
obtained for the core-wide multiplication factor and for the
assembly-wise relative power distribution. For a two-group
formulation, each assembly in the TMI core requires 11
perturbed cross sections. These are the transport, absorption,
kappa-fission, and nu-fission cross sections along with a
down-scatter cross section and two ADFs. The reflector
region requires only 7 cross section inputs for a total of 128
perturbed cross sections per core simulation.

The core simulator utilized for the proceeding analysis is
PARCS. The multigroup NEM nodal kernel is used to execute
all 290 core simulations [11]. Initially 300 core simulations
were proposed, but some of the cross section perturbations
in the two-step method were too large, so PARCS was
unable to produce a converged solution. The large number
of core simulations ensures that the largest output values
obtained will not be exceeded with a high probability by
Wilks’ formula. The multiplication factor uncertainty results
obtained with the XSUSA and two-step methods for the TMI
core are summarized in Table 2. The table clearly shows that
the XSUSA and two-step methods can consistently calculate
uncertainties in the multiplication factor.

Both the “one-step” reference solutions and the two-
step and XSUSA methods produced results that are well
within statistical uncertainty of each other, as evidenced
by comparing Tables 2 and 3. The agreement between the
“one-step” reference solutions and between the two-step
and XSUSA methods appears to be better than the overall
agreement among all four calculation schemes.

The mean power distributions obtained from the
XSUSA/PARCS and two-step methods are shown in Figure 5
along with XSUSA/KENO reference solutions. The values
displayed in Figure 5 are relative power distributions such
that the mean power in the core is unity. As expected,
the mean power distributions predicted by the XSUSA and
two-step methods are very similar, with the largest node-
wise discrepancy being less than 1%. The relative standard
deviation (%) in power for each node is shown in Figure 6.

Before looking at the numerical values of the uncertainty
in the core power distribution calculated by the three meth-
ods in Figures 6 and 7, it is evident that the distribution of
uncertainty is spread evenly in all the methods. Uncertainties
with the highest magnitudes congregate around the center
of the core. This is due to the radial heterogeneity of
the core configuration [18]. The two-step method seems
to attribute less uncertainty overall to each nodal power.
Although the reasons for this observation are currently under
investigation, the authors have noticed that the relative power
distribution uncertainties are particularly sensitive to the way
in which uncertainties are propagated to the transport cross
section in the two-step method.

4. Conclusions

The core simulator output uncertainties for the TMI core
obtained with the XSUSA and two-step methods indicate
that both methods are consistent in general and are able to
propagate nuclear data uncertainties to the core simulator.
However, further investigation is needed to explain some of
the discrepancies observed between the two methods, espe-
cially in the calculation of uncertainty in the relative power
distribution. Since the TMI core used in this analysis is rel-
atively homogeneous, the linear approximations employed
by the two-step method are completely satisfactory. While
the authors anticipate that the linear approximations will
hold for more inhomogeneous cores, such as the MOX cores
specified in the UAM benchmark [1], this matter should be
examined in greater detail.

Despite some of the current limitations of the general-
ized perturbation theory implementations in SCALE, both
uncertainty quantification methods yield an uncertainty of
Δk = 0.5% in the core simulator k-effective. Currently, the
limitations of generalized perturbation theory as applied in
the two-step method make the XSUSA approach a more
robust choice for reactor uncertainty analysis. In order
to perform a steady-state uncertainty analysis, methods
should be developed in the current generalized perturbation
theory framework in SCALE to capture all uncertainty
within reach of the XSUSA approach. Methods should
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Two-step method

0.76 0.66 0.52

1.26 1.17 1.04 0.74 0.37

0.99 1.32 0.94 1.27 1.22 0.72

1.24 0.94 1.28 1.07 1.48 1.22 0.37

0.90 1.18 0.93 1.27 1.07 1.27 0.74

1.14 0.87 1.18 0.93 1.28 0.94 1.04 0.52

0.84 1.12 0.87 1.18 0.94 1.32 1.17 0.66

1.06 0.84 1.14 0.90 1.24 0.99 1.26 0.76

XSUSA method

0.76 0.66 0.52

1.26 1.17 1.04 0.74 0.37

0.99 1.32 0.94 1.27 1.22 0.72

1.24 0.94 1.28 1.07 1.48 1.22 0.37

0.90 1.19 0.93 1.27 1.07 1.27 0.74

1.14 0.87 1.18 0.93 1.28 0.94 1.04 0.52

0.84 1.12 0.87 1.19 0.94 1.32 1.17 0.66

1.06 0.84 1.14 0.90 1.24 0.99 1.26 0.76

XSUSA/KENO

0.75 0.66 0.51

1.24 1.15 1.02 0.74 0.38

1.01 1.29 0.96 1.25 1.20 0.72

1.22 0.97 1.27 1.10 1.46 1.20 0.38

0.92 1.17 0.97 1.32 1.10 1.25 0.74

1.13 0.89 1.18 0.97 1.27 0.96 1.02 0.51

0.86 1.11 0.89 1.17 0.97 1.29 1.15 0.66

1.04 0.86 1.13 0.92 1.22 1.01 1.24 0.75

Figure 5: Mean power distribution calculated by the two-step and XSUSA methods along with the XSUSA/KENO reference. Values shown
are calculated such that unity is the core average power. Quarter symmetry is displayed.

