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Abstract

The approximation of tensors has important applications in various disciplines, but it remains an ex-
tremely challenging task. It is well known that tensors of higher order can fail to have best low-rank ap-
proximations, but with an important exception that best rank-one approximations always exists. The most
popular approach to low-rank approximation is the alternating least squares (ALS) method. The conver-
gence of the alternating least squares algorithm for the rank-one approximation problem is analysed in this
paper. In our analysis we are focusing on the global convergence and the rate of convergence of the ALS
algorithm. It is shown that the ALS method can converge sublinearly, Q-linearly, and even Q-superlinearly.
Our theoretical results are demonstrated on explicit examples.

Keywords: tensor format, tensor representation, tensor network, alternating least squares optimisation, or-
thogonal projection method.

1 Introduction

We consider a minimisation problem on the tensor space V = ®Z:1 R"™* equipped with the Euclidean inner
product (-, -). The objective function f : V — R of the optimisation task is quadratic

1 |1 1
= |= —(b,v)| = —= 1
1) i= iz [3 0 = )] 2 -5, m
where b € V. In our analysis, a tensor u € V is represented as a rank-one tensor. The representation of
rank-one tensors is described by the following multilinear map U:

d
U:P:=XR*" — V
pn=1
d

(p1,---pa) — Ulpi,--,pa) == Q) pu-
pn=1

We call a d-tuple of vectors (p1,...,pq) € P a representation system of w if u = U(pi,...,pq). The
tensor b is approximated with respect to rank-one tensors, i.e. we are looking for a representation system
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(p7,...,p)) € P such that for

F = foU:P—>V—=>R 2)
1 1
F(plv"‘7pd) = W 5<U(p17"'7pd)7U(p17"'7pd)>_<b7U(p17"‘7pd)>
we have
F(pi,...,pg) = min_ F(p1,...,pa). 3)
(p1,..-spa)EP

The range set U (P) is a closed in V, see [6]. Therefore, the approximation problem is well defined. The set of
best rank-one approximations of the tensor b is denoted by

My, :={v € U(P) : vis abest rank-one approximation of b} . )

The alternating least squares (ALS) algorithm [2, 3, 4, 7, 8, 11, 12] is recursively defined. Suppose that the
k-th iterate p* = (p¥,...,pk) and the first 4 — 1 components p§*, ..., pﬁﬂ of the (k + 1)-th iterate p**!
have been determined. The basic step of the ALS algorithm is to compute the minimum norm solution

k+1 . : k+1 k+1 k k
py, L argmlanG]R”MF(pl 7'"7pu_17Q,u7pM+17"'7pd)'

k+1

Thus, in order to obtain p™™~ from Qk, we have to solve successively L ordinary least squares problems.

The ALS algorithm is a nonlinear Gauss-Seidel method. The locale convergence of the nonlinear Gauss-Seidel
method to a stationary point p* € P follows from the convergence of the linear Gauss-Seidel method applied
to the Hessian F”(p*) at the limit point p*. If the linear Gauss-Seidel method converges R-linear then there
exists a neighbourhood B (p*) of p* such that for every initial guess p® € B(p*) the nonlinear Gauss-Seidel
method converges R-linear with the same rate as the linear Gauss-Seidel method. We refer the reader to Ortega
and Rheinboldt for a description of nonlinear Gauss-Seidel method [10, Section 7.4] and convergence analysis
[10, Thm. 10.3.5, Thm. 10.3.4, and Thm. 10.1.3]. A representation system of a represented tensor is not
unique, since the map U is multilinear. Consequently, the matrix F(p*) is not positive definite. Therefore,
convergence of the linear Gauss-Seidel method is in general not ensured. However, the convergence of the
ALS method is discussed in [9, 13, 15, 16]. Recently, the convergence of the ALS method was analysed by
means of Lojasiewicz gradient inequality, please see [14] for more details. The current analysis is not based
on the mathematical techniques developed for the nonlinear Gauss-Seidel method neither on the theory of
Lojasiewicz inequalities, but on the multilinearity of the map U.

Notation 1.1 (IN,,). The set IN,, of natural numbers smaller than n € N is denoted by

N,:={jeN:1<j<n}
The precise analysis of the ALS method is a quite challenging task. Some of the difficulties of the theoretical

understanding are explained following examples.
Example 1.2. The approximation of b € V by a tensor of rank one is considered, where

r d
b= D> NQbju A== A >0, [[bjl =1, (5)
j=1 p=1
bj:=
By = (bjp:1<j<r)eR™* (1<p<d),



and BEBM = Id, see the example in [9, Section 4.3.5]. Let us further assume that vy, = p]f ® pg ®...® pfl is
already determined. Corollary 2.4 leads to the recursion

L (b k)’
= —5 Bl ot (k>2), (6)
[lv H i [Pzl

J=1,..,r

G1(p},....pk):=

The linear map G1(p%, ..., plk) € R™*™ describes the first micro step pf @ p§ @ ... @ pf = pitl ®

plg ®...® p’é in the ALS algorithm. The iteration matrix Gl(p’f e p’é) is independent under rescaling of
the representation system, i.e. G1(aapi,...,aqpq) = Gi(p1,...,pq) for 1 = szl ay. Further, we can
illustrate the difficulties of the ALS iteration in higher dimensions. For d = 2, the ALS method is given by the
two power iterations

1
k+1 . ) .
p = [Bldlag A4) B! } Pt
1 PEEE e C)im
k+1 ) ) .
D3 = |5 Badiag (\}) _ BT | ph.
[|]p1+1|]2\|p2”2 I/ j=1,.r

Clearly, if the global minimum by is isolated, i.e. A\1 > o, then the ALS method converges to by provided that
(vo, b1) # 0, where vg = p) @ p3 € V is the initial guess. Further, we have linear convergence

Ao\ 2
tan Z[by ,,, k“]’ < (}j) ’tanl[blﬂ,pﬁ]’ (1<pu<2).

