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Abstract. A class of non-equilibrium models for compressible multi-component fluids in multi-dimensions
is investigated taking into account viscosity and heat conduction. These models are subject to the choice

of interfacial pressures and interfacial velocity as well as relaxation terms for velocity, pressure, tem-
perature and chemical potentials. Sufficient conditions are derived for these quantities that ensure
meaningful physical properties such as a non-negative entropy production, thermodynamical stability,
Galilean invariance as well as mathematical properties such as hyperbolicity, subcharacteristic property
and existence of an entropy-entropy flux pair. For the relaxation of chemical potentials a two-component
and a three-component model for vapor-water and gas-water-vapor, respectively, is considered.

Keywords. multi-component flows, entropy, relaxation, phase transition, closure conditions, hyper-
bolicity, subcharacteristic property, Galilean invariance.

Math. classification. 76T30, 76T10, 74A15, 35160, 82C26.

1. Introduction

Flows of compressible multi-component fluids, where the single components may be in the liquid or the
gas phase, respectively, have a wide range of applications. Difficulties in the modeling result from the
interaction of the fluids, especially from the exchange of mass and energy across the phase interfaces.
So the treatment of the phase interfaces is in the focus of the modeling.

In the literature several models are available that are distinguished in sharp interface and diffuse
interface models. A detailed survey of these models can be found in Zein [26]. Here our interest is on
multi-component fluids derived from an ensemble averaging procedure of Drew [5]. A comprehensive
introduction to these models can be found in the classical book of Drew and Passman [6].

Baer and Nunziato [3] proposed a two-phase model for detonation waves in granular explosives. This
model is a full non-equilibrium model, which means, each component has its own pressure, velocity
and temperature and is governed by its own set of fluid equations. It was modified and generalized by
several authors. For instance, Saurel and Abgrall [24] also included relaxation terms for the pressure
and the velocities of the components. By instantaneous relaxation procedures equilibrium values for the
pressure and the velocity can be found. Using further relaxation procedures to drive the temperatures
and the Gibbs free energies (chemical potentials) into equilibrium mass transfer between the phases
can be modeled, see Abgrall et al. [25] 22] or Zein et al. [27].
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There are simplified models available in the literature that can be derived from the above general
model by assuming zero relaxation times, see [15]. Typically these are classified by the number of
equations in case of two phases in one space dimension. For instance, a siz-equation model with a
single velocity is derived by assuming a zero velocity relaxation time. Assuming zero relaxation time
for both the velocity and the pressure a five-equation model with mechanical equilibrium, i.e., single
velocity and single pressure, is deduced in the asymptotic limit. The four-equation model has a single
velocity, single pressure and also single temperature coinciding with the single-fluid reactive Euler
equations. While the three-equation model is the system of Euler equations. It has single velocity,
pressure, temperature, and also single Gibbs free energy, i.e., it is in full equilibrium. A detailed
discussion of these models is beyond the scope of this work. For this purpose the interested reader is
referred to [26] and the references cited therein.

Typically reduced models suffer from some short-comings. For instance, conservation of energy
might be violated or the system looses its hyperbolicity. Therefore we prefer a full non-equilibrium
model taking into account viscosity and heat conduction. For this purpose we consider a general class
of non-equilibrium models that is a generalization of the three-phase model investigated by Herard,
see Remark 7 in [14]. For instance, the Saurel-Abgrall approach [24] fits into this class.

Characteristic for models based on ensemble averaging is the problem to close the set of equations,
i.e., find appropriate interfacial pressures and interfacial velocity as well as relaxation terms for velocity,
pressure, temperature and chemical potentials. Since the closing procedure is not unique, there is
some freedom left for modeling. However, a reasonable model that is acceptable from a physical
point of view has to be consistent with the fundamental principles of thermodynamics, e.g., the
second law of thermodynamics. Besides this there are also constraints from a mathematical point
of view that are related to existence and uniqueness of solutions to the model, e.g., the existence
of entropy-entropy flux pairs. When it comes to the numerical solution additional properties are
helpful for the design of appropriate schemes, e.g., the hyperbolicity of the transport operator or
the sub-characteristic condition. The objective of this paper is to derive constraints for the closing
terms such that the aforementioned physical, analytical and numerical properties hold for the non-
equilibrium multi-component model. Similar investigations have been performed in case of two-phase
models [2] 10, 26, 23] and three-phase models [14]. Here we do not confine ourselves to two and three
phases but an arbitrary number of components. Drew and Passmann [6] consider multi-component
fluids from a physical point of view but do not investigate analytical and numerical properties of the
models.

The paper is organized as follows. In Section [2| we introduce the non-equilibrium multi-component
model and derive the model for the mixture as well the model at equilibrium. Then we rewrite these
models in terms of primitive quantities in Section [3] Neglecting viscosity and heat conduction some
mathematical properties of the models are investigated. In particular, we verify hyperbolicity and
the sub-characteristic condition, see Section [4] Furthermore, a physical meaningful model should be
Galilean invariant. This is investigated in Section [5] In Section [6] we are concerned with the entropies
corresponding to the non-equilibrium model and the mixture model. From the 2nd law of thermo-
dynamics we derive constraints for the definition of the interfacial velocity and pressures. By means
of the physical entropy we define in Section |7] a convex entropy function and a compatible entropy
flux that form an entropy-entropy flux pair. In particular, the compatibility conditions coincide with
constraints for the interfacial pressures and the interfacial velocity derived from thermodynamic prin-
ciples. In Section [§] we introduce the relaxation terms for mechanical and thermal relaxation as well
as relaxation of chemical potentials. In particular, we verify that they are in agreement with the 2nd
law of thermodynamics.
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2. Mathematical model

First of all, we describe the full non-equilibrium model and then derive from this the mixture model
and the equilibrium model.

2.1. Non-equilibrium model

The multi-component flow is described by a non-equilibrium model where all components are present
in each point of the space-time continuum. Each component £ = 1,..., K has density px, velocity v
and pressure pg, The amount of each component is determined by its volume fraction aj. The volume
fractions are related by the saturation constraint

K
dar=1, € (0,1). (2.1)
k=1

In analogy to the three-phase model of Herard [14] the fluid equations for each component can be
written as

Ot (ag pr) + V- (o pr V&) = Sapiks (2.2)
O (o prvr) + V- (o pr o vy + i I) = (2.3)
K

Y PuuVar+ V- (axTk) + Sapw ks
1=1

O (ag pr. Ex) +V - (o, pr vk (B + pr/pr)) = (2.4)

K
- Zpk,l Vi-Va+ V- (o (v Tk —qy)) + Sapk ik
=1

taking into account viscosity and heat conduction via the stress tensor T'; and the heat flux g;, but
neglecting effects due to surface tension and gravity. In our notation Ej = ¢, —i—vi /2 is the total specific
energy with ey the specific internal energy of component k. There may be other contributions to be
accounted for, see [6], p. 68 ff and 144 ff. In particular, the term P ; accounts for different pressures
at the phase interface. Without loss of generality we may assume

P =0. (2.5)
Otherwise we replace Py by Py ; — Py 1 due to the saturation condition ([2.1)). The interfacial velocity

is denoted by V. Obviously, the equations cannot be written in conservative form. Finally, the fluid
equations are supplemented by an equation of state

Pk = Pr(Pr,er) resp. e = ex(pk, Pk) (2.6)

for each of the components.
The evolution of the volume fractions is characterized by the non-conservative equation

8tozk+VI-Vak:Sa,k,kzl,...,K. (27)

Due to the saturation condition (2.1)) we only need K — 1 equations. Without loss of generality we
express ax by the other volume fractions, i.e.,

K—1 K—1 K—1
ag =1- Z ag, Vag = — Z Vag, Sax =— Z Sok- (2.8)
=1 k=1 k=1
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The source terms Sy, Spk, Spvk and S,pp on the right-hand sides of ( , , and
(2.7) describe the relaxation process due to mass, momentum, energy transfer and volume fraction

between the different components corresponding to the relaxation of velocity, pressure, temperature
and chemical potentials, £ € {v,p, T, u}, i.e.,

ak - Zsa k>’ OlP’ Zsapk7 apv,k Zsapv k> apEk ZsipEk (29>

These depend on the specific components at hand that will be discussed in Section

So far, the model is not yet closed. For this purpose, we have to find closing conditions for the
pressures Py, the interfacial velocity V' and the relaxation terms Sq , Sapk, Sapv,k and Sapp k. In
the following sections we will derive appropriate constraints. However, these will not specify a unique
model but some options are still remaining for the choice of the interfacial velocity, the relaxation
terms, the stress tensor and the heat conduction.

2.2. Mixture model

From the non-equilibrium model we can derive the equations for the mixture. For this purpose we
introduce the mixture quantities

K K LK
p= Zakpk, pi= Zak Pks V1= — Zak Pk Vk, (2.10)
=1 k=1 L

for pressure, density and velocity. Accordingly, we define the specific internal energy, the specific total
energy and the specific total enthalpy of the mixture as

K K
1 1 1 D
= - E ag p ek, B = — E ag px By, H := — E ag ppH = E + = (2.11)
k=1 pk:l pk:l P

with Hy, := Ej + pr/pr the total enthalpy of component k. The stress tensor and the heat flux of the
mixture are determined by

K K
T := Z . Tr, q = Zaqu. (2.12)
k=1 k=1

In order to ensure conservation of mass, momentum and energy of the mixture the relaxation terms
(2.9) have to satisfy the conservation constraints

K K K
§ & _ 3 _
Z SOéJf - 0’ Z S&p,k Z Sapv k — ’ Z SapE,k =0 (213)
k=1 k=1 k=1

for each relaxation type £ € {v,p, T, u}. In addition, we need that the interfacial pressures satisfy

Z P,y =P=const Vi=1,..., K. (2.14)
k=1 k£l
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Then by summation of the single-component fluid equations (2.2)), (2.3)), (2.4) and employing the
@.14)

saturation constraint (2.1)) as well as the conservation constraints (2.13)) and we obtain
Op+V-(pv)=0, (2.15)
O (pv)+ V- (pvvl +pI)=V T — (2.16)
K
V- (Z o p (v —vg) (v — 'Uk)T>a
k=1
d(pE)+V-(pv(E+p/p))=V-(v-T—-q)— (2.17)

K K
V- (Zaka(vk—v)> -V <Zakpk(Hk_H) (vk—v)>.
k=1 k=1

We note that there are contributions corresponding to the slip between the mixture velocity v and
the velocities of the components vy. In the multi-component model of Drew and Passman these terms
are added to the mixture stress tensor and the mixture heat flux, see [0], p. 82-83. In contrast to the
non-equilibrium model, the mixture model is in conservative form if and only if the conditions

and (2.14)) hold.