Two-step method
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0.88 0.86 0.89 0.87 0.79
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1.36 1.10 0.94 0.32 0.32 0.88 0.87

1.65 1.74 1.25 0.94 0.22 0.27 0.89 0.94

2.14 1.86 1.74 1.10 0.66 0.33 0.86 0.99

2.10 2.14 1.65 1.36 0.58 0.24 0.88 1.06

XSUSA method

1.53 1.41 1.30

1.35 1.32 1.41 1.35 1.17

0.06 0.40 0.37 1.47 2.29 2.23

0.94 1.07 0.29 0.43 1.84 2.29 1.17

2.23 1.80 1.51 0.38 0.43 1.47 1.35

2.74 2.84 2.05 1.51 0.29 0.37 1.41 1.30

3.51 3.07 2.84 1.80 1.07 0.40 1.32 1.41

3.46 3.51 2.74 2.23 0.94 0.06 1.35 1.53

XSUSA/KENO

1.37 1.26 1.14

1.17 1.14 1.17 1.16 1.10

0.12 0.34 0.40 1.22 1.89 1.89

0.84 0.85 0.26 0.46 1.53 1.89 1.10

1.85 1.57 1.18 0.27 0.46 1.22 1.16

2.40 2.38 1.76 1.18 0.26 0.40 1.17 1.14

2.98 2.69 2.38 1.57 0.85 0.34 1.14 1.26

3.04 2.98 2.40 1.85 0.84 0.12 1.17 1.37

Figure 6: Relative standard deviation (%) calculated by the two-step and XSUSA methods along with the XSUSA/KENO reference.
Uncertainties in assembly discontinuity factors are included. Quarter symmetry is displayed.
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Figure 7: The 95% confidence bounds are shown for the relative standard deviations corresponding to Figure 6.
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also be developed so that two-step-type methods can be
applied to burnup and transient calculations, as defined in
phases II-III of the UAM benchmark. The XSUSA approach
already allows for such calculations, as evident from
[16, 19].

In terms of efficiency, the XSUSA and two-step methods
require similar computation times if parallel computing is
employed. For the TMI core, 128 transport-like solutions
on an assembly were required to obtain a global covariance
matrix in TSUNAMI, one solution for each response.
To obtain the desired statistical accuracy this covariance
matrix was sampled around 300 times. Relatively speaking,
sampling the covariance matrix and running the perturbed
cross sections through a core simulator are free. Since no
covariance matrix is used in the XSUSA approach, some
3600 full transport solutions on an assembly are needed to
be able to execute 300 core simulations (11 assemblies plus
1 reflector, multiplied by 300 perturbed cross section sets).
To summarize, for full-core problems the computational
burden is much less when the two-step method is used.
However, due to the nature of parallel processing the two-
step and XSUSA methods can take the same amount of
time. Overall, more work should be done with the two-
step method to make it a viable tool for uncertainty
quantification in core simulations. However, the results
in this paper suggest that the two-step method can be
made to be fully consistent with more versatile stochastic
methods.
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Abstract. In the present contribution, an overview of the sampling based XSUSA 
method for sensitivity and uncertainty analysis with respect to nuclear data is given. The 
focus is on recent developments and applications of XSUSA. These applications include 
calculations for critical assemblies, fuel assembly depletion calculations, and steady-
state as well as transient reactor core calculations. The analyses are partially performed 
in the framework of international benchmark working groups (UACSA - Uncertainty 
Analyses for Criticality Safety Assessment, UAM - Uncertainty Analysis in Modelling). 
It is demonstrated that particularly for full-scale reactor calculations the influence of the 
nuclear data uncertainties on the results can be substantial. For instance, for the radial 
fission rate distributions of mixed UO2/MOX light water reactor cores, the 2σ 
uncertainties in the core centre and periphery can reach values exceeding 10%. For a fast 
transient, the resulting time behaviour of the reactor power was covered by a wide 
uncertainty band. Overall, the results confirm the necessity of adding systematic 
uncertainty analyses to best-estimate reactor calculations.  

1 Introduction  
Evaluated nuclear data files are continuously being improved. Recently, the European library was 
updated to JEFF-3.1.1 [1], the American library to ENDF/B VII.1 [2], and the Japanese library to 
JENDL-4.0 [3]. These library improvements are performed on the basis of the newest evaluations of 
differential experiments. Nevertheless, their precision is limited by the uncertainties of the 
underlying measurements and theoretical parameters. There is an increasing effort to improve the 
amount and quality of the covariance files accompanying the major data libraries. For now, a rather 
complete set of covariance data is provided in multi-group format with the SCALE 6 system [4]. In 
the past, most uncertainty investigations with nuclear covariance data, as performed, e.g., with 
TSUNAMI [5] or SUSD3D [6], were based on first order perturbation theory, and primarily consider 
the multiplication factors and other integral quantities. With increasing computer power, another 
approach has become possible, namely random sampling of nuclear data, as implemented in MCNP-
ACAB [7], NUDUNA [8], TMC [9], and XSUSA [10]. Meanwhile, the GRS code package XSUSA 
(“Cross Section Uncertainty and Sensitivity Analysis”) has been used for a wide variety of 
calculations for fissionable systems, including neutron transport calculations for pin cells, fuel as-
semblies, critical experiments, and full-scale reactor calculations, fuel assembly depletion calcu-
lations, as well as coupled neutron transport/thermo-hydraulic steady-state and transient reactor core 
calculations. 
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2 The XSUSA Method 
Within the sampling based GRS method implemented in the code package SUSA (“Software for 
Uncertainty and Sensitivity Analysis”) [11], many calculations for the problem under consideration 
are performed with varied input data. The variations of the input data are generated randomly from 
the given probability distributions of the parameters including possible correlations between them. 
After performing the complete series of calculations, the output quantities of interest are statistically 
analysed, and their uncertainty ranges and sensitivities to the input parameters are determined. 