Note that in this example the angle /by ,, pﬁ] is a more natural measure of the error than the usual distance
b1 — pﬁH For d > 3, the factor HZ;; <bj#,p/]j>2 /HpﬁHerom Eq. (6) describes the behaviour of the ALS
iteration. Let 1 < j* < r. We say that a term bj« from Eq. (5) dominates at v, = plf Q... pz if

Y Qranh) > 8 (onh) g

forallj € Ny« :={j €N : 1 <j<randj+# j*}andall i € Ny. If bjx dominates at vy, then the recursion
formula (6) leads to

2
d—1 k
manENj* ()\] HM:Q < ]N7p“>)

(/\j* [T <bj*uvpﬁ>>

<1

tan Z[bj 1,p’f+1]’ < }tanl % 1,]91] (8)

i.e. the first component of the representation system p]erl is turned towards the direction of bj« 1. Note that for
r = 2 the bound for the convergence rate is sharp, i.e.

2
maxjeN,. ()\j H,Ci;12< JM’p#>)
(A IS (b))

‘tané[bj*l,plfﬂ]’ = ’tané j* 1,191]‘ (r=2). 9)

The inequality

2 * (b, p > 2
d—2 )\2* <b . k+1> _ J* s AN T ) )\2 <b* k>
VA e |ka4 A H e VoA
4

d—1
1 (ju: 1) 2
% p/_a-2/y2 <b- k> _ d7\2/E<b k+1>
T eV el VAR SR

n=2




shows that b~ also dominates at the successor p]fH ® pg ®X...® p’j. Further, we have for all j € N«

2

RN <bj,1,p’f+1>2 Cﬁ N2 (bjsf)’ /22 (b, ph)’ N2 (b1, pk)”
= < .
/A2 <bj*,1,p'f“>2 pn | YN (b )| AR (e ph)” AL (b )

~~

<1

By analogy for the following micro steps, we have
maxjen,. (N ITZo (Pl ™)) maxjen. (A T2 (Ojus)i)
< .
2 2
d—1 k+1 d—1
(/\j* [T, <bj*u7pu+ >> (Aj* ] <bj*wpfi>>

Hence, the ALS iteration converges to bj.. Now it is easy to see that

2
d—1
] manENj* (A] Hu:Z <bﬂ“plli>)
lim sup

= 0.
2
v (Ve Tz (b))

Therefore, the tangent tan Z[bj ,, pﬁ] converges Q-superlinearly, i.e.

tan Z[b;- M,pﬁ]‘ — 0 (Q-superlinearly).

—00

Furthermore, the ALS iteration converges faster for large d. Unfortunately, there is no guarantee that the
global minimum by dominates at vi,. However, in this example it is more likely that a chosen initial guess
dominates at the global minimum. For simplicity let us assume that r = 2 and A1 > Xa. see Eq. (5). Since the
Tucker ranks of b are all equal to 2 and the condition from Eq. (7) does not depend on the norm of the vectors
from the representation system, assume without loss of generality that for i € IN; the representation system of
every initial guess has the following form:

. s
Pupn) = 5in (9) bz + <08 (9, bty (0 € [0, 5] luin) | = 1).

If the global minimum dominates at the initial guess, we have for all © € Ny
di\Q/ A% <b1p7pu(90u)>2 > dﬁ\Q/ )‘% <b2u7p,u(90u)>2

A
& tan (@) < df/—l.
A2

If we define the angle ¢ u€ [0, %] such that

[
tan (QOZ,,LL) = 7 )\7;7

then every initial guess with ¢,, € [0, ¢} u) converges to the global minimum. Furthermore, we have

* * m
tan(god,#) >1 & 9g,> 1



Pul) = cos(@)by1 + sin(w,,)by.2
. Pu € [0, g]

bml

Figure 1: The angle ¢ ., describes the slice where the global minimum is a point of attraction. Every initial

guess located under the red line /4 will converge to the global minimum. Note that the angle ¢ u is larger

then Z, but interestingly enough % — T,
4 gly gh ey, oo 4

i.e. the slice where the global minimum is a point of attraction is more potent then the slice where the local
minimum \2bs is a point of attraction, see Figure 1 for illustration. But we have for the asymptotic behavior

)\1 s
tan (¢ ) = “{/ = —— 1, & ¢, —— =
(‘pd“u) )\2 d—o00 ’ (pd,,u d—o0 4’
i.e. for sufficiently large d the slices are practically equal potent.