2.3. Equilibrium model

If the relaxation processes are much faster than the transport and dissipation effects, then the fluid
can be considered to be at equilibrium. This state is characterized by vanishing relaxation terms, i.e.,

Sa,k = 0, Sap,k = 07 Sapv,k = 07 SapE,k =0. (218>
At equilibrium the velocities, pressures and temperatures coincide, i.e.,
vViI=...=Vg =0V, p1=...=pg=p, I1=...=Tx =T, (2.19)

and the chemical potentials of reacting components are equal. In particular, for the interfacial pressures
and interfacial velocity it holds

PkJ =D, k;ﬁl, V[:’U. (2.20)

Then the mixture model (2.15)), (2.16]) and (2.17)) reduces to the the equilibrium model
Op+V-(pv)=0, (2.21)
o (pv)+V-(pvovl +pI)=V. T, (2.22)
H(pE)+V-(pv(E+p/p) =V (v -T—q). (2.23)

Note that by definition (2.10) and (2.12) the mixture pressure p, the mixture stress tensor T' and
the mixture heat flux q depend on the volume fractions «aj. These are determined by the algebraic
conditions (2.18]) and (2.19).

3. Primitive variables

For the verification of some physical and mathematical properties it will be helpful to rewrite the
systems of equations for the non-equilibrium, mixture and the equilibrium model in terms of primitive
quantities
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3.1. Non-equilibrium model

By means of the system ([2.2)), (2.3), (2.4) and (2.7)) we derive evolution equations for the density py,
the velocity vy and the pressure pi for each component k. Inserting the evolution equation for the

volume fraction (2.7)) into the continuity equation ([2.2)) we obtain

2 1
O pr, + O% (vk = V1) Vo +vi- Vo +pV-vp = o (Sapk — PeSak) - (3.1)
From the momentum equation (2.3) we deduce with (2.2) Cauchy’s equation of motion
1 1 s
O: vy + (Vvk)vk + —Vopr + pikVak = — _ZPk,lval +V- (Oszk) +
Pk QP A
1
— (S - S . 3.2
Pk ( apv,k ap,kvk) ( )

Here the gradient of the velocity is defined as Vv, = (Vug,.. .,Vv;ad)T. Then we immediately
obtain the evolution equation for the kinetic energy wuy := v% /2

Pk
Ok Pk

1
8tuk+vk-(Vvkvk)+p—vk-Vpk—|— v -Vai= (3.3)
k

v - (S — Sap VL) -
Pk k ( apv,k ap,k k)

K
1
v <— ZP]CJV a4+ V- (Ozk Tk)> +

QL Pk =1

Since the total energy is composed of the internal energy and the kinetic energy, we derive the evolution
equation for the internal energy e; = Ej — uy from the energy equation ([2.4)), where we employ (2.2)
and (3.3). Finally we obtain

K
1

O e, + vy, - (V ek) = o E Pk,l (’Uk — V]) Vo — i—:V - Vg + (3.4)

=1

1
V- —85
(arqy) + g ek

d
1 0 vy

— E = (T )i —
Pr 52 0x; Qg Pk

with the relaxation term

Se,k = Sosz,k — Vg - Sap'v,k; + Soep,k(uk - ek)~ (35)

Next we derive the evolution equation for the pressure p;. For this purpose we first note that for any
equation of state (2.6)) the following relation holds

dpy, = (Opk/Opx) dpr. + (Opk/ey;) dek. (3.6)
By means of the continuity equation (3.1)) and the energy equation (3.4) we then derive from (3.6)

K
dpr + Y. %C,il('vk—VI)'Vozl—l—vk-Vpk—l—pkciV-'vk: (3.7)
I=1,l#k
1 & Sy 1 1
Opr/der) | — LT — ——V-(a +—8
(Op./Dey,) A g:‘l awi( kL, " (arqy) g P

with the relaxation term

Spk = Pr(Opk/0pk) (Sapk — PrSak) + (Opr/Oer) Se k- (3.8)
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Here the interfacial sound speed and the phase sound speed are defined as

Ciy = — ((Opk/Dex) Pra/ i + (Opr/Opr)) i := Opr/dpr + i/ i (Opr/dex). (3.9)

3.2. Mixture model

Similar to the non-equilibrium model we derive evolution equations for the mixture quantities p, v,

e and p defined by (2.10) and (2.11]) from the evolution equations (2.15), (2.16) and (2.17). First of
all, we determine Cauchy’s equation of motion from the momentum equation ([2.16)) where we use the

continuity equation (2.15)) and the constraint (2.14)):

K K
1 1 1 1
8tv+(Vv)v+;Vp:;V-Tf;§ PlVal—;V-E arpr (v — v) (v —v)T. (3.10)
=1 k=1

Since definition 1' of the mixture energy e implies that pe = Zle Qiprek, we obtain by 1) and
(2.2) the evolution equation for the internal energy

K K
1 1
ate—i—v-Ve—FfZakka‘vk == Z Pyi(vp—Vy)- Vo — (3.11)
Pi= Lk=1
K K d K
1 1 0V 1 1
= aprer(vk =)+ =Y Y S ar(Th)ii — =V g — = Y (Vk - Sapwk — Sapktik)-
k=1 Pi=i= O P P

Finally we determine the evolution equation for the mixture pressure p. Applying the time derivative

to the definition (2.10]) of p and using (2.7)) and (3.7) we obtain
odp + v-Vp+plPV-v= (3.12)

K K K
> ok Y, Chok—Vi) - Var—> ar(v-V(p—p)+ (vp —v) Vi)
P

k=1 I=1l#k
K K d D
=Y akprGiV - (v —v) + Y —(Opr/Oer) | ar Y 5. Lkt =V (axqy)
k=1 1 Pk =1 0
s 1
+ Z <kaa,k + =5 k) :
1 Pk
Here the sound speed of the mixture is defined as
1 K
? = onzk Pk C. (3.13)
P k=1

3.3. Equilibrium model

In case of the equilibrium model the evolution equations for the primitive variables can be directly
determined from those of the mixture model where we make use of the equilibrium assumptions (2.18)),
(2.19) and (2.20) and the saturation condition (2.1). Then Cauchy’s equation of motion reads

1 1
atv%—(Vv)v%—;Vp:;V-T. (3.14)
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The energy equation reduces to

d
1 1
dretv-VetLv.w ,Z _V.q. (3.15)
P P p
Finally the pressure equation becomes
ohp + v-Vp+pPV-v = (3.16)
K 4 5
l
Z 31%/5% e Y 5 (Th)is — V- (akqy)
k=1 " R

4. Mathematical properties: hyperbolicity and sub-characteristic condition

Neglecting viscosity and heat conduction as well as relaxation processes in the fluid equations intro-
duced in Section [2| the models reduce to first order systems describing transport effects only. Therefore
these systems should be hyperbolic. This ensures that all wave speeds are finite and the system may
be locally decoupled. From a mathematical point of view, this property is helpful in the construction
of Riemann solvers. Therefore we determine the eigenvalues and eigenvectors corresponding to the
non-equilibrium model. From a numerical point of view the relation between the eigenvalues of the
non-equilibrium and the equilibrium model are of special interest.

4.1. Non-equilibrium model

Starting point are the evolution equations for the primitive variables (2.7)), (3.1) , (3.2) and (3.7). The
corresponding first order system then reads

Jda
amHZVM—’?:o (4.1)
i=1 Li
80% 8pk 81);“
atpk+z< U]“ V[z) D2, + Uk 57— Ep —|—,0 D =0, (4.2)
ov K 1 19X 1 dp
o Yk (P, — e TP . I 4.3
t”k+z Ui G T > o Pk( kel — Pk) €id o2 o € G ; (4.3)
i=1 1=1,l%£k
d K
0 py Pk ~2 0oy 231};”
0 : PE a2 (s — Vi) o L . 4.4
tpk+; Uk 5 +l:§ék oy, (ki — Vi) oz, TP 5y, , (4.4)

where e; 4 € R? denotes the unit vector in the ith coordinate direction. In order to characterize
hyperbolicity of this system we consider its projection onto normal direction £ := x - n for arbitrary
unit direction n € R?. Introducing the vector of primitive variables

T T\T T T
w = (041, sy K1, W, ... 7wK) , W = (pka'vkvpk) (45>
the projected system can be written in quasi-conservative form as
ow

oy w+ B, (w) ¥ =0. (4.6)
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The matrix B, is determined by the block matrix

J V'I,n IK—l
Al,n Bl,n
Bn = ZBZ n; = . . ) (47)
i=1 : .
AK,n BK,n
with the blocks defined as
B (O — Vi) (ef o1 — L1 Oki) Uk om0
Ak,n = —TLB{ s Bk,n = Od 'Uk,n Id pik ni|. (48)
B (k= Vi) Yh 0 peen” vpn

Here ey k1 is the kth unit vector in RE-1. In particular, we make the convention ek k-1 = 0.
Furthermore, I; and Ix_; are the unit matrices in R*?¢ and RUK—D*(E=1) " regpectively, and 04 and
151 are vectors in R and RE—Y with value 0 or 1, respectively. The vectors By, and -y, are defined

by its components [ =1,..., K — 1 as

1
Bry = ((Pg — k) (1 = 0ky) — (Prx — pr)(1 = 0k,i)) 5 (4.9)
Pk
Wi = Cpy(1—=0k1) — Cf (1 = 0p ) (4.10)

with dj; the Kronecker symbol. The normal components of the velocities and the interfacial velocity
are defined as

Vg =0 M, Vip:=V -n. (4.11)
Obviously, the eigenvalues of the matrix (4.7) can now be easily computed where we employ the block
structure:

K
det(By, — AT) =det(Vy  Tx—1 — A 1) [[ det(Brp — Aay) =0 (4.12)
k=1
Since the matrices By, ,, coincide with those in case of a single-phase fluid, we then compute
det(Bjp — Mara) = (v = N (v = N2 = &) (4.13)
Hence we obtain the following eigenvalues:
Mip = Vip, k=1,...,K -1 (4.14)
Mei = Ukn, k=1,...,K,i=1,...,d (4.15)
)‘ki = Uk,nicka kZl,...,K. (4.16)

Motivated by the block structure of the matrix B,, we make the following ansatz for computing the
corresponding left and right eigenvectors

R}, Ly,
R}, Ry Lj, L,

R,=| " L L= T (4.17)
Rf, Ry, Lf, Lg,,

with blocks
RY, = rolg_1, LY, € RE-DXE-D,

RY Ly, e REDXED Ry L, e REFDXED =1 K.