Originally, the GRS method has been mainly applied to problems with a limited number of 
parameters and only few correlations between them, such as thermo-hydraulic or technological 
parameters. However, in the case of its application to the nuclear data uncertainties implemented in 
XSUSA, various reactions of various nuclides have to be considered. Using the nuclear covariance 
data from the SCALE 6 code package, 44 uncertain parameters for each nuclide and reaction 
corresponding to the 44-group structure are analysed, resulting in a huge overall number of uncertain 
parameters. Moreover, a large amount of correlations between the energy group data of each 
nuclide/reaction combination have to be taken into account, and also cross correlations between data 
of different reactions and nuclides. 

The nuclear data covariance matrices only contain the relative variance and covariance values of 
the nuclear data, i.e. the second moments of the distributions; the types of the distributions are not 
explicitly known and assumed to be Gaussian. 

To use the GRS method with nuclear covariance data, the ENDF/B-VII based 238-group library 
of SCALE 6 is either used as is, or pre-collapsed to the 44-group structure of the covariance data 
using a flux spectrum typical for the system under consideration, which can be advantageous when 
doing full core calculations which require the handling of large amounts of data for the different fuel 
assemblies in various burn-up states. With the original or the collapsed master library, all necessary 
spectral calculations are performed, using the Bondarenko method implemented in the BONAMI 
module for the unresolved resonance regions, and performing 1-D transport calculations by the 
CENTRM module with continuous energy data in the resolved resonance region. The resulting data 
libraries are modified according to the uncertainty information in the covariance matrices for each 
nuclide/reaction combination considered. After doing so, it has to be assured that the cross section 
set is entirely consistent, i.e. that sum rules are fulfilled and that 2-D cross sections (e.g. scattering 
matrices) are compatible with their 1-D counterparts.  

3 Applications 
In this Section, uncertainty and sensitivity analysis results are presented for a variety of neutron 
transport applications. 

3.1 Critical Assembly Calculations 

In order to apply XSUSA to systems with different spectral conditions, Uranium and Plutonium 
systems are chosen, with fast and thermal spectra. Three of them are described in the International 
Handbook of Evaluated Criticality Safety Benchmark Experiments [12]: The bare metallic Uranium 
sphere GODIVA (in the nomenclature of the Handbook HEU-MET-FAST-001), the bare metallic 
Plutonium sphere 239Pu JEZEBEL (PU-MET-FAST-001), and one of the P-11 series of bare 
spheres of Plutonium nitrate solutions (PU-SOL-THERM-011, Case 16-1). KRITZ-2:13 is a light 
water moderated quadratic array of Uranium fuel pins, described in the International Handbook of 
Evaluated Reactor Physics Benchmark Experiments [13] as KRITZ-LWR-RESR-003. Due to their 
spherical shapes, GODIVA, JEZEBEL, and the P-11 sample were calculated with the 1-D 
deterministic XSDRN code as transport solver, while for KRITZ-2:13, the 3-D Monte Carlo code 
KENO-Va was used, both with XSUSA and TSUNAMI. Both XSDRN and KENO-Va are part of 
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the SCALE 6 system. In the XSUSA analysis, 1,000 samples were evaluated. The multiplication 
factor uncertainties from both the approaches agree very well. 

Table 1. Multiplication factors and corresponding uncertainties due to nuclear data covariances obtained from 
XSUSA and TSUNAMI with sampled nuclear data. 

 GODIVA JEZEBEL KRITZ-2:13 P-11, 16-1 
Multiplication factor 1.00016 1.00035 0.99644 1.01042 
Uncertainty from XSUSA 1.063% 1.418% 0.512% 1.506% 
Uncertainty from TSUNAMI 1.069% 1.389% 0.529% 1.475% 

3.2 Steady-State Core Calculations 

The XSUSA method has been applied to a variety of full-scale reactor core calculations; as an 
example, a 2-D calculation for the uncontrolled hot zero-power state of a PWR mixed core specified 
within an international OECD/NEA benchmark [14] is chosen. Figure 1 displays the XSUSA 
uncertainty results (relative 1σ values) in the radial power distribution from the reference Monte 
Carlo calculations with KENO (left side). In addition, nodal calculations were performed with the 
GRS diffusion code QUABOX-CUBBOX with two-group fuel assembly homogenized cross 
sections obtained with the lattice code NEWT from SCALE 6. The corresponding results are given 
on the right side of Fig. 1. 
 

