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1 Introduction

Let Q@ € R, d = 2,3, be a polygonal domain that is subdivided in two connected
subdomains €;, ¢ = 1,2. For simplicity we assume that §2; is strictly contained in €2, i.e.,
001 N O = (. The interface between the two subdomains is denoted by I' = 9 N 9.
We are interested in interface problems of the following type:

—div(aVu) =f in €, i=1,2, (1.1a)
[aVu-n]p =0 on T, (1.1b)
[Bulr =0 on T, (1.1c)
u=0 on 0. (1.1d)

Here n is the outward pointing unit normal on I' = 94, [-] the usual jump operator
and a =a; >0, 8= 06; >0 in §; are piecewise constant coefficients. In general one has
a1 # ao. If 1 = B = 1, this is a standard interface problem that is often considered in
the literature [7, 5, 4, 20]. For /31 # (2 this model is very similar to models used for mass
transport in two-phase flow problems [2, 1, 16, 17, 11]. Without loss of generality we
assume (3; > 1. The interface condition in (1.1c) is then usually called the Henry interface
condition. Note that if 81 # 9, the solution w is discontinuous across the interface. If
B1 = B2 and a1 # ag the first (normal) derivative of the solution is discontinuous across
I". In the setting of two-phase flows one is typically interested in moving interfaces and
instead of (1.1) one uses a time-dependent mass transport model. In this paper, however,
we restrict to the simpler stationary case.

In the past decade, a combination of unfitted finite elements (or XFEM) with the
Nitsche method has become a popular discretization method for this type of interface
problems. This development started with the introduction and analysis of this Nitsche-
XFEM technique in the paper [7]. Since then this method has been extended in several
directions, e.g., as a fictitious domain approach, for the discretization of interface problems
in computational mechanics, for the discretization of Stokes interface problems and for
the discretization of mass transport problems with moving interfaces, cf. [3, 8,9, 13, 14,
15, 10]. Almost all papers on this subject treat applications of the method or present
discretization error analyses. Efficient iterative solvers for the discrete problem is a topic
that has hardly been addressed so far. In general, solving the resulting discrete problem
efficiently is a challenging task due to the well-known fact that the conditioning of the
stiffness matrix is sensitive to the position of the interface relative to the mesh. If the
interface cuts elements in such a way that the ratio of the areas (volumes) on both sides
of the interface is very large, the stiffness matrix becomes (very) ill-conditioned.

Recently, for stabilized versions of the Nitsche-XFEM method condition number bounds
of the form ch™2, with a constant c that is independent of how the interface I' intersects
the triangulation, have been derived [3, 10, 20]. In [10] an inconsistent stabilization
is used to guarantee LBB-stability for the pair of finite element spaces used for the
Stokes interface problem. This stabilization also improves the conditioning of the stiffness
matrix, leading to a ch™2? condition number bound. In [20] a stabilized variant of the
Nitsche-XFEM for the problem (1.1) is considered. For this method an ch™2 condition



number bound is derived.

In this paper we consider the original Nitsche-XFEM method from [7] for the discretiza-
tion of (1.1), without any stabilization. In [7] for this method optimal discretization
error bounds are derived. We prove that after a simple diagonal scaling the condition
number is bounded by ch ™2, with a constant c that is independent of how the interface I'
intersects the triangulation. We prove that an optimal preconditioner, i.e. the condition
number of the preconditioned matrix is independent of h and of how the interface I
intersects the triangulation, can be constructed from approximate subspace corrections.
If in the subspace spanned by the continuous piecewise linears one applies a standard
multigrid preconditioner and in the subspace spanned by the discontinuous finite element
functions that are added close to the interface (the xfem basis functions) one applies a
simple Jacobi diagonal scaling, the resulting additive subspace preconditioner is optimal.
The latter is the main result of this paper. The analysis uses the very general theory of
subspace correction methods [18, 19]. Our analysis applies to the two-dimensional case
(d = 2), but we expect that a very similar optimality result holds for d = 3. This claim is
supported by results of numerical experiments that are presented.

The results derived in this paper also hold (with minor modifications) if in (1.1b),
(1.1c) one has a nonhomogeneous right-hand side. In such a case one has to modify the
right-hand side functional in the variational formulation, but the discrete linear operators
that describe the discretization remain the same.