Y
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Here the matrix R,, and L, are composed of the right and left eigenvectors in its columns and
rows, respectively. To determine the blocks Ry, ,, we note that Ay ; and A, 4+ are also eigenvalues of the
matrix By, and the eigenvalue problem for B, decouples into eigenvalue problems for the matrices
By, ,, corresponding to a single component. In a first step, we therefore compute the eigenvectors to
these sub-problems where we first determine an orthonormal basis {n,¢1,...,t;_1} of R? such that
t;-t; = 0; j and t;-n = 0. Then the right and left eigenvectors to the eigenvalues (4.15)) and (4.16) are

rra= (1,050, v, = (0,¢],007, i=1,....d— 1, 7+ = (1, +cx/pen”, c})T, (4.18)

P )

bea= (1,05, —c; O, Ui = (0,41,0)7, i=1,...,d =1, i+ = 0.5¢;2(1, £epppn”, )T, (4.19)

b )
Thus there exists an eigenvalue decomposition of the matrix By, ,, i.e.,
Lk,an,an,n - Ak,n; (420)

where Ly, ,, and Ry, ,, are defined by the left and right eigenvectors and Ay, is a diagonal matrix with
eigenvalues on the diagonal

1 0 ... 0 1 1
Ry, = —cp/pkm t1 ... tg1 Oq cx/prm |, (4.21)
2 0 ... 0 0 c
. 0 0 ... 0 22 0\
Lk,n = 272 —CkpPET QCitl e QC%td,1 Od CrpPELM y (4.22)
“k 1 0 ... 0 -2 1
Uk,n — Ck Og 0
Ak,n = Od ’Ukad Od . (4.23)
0 Og Vkn + Ck

To calculate the eigenvectors to the multiple eigenvalue A7 ; we employ the knowledge of the matrices
R, ,,. According to the block structure of the matrix R,, the matrix of corresponding right eigenvectors
needs to satisfy

(Bn = AiI)Ry, =0 (Biy — Ailgy2) Ry, = — AR, = koA, k=1,... K.

Assuming that the eigenvalue A;; does not coincide with one of the eigenvalues A ; and Ay 4, then
By, ;,—A1,:1 442 is regular and there exists a unique solution for R?n. For its representation we introduce

K K
Ko ‘= Halak, R = H |0k, k:L...,K
=1 I=1,l#k

with 07 := v — Vi and oy, := (5,’;)2 — ci. Then we obtain
Ry, = rolk 1, (4.24)
(O™ 2oy E + cpprciBE
R}, = ki —n(arBi + ()8} (4.25)
—on(e] i (1= 0k k) = 1% 10k i) + awBi +F

Since ay; € (0,1) according to (2.1, these matrices are regular, i.e., the columns are linearly indepen-
dent, if and only if

o 20 Yk=1,... K, (4.26)

10
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holds. This condition is referred to as the non-resonance condition, see [4] in case of a two-velocity-
two-pressure model in two-phase flows. Thus the corresponding left eigenvectors are determined by
the rows of the inverse of R,,. Since L, R,, = I, the blocks turn out to be

Ly, = R k=1,... K, (4.27)
Ly, = (R},) "=nry' Ik, (4.28)
LY, = —Ly Ri,(R),) "=k LinRE,, k=1,...,K, (4.29)
and we obtain for the right eigenvectors
_ _ _ T .
T1i = Ko ((r},O)T7 (T}J)Ta'--)(rfi)T) y U= 1a"'7K_ L. (430)
with vectors F]I“’i = (Ekﬂ-,ygi,?k’i)rf and their components
Zei = (o(OF)*hi + wprciBri) / (anow), (4.31)
Yri = —n (B + i) 0/ (awok), (4.32)
Tri = (—0k(Oki(1 = Ok,x) — Ok,i) + (rBri + Vi) Pr(arow). (4.33)

These are well-defined also in case of aj, = 0 or o, = 0. Similar to (4.30) the left eigenvectors are then
given by
T

Ui i= (W)™ )T W)= 1, K — 1. (4.34)
with
s 1
17, = ekt =55 —(ah,0,...,0,0)"
I ll_Il(ozzaz) e k-1, LUy, QCiOékUk (ay,,0,...,0,b)
and
ai; = ck:pk(akﬁk,i + ’Y}g7i)5g + Jk(6k,i(1 — 51@,]{) — 5}@7[{) — O‘kﬁk,i — Vhis
b = —26pk((08) ki + ki Bri) — 20k (Ok,i(1 — Ok i) — Ok i) + 2(kBrsi + Vsi)-

After having determined the eigenvalues and the corresponding linearly independent right and left
eigenvectors we finally end up with the eigenvalue decomposition of the matrix B,

L.,B,R, = A, (4.35)

with the block-diagonal matrix A,, = diag(Aon, Ain,...,Axn) and Ag, = VI 1. To verify
this decomposition we make use of the identity Bk,nR’;m = R];,nAo,n - Ak’nR%n. To conclude the
investigation on the hyperbolicity we summarize the findings in the following theorem.

Theorem 4.1. (Hyperbolicity) Let the interfacial pressures satisfy the conditions and .
Let the interfacial velocity V1 not coincide with one of the eigenvalues A\ ; and M+ of By. Then
the first order system , , and is hyperbolic, i.e., (i) the eigenvalues of the matriz
are all real but not necessarily distinct and (ii) there exists a system of linearly independent left
and right eigenvectors with if and only if the non-resonance condition 1s satisfied.

This theorem holds true also for the non-equilibrium model (2.2), (2.3)), (2.4]) and (2.7) neglecting
viscosity and heat conduction as well as relaxation processes, because eigenvalues are invariant under a

regular, bijective change of variables and the corresponding eigenvectors can be determined by scaling
of the original eigenvectors by the Jacobian of the transformation and its inverse, respectively.

Finally we want to remark that the eigenvectors coincide with the one given in [26, 2] in case of a
7-equation model in one space dimension (K =2, d =1).

11
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4.2. Equilibrium model

Similar to the non-equilibrium case we can determine the eigenvalues of the equilibrium model. Starting
point are the evolution equations (2.21)), (2.22)) and (2.23]). The corresponding first order system then
reads

8,0—|—zd:(v 6)p+pavi> 0 (4.36)
t i =0, .
i—1 al‘l 8:5@
d
Jdv 1 Op
6tv+z<vim+p€i M) =0, (4.37)
i=1
d
op 5 00;
i =0, 4.
6@4—2(@ 8%4-,00 6@-) 0 (4.38)

Again we consider its projection onto normal direction ¢ := @ - n for arbitrary unit direction n € R¢
that can be written in quasi-conservative form

0
B w + Bn(w) 22 =0 (4.39)
o¢
with the vector of primitive variables w = (p,v”,p)” and matrix
vy pnt 0

Bn = Od Un Id nij. (4.40)

0 pcn® w,
The normal component of the velocity is defined as
Up =V M. (4.41)
The eigenvalues of B, are then characterized by the roots of the characteristic polynomial
det(B,, — A 412) = (Vi = N ((v, — N)? = &2).
Hence we obtain the following eigenvalues:
A =vp,xe, MN=wv, i=1,...,d. (4.42)

With regard to a stable numerical discretization of the non-equilibrium model in the limit of vanishing
relaxation terms, the so-called sub-characteristic condition has to hold true. This condition was orig-

inally introduced by Liu [I§]. For this purpose we evaluate the eigenvalues (4.14)), (4.15) and (4.16))
with respect to an equilibrium state, i.e.,(2.18]), (2.19) and ([2.20) hold,

X[,k = Vl,nzﬁl-nzf-n:ﬁn,kzl,...,K—l
Xk,i = Upp =V M=V -N=0y, k=1,... K, 1=1,...,d
Mek = Upnmter=Upter, k=1,..., K.

Here the bar indicates evaluation with respect to an equilibrium state. Then by definition (3.13)) and
(2.10]) of the mixture sound speed and the mixture density we conclude from the positivity of the
densities pi and the volume fractions ay
C € [ming=1,.. K Ck, MaXk=1,...K Ck| =" [Cmin; Cmaz] -
A straight forward estimation gives
ming—1 Kk M+ < Ap < Maxg—1, K Mt
ming—1__ g M~ < A_ < maxg—1,. K M-

12
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In the second estimate we use that
—Ccc [— maXg=1,.. K Ck, — mink:L_..7K Ek,] = [mink:17_._7K —Ck, Maxg=1,. . K —6k] .
This immediately implies that the following theorem holds true.

Theorem 4.2. (Sub-characteristic condition) Let oy, py and ¢, k =1,..., K, be non-negative. Then
the eigenvalues (4.14), (4.19), (4.16) and (4.43), (4.43), (4-43) of the non-equilibrium model and the
equilibrium model, respectively, evaluated with respect to an equilibrium state, i.e., , and
hold, satisfy the sub-characteristic condition

A € |min min  Arp, min A, | ,max max Az, Max Ay, = {v,},
= 1 7’ k=1,...K 1 7’ k=1,...K

=1,... =1,..., =1,..., eey

i=1,..d i=1,...d

A €| min A max  \ .
+ k=1,. K kot = K kot

Note that similar results have been proven recently by Flatten and Lund [9] for a hierarchy of
two-phase relaxation models.

5. Frame invariance and objectivity

Since the results of an experiment should be independent of the observer’s position in the Euclidean
space, a physical meaningful model should reflect this behavior. This property is referred to as frame
indifference and objectivity in the literature, cf. [6], p. 31 ff, and [17]: performing the general Euclidean
change of frame

t"=t+a, z"=xy(t)+ Q) x— xp), (5.1)
with constant values a and oy and @ an orthogonal matrix, i.e.,
QR =QQ" =1, (5.2)
then a scalar f, a vector u and a tensor T are called objective, if
U 2h) = f(ta), u'(t,2%) = Q(ult,x), TH(t*,2*) = Q)T (t,)Q (). (5.3)
From the orthogonality of Q we conclude
A:=QQ" = -QQ" = -A", (5.4)
i.e., Ais a skew-symmetric matrix and it holds A;; = 0, A;; = —Aj;. Then under the general Euclidean
change of frame the velocities v := & and v* := &* of the different frames are linked via
v'— & = Qv —a0) + A(x* —x}) equiv. v—a0=QT (v — &) — A(x* —x). (5.5)

Thus, the velocity and the acceleration are not objective under a general Euclidean change of frame.
For the rate of deformation D and the rotation tensor W defined as

1 1
D= (Vav+ (Vzv)') =D, W= 5 (Vav - (Vav)') = -wT (5.6)
we conclude from
* 1 * * * 1 * *
D* = 3 (Vgv* + (Vgv*)') = QDQT, W*:= 5 (Vo' — (Vo)) =QwQ” + AT,  (5.7)

i.e., the rate of deformation is objective but the rotation tensor is not objective under a general
Euclidean change of frame.