1 2 3 4 5 6 7 8

A 4.75% 4.55% 3.13% 2.03% 0.71% 2.42% 3.11% 3.53%

B 4.55% 3.93% 2.76% 1.46% 0.69% 1.95% 3.69% 3.67%

C 3.13% 2.76% 2.32% 1.85% 0.49% 1.92% 2.77% 3.65%

D 2.03% 1.46% 1.85% 1.21% 0.94% 1.11% 2.88% 3.17%

E 0.71% 0.69% 0.49% 0.94% 0.64% 1.10% 1.67%

F 2.42% 1.95% 1.92% 1.11% 1.10% 1.70% 1.53%

G 3.11% 3.69% 2.77% 2.88% 1.67% 1.53%

H 3.53% 3.67% 3.65% 3.17%

7 8

1 2 3 4 5 6 7 8

A 4.79% 4.57% 3.20% 2.11% 0.89% 2.38% 3.10% 3.48%

B 4.57% 3.95% 2.83% 1.53% 0.79% 1.95% 3.71% 3.69%

C 3.20% 2.83% 2.43% 1.92% 0.51% 1.94% 2.84% 3.66%

D 2.11% 1.53% 1.92% 1.27% 0.94% 1.27% 3.07% 3.26%

E 0.89% 0.79% 0.51% 0.94% 0.67% 1.34% 1.81%

F 2.38% 1.95% 1.94% 1.27% 1.34% 2.02% 1.60

G 3.10% 3.71% 2.84% 3.07% 1.81% 1.60%

H 3.48% 3.69% 3.66% 3.26%

%

 
 
Fig. 1. Uncertainties of the radial fuel assembly power distribution of a mixed PWR core. Left: XSUSA/KENO; 

right: XSUSA/NEWT/QUABOX-CUBBOX 
. 

 The resulting 1σ uncertainty is almost 5% for the power in the central fuel assembly; depending 
on the core layout, even larger uncertainties have been observed in full-scale core calculations. In 
addition, it is remarkable that the uncertainty distributions of both calculations are practically 
identical, demonstrating that the output uncertainties are hardly influenced by the additional 
calculation steps performed by the lattice code. 

3.3 Time-dependent Core Calculations  

For the same benchmark, an exercise for a transient was specified, namely the ejection of one control 
rod. This transient was analysed with the coupled GRS code system QUABOX-CUBBOX/ 
ATHLET. Figure 2 shows a substantial uncertainty band for the evolution of the reactor power, 
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ranging from practically no power excursion at all to a power peak of several times the nominal full 
reactor power. 

 
Fig. 2. Core power history for a rod ejection transient of a mixed PWR core. The XSUSA/QUABOX-

CUBBOX/ATHLET uncertainty band is compared with the results of the benchmark participants.  

3.4 Burn-Up Calculations  

XSUSA is also applied for determining uncertainties in the relevant output quantities of pin cell and 
fuel assembly burn-up calculations, such as nuclide inventories and few-group cross sections for 
subsequent core simulations. Figure 3 gives an example for the isotope uncertainties arising in a UO2 
fuel pin during five years of irradiation and five years of cooling time. The calculations were 
performed with the SCALE 6 depletion sequence TRITON. 
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Fig. 3. Nuclide inventory uncertainty in a UO2 pin cell burn-up calculation. 

4 Conclusions and Outlook 
The sampling based XSUSA cross section uncertainty and sensitivity analysis sequence has reached 
a mature state and is being applied to a variety of neutron transport calculations, namely criticality, 
depletion, lattice, and full core calculations, using both Monte Carlo and deterministic transport 
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methods. So far, the analyses were restricted to neutron cross sections as uncertain parameters. This 
is currently being extended to additional quantities relevant for burn-up calculations, namely fission 
yield and decay data. Another extension is being performed concerning the inclusion of delayed 
neutron multiplicity uncertainties, which may be important for the time-dependent behaviour of 
fissionable systems. When using Monte Carlo codes as transport solvers, methods are under 
investigation to drastically reduce the number of neutron histories without losing much information 
on the output uncertainties. 

In conclusion, it is desirable and feasible to routinely accompany all parts of reactor 
calculations by uncertainty and sensitivity analyses, along with aiming for evaluated nuclear data of 
highest quality, as well as reliable and complete nuclear data uncertainty information. 
 
This work is supported by the German Federal Ministry of Economics and Technology. 
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Due to the influence of delayed neutrons on the reactor dynamics an accurate estimation of
the effective delayed neutron fraction (βeff ), as well as good understanding of the correspond-
ing uncertainty, is essential for reactor safety analysis. This paper presents the βeff sensitivity
and uncertainty analysis based on the derivation of Bretscher’s prompt k-ratio equation. Perfor-
mance of both deterministic (SUSD3D generalised perturbation code) and Monte Carlo (XSUSA
random sampling code) methods applied with the multi-group neutron transport codes XSDRN
and DANTSYS were compared on a series of ICSBEP critical benchmarks. Using the JENDL-4.0m
and SCALE-6.0 covariance matrices the typical βeff uncertainty was found to be around 3-4% and
is generally dominated by the uncertainty of delayed nu-bar; depending on the considered assem-
bly, the nu-prompt, inelastic, elastic and fission cross-section uncertainties may also significantly
contribute to the overall uncertainty. The βeff measurements in combination with the sensitivity
and uncertainty analysis can be therefore exploited for validation of nuclear cross-section, such as
delayed fission yields, 238U elastic and inelastic cross section, complementing thus the information
obtained from the keff measurements.