Example 1.3. In the following example a sublinear convergence of ALS procedure for rank-one approximation
is shown. We will consider the tensor by € V given by

3

bh=QQRr+ PRI+ q2pR¢+qRqDp)
pn=1

for some X > 0 and p,q € R™ with ||p|| = ||¢q|| = 1 and (p, q¢) = 0. Let us first prove the following statement.
Proposition 1.4. Define v* := ®i:1 p. Then

a) M,={v'}ifA<3
b) |[My| =2and v* ¢ My, if A > 3

Proof. Let vy € M,. Since tensor b is symmetric, v} also has to be symmetric. Write vy = C) ®i:1 P
where p) = p + a,\¢ (this is possible, since (b, ¢ @) ¢ Q) ¢) = 0). Now the tuple (C\px, px, p)) is a stationary



point of F', therefore
(Idg» @ py ® py)" b= Cp,

for some C' € R. But
(Idg ® px @ px)L b= (14 Aa3)p + 2Xang,

hence

QAQA
— = = ). 10
1+ )\o& a (10)

The solutions of (10) are
if A < 1

a/\_{O\/”‘ or ZAA 1f)\>2

Straightforward calculations show that for A > 5 the solutions ay = £ lead to the same value of F'
which is smaller than f(v*). n

2A 1

Now let A < % and vy, = C’kp’f ®p§ ... ®p§, with pﬁ = cﬁp + sﬁq, Cu,k2 + sﬁQ = 1 and some C* € R.

Define v, = < S“ Z > Applying Corollary 2.4, one gets after short calculations the recursion formula
Ky

T
Yk+1 = CreMy e My 71k

My, = [ 2k ASg j;
L Aslk ACZk

with some C1 . € R and

Then for ty j, :== 2—: it holds

AN+ 1)Cz,k01,k%: + 22 S1

: (11)
Chpp + A%83 5 + A+ 1) capsin CL

g1 =

Thanks to Corollary 3.16 and Proposition 1.4 we know, that limy,_,. v* = v* for v* = ®i:1 p, therefore

li =1 12
Jm (12
li =0 13
oo Sk (13
for u € Ns. From Eq. 12 and 11 one gets
t
lim sup L = A2 £ A(A + 1) lim sup 2% (14)
k—oo 1k k—oo S1k

The same way

lim sup ——— frke1 _ =X+ XA+ (15)
k—o0 t2k k—oo S2.k
t
limsup =+ — A2 4 AN+ 1) limsup ——— Lkt (16)
k—oo U3k k—oo  S3.k

Furthermore, from Eq. (21) we know that

P2k+1 = Co 1 Mo D1 k41



with some C 1.1 € R and

My = (3% AS3 k
’ )\Sg,k )\63,k ’

Simple calculations result in the relation

82 k+1 83k
)\ C1 k41 + AC3 ks
S1,k+1 S1,k+1
and hence s
lim sup = A+ Alimsup LN a7n
k—oo S1k k—oco S1,k+1
Now let A = 5. Iflimsu 52k e 1, then from Eq. (14) follows lim su tl k“ > 1, hence the conver-
Pk—oo 5, 51 q. Prk— oo
gence 0fp17k to p can not be Q- llnearly If lim supy,_, o 22: < 1, then from Eq. (17) lim supy,_, o 518;']:1 > 1,
so from Eq. (15) lim supy,_, ti:f > 1.
Remark 1.5.
a) In fact for A = % it holds
. S2.k . S3.k . S1,k+1
limsup — = limsup —— = limsup —— = 1.
k—oo Sk k—oo 52,k k—oo  S3k
b) For A < % ALS converges g-linearly with the convergence rate
A 2 2)2
p=3 (3)\+)\ +/(BA T N2 +4/\).
c) The example can be extended to higher dimensions in the following way. Let
d
by = ®P+AZ Riore & «
pn=1 = v=1 v=p+1
with ||p|| = ||¢|| and (p,q) = 0. Then v* = ®ﬁ | D is the unique best rank one approximation ofbA if
and only if A < 5—. Furthermore, ALS converges sublinear for A = 1 and Q-linear for A < ;=

Our new convergence results are not obtained by using conventional technics like for the analysis of nonlinear
Gauss-Seidel method or the theory of Lojasiewicz inequalities. Therefore, a detailed convergence approach is
necessary.

2 The Alternating Least Squares Algorithm

In the following section, we recall the ALS algorithm. Where the algorithmic description of the ALS method
is given in Algorithm 1.
Notation 2.1 (L(A, B), P, ). Let A, B be two arbitrary vector spaces. The vector space of linear maps from
A to B is denoted by

L(A,B):={M :A— B : M is linear} .

Let i, v € Ny with v # p. We define
P, =R" x o x R™ x R™# x oo x R0 x R™HE - x R



Algorithm 1 Alternating Least Squares (ALS) Algorithm
1: Set k := 1 and choose an initial guess p, = (pi,...,ph) € P, Py =Py and v; :=U(p,) # 0.
2: while Stop Condition do
3: Vg, 0 ‘= Vg
4. forl<pu<ddo

5:
T
k+1 k+1 ok
b
ptt = [ B g9l g e 5. b (18)
A e [ P ”
k+1 k+1 k+1 k
Bk,ﬁ“rl (p1+ 7"'7pp,+1ap#+ 7p#+15'-~apL)
vkt = Upy,00)
6: end for
T Py =Dy g and vern = Ulpy )
8 k—k+1
9: end while

The following map M), , from Lemma 2.2 is important for the analytical understanding of the ALS algorithm.
As Corollary 2.4 shows, the map M, ;, 1 describes an micro step of the ALS algorithm. Furthermore, there is
an interesting relation between the map M, , and rank-one best approximations of the tensor b, see Theorem
2.10.