13
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5.1. General Euclidean change of frame

In order to rewrite the fluid equations (2.2)), (2.3), (2.4) and (2.7) in terms of the general Euclidean
change of frame we need some rules of calculus that will be summarized below. First of all, we determine

from ([5.1)) the Jacobian of the transformation
o(t*, z*) 1 07 o(t, x) 1 0}
A —1 . . y 7* - = . . T % " T Cx T . (58)
o(t, x) o+ Q(z —z0) Q ot x)  \@+Q (z"—z;)Q 5 Q

Then we introduce the change of variables

flthe) = f(t* —a,@o+ Q" (t)(x" —xj(t)), (5.9)
u(t,z) = u(t™—a,xp+ QT(t)( xg(t)), (5.10)
Tt,z) = Tt —a,xzo+ QT t) (" — x5(t)). (5.11)
for a scalar f, a vector u and a tensor T'. Next we consider the derivatives of these variable transfor-

mations. For a scalar we derive from ((5.8)) and ([5.8))

% - T V- f - (x5 + Alz" — xp)), (5.12)
Vef = Q'Va-f. (5.13)
Applying these equations componentwise we obtain for a vector
ou ou - ¥ "
9 o + (Varu) (x5 + Az™ — xj)), (5.14)
Ve -u = Vg (Qu), (5.15)
Vau = (8“") = (Vg-u) Q. (5.16)
O ij
In particular, if w is an objective vector, i.e., u = QT u* according to 1) then we have
0
S (G A (Vaw) QUG + A —a)). (5.17)
Veu = QT (Vgu*) Q. (5.18)

Finally, we consider a tensor (matrix) T with ¢; and ' the ith column and row of T, respectively.
Then we obtain

88:: = gg (Vb)) (@ + Az —20), ..., (Varta) @+ A" —28)),  (5.19)
Ve T = (Vm-tl,...,Vm-td)T:Vm*-(TQT). (5.20)

For T' = fI the divergence reads

x (fI)=Q Vg~ - (fI). (5.21)
In case of an objective tensor, i.e., T = QTT*Q according to 1) we conclude from Vg«t,, =
QT (Zn Vm*t;Qnm)
oT 7 (0T
- @ (01&*

Q- AT"Q +T*Q+ (5.22)

D (Qui(Va-t]) (@) + Ale” — (), ..., Qua(Va-t)) (2§ + Alz” — wé)))) :

n

Ve - T = Q'Vg- T (5.23)

14
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5.2. Galilean transformation

It is well-known that the fluid equations for a single phase are not invariant under a general Euclidean
change of frame. For instance, Coriolis forces enter in case of a time-dependent rotation. However, the
fluid equations are invariant under a Galilean transformation where we choose

£o=0, Q=0 equiv. Q = const, xy(t) = ¢o + cit, ¢1,¢co = const (5.24)

in . For this transformation the velocity vector is still not objective but the acceleration and the
rotation tensor are objective, because A = 0. In the following we will confine ourselves to a Galilean
transformation and derive constraints for the source terms Sy i, Sapk, Sapv,k and Sapp k. First of
all, we derive from the evolution equation of the volume fractions using and and

assuming that the volume fractions are objective, i.e., aj = ay,

Oy, + V7 -Vgrap =S4, k=1,... K, (5.25)

where the interfacial velocity and the source term are given as
Vi = 25+ QV i+ Q(x—z0) =2;+QV=c1 +QVy, (5.26)
ok = Sak- (5.27)

Next we consider the evolution of mass. Assuming that the mass is objective, i.e., p; = py, and using
(5.12) and (5.15)) we derive from ([2.3)

O (g pk) + V- - (af, p VL) = Sgepe g (5.28)

with source term
;*p*,k = Sozp,k~ (5.29)
Note that (5.25)) and (5.28) hold true for a general Euclidean change of frame (5.1)). The transforma-

tion of the momentum equation (2.3) is cumbersome. It significantly simplifies in case of a Galilean

transformation. Starting from (2.3) one has to employ (5.14)), (5.5)), (5.15)), (5.13]), (5.23]) and incor-
porate (5.28). Assuming that the pressures p;, and Pj; and the stress tensors T’ are objective, i.e.,

Pk = Pks Py = Pry and T; = QT:.Q", we obtain

K
Op (0 phv})+ Ve - (of pror™ viT +afpi 1) = = Py Var of + Ve - (0 Th)+ Sk pryr gr (5.30)
=1
with source term
Sz*p*v*,k = SOLP,k a‘:g + Q Sapv,k- (5'31)

Finally we apply the Galilean transformation to the energy equation (2.4)). Since the velocity is not
an objective vector, the kinetic energy in the Galilean frame becomes

* . % * 1 . % ].
Chin,k = Ckink + o - Vg — 5(3’30)2, kin,k ‘= 5”2 (5.32)
using (5.5)). Thus the total energy and the total enthalpy are
Ep = e+ 5”% = Ef — - vp + 5(%)2’ By = ef + 5(%)2, (5.33)
o pj _ * a0k * } k)2 * * @
Hy, = Ep+— =Hj—a}y-vi+-(&})?, Hp:=Ef +-&, (5.34)
Pk 2 Pk

where we also assume objectivity of the internal energy, i.e., e; = e;. Again, after some tedious work

of calculus using (5.2)), (5.5)), (5.13)), (5.15]) and incorporating (5.28)), (5.30)), the energy equation ([2.4))
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in the Galilean frame becomes

O (o Py, Ef) + V- - (o oy vk (B + i/ k) = (5.35)

K
- Z Ppy V- Varof + V- (o (v - Th = qr)) + Soepe 5o oo
=1

with source term

* .k * 1 A 3
Seepe e k= SapBk T (QSapyk + Sapkh) - L5 — 3 (&5)%Sapk- (5.36)
Here we again assume objectivity of the pressure Py; and the heat flux qy, i.e., P, = P;; and

q; = Qqy.
Thus we have proven the following

Theorem 5.1. (Galilean Invariance) Let the following assumptions hold true
(1) ok, pk, Pk, ex and Py are objective scalars,
(2) g, T are objective vectors and tensors, respectively,

(3) all material parameters, e.g., ux, A\, are objective,

(4) the source terms (5.27), (5.29), (5.31), (5.36) are invariant under a Galilean transformation,

i.€.,

S;*,k = Sa*,k‘; Szkocp)*,k; == S(Ocp)*,k‘? )(kap'u)*,k‘ == S(Ozp'v)*,kv SEkOcpE)*,k‘ - S(OcpE)*,k' (537)
Then the non-equilibrium model 422 , , and with velocity vi, = ay + Quy, interfacial

velocity and total energy is Galilean invariant. This also holds true for the mizture model
and the equilibrium model because they are derived from the non-equilibrium model by summation.

6. Thermodynamical properties: 2nd law of thermodynamics

From a physical point of view, a model is admissible if it is in agreement with the principles of
thermodynamics. For this purpose we first derive the entropy law for the non-equilibrium model.
Then we determine the entropy production terms of the mixture. To be consistent with the 2nd law
of thermodynamics we have to check the sign of the entropy production terms. This will provide us
with admissibility criteria for the interfacial pressures and velocity as well as the relaxation terms.

6.1. Entropy

In order to investigate thermodynamical properties of the non-equilibrium model (2.2), (2.3)), (2.4)
and ([2.7), we assume that the entropy of each component satisfies

d@k = desk — pkd’i‘k, (6.1)

where 7, := 1/py, is the specific volume of component k. Thus the pressure and the temperature are
the partial derivatives of ey(7y, si) that are assumed to be positive, i.e.,

Oe Oe
Pk (Tk, SK) = —877_]’:(71@731@) >0, Ty(7k,s) = aTZ(Tk,Sk) > 0.
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Furthermore, to ensure thermodynamical stability we assume that the Hessian of e, is a convex
function with respect to 75 and sy, i.e.,

82€k 62ek 82€k 82€k 826k 2
“ ok >0, -F >0, =k 2% > ,
P, (Thy 81) > 0, s, (Thy 81) > 0, P, (Tk:,Sk)agsk (Ths 8K) > < (%Sk))

Finally, the third law of thermodynamics implies

T >0, sx=>0.

Assuming that pg and T}, are strictly positive, then e becomes a monotone function in 7 and s; and
we may change variables, i.e., sy = si(7x, e) satisfying

Trdsy = dey + prdTy (62)
with partial derivatives
Osy, Pk 0sy 1
— (7%, =—=>0, ——(7k, =—2>0. 6.3
o7, (Ths ex) T, Ber (Ths ex) T (6.3)
It is well-known that sx = si(7%, €x) is a concave function, i.e., the Hessian is negative-definite
825k 825k 823k 825k 826k 2
— <0, —— <0, —— —_ > 6.4
e <0, e <0, L) e > (i () (04

if and only if eg (7, sx) is a convex function, i.e., thermodynamic stability holds.

6.2. Entropy equation
In order to derive the entropy equation we rewrite (6.2)) as
desk = dek — %dpk. (6.5)
Pk

By means of the evolution equations (3.1) and (3.4]) for the density and the internal energy we then
deduce the entropy law

K
1
Oy +vi -V = Pri(ve — Vi) - Vapr(vy —Vr) - Vayg 6.6
: ooy | o Fut (0= V) V(o = Vi) (6.6
4o
k.l
tap Y 51, (Tk)ii — V- (okqy) + Ssk
il=1 v
with the relaxation term »
k
SS’;C = S&k — Esamk +pk5a,k- (6.7)
For the volume specific entropy we then obtain together with ([2.2)
1 1 (&
Or (akprsk) + V - (arprskvr) + V- (rongy,) = 7 ( D Prt (vk = V1) - Vay (6.8)
T} Ty —
d 0V 1
+pr(vy — Vi) Vo + oy Z axf (Tr)1i — Oék?qu VT | + Saps,k
il=1 ¢
with the relaxation term .
Saps,k = Tkss,k + SkSap,k- (69>
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Introducing the entropy of the components of the mixture
ps = Zakpksk (6.10)

we finally obtain with (2.12]) the entropy law of the mixture

K K
O (ps) + V- (Z akpkskzvk) +V- (Z TOéka) = (% + apAp + Mg + Saps);,  (6.11)

k=1 k=1

where the production terms are defined as

K
1
I, := T (ZPM ('Uk_VI)'Val"‘Pk('Uk_VI)'vak‘>v (6.12)
=1
1 d OV
Y = — “(Tr)14, 6.13
k ’%12:1 8:132-( k)L, (6.13)
1
k

Note that the total entropy of a homogeneous mixture is determined by the sum of ps and the non-
negative mixture entropy, [19], p. 320. We discuss the mixture entropy in the context of the relaxation
terms for chemical potentials for a three-component mixture, see Section [8.3.2

6.3. Entropy production

According to the 2nd law of thermodynamics the production terms (6.12)), (6.13) and (6.14)) have to
be non-negative. In the subsequent sections we will derive sufficient conditions that ensure thermody-
namical compatibility.