I. INTRODUCTION

The effective delayed neutron fraction βeff is a key re-
actor safety parameter involved in the control rods worth
calculations and transient (reactivity feedbacks effect)
studies, playing an important role in reactivity accident
analysis. Its accuracy should be therefore precisely un-
derstood and evaluated. The interest in calculating kinet-
ics parameters and propagating their uncertainties was
expressed within the Uncertainty Analysis in Modelling
(UAM) project [1] of the OECD/NEA and methods for
βeff uncertainty evaluation were proposed and demon-
strated at the UAM meetings in 2011-12 [2]-[5].

The uncertainty in the effective delayed neutron frac-
tion βeff was already studied by Hammer (1979) [6],
D’Angelo et al. (1987, 1990) [7, 8] and A. Zukeran et
al. (1999) [9]. Hammer [6] estimated the βeff uncer-
tainty for power reactor to about 5%, decomposed into
the uncertainty due to those in the direct and adjoint neu-
tron flux (∼2%), uncertainty in the fission cross-section
x neutron yield, σf ν̄ (∼1.5%) and in the delayed fission
spectra, χd (∼0.5%). Similar uncertainty of about 5% is
reported for fast reactors in [7, 8]. The main sources were

∗ Corresponding author, electronic address:
ivan.kodeli@ijs.si

the uncertainty in the delayed neutron yield, ν̄d (∼2%)
and the delayed fission spectra, χd (∼0.5%). Zukeran et
al. (1999) used the generalised perturbation method and
estimated the βeff uncertainty to about 4 - 5%, the prin-
cipal components being the uncertainty in ν̄d (∼2.5%),
σf especially of 238U (∼1.6%) and χd (∼0.5%).

II. CALCULATION OF THE EFFECTIVE
DELAYED NEUTRON FRACTION

According to the conventional definition given in [10]
the effective delayed neutron fraction (βeff) for a mixture
of fissionable isotopes, m, is given by:

βeff =

∑
m

∫
Φ+
∑
i αi,mχi,mν̄d,mΣf,mΦdEdΩd~r∑

m

∫
Φ+χmν̄mΣf,mΦdEdΩd~r

.

(1)

where Φ and Φ+ symbolise the direct and the adjoint an-
gular fluxes, Σf,m represents the macroscopic fission cross
section of the fissile isotope m, χi,m, χm are the cor-
responding ith-group delayed and total neutrons fission
spectra, and ν̄d,m, ν̄m the delayed and total fission neu-
tron yields (nu-bar). αi represents the delayed-neutron
fraction of the ith-group.

As demonstrated in [2, 5] the above definition of beta-
effective is equivalent to the sensitivity of the keff with
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respect to the delayed fission neutron yields (Skν̄d) calcu-
lated using the first-order Perturbation Theory:

βeff =
∑
g,m

Skν̄d,m,g. (2)

Calculation of βeff by Eq. 1 or 2 is suitable for deter-
ministic neutron transport codes. On the contrary, due
to the complexity of the adjoint Monte Carlo transport
calculations an alternative formulation to Eq. 1 is of-
ten used to calculate the βeff . The method is based on
Bretscher’s approximation, also called the prompt k-ratio
method [11, 12]:

βeff = 1 − kp
k
. (3)

where kp is the effective multiplication factor (keff) taking
into account only prompt neutrons and k is the usual
total (prompt and delayed neutron) keff .

III. SENSITIVITY OF BETA-EFFECTIVE TO
NUCLEAR DATA

The sensitivity and uncertainty in βeff was obtained by
deriving above mentioned Bretscher’s k-ratio method, as
already presented in 2011/12 [2, 3, 5]. From the Eq. 3
the sensitivities can be readily obtained as a difference
between two standard sensitivity terms:

Sβσ = − σ

βeff

∂
kp
k

∂σ
=

(1 − βeff)

βeff

(
Skσ − Skpσ

)
. (4)

The two terms Skσ and S
kp
σ correspond to the sensitivities

of k and kp which can be obtained using the standard
linear perturbation theory. Note however that due to a
small difference between the two terms a high accuracy
is required for these sensitivity calculations. Eq. 4 is
similar to the one used in [8], differing only by a factor
of (1 − βeff) which originates from the derivation of the
denominator in Eq. 2.

IV. BENCHMARK ANALYSIS

The following benchmarks were selected from the In-
ternational Handbook of Evaluated Criticality Safety
Benchmark Experiments (ICSBEP) [13] database for the
inter-comparison study:
- Jezebel (PU-MET-FAST-001): bare sphere of 239Pu
metal, 6.385-cm radius (4.5 at.%. 240Pu, 1.02 wt.% Ga);
- Popsy (PU-MET-FAST-006 - Flattop-Pu): ∼ 20-cm
natural U reflected 239Pu sphere, 4.4-cm radius;
- Topsy (HEU-MET-FAST-028 - Flattop-25): ∼ 20-cm
natural U reflected 235U sphere, 6.045-cm radius;

Table I compares the βeff values calculated using the
above Eqs. 2 and 3 with the measured values for several
benchmark experiments.

TABLE I. Measured values of βeff compared with those cal-
culated using the Eqs. 2 and 3.