Lemma 2.2. Let p,v € Ny, v # p, ana’gwu = (Pl sDv—15Dvt1s - Pu—1,Ppt1s--->Pd) € Py There
exists a multilinear map M, ,, : P, , x V — L(R™ ,R™*) such that

Ml/,u( b)gu =P D OPy1 D O Pyi1 @ . @ Pt @Udgrn @ g1 @ ... @pa) b (19)

for all g, € R"™. Further, we have M, ,(p  .b) = le“(g ,b).

v,
Proof. Follows directly form the multilinearity of the tensor product and elementary calculations. |

Example 2.3. Let p,v € Ng, v # p, p L= (P1s- s Po—1,Pvt1s - Pu—1,Pust1,-- -, Pd) € Py, and b be
given in a subspace decomposition, i.e.

Z Z Bir.....ia) ®bﬂ i, (tp€Np,)

11=1 1g=1

A matrix representation of the linear map M,, ,, is given by

t1 ty, lu la
V,u’b) = Z Z Z Z ﬁ(il,...,z'd) H <b£,ig7p£> bu,iubaz},

=1 iy=1  iu=1  ig=1 eeN\{p, v}
_ T
= B.I(p, )BL.

My, (p

where B¢ = (be 1, - . . ,b&tg) € R"*% for all ¢ € {u,v} and the entries of the matrix L(p, u) are defined by

ty—1 tut1 tu—1 tut1
SN THIES SET S SIS DTS SIS SE SRR | NI}
i1=1 iy—1=1 typ1=1 iy—1=1 tu+r1=1 1g=1 fE]Nd\{MvV}



Corollary 2.4. Let j € Ny, k > 2, and p, = (phtL .. ,pﬁﬂ,pu,pwl, ..., p%) € P form Algorithm 1.
With the matrix from Lemma 2.2, the followihg recursion formula holds:

1
k+1 T k
p = MM, p (20)
H Gk,,qu,,ufl H Hok P
where
M d 9
R k+1 k
Gr = mp; T [t
v=1 z/:,u+1
ka#—l = kJrlH H ‘py )
E+1 E+1 k
Mu,k = MMM 1(p1+ ""apu+27pﬂ+la‘-wpd)b)'
Proof. We have with Eq. (18) and Lemma 2.2
1
p;kfrl = KM/J w— l(plf+17 ce apﬁ+§7pu+17 cee 7p§7 b)pﬁ-‘r%, (21)
’I"L
1
k-+1 T E+1 E+1 k k
putl = Gk 1M b — l(pl+ 7-"7pu+25plu+1v'--7pd7b)p‘u' (22)
n—

Example 2.5. Let v, = p]f & p’; K...® pfé and

b= Z Z 5 (#15--2d) ®buﬂw

11=1 1g=1

i.e. the tensor b is given in the Tucker decomposition. From Eq. (18) it follows

p]f'H = Z Z 6(11, -5t H < ﬂ:iu’plk;> bl’il

Hu 2“ i1=1 ig=1 =
t1 tq tqg—1
bui ,p,) .
- 2 Z Z Lig Z Z 5111 7'Ld)H |Mk|| d,id Pq
H H de” i1=1ig=1 io=1 ig—1=1
1
= Bil'y . Bj g,

g AN

where B,, = (bu,iu 1<4, < tu) € Rmxtu, BEBN = Idy¢., and the entries of the matrix I'y j, € Rtr*ta
are defined by

tg—1 d—1 <b;u; pk>
) ? . .
me—z ST By [] 5t (1< <y, 1<ig < tg).
P 1
2= iqg—1= p=



Note that 'y i, is a diagonal matrix if the coefficient tensor 3 € ®Z:1 R« is super- diagonal, see Eq. (6). For
pf; it follows further

d—1

1
p]dc 2 Z Z/le, i H< ,uzwpﬁ>bd,id RTIAIE By 1kBTpk
H R | =l I 1" T [l
and finally
1
phl = 7d T B1F1,kI‘r£kB{plf.
[T 125l

Let v* = Ap1 ® ... ® pg € M be a rank-one best approximation of b. Without loss of generality we can
assume that
Ip1ll = llp2l = -+~ = llpall = 1 and [[o"]] = A.

Further, let u, v € IN4 and

Py = (Pl s D15 Putts o s a1 Pt 15+ 5 Pa) € Py
The following two maps are of interest for our analysis:
Vgl gt 5y
(gl”g#) = V(gllagu) =EPIQ QP10 Gy QP11 Q- @ Ppu—1 X Gy @ Put1 Q-+ Q Pq
and
U:8wtxgmwl vy
(9vr90) = Ulgugu) = (V(90:9u),6) V(gv, 9),

where S"~! = {x € R" : ||z|| = 1} denotes the sphere in R".
Lemma 2.6. Let ji,v € Ny, g, € S™ ! and 9u € S™u=1 We have

2
—2f (U(gmgu)) = <(Mu,u(pu’“7b)) guvgu> = <U(gmgu)ab> = HU(gwgu)HQ .
N7

EL(R™ R™n)

Proof. Let g, € S™~1, Ju € S7—1 and define (G, 9u) = ‘_/(g,,,gu)(f/(gy,gu))T. It holds U(g,,,gu) =
7(9v,9,)b and

<U(~gl”g#)7 U(gl’7g#)> B <U(gl/; g#)? b> = % <7T2(gl/7g,u)b> b> - (W(glﬁ gu)bv b>
ﬂ-(glja g,u)ba b> - (77(9117 gu)ba b> = _1 <7T(gzn g#)b’ b> = _% <U(9V79H)’ b>

2
790,900 ) = 3 (70900 7(5090)0) = 3 [0 g0 )
—= (V(gu: 90),b)" =

<(Mu,u(121,,u, b)) gu,gu>2 .