6.3.1. Entropy production due to viscosity and heat conduction

In order to verify the physically admissible sign of the entropy production term ; we have to specify
the viscous stress tensor T, for each component. For an isotropic Newtonian fluid the stress tensor
reads

2
T = pug <Vvk+Vva—3(V-vk)I> . (6.15)
Thus the components of this symmetric tensor are

O vk, 81/;” 2 d k,j
(Tr)1i = 1ok 73 g =0ni | = (Tk)iy-

8@ ox

Then we compute for the entropy production term ((6.13)
d i—1 2
0 Vi l 0 ’Uk i 2
E =2 T
R Z lz; ( Oacz 0z + 3

=1
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with

81}]“' 2 d a'Uk,j 8Uk,i
b= Z 2(81‘1) B Z 8a:j 8:57,

i—1 =L
2
8vk’1 _
2 (5 d=1
2 2
81};“ avk,g 8vk71 8vk72 _
(81‘1) +<8LL‘2) +<8$1 - 8:!22) ’d_2
Ovk,1  Ovk2 2 + Ovk,a  Oukgs 2 + Ovk,1  Ovgys 2 d=3
0z 0o 0o 0xs 0z 0xs3 » T

Obviously, the following theorem holds true.

Theorem 6.1. (Entropy production due to viscosity) The viscous stress tensors are determined by
. Let the temperatures Ty, and the viscosity coefficients ur, k= 1,..., K, be non-negative. Then
the production terms are non-negative. In addition, because of the saturation condition ,

the entropy production due to viscosity 215:1 QR 1S non-negative.

The heat fluxes are modeled by Fourier’s law of heat conduction for a fluid with isotropic material
property
q, = — AV Tk. (6.16)

Then the entropy production term (6.14)) reads
1
Ap = =MV Ty VT
T
k

From this we directly conclude

Theorem 6.2. (Entropy production due to heat conduction) The heat fluxes are determined by .
Let the temperatures Ty, and the heat conduction coefficients A\, k =1,..., K, be non-negative. Then
the production terms are non-negative. In addition, because of the saturation condition ,

the entropy production due to heat conduction Zle ap A is non-negative.

6.3.2. Interfacial velocity and pressure

To investigate the admissibility of the production terms Il we first make use of the assumptions (2.5))
and ([2.14) for the interfacial pressures. Then these terms become

K
1
Il = i > (Poi—pr) (v —Vi)-Va
I1=1,1£k

Obviously, we cannot control the sign of II;. According to the conservation constraints all Py,
k # 1, are coupled. Therefore we determine the interfacial pressures Py ; and the interfacial velocity
V1 such that the sum II := Zszl I vanishes. For this purpose we substitute V ax by the other
gradients using . According to the saturation condition the gradients Vayg, k=1,..., K—1,
are linearly independent. Thus rearranging the terms in II with respect to the K — 1 gradients of oy,
the coefficients in front of these gradients must be zero when II vanishes. This yields the following
K — 1 conditions

K-1

Z le ((Peg—pr) — (P — o)) (v = Vi) + TlK(PK,z —pr)(vk —V7)=0 (6.17)
k=1 k£l
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forl =1,..., K —1. Next we assume that the interfacial velocity is a convex combination of the single
component velocities vy, i.e.,

=

K
Vi=Y Bk, Bel0l], Y f=1 (6.18)

k=1 k=1

This is motivated by Gallouét et al. [I0] and Herard [14] for a two-phase and a three-phase model,
respectively. Then we may rewrite the velocity differences in (6.17)) as

k-1 i
vg — V= ZZ(—ﬁj) —viy1) + Z Z Bj (vi — viy1).

i=1 j=1 i=k j=i+1

Rearranging (6.17)) in terms of the linearly independent differences v; — v;41, i = 1,..., K — 1, we
obtain the following conditions

i

1
Z T ((Pry —pr)(1 = 01) — (Pr,x — Pr)) Z Bj + (6.19)
k=1 k Jj=i+1
K-1 ) i
( > 7 (Prg = 1) (1= 0) = (P — ) + - (PRt = PK)) (=8j) =0
k=it1 " K =1
or, equivalently,
i K i 1 K
> ?(1—511025]' Py — ?Zﬁj Py k —
k=1 j=it1 k=1 \ "k j=if1
k-1 () ; K-1 [ L
Z ?(1 — 5l,k) Z ﬂj PkJ + — Bj Pk,K - Ti Z BjPK,l = (6'20)
k=it1 \ " F j=1 k=it1 \ " F =1 K iz
K-1 . i
—Z*pk&k Z B + ( > T PrOLE — TPK) > 5
j=it1 k=it1 F K =1

for I,i = 1,..., K — 1. This gives (K — 1)? equations for (K — 1)K unknowns Py, kl=1,....K,
k # . Thus we need additional K — 1 equations to ensure uniqueness for fixed parameters (1, ..., Ok.
These equations are determined by the conservation constraints that read
K
> Py=Pr=const, 1=1,... K (6.21)
k=1,k#l

These equations are equivalent to

Z Pkl—ZPkK_O I=1,...,K —1, (6.22)

k=1,k£l

Then (6.20)) and (6.22) form a linear system for the interfacial pressures. For a two-component model,
i.e., K = 2, the solution is given by

p182/T1 + p2f1/T>

Pio=P
b2 S B2 /Ty + B1/T»

=P (6.23)

20



CLOSURE CONDITIONS FOR NON-EQUILIBRIUM MULTI-COMPONENT MODELS

For a three-component model Hérard [14] proved that (6.20)) and (6.22]) has a unique solution that is
given by

P, = Brp2T1 + Bop1Ta + B3p1T3 Py = Brp2T1 + Bop1To + B3p2T3
’ BTy + BoTo+ B3T3 7~ BTy + BoTo + B3T3
_ BapsTy + Bop1Ta + B3p1 T3 _ BipsTy + BapsTs + B3p1 T3
P3 = , P31 = , (6.24)
BTy + BT + 3313 BT + BT + B3T3
Py — Bip2T1 + BapsTs + B3p1T3 Pyy = B1p3Th + BapsTs + B3p2T3
’ BTy + BoTo+ B3T3~ B1T1 + BT + B3T3
and, thus,
P = G111 (p2 + p3) + B2Ta(p1 + p3) + BaT3(p1 + p2) (6.25)
BiT1 + 32T + B3T3
As a consequence, we observe that in general P,; = P, only holds at pressure equilibrium where

Pr = 2p. Whether there exists a unique solution to (6.20) and (6.22)) for K > 4 and arbitrary convex
combination (6.18)) for the interfacial velocity V' is still open. However, for the multi-component
model the following result can be proven.

Theorem 6.3. (Entropy production due to interfacial states) Let the assumptions and

hold true. Then the production term I = Zszl I1), vanishes provided that the interfacial pressures Py
are a solution to the linear system and the interfacial velocity V1 satisfies .

In particular, if we choose 81 =1, 82 = ..., B = 0, then the interfacial pressures

Poi=pr, k=2,..., K—-1,1=1,....K -1
Pk =pr, Poxk =pk, k=2,..., K -1,
PKJZPK» l=1,...,K -1,
Py=Pk=p,1=2,..., K—-1

are a solution of (/6.20]). Thus the interfacial pressure and the interfacial velocity are

K
Pr=> pi, Vi=wvr (6.26)
k=2

Note that for K = 2 and K = 3 the interfacial states coincide with those given in [10] and [14],
respectively. In [10] another alternative is given for a two-phase model that has been proven in [23] to
cancel the term II. Since by means of the linear system the interfacial pressures Py ; depend on
the convex combination for the interfacial velocity V'; there might be other options to choose the
interfacial pressures, i.e., the 2nd law of thermodynamics does not uniquely characterize the interfacial
pressure and interfacial velocity. In Section [8:3] we discuss another choice for the interfacial velocity.

6.3.3. Entropy production due to relaxation

According to the entropy law of a single component the entropy production due to the relaxation
processes is determined by

1
Sapsk = i (PrSak + (ur — gr)Sapk — Vk - Sapv ik + SapE k) ; (6.27)

where we plug (6.7) and (3.5]) into . Here the Gibbs free energy of component £ is defined as
9k = e + pi/pr — Thsk (6.28)
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In addition to the conservation constraints the relaxation terms have to satisfy
K
Spsk 20, k=1,..., K or ¥ Sepsr > 0. (6.29)
k=1
to ensure that the mixture is consistent with the 2nd law of thermodynamics.

7. Entropy-entropy flux pairs

From a mathematical point of view, the concept of entropy-entropy flux pairs, cf. [I1], has been intro-
duced to characterize a unique weak solution of an initial (boundary) value problem of (inhomogeneous)
conservation laws that in quasi-conservative form reads

: 9§
Ou+ Y Aj(u)dy,u=5S(u), Ai(u):= 5o @) (7.1)
=1

where u : Ry x Q2 - D C R with Q c RY, f,: D - R™, i=1,...,d and § : D — R™, denote
the vector of m conserved quantities, the fluxes in the ith coordinate direction, i = 1,...,d, and the
source function, respectively. Motivated by thermodynamics, the entropy inequality

d
O U(u)+ Y 0y Fi(u) <0 (7.2)
i=1
has to hold in a weak sense for any convex function U : D — R and functions F; : D - R, i =1,...,d,
referred to as entropy and entropy flux, that satisfy the compatibility conditions
VU ()T Aj(u) = Vo Fi(uw)', i=1,...,d. (7.3)

Due to these conditions we infer for smooth solutions of (7.1)) the entropy equation
d
QU )+ O, Fi(u) = Vo U(u)” S(u), (7.4)
i=1

Obviously, the entropy inequality ([7.2]) holds if and only if the entropy production is negative, i.e.,
VU () S(u) <0. (7.5)

Motivated by the entropy equation (6.11]) a candidate for an entropy-entropy flux pair for our non-
equilibrium model (2.2)), (2.3)), (2.4) and (2.7) neglecting viscosity and heat conduction is

K K
Ulu) = — Zakpksk =—ps, Fi(u):=— Z%Pkswk,u i=1,...,d (7.6)
k=1 k=1
It remains to verify the convexity of U and the compatibility conditions ([7.3]).