Calculated (pcm)
Benchmark Measured Eq. 2 Prompt k-ratio (Eq. 3)

(pcm) SUSD3D DANTSYS XSUSA
Jezebel 194 ± 10 185 186 185
Popsy 276 ± 7 277 278 288
Topsy 665 ± 13 688 690 698

Two different approaches both based on the above
derivation of the βeff sensitivities (Eq. 4) were used. In
the first approach the k and kp cross-section sensitivities
were calculated using the first order perturbation code
SUSD3D [14, 15] based on the direct and adjoint neutron
fluxes calculated by the DANTSYS package [16]. For the
specific needs of the βeff sensitivity analysis the accuracy
of the SUSD3D sensitivity calculations was increased due
to the small difference between the two sensitivity terms
in Eq. 4. SUSD3D is available from the OECD/NEA
Data Bank and RSICC. The benchmarks were calcu-
lated in 1D spherical geometry using ONEDANT. The
cross-sections were taken from the ENDF/B-VII.0 evalu-
ation [17] and processed into 33 energy groups by NJOY-
99 [18]. The covariance matrices for most reactions
were taken from the SCALE-6.0 [19] package which were
made available to the UAM project together with the
ANGELO2-LAMBDA [20] processing/verification tools.
However, since SCALE-6.0 does not include covariances
of the delayed nu-bar, essential for the βeff studies, these
data were taken from the JENDL-4.0m [21] evaluations,
the only evaluation providing these matrices.

In addition, XSUSA [22] with XSDRN as transport
code has been used to calculate uncertainties by random
sampling of the nuclear data on the basis of the SCALE
6 covariance data. Again, these have been supplemented
by delayed nu-bar covariance data from JENDL-4.0m.
To evaluate sensitivities as given in the figures below, a
group-by-group direct perturbation has been applied to
the neutron cross section data.

The energy-integrated sensitivity coefficients for the
Jezebel, Popsy and Topsy benchmarks benchmark are
given in Tables II, VI and IV, respectively, and the cor-
responding uncertainties in Tables III, VII and V. βeff in
the Jezebel and Topsy benchmarks is shown to be partic-
ularly sensitive to the delayed and prompt neutron yields.
According to the JENDL-4.0m covariances the uncertain-
ties in the delayed fission neutron yields are by far the
main sources of uncertainty, leading to the total uncer-
tainty in βeff of ∼3%. These benchmarks can be therefore
considered as suitable above all for the validation of the
delayed fission neutron yields.

On the other hand, βeff in the Popsy benchmark is
sensitive, in addition to the prompt and delayed neutron
yields, in particular also to the fission, inelastic and cap-
ture neutron cross-sections. The total uncertainty in βeff

is around 4%.
The fact that an important part of the total uncertainty
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comes from the 238U inelastic cross-section uncertainty
makes these benchmarks potentially suitable for the val-
idation of these nuclear reaction data. Examples of the
βeff sensitivity to the 238U inelastic data compared to the
keff sensitivity are shown on Figures 1 and 2 for the Popsy
and Topsy benchmarks, respectively. Due to the different
shapes of the sensitivity profiles it is expected that the
combined use of criticality and βeff measurements could
provide a better insight and an efficient validation of these
nuclear data in the energy range above ∼1 MeV.
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FIG. 1. Topsy benchmark: Comparison of the sensitivities of
keff and βeff with respect to the 238U inelastic cross sections
calculated using the SUSD3D and XSUSA codes.

TABLE II. Jezebel: Sensitivity of βeff relative to 239Pu nuclear
cross-sections.

Sensitivity (%/%)
elastic inelastic (n, f) ν̄d ν̄p ν̄t

SUSD3D 0.0794 0.0086 -0.0137 0.948 -0.947 0.002
XSUSA 0.0786 0.0082 -0.0129 0.944 -0.946 -0.002

V. CONCLUSIONS

The sensitivity coefficients of the effective delayed neu-
tron fraction βeff were obtained by deriving Bretscher’s
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FIG. 2. Popsy benchmark: Comparison of the sensitivities of
keff and βeff with respect to the 238U inelastic cross sections
calculated using the SUSD3D and XSUSA codes.

TABLE III. Jezebel: Uncertainty in βeff due to 239Pu cross-
sections uncertainties.

MAT Uncertainty (%)
scattering (n, f) (n, γ) ν̄d ν̄p

SUSD3D 0.250 0.257 0.168 2.130 1.761
XSUSA 0.26 2.37 1.80

TABLE IV. Topsy: Sensitivity of βeff relative to cross-
sections.

MAT Sensitivity (%/%)
elastic inelastic (n, f) (n, γ) ν̄d ν̄p

SUSD3D
235U 0.0158 -0.0141 -0.0585 -0.033 0.836 -0.843
238U 0.0472 -0.0512 0.0282 -0.0133 0.153 -0.140
XSUSA
235U 0.0157 -0.0177 -0.076 0.818 -0.847
238U 0.0437 -0.0648 0.0441 -0.0126 0.171

TABLE V. Topsy: Uncertainties in βeff due to nuclear data
uncertainties.

Code MAT Uncertainty (%)
scattering (n, f) (n, γ) ν̄d ν̄p

SUSD3D 235U 0.09 0.08 1.01 2.41 0.14
238U 0.88 0.02 0.02 0.51 0.16

XSUSA 235U 1.02 2.40
238U 1.17 0.58

prompt k-ratio formula with respect to the basic nuclear
data.