F (UG, 90) =

N — DN
—

m\»—lw\H
/\

1
2
1
2

10



Remark 2.7. Obviously, the minimisation problem from Eg. (3) is equivalent to the following constrained
maximisation problem: Find v = ®Z:1 Dy such that for all i € Ny it holds

U, b) = , b bject t =1.
(0,0) vgan&g)@ ) subject to ||p,||

Lagrangian method for constrained optimisation leads us to the following Lagrangian

LA(QL an):<U(q1>"' 7Qd Z)‘ 1_||CI,U|| )
where q, € R™ and A = (A, - ,A)T € RY is the vector of Lagrange multipliers. A rank-one best
approximation v* = Ap1 ® - - @ pg € My with A € R and ||p,|| = 1 satisfies
0 x
%Lg*(Ply 7pd) - (pl®"'py,—1®ld]}{"u ®p,u,+1®"'®pd) b )\ pM_O
i
0 1
o ol opa) = 5 (1= lpull?) =

Forv € N\ {u} it follows that
A= <pl®®pdab>a )‘pu:Ml/,u(BVHu7b)pV7 )‘pV:nglu,(Bl,’uvb)puv

where P, € P, is like in Lemma 2.2. Therefore, X is a singular value of the matrix M, ,, (QV e b) and py, pu
are the associated singular vectors.

Proposition 2.8. Let v* = A\p; ® - - - ® pg € My, a best approximation of b with ||p1|| = - -- = ||pa|| = 1. We
have
F07) = =501 = 5 (0,0°).
2|[o]? 2|Jp[|> ™

Proof. Since v* € M, we have that v* = I1b, where II := % Furthermore, it holds
(v*,v*) = (IIb,v*) = (b, IIv*) = (b,v™).
The rest follows from the definition of f, see Eq. (1). |

Remark 2.9. From Proposition 2.8 it follows instantly that the global minimum of the best approximation
problem from Eq. (3) has the largest norm among all other © € M,

Theorem 2.10. Let p, v € Ny and v* = |[v*||p1 @ ... ® pg € My, be a rank-one best approximation of b with
|p1ll = -+ = ||pdal| = 1. Then ||v*|| is the largest szngular value of M, ,,(p, o ,b) and p,,, p,, are the associated

b).

singular vectors. Furthermore, if v* is isolated, then ||v*|| is a simple smgular value of My, (p, i

Proof. Let u, v € Ny From Lemma 2.6 and Remark 2.7 it follows that [[v*|| is a singular value of
Mv,u(ﬂy #,b) and p,, p, are associated singular vectors. Assume that there is a singular value A of

My, (p, #,b) and associated singular vectors ¢, € R™,q, € R™ with A > |[v*||. Let a € [0,1]

and B € (0,1] with o® + 82 = 1. Define further g,(o,8) := ¢, := ap, + B¢ € R™ and
gu(a, B) == g, = ap, + Bg, € R™. We have |g,[?> = |lgul|*> = o® + % = 1 and with Lemma
2.6 it follows then

—2f(U(gv,90)) = <(Mu,u(p b)gu,gu> <<M )apy+6qu,apu+6qu>2
= {al*lp, + BAgu.0pu+ Ba, ) = (2Hv | +6%3)°

0) 2
S0 (@l + B = 012 = (Moo, ,0)) Puspu) = —2/(").

11



Consequently, it is
f(U(gl,(a,ﬂ),g#(oz,ﬁ))) < f(v*) forall @ € [0,1] and B € (0, 1] with o2 +p82=1,

i.e. we can finde a better approximation U(g, (v, 3), gu(c,8)) of b which is arbitrary close to v*. This
contradicts the fact that v* € M,,.

Additionally, let v* be a isolated rank-one best approximation of b. Assume that there is a singular value A
of Myvu(g”u, b) and associated singular vectors ¢, € R™, g, € R™ with A\ = |[v*|, p,Lq,, and p,Lg,.
Almost like above, let o, 3 € [0,1] with a® + 3% = 1 and consider again g, (o, 8) = ap, + Bq, € R™,
gu(a, B) = ap, + Bg, € R™. With Lemma 2.6 it follows

2 (Tgg) = (@07 + 5207 = 1712 = { (Malp,, D)) pormi) = ~270%),
i.e. we have

F(U(gu(e, B), guler, B))) = f(v*) forall a, B € [0,1] with o® + g% = 1.

Therefore, we can finde a approximation U(g,(c, 3), gu(c, B)) of b which is arbitrary close to v* and

f(U(gu(e, B), gule, 8))) = f(v*). This contradicts the fact that v* is isolated. [ |

Remark 2.11. The proof of Theorem 2.10 shows that if we have two different best approximations of
b which differ only in two arbitrary components of the representation systems and f (v*) = f(v*),
then there is a complete path between v* and v** described by U(g,(c,f),gu(c,3)) such that

f) = £ (Ulgo(a, B), gula; B))).