7.1. Convexity of entropy function

In order to verify that U is a convex function of the quantities u = (o, qul,... ,ozKu};)T with
a = (ai,...,axg_1)" and uy = (pk,pkvf,pkEk)T we extend the proof in [23], Appendix A, for a
two-phase model to our K-component model. The key idea is to employ the fact that

Uk (ur) = —prsk

is a convex function of the quantities uy of component k. In [12], p. 99 ff, it is proven that the entropy
Uy, is a convex function of wyg, if e is a convex function of (7, s).
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To verify the convexity of U we need to prove that the Hessian is positive semi-definite. First of all,

we note that by (2.1))

8ak 8uk 1 8uk 1
— =0 — 6 — = ——up(dg; — 6 — = — 0L
o, k1l — Ok, K 9o o wg(0k1 — Ok, K ), Doy o kidd+o
holds for k=1,...,K, I =1,..., K — 1. Then it follows for the gradient of U:
oU oU; Uk oU U,
oy (u) = U(w) — Uk (uk) 7, (wg) - w + Dur (uk) - uk, o = 7a () (7.7)
The Hessian of U is determined by the second order derivatives
o*U 1 9%, 1 7 0%Uk
= Op—u] —— —uk == kil=1,...,K
darday u k,l o u; 82’11,[ (ul)ul + K Uk 82’&[{ (UK)UK, ) ) y £y
0*U 1 0%,
—_— = ——(0p; —0Ori))=—=— l=1,....K, k=1,..., K -1
80%00([’&[ o ( k,l K,l) 82’(1,[ (ul)ul7 P s LAy ) ) )
o*U 1 9%
—_— = —Opi=—— kil=1,..., K.
Odaurdoguy v o kil 82ul (UZ)’ ’ ’ ’

For a compact representation of the Hessian we introduce the notation

2
Uocsa = ( i (u)) € R(K_l)X(K_l)v
' Oay0qy Lk=1,. . K—1

o*U

_ _ou (d+2)x(d+2)

Uakuk,,Oékuk : Jdagudaiuy (u) €R ’

aQU 32U

(U o (d+2)x (K -1)

According to the above second order derivatives these are determined by

1 1
Ua,a = 7UZI;U/I/(UK1K—1 +diag <u£Ulkluk) ’ (78)
aK 893 k=1,..,K—1
1
Uakuk,oakuk = OTk /]gla (79)
1
Uozkuk,a = <_ak(6k,l - 5K,k)U,k/uk>l « = Ua,akuk’ (710)
=1,..,K—1

where U, denotes the Hessian of the entropy Uy = Ug(uy) of component k. Then the Hessian can be
represented as block-matrix

Ua,a Usorur = --- Ua,orux
T e . (7.11)
Uoruk,a Uoiuk,axux
To verify positive semi-definiteness of the Hessian we introduce the vector = (a”,bl ..., b%)T with

a € RE-1and b, e R¥2 Lk =1,..., K. Then we obtain by the block-structure 1) of the Hessian

K K

e'U"s =a"Usaa+ ) a"Usaube + Y b (Usjua@ + Uoyuaqui bi) - (7.12)
k=1 k=1
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By means of (|7.8] , and ((7.10) we determine

1 K-1 K—1
aTUa,aa = —(auK)T (aug) + Z — (apug) Uk (arpug), aj,
QK Qg
k=1 =1
1
a"Ugopupbe = — Z: ;k(ék,l — 0,k )bL U, (aguy,),
K-1 1
bgUa,akuka = - Z bTUakuk,alal 5k KbKU” (auK) - ;k(l - 5k K)bk Uk (akuk)
=1
1
szakukaakukbk = OkackFU% by,.
Incorporating this into ((7.12]) we finally conclude after some calculus with
K—1
Ty 1 1 T
- U'x = Z o (bk — akuk) Uk (bk — akuk) + 7(1)1{ - CLU,K) U (bK — CL’U,K) > 0,
k aK
k=1

because the Hessians U, are assumed to be positive semi-definite. Note that for  # 0 we cannot ensure
xTU"x to be positive even if U}, is strictly convex because all the terms by — apug, k= 1,..., K — 1,
and bx — aux may vanish at the same time. Thus we have proven the following

Theorem 7.1. (Convexity of entropy function) Let e, be a convex function of (Tx,si), k=1,..., K.
Then the entropy U is a convex function of u, i.e, the Hessian of U is positive semi-definite.

7.2. Compatibility conditions

In order to verify the compatibility conditions (7.3 it is preferable to compute the derivatives in
terms of primitive variables instead of conserved variables for reasons of simplicity. Therefore we first
consider how an entropy-entropy flux pair transforms under a change of variables v = u(w) with

regular Jacobian
0 u;
T(w) := < : ('w)> .
dw; ij=1,..d

Under this transformation the system of conservation laws ([7.1) becomes a quasi-conservative system

d
O w + Z B;(w) 0;, w = S(w) (7.13)

with

Introducing
W(w) := Ulu(w)), Gi(w) = Fi(u(w)), i =1,....d,
we conclude by a straight-forward calculation
VoW (w) = (T(w))" VoU(u(w)), VaGi(w)" = VuU(u(w))" Ai(w(w)) T(w)
and, hence,
VoW (w)T Bij(w) = VuGi(w)T, (7.14)
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i.e., (U, F;) satisfies the compatibility conditions ([7.3) if and only if (W, G;) satisfies the compatibility
conditions ([7.14). However, the function W must not be convex although U is a convex function. This
directly follows from the Hessian of W

VewwW (w) = TT (w) Vo U (u(w)) T'(w) + Z — (u(w)) Vwu (w).

If the variable transformation is nonlinear, then the second term on the right-hand side must not be
positive-definite.

Neglecting viscosity and heat conduction our non—equlhbrlum model 1 . and (| . can
be written in quasi-conservative form |D for u = (a u1 . w1th a = 041, cag-1)T
and up = appp(l,v},Ex)T, k = 1,...,K. Note that the notatlon slightly differs from the one
in Section Obviously, the non-equilibrium model cannot be written in conservative form, i.e.,
the corresponding matrices A; are not Jacobians of fluxes f,. However, this does not affect the
above discussion on entropy-entropy flux pairs. This non-equilibrium model is rewritten in terms
of w = (al,w!,...,wk)? with the primitive variables wy = (pg,v],ex)?. The Jacobian of the
transformation is given by

1 ol o
Tk Cr = oy Ukl prlqg O0q |,
Dy Cr Dy = py Vg (erx-1—1x_16kx)7,
ek + 2’Uk

where ey, 1 is the kth unit vector in RE-1 144 the unity vector in RE-1 04 the zero vector in R?
and I; the unity matrix in R%*?. Obviously, the transformation is regular, if and only if the densities
ok, k=1,..., K are positive. The quasi-conservative system corresponding to this transformation is
given by , , and where we neglect viscosity and heat conduction. The matrices B;
in are given by the block-matrices

Uki  Pr€lg 0
Viilg By = ay, ,%kg—’;’;ei,d vkl g p%g%’;ei,d ;
Ay By, 0 i T Uk
Bl(w) = . . 3 o Pk Zvd v T
: : B (vki — Vi) (er,k—1 — 1k-10k,K)
Ak By ; Ak = p ei.aBr )
T
Yk
with
1
Bry = ((P,% — i) (1 = 0ny) — (P;??K — k) (1 = Oki))
Qg Pk
1
= —— ((PE V1 = Pves) (1 = 0r0) — (PP Vi — PYgvoka) (1= Ok -
Then W and G; are given by
K K
W(w) ==Y arprsi(l/prser), Gi(w) == arprsi(l/pr, er)vr,i
k=1 k=1
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with gradients

VaW(w) = (prSK — p181,---, PKSK — PK—15K—1)"
Vka(’w) = —(ak(sk — pr/(prTk)), 0%, arpr/Ti) ",
Gi(w) = (PKSKVK; — P181VLs- - - PKSKVK, — PK—1SK—1VK—1,)" »
Vka (w) = —(arvki(sk — pr/(PkTk)), arprsies g kprvr,i/Te) " -
From this we compute
VaGZ('w) — Fi
Vu,Gi(w)
VoW (w) Bjw)= | "
vaGi(w)
with the components of I' € RX~! defined as
P PK 1
Lig = fl(vm = Vi) = i = Vi) = ; Ok Pk Vel (7.15)

Then we finally conclude with

Theorem 7.2. (Compatibility of entropy-entropy flux pair) The entropy-entropy flux pairs (U, F;) and
(W, G;) satisfy the compatibility conditions and , respectively, if the conditions

Liy=01=1,...,K—1,i=1,...d (7.16)
hold.

Note that the conditions ([7.16)) are equivalent to the conditions (6.17)).

7.3. Entropy production

In order to ensure the entropy inequality ([7.2]) it remains to verify the inequality (7.5). Adopting the
notation introduced in Section the gradient of the entropy function U is determined by
T
VuU(u) = (VaU (), Vo, U)o Ve U(w) '), (7.17)
where the gradients VU (u) and VakukU(u), k=1,...,K, are determined by (|7.7]). Thus, we need
the gradients V,, Ug(ug), k= 1,..., K, that are given by

o Uy Osy 1 0 sy, 9 o Uy 8Sk o Uy 0 s,
— == —— + — (e, — 0.5 =— .
0 p o +a7—kﬂk+aek( F vk), 0 prvk 86k " 0 ppEy, Jey,
On the other hand, the vector S of the relaxation terms is defined as
Sa
S1 Sozp,k Sa,l
S(u) := : , Sk(u) =1 Sapur |, S(u) = :
S‘K SapE',k Sa,K—l

Thus, we obtain

=

VuU(w)'S(u) = T B

Osi 1 0 sk 9 0 sy, 0 sy,
<(a7-k DOk + 8€k (ek 05vk) Sk Sap,k+ aekvk Sap’vk 8ek SapE,k .

(1= 1M

T

1
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We note that by the saturation condition ([2.1)) the first sum on the right-hand side can be written as

R 0 SK 0 Sk K 0 Sk

Z ) - 87 Sa,k = - aisoz,lv

=1 \OTK Tk =1 ¢k

Together with (6.3)) and the Gibbs free energy (6.28)) we finally obtain
K
1
qu(u)TS(u) = - Z TiIc (kaa,k + (051)% - gk)Sap,k — Vg - Sapv,k: + SapE,k)

k=1

Because of (6.27)) we thus conclude with

Theorem 7.3. (Entropy production) If the entropies s = si(Tk,ex), k =1,..., K, satisfy , then
the entropy production is determined by

K
VU (u)"S(u) = = Sapsk =t —Sps (7.18)

and it holds
VuU(u)'S(u) <0 S,s > 0.

7.4. Entropy viscosity

So far we have neglected viscosity and heat conduction. To account for these effects we have to modify

(7.1) by
8tu+ZA )0, u—ZE )0p, u + S(u), Eji(u):= aJw( ). (7.19)
du
According to the non—equlhbrlum model | -, -, (2.4) and (2.7]) the viscous flux reads
Or—1 0
Fiilan, a1uq)
f;j (’U,) = . ) f}é,i(aka akuk) = aka,i 5

: ap(vi - Thi — Qi)
fiilak, akuk)

where T, ; denotes the ith column of the stress tensor T, and ¢ ; the 7th component of the heat flux
q;,- Hence, the Jacobian of the viscous fluxes becomes a block matrix

Ox—1
E,; Ey; _ dfY., ofy,
Ei = ith F i = ’Z, i = 7’1.
(U) W k, loXe" F 8akuk
Ex,; Eg;
Then the entropy equality ([7.4)) reads
+Za Fi(u Zv Uu)T Ei(w)dy, u + Vo U(uw)T S(u), (7.20)

where we apply the Compatlblhty conditions . In the following we will rewrite the first term on
the right-hand side. First of all, we note that by (7.17) and the definition of E; it holds

VU (u) (Z Verun U E g, Vayu, Uw) By, .. vaKuKUm)TEK,i) :
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where due to ((7.7) and (6.3]) the components are determined by
1 O Tr; 1 ag(vk - Thy— qry)

v Uuw!Eg;, = —vp- L ’ ’
arcurcU() B Tkvk loXe" Ty o ’
1 0oyTr;, 1 0ag(vk-Tri— qk,i)
v Uu)'Eg; = —wvp- L — s
KUK (u) K Tkvk Oakuk Tk 80ék'ulk

Hence, we obtain

K d
ou 0 [ orqr akqr,; 0Ty, 1 O vy
JW)E— = : : —ap— Y (T
v U(u) 8xz ; (9.213@ Tk + T]? 6.1‘Z aka ;( k)“

Summing over all directions ¢ = 1,...,d we finally obtain the entropy Viscosity
d K an & 61}
k k,l
>V B0 e () 43 S v Y S G
i=1 k=1 k=1 " F =1

Thus, the following theorem holds.