The sensitivity and uncertainty method was success-
fully implemented in the SUSD3D first order nuclear
data perturbation code and the XSUSA random sampling
code. Applied to the sensitivity and uncertainty analysis
of several fast reactor benchmarks the two methods were
demonstrated to be consistent and suitable for detailed
analysis of various components of βeff uncertainty, vali-
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TABLE VI. Popsy: Sensitivity of βeff relative to nuclear data.

MAT Sensitivity (%/%)
elastic inelastic (n, f) (n, γ) ν̄d ν̄p

SUSD3D
238U 0.103 -0.170 0.261 -0.050 0.361 -0.083

239Pu -0.010 -0.042 -0.305 -0.017 0.588 -0.879
XSUSA
238U 0.089 -0.195 0.316 -0.047 0.413

239Pu -0.030 -0.046 -0.358 0.561 -0.918

TABLE VII. Popsy: Uncertainties in βeff due to nuclear data
uncertainties.

Code MAT Uncertainty (%)
scattering (n, f) (n, γ) ν̄d ν̄p

SUSD3D 238U 3.236 0.137 0.065 1.206 0.113
239Pu 0.654 0.280 0.151 1.364 1.397

XSUSA 238U 4.18 1.39
239Pu 0.72 0.280 0.151 1.38 1.46

dating in this way the mathematical methods and pro-

cedures developed. The method is robust provided suffi-
ciently high precision is used in the calculations.

The results of the sensitivity and uncertainty analysis
are valuable for nuclear data validation. According to
the used covariance data the total uncertainty in βeff was
found to be in general around 3-4%. The βeff uncertainty
comes predominantly from the uncertainties in delayed
neutron yields, contributing in the bare sphere experi-
ments Jezebel and Topsy major part to the total uncer-
tainty. In the case of the Popsy benchmark the inelastic
and elastic scattering (contributing 3-4%), delayed and
prompt neutron yields (∼1%) and fission cross sections
(∼ 0.3%) play an important role. Due to the high sensi-
tivity and the specific sensitivity profiles of βeff the latter
experiments can provide a complementary information to
critical experiments for the validation of other reactions
than νd.

238U inelastic scattering is one example where
βeff measurements would contribute to improve nuclear
data evaluations.
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Since 2008, several new methods for nuclear data uncertainty propagation based on Monte Carlo
techniques were developed and presented. They are based on a two-step approach: (1) the random
sampling of nuclear model parameters to generate n random nuclear data libraries with observables
such as cross sections, nubar (or alternatively n perturbations of nuclear observables, based on co-
variance information), and (2) the use of these random nuclear data in n calculations with a particle
transport code (n ≃ 1000). With the use of a stochastic simulation code, each individual calculation
is usually time-consuming because the statistical uncertainty of the stochastic simulation should be
smaller than the nuclear data uncertainty. Repeated n times, the Monte Carlo uncertainty prop-
agation with a Monte Carlo particle transport code becomes a large computer-time consumer. To
remedy this problem, two methods of ”fast” uncertainty propagation with a Monte Carlo simulation
code are presented in this paper. In favorable cases, the uncertainty of a quantity can be calculated
in only twice (or less) the amount of computer time that is needed for the quantity itself.

I. INTRODUCTION

As accredited scientists, one of our obligations is to re-
port reliable uncertainties. Focusing on computer simu-
lations, one source of uncertainty lies in the use of predic-
tive models. They require a set of known inputs to predict
an outcome. These inputs, however, are not known with
certainty, and users are interested in accounting for that
lack of certainty in their models.
In the case of Monte Carlo simulations, it is crucial to
assess the impact of the model and parameter uncer-
tainties without being distracted by the statistical un-
certainty. The underlying necessity is to obtain the less
approximate answer within a conceivable and practicable
time. For instance, the most exact solution for uncer-
tainty propagation might be obtained by repeating the
same simulation, varying each time a given input param-
eter, for all the combinations of other input parameters.
This solution is rapidly becoming unmanageable for large
numbers of input parameters and is therefore not feasi-
ble.
In this paper, we are presenting possible solutions to this
problem for nuclear applications. Conscious of the main
drawback of the original TMC method, we are propos-
ing faster solutions, providing uncertainties with a small
additional calculation time compared to a unique calcu-
lation with nominal parameters.

∗ Corresponding author: rochman@nrg.eu

II. FAST METHODS

In 2008 a Monte Carlo method to propagate nuclear
data uncertainties to parameters of large-scale nuclear
systems was presented in Ref. [1], later acquiring the
name of “Total Monte Carlo” (or TMC).
This original TMC method had the merit to propose an
alternative way of propagating uncertainties for a nuclear
system, compared to the well-established and accepted
perturbation methods. It also allows the propagation of
uncertainties for quantities where the perturbation meth-
ods were not applied for different practical reasons.It can
nevertheless be recognized that TMC is an inefficient way
of propagating uncertainties with Monte Carlo simulation
codes, due to the minimization of the statistical uncer-
tainty. The long calculation time is often considered as
the main drawback of TMC and TMC-like methods, ar-
guing that perturbation/sensitivity methods were in gen-
eral more appropriate for a large number of applications,
even if only providing an approximate answer. In the
case of extremely long calculation time for a single simu-
lation (such as weeks on hundreds of processors), it is not
realistic to apply the TMC method and other solutions
should be used. In the following, two ”fast” alternatives
are presented with an application on simple examples (see
Table I for a schematic presentation).