3 Convergence Analysis

In the following, we are using the notations and definitions from Section 2. Our convergence analysis is mainly
based on the recursion introduced in Corollary 2.4 and the following Lemma 3.1.
Lemma 3.1. Letk € IN, € IN, and vy, = plf'H ® - ® p’~C+1 ®pl’j & - ®p§from Algorithm 1. Then

pn—1
T T T
k+1 k+1 k+1 k+1 T k+1 k+1
P (pl ) Puz1 (p“—1> Pi1 (Plira) Pa (pd )
1P ::ﬁ(g"'@ﬁ@hh&”“ ®—2®"'®ﬁ
+1 +1 k +1
1] Ll [t i

is a orthogonal projection and
Ukt 1 = Ok + g Tk 0,

where 1y, == b — vy .

Proof. Obviously, Il , is a orthogonal projection. Straightforward calculations show that vy , = Il v,
and vy 41 = Il ,b. Hence we have vy, , + I, 7, = Iy ,b = v yq1. |

Lemma 3.2. Let k € IN, n € IN;. We have

(I ,
F (k) = frern) = 2W 23)

12



Proof. Tt follows with Lemma 3.1 that

1 1
fUppr1) = W {2 (Ui e b s Vi + Moy The ) — (05 Vb0 + Hk,u"”k,/)}
1 1
= f(vk,u) + W 5 <Hk,u7'k,ua Hk’,,urk,u> + <Uk:,;m Hk,;ﬂ‘k,u> — (b, Hk,;ﬂ‘k,u>

1 1
= f(”k,u) + W [2 <Tk,m Hk,urk7u> - <7’k,uv Hk,ﬂk,u>]

1 (Tl T Thoa)

= f(vk, ) - >
ooz )
. 1 ko)
1.e. f(vk,u) - f(Uk:,;H-l) =3 Tol2 L
Corollary 3.3. There exists o« € R such that f(vy) o
—00

Proof. Letk € IN and p € IN,. From Lemma 3.2 and Lemma 3.1 it follows that

d

flokrn) = flon) = f(ora) = F(or0) = D F Wk, ) = F 0k 1)

p=1

1 d—1

2

= e 2 Mkl <0
=0

This shows that (f(vr))kew C R is a descending sequence. The sequence of function values (f(vg))ken iS
bounded from below. Therefore, there exist an « € R such that f(vy) k—> a. n
—00

Remark 3.4. From the definition of the ALS method it is already clear that ( f (Vi) ueN, ke is a descending
sequence.
Lemma 3.5. Let (vy, ) kew, uew, C V be the sequence from Algorithm 1. We have

1 1
Fkp) = =555 (ks ) = =5 vkl (24)
: 2[b[|2 2[jb[|2 "

forallk € N, u € INg.
Proof. Let k € IN and p € IN;. With Lemma 3.1 it follows

<Uk,uavk’,u> = <Hk,,u—1ba Hk,u—lb> = <Hz”u—1b7 b> = <Hk,u—lb> b> = <Uk,;u b> :

The rest follows from the definition of f, see Eq. (1). |

Corollary 3.6. Let (Vi ,)kew,uew, C V be the sequence of represented tensors from the ALS algorithm.
Further, let n € Ny and k € IN. The following statements are equivalent:

(a) f(vk,u-i-l) < f(vk,u)
(b) Mg 1 I > vkl

(c) IpErH12 > 1Pk

(d) COSZ(SOk’MJrl) > COS2(‘Pk,u)’ where COS2(90]€’“) = TR

13



Proof. Follows direct from Lemma 3.5 and
k k
[k i1 l® 2 [lorell? & Grpllpi™ 17 = Grpllpgl?

where G, ;, > 0 is defined in Corollary 2.4. |

Lemma 3.7. Let (v )rew C V be the sequence of represented tensors from the ALS method. It holds

|vk41 — vgl| —— 0.
k—oo

Proof. Let k € IN. We have

d 2 d 2 d—1
[ Uk”2 = Z”k,u —Vkpu-1|| = Z vk, — vk p—1ll < dz vkt — “k,uHQ - (25)
pn=1 pn=1 u=0

Since vg 41 — Vg, = g 7k 4> sS€€ Lemma 3.1, it follows further with Eq. (23) and (25) that

d—1
loer = vel® <2002 Y (f (v 1) = f(0r,))
n=0
With Corollary 3.3 we have (f(vg,u+1) — f(vk,u)) — 0, hence |[vp41 — vg|| —— 0. |
k—o00 k—o0

Definition 3.8 (A(vy), critical points). Let (v )kenw C V be the sequence of represented tensors from Algo-
rithm 1. The set of accumulation points of (vi)kew is denoted by A(vy,), i.e

A(vg) == {v € V : v is an accumulation point of (v)keN} - (26)
The set 9N of critical points of the optimisation problem from Eq. (2) is defined as follows:
M:={veV:IpecP:v=Up) AF'(p)=0}. (27)
Proposition 3.9. The sequence of parameter (p,, i.) ue, kel from the ALS algorithm is bounded.

Proof. From the definition of f and Lemma 3.5 it follows that

1 1 [Jog qu
—— < = —— : <
9 = f(Uk,u) 2 HbH2 ~ ||Uk,u|| = Hb||7

i.e. the sequence (||vy k||)pen, kenw C Range (U) is bounded. The sequence (||v,, k||) e, ke is the product
of the following d sequences (||pﬁ||)k;6]N C R™. According to Corollary 3.6 the sequences (||pﬁ||) kel are
monotonically increasing. Since the product ||v,, | is bounded and all sequences (|[pf;||) xe are monotonically
increasing, it follows that all (pl/j) ke are bounded. This means the sequence (p,, k)uen, ke is bounded. W

The following statements are proofed in a corresponding article about the convergence of alternating least
squares optimisation in general tensor format representations, please see [5] for more informations regarding
the proofs.