Theorem 7.4. (Entropy viscosity production) If the entropies s, = sk(Tk,ex), k = 1,..., K, satisfy
, then the entropy viscosity is determined by

d d K
> ViU (W) Ei(w)dy, u=—>_ 0z F(u) = > ap(Ag + Zp), (7.21)
i=1 i=1 k=1
where the entropy viscosity fluzr is defined as
K o
Flv(u) == i‘]k,i) Zzlvad
peril

and the entropy production due to viscosity ¥ and heat conduction Ay are determined by and
6.14)), respectively. In particular, the entropy viscosity production is non-positive, i.e.,

K
— Zak(Ak +3) <0
k=1

provided that ¥y and A are non-negative.

Obviously, the entropy equality ([7.20]) coincides with (6.11)) except for the sign due to ([7.6]), (7.18)
and ((7.21). Note that ¥ > 0 and A > 0 hold under the assumptions of Theorem

8. Relaxation model

The non-equilibrium model presented in Section allows for different values for velocities, pressures,
temperatures as well as chemical potentials at the same point. Therefore one has to introduce a
relaxation mechanism, that drives all these quantities into equilibrium. Typically it is distinguished
between mechanical and thermal relaxation processes that relax either pressures and velocities or
temperatures and chemical potentials to equilibrium.

The relaxation terms are of major importance when dealing with interface problems, see for instance
Saurel and Abgrall [24] or Lallemand et al. [16] for mechanical relaxation terms. Typically, it is assumed
that pressure and velocity relax instantaneously, see [24], whereas the thermal relaxation and the
relaxation of chemical potentials are much slower, see Zein [26].
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Note that in the equilibrium model the equilibrium state is characterized by vanishing relaxation
terms rather than the transient relaxation process itself. Since the equilibrium state does not depend
on the order of relaxation, the relaxation times have not to be known explicitly.

In the subsequent sections we present the relaxation terms for mechanical, thermal and chemical
potential relaxation. For each relaxation process we verify the constraints due to conservation ([2.13))
and entropy production (6.29)). Note that for all relaxation processes the corresponding source terms
satisfy the constraint ue to Galilean invariance.

8.1. Mechanical relaxation

The pressure relaxation implies volume variations, that induce energy variations due to the interfacial
pressure work. Here we extend the pressure relaxation vector given in [24] for a two-phase model
according to [26] by introducing a pressure average that we choose as the mixture pressure. The
pressure relaxation terms then read

St 1 = Opay (pr. — p), Sa =0, S

p
apvk O S

apEk = Op akP(D — Pr)- (8.1)
Here 60, denotes the pressure relaxation parameter. Similarly the velocity relazation terms read

};,k = S};p,k =0, ng,’k =0, ag pr (v — Vi), Sng,k: =0, prpv - (v —vg) (8.2)

with the velocity relaxation parameter 6,. For more details on mechanical relaxation see Baer and
Nunziato [3] or Baer [§] for two-phase models.

Obviously, the mechanical relaxation terms and satisfy the conservation constraints ([2.13))
as can be validated by the definition of the mixture pressure and the mixture velocity and the
saturation condition . Furthermore we determine by and , the entropy production

terms
QL Pk
gtps,k = QUTk(U — ’Uk)27 Sgps,k 9 T (p pk) . (83)
This immediately implies

Theorem 8.1. (Entropy production due to mechanical relazation) Let py, > 0, T > 0 and the relaz-
ation parameters 0,, 0, > 0. Then the entropy production due to mechanical relaxation is non-negative,
i.e.,

S x>0, k=1,...,K and ng;’sk_ (8.4)
8.2. Thermal relaxation

For the modeling of temperature relazation we follow in principal Zein [26]. First of all, we introduce
a general class of temperature relaxation models

Qk

STk = HT Sapk: =0, Sapv k=0, Sng‘,k = 01 Qk, (85>
with the relaxation parameter 9T and
Qk = (T — Ty). (8.6)
According to the conservation constraint (2.13) the terms @ have to satisfy
K K 0
SQr=0 and Y “=o (8.7)
Rk
k=1 k=1
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In order to guarantee the first constraint, we choose for T the following expression

K
T=> BTk (8.8)
k=1
with coefficients
K
Be=/% V= W (8.9)
k=1

Obviously, T is a convex combination of the temperatures Tj, because

K
> Be=1 (8.10)
k=1

For instance, we may choose (a) v = ax. Then 8 = o} and T coincides with the mixture temperature
(6.10). In case of (b) v = 1 or (¢) v = K we compute 8, = 1/K and T is given as the averaged
mixture 7' = Zﬁil Ty /K. For these three cases we obtain (a) Qr = ap(T — Tk), (b) Qr = (T — Ty)

and (c) Qr = Z{il(Tl — Ty), respectively.
Next we determine by (6.27) and (8.5 the entropy production term

1 Pk
Shek = eTﬁQk (Hk + 1) : (8.11)

Thus the entropy production due to thermal relaxation becomes

K

= Zsapsk Z Qk< >_9TZ Qk+9TZTMk . (8.12)

k=1 k=1
We note that by the definitions and of Qr and [y, respectively, the relation

Z Qk—’YZ /Bkﬂsz T)

kll

holds. Here we employ lb and 1’ to compute the difference 7' — T}, = Z{il Bi(T; — Ty,). Further-

more we observe that for any b, and ar; = —a;, [,k =1,...,k we have
K
Zbkakl—ZkaakﬁZbk Z akl—Z Z (b = br)ar.
k=1 k=2 1=1 k=1 I=k+1 k=1 I=k+1

Choosing by, = 1/T}, and ay; = BB (T} — Tj) we thus conclude with

K
S hoonY > el
k=1

k=1 l=k+1

Obviously, the sum is non-negative whenever the temperatures are positive. Thus the first term on
the right-hand side of (8.12)) is non-negative. To ensure that the second term is also non-negative, we
rewrite the sum by means of the conservation constraints (8.7 as

K ) K—1 o p 1
k _ Pk PK
Z Tkﬁka - Z <Tk TK> Kka'

k=1
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and choose kj, such that

1
<pk—pK)=aka, k=1,...,K—1

Tk TK K
holds for some positive parameters ag, i.e.,
Trpr — Tkpr
= k=1,..., K - 1. 8.13
ap Tk Tk Qk (8.13)

The missing parameter kg is determined by the conservation constrains as

K-1 0 -1
m<:—QK<§:Kk> . (8.14)
k=1 K

Finally we summarize our results in the following

Theorem 8.2. (Entropy production due to thermal relazation) Let the temperatures and the relaxation
parameter be non-negative, i.e., Ty, > 0 and 07 > 0. Let Qi satisfy where T is defined as convex

combination of the temperatures Ty with coefficients By satisfying and . Then the

mizture entropy production due to thermal relaxation is non-negative, i.e.,

K
1 Pk
ST = o —Qr (= +1) >0, 8.15
ps T;Tka </€k+ >_ (8.15)
provided that the condition
K
Pk Qu>0
— Thkr
holds. In particular, this condition holds for the parameters ki determined by and with
non-negative coefficients ay. It also holds in case of pressure equilibrium, i.e., p1 = ... =pg = p, and
constant parameters k1 = ... = KK = K.
When the temperature relaxation approaches thermal equilibrium, the parameters kg, k= 1,..., K—

1, tend to s = p/(aryiT?) provided that the pressure relaxes faster to its equilibrium state. If the
pressure is not at equilibrium when thermal equilibrium is reached, then x; = oo, i.e., Sg i = 0. How-
ever, it is widely accepted that the mechanical relaxation proceeds faster than the thermal relaxation.

Finally we conclude with some remarks on existing relaxation models. In [26] a constant parameter
Ki = Kk is chosen such that pressure stays at equilibrium during the temperature relaxation. More
details on its definition in case of a two-phase and a three-phase model can be found in Zein [26]
and Zein et al. [27], respectively. Note that the coefficient x in [26] results in a non-negative entropy
production if the pressures are at equilibrium. In the non-equilibrium case cannot be proven to
hold.

In the thermal relaxation model considered by Saleh [23] there is no relaxation term accounted
for in the evolution equations for the volume fractions, i.e., Si = 0. This fits into our model when
choosing a; = 0, i.e., Kk = oo, for £k = 1,..., K. Then the investigation of the entropy production
simplifies because the second term on the right-hand side in does not exist.

8.3. Chemical potential relaxation

Mass transfer between different phases of the same substance occurs, whenever these phases are not
in chemical equilibrium. This physical matter of fact is the decisive factor for the idea to model the
mass transfer by relaxation of the chemical potentials. The mass transfer is driven by the difference
of the chemical potentials. It is obvious, that from now on it is necessary to identify the phases.
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8.3.1. Chemical potential relaxation for two-component miztures

For a two-component mixture (K = 2) the relaxation of chemical potentials is modeled according to
[26] by

! - : . %

Sg,l =0 %’ Sgp,l 1= 0,1, Sgpv,l =0,mVy, Sng,l =0,m (6 + 2]) , (8.16)
m ) ' ' V2

55,2 = —GM E, Sgp,2 = —«9“ m, SZp’U,Z = _eumVL Sng72 = _el/«m <€ + 2I> ’

with the relaxation parameter 6. Since for a two-component mixture the Gibbs free energy coincides
with the chemical potential, chemical equilibrium is achieved, if the Gibbs free energies of the two
components coincide, i.e., g1 = go.