(1) An original approach toward a faster TMC was
taken in Ref. [2], where the advantages of the proper-
ties of identically distributed and conditionally indepen-
dent output variables are exploited. In the following, this

mailto:rochman@nrg.eu
zww
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method is called the ”fast GRS method”. Detailed de-
scriptions can be found in Ref. [2] with several examples.

Considering that ~Ai=1..n are n sets of random input pa-
rameters (Ai is of large dimension, containing for instance
random cross sections of 235U), and given that a unique
calculation C1(m) provides σstat 1 within T1 sec. and m

histories (σstat 1 satisfactory small), the following should
be performed:

1. repeating n times C1(
m
n

), using different ~Ai=1..n

and a unique seed s1,

2. repeating n times C1(
m
n

), using different ~Ai=1..n

and a unique seed s2,

3. then the covariance between the calculations (1)

and (2) is equal to the variance due to ~A (see Table I
for the description of the equations).

(2) A second alternative to bypass the difficulty of
repeating n times long simulations (called fast TMC
in the following) can be used and provide uncertainties
due to input quantities in one to twice the time for
a single calculation C1(m). It can be described as follows:

1. repeating n times C1(
m
n

) with ~Ai=1..n and each time
a different seed si, provides an observed σ∗

k and
σ∗

statistics ≃ σstat 1 in ≈T1 sec.

2. then σ∗

k
2 = σ∗

stat
2

+ σ2
nucl.data..

In the case of possible bias in the estimation of the statis-
tical uncertainties from the Monte Carlo transport code
(such as MCNP), a second set of calculations is necessary
to evaluate σstatistics by repeating the same calculations,
only changing the seed of the random number generator.
A full description will be presented in Ref. [3].

III. APPLICATION ON SIMPLE

BENCHMARKS

In these examples of criticality and shielding bench-
marks, reaction rates, neutron/gamma fluxes or keff are
calculated, together with the uncertainties due to the ran-
dom data (239,240,241Pu, 235,238U, 56Fe and natW). This
gives the flexibility to investigate small uncertainties (less
than 100 pcm) to large ones (above 1000 pcm and a few
tens of percent for shielding benchmarks) by selecting

a given benchmark in combination with random nuclear
data for selected isotopes: see Fig. 1.

In this figure, the calculated uncertainties for either
keff , reaction rates or neutron and gamma spectra from
the fast methods (fast TMC and the fast GRS method)
are plotted as a function of the “original” TMC method.
If the fast methods would yield to the same answer as
the “original” TMC, all uncertainty values could be rep-
resented on a single y = x line. From Fig. 1 it can be
seen that the results are scattered along the y = x line

Fast TMC
fast GRS Method

criticality and shielding benchmarks

Uncertainties for

Uncertainty, original TMC (%)
U

n
ce

rt
ai

nt
y,

fa
st

m
et

h
od

s
(%

)

21.877.292.430.810.270.090.03

21.87

7.29

2.43

0.81

0.27

0.09

0.03

FIG. 1. Results for the criticality and shielding benchmarks
(FNS, FNG and OKTAVIAN).

for both fast methods. One should nevertheless notice
that for small nuclear data uncertainties and keff calcu-
lations, a difference up to a factor 2 can be observed.

IV. CONCLUSIONS

In 2008, the TMC method was presented to prop-
agate nuclear data uncertainties, with the handicap
of multiplying the required calculation time by the
number of random cases considered nT, (n ≃ 1000).
Five years later, we now present two faster solutions
in the case of Monte Carlo simulations leading to a
consequent decrease in nT (nT ≈ 2T). This means that
uncertainty estimation will soon become standard for
any Monte Carlo calculation involving nuclear data.
Simple presented examples show the good performance
compared to the original TMC method. A full detailed
description will be presented in Ref. [3].

The work of GRS is supported by the German Federal
Ministry of Economics and Technology.
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TABLE I. Simplified presentation of the three types of nuclear uncertainty propagation methods considered in this paper.

TMC fast TMC fast GRS method
neutron run seed Nuclear Observed neutron run seed Nuclear Observed neutron run seed Nuclear Observed
histories time data histories time data histories time data

run 1 m T s0 ND1 k1 ± σstat1 m/n T/n s1 ND1 k∗

1 ± σ∗

stat1 m/n T/n s0 ND1 k•

1

run 2 m T s0 ND2 k2 ± σstat2 m/n T/n s2 ND2 k∗

2 ± σ∗

stat2 m/n T/n s0 ND2 k•

2

...
...

. . .
...

...
. . .

...
...

. . .
...

run n m T s0 NDn kn ± σstatn m/n T/n sn NDn k∗

n ± σ∗

statn m/n T/n s0 NDn k•

n

subTotal k• ± σ•

1

run n + 1 m/n T/n s1 ND1 k◦

1

run n + 2 m/n T/n s1 ND2 k◦

2

...
...

. . .
...

run 2n m/n T/n s1 NDn k◦

n

subTotal m T k◦ ± σ◦

2

Total m nT k, σk, σstat m T k∗, σ∗

k, σ∗
stat 2 × m 2T σ•

1 , σ◦

2

Method σ2

k = σ2

stat + σ2

nucl.data. σ∗

k

2 = σ∗
stat

2
+ σ2

nucl.data. σ2

nucl.data. = cov( ~k◦, ~k•) = corr( ~k◦, ~k•) ∗ σ•

1 ∗ σ◦

2
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