Lemma 3.10 ([5]). We have

ma, F'(p* ) — 0.
ogugf—lu ”(p“) k—o0

14



Corollary 3.11 ([5]). Let (Qk)ke]N be the sequence from Algorithm 1 and F : P — R from Eq. (2). We have

lim F'(p ) = 0.

k—oo

Theorem 3.12 ([5]). Let (vx)xen be the sequence of represented tensors from the ALS method. Every accu-
mulation point of (vg) e IS a critical point, i.e. A(vy) C 9. Further, we have

dist (vg, M) —— 0.
k—o0

Let v € 9 be a critical point and N := HZ:1 ny € N. Further, let (p, u)kE]N:#E]Nd C P be the sequence

of parameter from the ALS algorithm and R € RY*V~! be a matrix with RTR = Idz~-1 and span(7)* =
Range (R), i.e. the column vectors of R build an orthonormal basis of the linear space span(7)~. Then the
block matrix

Vi=[uv R]eR™N, (v=1/]]). (28)

is orthogonal, i.e. the columns of the matrix V build an orthonormal basis of the tensor space V. The following
matrix Ny, € RN*N is imported in order to describe the rate of convergence for the ALS method:

d
Id® ( M, M! ) ® Id,
® Gy, MGk 1 ol sk V(:%H

where the matrix WM 1k M“Tk, is from Corollary 2.4. Further, it follows from Corollary 2.4 that for
s M » K ’
the ALS micro step the following equation:

Vg, ut1 = NepuVkp (29)

holds. The tensor vy, and the matrix Ny, , are represented with respect to the basis V, i.e

QTvk,u
= VW= (o ]| g | =0 m]((5)
sk,u:

and

T T
Niy = VIVINV)VE=[w R][UN]C’“U UNk’“R][v R]T.

RTNy,v RTN,R

The recursion formula (29) leads to the recursion of the coefficient vector

Ck41,1 _ QTNk,uQ QTNk,uR Ck,u _ QTNk,uQ Cp QTNk,uR Sk,
Sk+1,u RTNkMQ RTN]C,#R Sk, RTN]{#Q Clp + RTN]C”LLR Sk, )

Without loss of generality we can assume that ||s;, || # 0 and |cy ;| # 0. Therefore, the following terms are
well defined:

N | BT Nyt e+ BTNy R st
. skl

o), = 0" Niut e+ 0" Nig R s
’ [

15



This preconsideration gives a recursion formula for the tangent of the angle between v and vy ;1. We
have

<s>)2
tan® Z[0, vp u1] = <RRT”’€,#+1’”1€7#+1> _ |1 R vk 1| — [ — (qu“ 85l
o (Tt Vb)) (@Tokpg0)” (Crptn)? (qg)z (chp)?
2 2
(s) T 2 (s)
Ay, | R vl ay,, _
= (c’)‘ Tiﬂ? = (c’; tan® Z[0, vk ).
Gy ) (@R i

Remark 3.13. Obviously, if the sequence of parameter (pk) ke C P is bounded, then the set of accumulation

points of (Bk) kel is not empty. Consequently, the set A(vy) is not empty, since the map U is continuous.
Theorem 3.14 ([5]). If one accumulation point v € A(vy) C I is isolated, then we have

vV — V.
k—o0

Furthermore, we have for the rate of convergence of an ALS micro step
’tan 4[@ Uk,uﬂ” < 4u ‘tan 4[1_)7 vk,#” )

where
(s)
k,u
ONE
qk(,:u

qyu = limsup
k—o00

If g = 0, then the sequence ([tan Z[v, vy ,]|), oy converges Q- superlinearly. If q,, < 1, then the sequence
([tan Z[0, vy, ]|) ey converges at least Q- linearly. If q,, > 1, then the sequence ([tan Z[v, vk ,i]|), o cOn-
verges not Q-linearly.

Remark 3.15. The calculation from Example 1.2 shows that

(s)
9.
c)
q’(g“u,

lim sup
k—o0

=0 forallue Ng.

Hence, the ALS algorithm converges here Q-superlinearly. Furthermore, in Example 1.3 we showed for A < %

G| A
a2

(3)\ F A2+ /(BA+ 22+ 4)\> <1 forall p € Ny.

lim sup
k—o0

Hence, we have here Q-linear convergence.
Corollary 3.16 ([5]). If the set of critical points 9 is discrete,' then the sequence of represented tensors
(vk) ke from the ALS method is convergent.