Obviously, the conservation constraints are satisfied. Note that due to these constraints we
are not allowed to introduce ¢, and g differently for each component k = 1,2. Furthermore, the
entropy production terms are determined by (6.27) and (8.16) as

1 1
Sgps,k = (—1)k+16’“mﬁ <€ —+ §(V_[ —_ 'Uk-)z — Jk +pk/9> 3 k = 1,2 (817)

These terms may become negative also when 6, mm and T}, are positive. However, for an appropriate
choice of €, p and V; the entropy production due to the sum of the phasic entropies

) 1 1 1 1
Shs =0um | = e+-(Vi—v)? —gi+pifo) — = e+ =(Vi—v2)* —go+p2/o (8.18)
Ty 2 Ty 2
can be verified to be non-negative. For this purpose, we first note that in case of mechanical and
thermal equilibrium, i.e.,
vi=...=vg=v, pr=...=px=p, Th=...=Tx =T, (8.19)

the entropy production term becomes
L.
Shs = T m O (g2 — g1)

as was already proven in [26]. Obviously this term is non-negative if
m = a(ga — g1) (8.20)

with a > 0. This is an agreement with the kinetic relation in [7].
At mechanical and thermal non-equilibrium we may enforce a non-negative entropy production by
choosing the parameters € and g such that

1

1 1 1
— 6+*(V[—’01)2—g1 +p1/g - — 6+*(V1—’02)2—92—|—p2/g Zb(gg—g1) (8.21)
T 2 T 2

for some non-negative b. Note that for the parameters e and p in [26] this condition does not hold
true. To verify (8.21]) we proceed in three steps to determine V';, € and o:

(1) The interfacial velocity V'; is chosen in such a way, that the velocity terms in vanish:
1

Ty

This is reasonable because the entropy production should be a product of the relaxed

mass flux 6,7 and an interfacial entropy s; that should not depend on any velocity. Be-
cause the interfacial velocity is assumed to be a convex combination of the single component

(Vi—v1)* - 7112(V1 —v2)? = 0. (8.22)
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velocities, i.e. V1 = f1v1 + fava with f2 = 1 — ;1 according to (6.18), we derive from (8.22])
VI VI
Bii= el foim (8.23)
VI 4+ V15 VI + VIh

Then the interfacial pressures are determined by ([6.23)) as

JT JT
Plo= Py =PV 2TPVIL (8.24)

VT + VT

(2) In the next step we determine e such that

(8] () b i e

resulting in

_ 9211 + 115
2(T1 + TQ) ’

(3) Finally we determine p such that

1 g1 1 92) . 1
T (pl/&) 2) T <p2/9 5 bo(g2 — g1), with b, = (T1 + T)

resulting in
_ 2(Ty + To)(p21y — p1T2)
(Ty = T2)(g2T1 + 1 1)

With the above choice of V;, € and p we thus obtain with b = b + b, = ((T1 + T»)/2)~! the
reciprocal of the mean temperature of the components. Note that in the equilibrium case € and p
tend to g and 2p/g, respectively, assuming that the pressure relaxes faster than the Gibbs free energy.
Thus, for states close to pressure equilibrium g is positive. For arbitrary non-equilibrium states one
may determine positive ¢ and € depending on the local state. Since the derivation is complicate we do
not give the details here.

Thus we conclude with the following theorem.

Theorem 8.3. (Entropy production due to relaxation of Gibbs free energies) At mechanical and ther-
mal equilibrium, i.e., holds, the mizture entropy production due to relaxation of Gibbs free
energies is non-negative, i.e.,

Shs > 0, (8.25)
if the mass flux is chosen as the kinetic relation and the relazation parameter 8, as well as
the equilibrium temperature T are positive. In the non-equilibrium case, the entropy production is
non-negative, if the parameters € and o are chosen such that holds.

8.3.2. Chemical potential relaxation for three-component mizrtures

Exemplarily, we consider three components, i.e., K = 3, with water vapor (k = 1), liquid water (k = 2)
and inert gas (k = 3). Then the vector for relaxation of chemical potentials is given by
m

. . ) V2
Sg,l = ¢9;L Ea Sgp,l = 9“ m, Sgp’u,l = QM’I?’LV[, SZpEJ = Qum <€1 + 2I> ’

mh . . . %
Shy =10, ’ S = =Oumh, Sty o= —0,m V5, Sh g = —0,1m <€2 - 2I> :

1 1
55,3 = —0,m ( +

01 QQ) 5 Sgp’i), = 0, Sgpv,g = 0, Sng73 = Qum (62 — 61), (826)
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with the relaxation parameter 6,. For details on the physics see the book of Miiller and Miiller
[20]. Again we note that the conservation constraints (2.13)) are satisfied. Furthermore the entropy
production terms can be determined by (6.27)) and ({8.16)

o1 1
Shosi = QumTl<€1+2(VI—01)2—91+;D1/Q1>,
o1 1
Shoso = —Oum— e+ =(Vi—v2)*—ga—pa/oa ), (8.27)
pSs, T2 2
o1
Shpsz = Oum T (e2 — €1 —p3(1/01+1/02)).
3

These terms may become negative also when ¢,,, 7n and T}, are non-negative. For the sum of the phasic

entropy production Shs = 5’5571 + 5’5512 —+ 553,3 we obtain

2 (_1)k+1

, 1 Dk 1 1 1
[ A A - v — g — (—1)FEE — — e — — 4= .
She =110, (E T <€k+ 5(Vi—vk)” =g = (=1) Qk) T (eg €1 — P3 <91 + QQ)))

k=1
(8.28)

In the following we distinguish between a non-homogeneous and a homogeneous mixture, respectively.

Non-homogeneous mixture. In a non-homogeneous mixture velocity, pressure and temperature

are not necessarily in equilibrium. Therefore we need not to account for the mixture entropy. Thus,

the chemical potentials and the Gibbs free energies of water vapor and liquid water, respectively,

coincide, i.e., gr = g, k = 1,2, and the mass flux is proportional to the difference in the Gibbs free

energies, i.e., holds. Similar to the two-component case, see Section , we may enforce a

non-negative entropy production by choosing the parameters e and g; such that the condition

2

2 e r2) (oo )

; T e+ 5(Vi—v)" —gr—(=1) o) T \emamm| oty b(g2 — g1)

(8.29)

holds for some non-negative b analogously to . Note that the parameters €, and gy in [26, 28]
do not satisfy this condition.

As already assumed in the two-component mixture, we expect that the entropy production of
the three-component mixture should not depend on any velocity. This assumption gives us a
condition for the interfacial velocity V' ; and delivers us the same result as above :

B

S UnAvh 2T havn B0

From (6.24]) and (6.25)) we then conclude for the interfacial pressures

T+ p1vT
P, = Pﬂzpzﬁ P1 2’ P31 = P39 =ps,

) ) /T1 + /T2
psvV 11+ prvTs . p2vVT1 + p3sv1o

ISERES y I23= ) (8.30
VI + V13 VI + VT )
P = (p2 + p3)VI1 + (p1 + p3)VTe

VT + VT3

The remaining parameters €, o, k = 1,2, can be determined similar to the two-component case. We
omit details here.
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Homogeneous mixture. In a homogeneous mixture velocity, pressure and temperature are in
equilibrium. Therefore, as already mentioned in Section in the total entropy we also have to
account for the mixture entropy given by

> w2 In <a1 +a3) (8:31)

with xp the Boltzmann constant and my the mass of a single molecule of component k, see [19], p. 54,
298, 320. Moreover, the chemical potential of the vapor phase is now given by

T
=g+ 2 1n< A ) (8.32)
my

ar + o3
e., it does not coincide with its Gibbs free energy. Note that for vanishing third component, i.e.,
a3 = 0, the chemical potential of the vapor phase reduces to the vapor Gibbs free energy. Again, the
chemical potential of the liquid phase equals its Gibbs free energy, i.e., g2 = go. In chemical equilibrium
the chemical potentials of the vapor and the liquid phase equal each other. Accordingly, the mass flux
is now a function of ps — p1, i.e.,
1 = a(pz — pa) (8.33)
with a > 0 that again is an agreement with the kinetic relation in [7].
For a homogeneous mixture the entropy production reduces to

1 L ol o
[ Tm u(92 g1) Tm Iz <“2 i+ mi n<a1+043>>

Analogously to Section we determine the entropy production of the mixture entropy Sy

1 . /{bT a1
Sk =——mbo 1 . 8.34
=gt () (8.34)
Then the total entropy production is given by
1.
Sps + Sy, = 0 (p2 = ). (8.35)

Thus we conclude with the following theorem.

Theorem 8.4. (Entropy production due to relaxation of chemical potentials) For a homogeneous
mizture the total entropy production is non-negative, i.e.,

Shs+Ss,, >0, (8.36)
if the relaxation parameter 0, as well as the equzl@bmum temperature T are positive.

Finally we would like to remark that the above procedure for a particular three-component mixture
can be extended to a multi-component mixture.

9. Conclusion

In the present work we discussed some properties of a non-equilibrium multi-component model of Baer-
Nunziato type taking into account viscosity and heat conduction. This model is non-conservative due
to exchange terms between different components. However, these terms vanish in the mixture model
derived from the non-equilibrium model by averaging over all components and the resulting equilibrium
model, i.e., the mixture model as well as the equilibrium model are conservative. Furthermore, the
first order model, i.e., neglecting viscosity and heat conduction, could be verified to be hyperbolic, i.e.,
all eigenvalues are real and there exists a family of linearly independent eigenvectors provided that
the non-resonance condition is satisfied and none of the components of the mixture vanishes. This
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holds true for both the non-equilibrium and the equilibrium model. In particular, the corresponding
eigenvalues satisfy the sub-characteristic condition.

The main interest was on the derivation of closure conditions for the relaxation model as well as
the interfacial pressures and the interfacial velocity. These were set up by verifying the second law of
thermodynamics. It turned out that the pressures and the interfacial velocity can be chosen such that
their contribution in the entropy law of the mixture vanishes. However, this does not characterize a
unique choice for the interfacial pressures and the interfacial velocity because a physically reasonable
choice of the interfacial velocities could not be derived so far in the general case of K > 2 components.
The entropy production due to mechanical relaxation could be proven to be non-negative. The entropy
production due to thermal and chemical relaxation is non-negative when assuming mechanical and
thermal equilibrium, respectively. In the non-equilibrium case, sufficient conditions are given that
pose constraints on the relaxation parameters to ensure a non-negative entropy production. Finally,
we obtained constraints for the relaxation terms to ensure Galilean invariance.

We conclude with some remarks on the numerical discretization of the multi-component model.
The main difficulty arises from the non-conservative products in the momentum equation and
the energy equation as well as the evolution equation for the volume fractions . A popular
approach to deal with those products is based upon so-called path-conservative schemes, see [21].
However, it was verified by Abgrall and Karni [I] that path-conservative schemes may not be able,
in general, to compute correctly the solution of non-conservative hyperbolic problems. In case of a
stiffened gas equation of state for the single components one may employ the Saurel-Abgrall trick [24]
that couples the discretization of the evolution equations of the volume fractions with the discretization
of the fluid equations of the components resulting in a non-conservative finite volume discretization.
Numerical results for inviscid computations have been reported in [27] and [28, [13] for two-phase fluids
and three-phase fluids. There are many other publications available in the literature using different
discretizations, see the aforementioned publications and citations therein.
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