In the following example it will be shown, that the ordering of the indices may play an important role for the
convergence of ALS procedure.
Remark 3.17. Let b = ®z:1 by + A ®i:1 boy, with 0 < X < 1,

p € Wey. Let further v° = C ®Z:1 Py for some C € R and

biull = ||b2ul] = 1 and (b1, bay) = 0 for

Py = b1y + oubay (30)

'In topology, a set which is made up only of isolated points is called discrete.
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forsome o, € R. Assume after each ALS micro step the parameters pﬁ are rescaled to the form (30) (obviously,
a scaling of parameters has no effect on the future behavior of the ALS method). After the first four micro steps
one gets

p1 = b1 + Aazasba
Py = biz + A asaibyy

1_ 4,2 3
p3 = b13 + )\ 042043b23
pT = bu1 + A a3a3by

So for v} := p? ® p} ® p} one gets
’U% = é(bn + )\704%04%621) ® (bl3 + /\QOéQOz%ng) ® (612 + /\404%Oc§b22)

with some C' € R. Now assume the order of the directions for ALS optimization is changed from (1,2, 3) to
(1,3,2), i.e. after optimizing the first component p we optimize the third one (i.e. p) and only then the second
one (i.e. p% ). The same number of micro steps will result in a tensor

’U% = é(bn + )\704304%621) X <b13 + A404:2304§b23) & (b12 + )\Q(ngagbgg)
with some C € R. Now if ao and ag satisfy

as > 12> as,

1
3 9 2 3
a3 > 5 > apaz,

then it is not difficult to check, that v% satisfies the dominance condition from Eq. (7) for j = 1, whereas v?
satisfies the dominance condition for j = 2. Thus, with the same starting point v° ALS iteration will converge
to the global minimum ®Z:1 b1, for one ordering of the indices and to local minimum \ ®Z:1 by, for another
ordering. Note that vy did not fulfil the dominance conditions, but depending on the ordering of the ALS micro
steps vg leads to different dominance conditions.

4 Numerical Experiments

In this subsection, we observe the convergence behavior of the ALS method by using data from interesting
examples and more importantly from real applications. In all cases, we focus particularly on the convergence
rate.

4.1 Example 1

We consider an example introduced by Mohlenkamp in [9, Section 4.3.5]. Here we have

(1) ()+(2)+(D)=()=(2)

el].= €9:=

blZ: bQZ:

see Eq. (1). The tensor b is orthogonally decomposable. Although the example is rather simple, it is of
theoretical interest. Since the ALS method converges superlinear, cf. the discussion in Section 1. The tensor

17



b has only two terms, therefore the upper bound for convergence rate from Eq. (8) is sharp, cf. Eq. (9). Let
7 > 0, we define the initial guess of the ALS algorithm by

wm=(T)e(7)e(]):
) = o () (1)

we have for 7 < % that the initial guess v (7) dominates at bo. Therefore, the ALS iteration converge to bo. If
T> % then vo(7) dominates at b; and the sequence from the ALS method will converges to b;. In the first test
the tangents of the angle between the current iteration point and the corresponding parameter of the dominate

term b; (1 <[ < 2)is plotted, i.e.
[1— cos? gy,
tangr; = — (31)
COS <,0le

Since

k
where cos g = <ﬁ;:|l|> . To illustrate the superlinear convergence of the ALS method, we present further
1
plots for the quotient
tan g1
Qr = (32)
tan o
B S e S N R ST
106001 \ tau=0.4 —+—
1.0e-002
~ 1.0e-003 \\ \\
'_g_‘ 1.0e-004
E 1.0e-005 \ \
1.0e-006 \ \
1.0e-007 \ \
1.0e-008

Figure 2: The tangents tan ¢y, o from Eq. (31) is plotted for 7 € {0.4, 0.495, 0.4999}.

4.2 Example 2

Most algorithms in ab initio electronic structure theory compute quantities in terms of one- and two-electron
integrals. In [1] we considered the low-rank approximation of the two-electron integrals. In order to demon-
strate the convergence of the ALS method on an example of practical interest, we use the order 4 tensor for the
two-electron integrals of the so called AO basis for the CH, molecule. We refer the reader to [1] for a detailed
description our example. In this example the ALS method converges Q-linearly, see Figure 4.
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1.0e+000 —— 1.0e+000 e
~ 1au=0.5001 —— ~ 1au=0.4999 ——

~~__  tau=0.505 —— ~— tau=0.495 —+—
N tau=06 —— TN tau=0.4 ——

1.0e-001 \ 1.0e-001
\ \
\ \
1.0-002 \ 1.0e-002
\ \
\ \
1.0e-003 R 1.0e-003
< N
«© 1.0e004 \ @ 1.0e-004
< \ <
=3 =3
1.0e-005

s BN i EERYER
o \

1.0e-008 \ 1.0e-008
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
k k
(a) qi,1 is plotted for 7 € {0.5001, 0.505, 0.6}. Here the (b) qr,2 is plotted for 7 € {0.4999, 0.495, 0.4}. Here the
term b, dominates at every iteration point. term b2 dominates at every iteration point.

Figure 3: ¢, ; from Eq. (32) is plotted for [ € {1, 2} and different values for 7.

4.3 Example 3

We consider the tensor
3

bh=QRp+APR®¢RVq+qDpRq+q©qSp)
pn=1

from Ex. 1.3. The vectors p and g are arbitrarily generated orthogonal vectors with norm 1. The values of

1
tan(¢}.) are plotted, where ¢} is the angle between pj. and the limit point p (i.e. tan ¢}, = (i) , for k > 2).

(Pip)

For the case A = 0.5 the convergence is sublinearly, whereas for A = 0.2 it is Q-linearly.
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(a) The tangents tan @y, 1 for A = 0.2. (b) The tangents tan ¢y,1 for A = 0.5.

Figure 5: The approximation of b from Example 1.3 is considered. The tangents of the angle between the
current iteration point and the limit point with respect to the iteration number is plotted. For A = 1/2, we have
sublinear convergence. But for A = 0.2 < 1/2 the sequence converges Q-linearly.
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