The outline of this paper is as follows. In section 2 the Nitsche-XFEM method from
[7] for the discretization of (1.1) is described. In section 3 we study the direct sum
splitting of the XFEM space into three subspaces, namely a subspace of continuous
piecewise linears, and two subspaces of xfem functions on both sides of the interface. In
Theorem 3.3, which is the main result of this paper, we prove that this is a uniformly
stable splitting. Following standard terminology (as in [18, 19]) we introduce an additive
subspace preconditioner in section 4. Based on the stable splitting property the quality
of the preconditioner (i.e., the condition number of the preconditioned matrix) can easily
be analyzed. In section 5 we present results of some numerical experiments, both for
d=2and d=3.

2 The Nitsche-XFEM discretization

In this section we describe the Nitsche-XFEM discretization, which can be found at
several places in the literature [7, 4].

Let {7 }n>0 be a family of shape regular simplicial triangulations of Q. A triangulation
Tr consists of simplices T, with hp := diam(7T) and h := max{hp | T € Ty}. The
triangulation is unfitted. We introduce some notation for cut elements, i.e. elements
T € Ty, with T NT # (. The subset of these cut elements is denoted by 7, := {T" €
Tn | TNT #0}. To simplify the presentation and avoid technical details we assume that
for all T € T;' the intersection I'r := T'N T does not coincide with a subsimplex of 7' (a
face, edge or vertex of T'). Hence, we assume that I'p subdivides 7" into two subdomains
T; := T N Q; with measy(7;) > 0. We further assume that there is at least one vertex of



T that is inside domain ;, ¢ = 1,2. In the analysis we assume that 7;? is quasi-uniform.

Let Vj, C H}(2) be the standard finite element space of continuous piecewise linears
corresponding to the triangulation 7j, with zero boundary values at 0Q. Let {x; | j =
1,...n}, with n = dim V},, be the set of internal vertices in the triangulation. The index
set is denoted by J = {1,...,n}. Let (¢;)jes be the nodal basis functions in V},, where
¢; corresponds to the vertex with index j. Let Jr:={j € J | [I'Nsupp(¢;)| > 0} be the
index set of those basis functions the support of which is intersected by I". The Heaviside
function Hr has the values Hr(z) = 0 for x € Q, Hr(z) = 1 for z € Q3. Using this,
for j € Jr we define an enrichment function ®;(x) := [Hr(z) — Hr(x;)|. We introduce
additional, so-called zfem basis functions gbg = ¢;®;, j € Jr. Note that ¢£(xk) =0 for
all j € Jr, k € J. Furthermore, for j € Jr and x; € Q, we have Supp(gbg) C Q9 and
for x; € €2s, we have supp(gbg) C Q. Related to this, the index set Jr is partitioned
in Jro:={jedr|x;€}and Jr1:=Ir\ Jre :_{j € Jr | x; € Q2}. Hence, for
J € Jr,; the xfem basis function gbg has its support in €;, i = 1,2. The XFEM space is
defined by

Vi =Vao Vi eVi,=V, @V with Vi, :=span{ ¢} | j € Jr;}, (2.1)
and Vi := Vi) @ V7,

Remark 2.1. The XFEM space V,F can also be characterized as follows: vy, € V,F if and
only if there exist finite element functions vy, vy € Vj such that (vh)o, = (vi)o,, i = 1,2.
From this characterization one easily derives optimal approximation properties of the
XFEM space for functions that are piecewise smooth, cf. [7, 12].

In the literature, e.g., [7, 4], discretization with the space VhF is also called an unfitted
finite element method.
An L%-stability property of the basis (¢;)jes U (¢£>J‘€JF of V' is given in [12].

For the discretization of the equation (1.1) in the XFEM space we first introduce some
notation for scalar products. The L? scalar product is denoted by (u,v)q := fQ uv dx.
Furthermore we define

(u,0)1,015 = (VUu, VU) 1200y + (VU, VU) 12(0,), U, 0 € HY(Q9) := HY (2 UQy),

. . 1 1
with the semi-norm denoted by |-[1,0,, = (-, ')12791,2 and norm ||-||1,0,, := (||- ”(2)+|‘|%79L2)2.
On the interface we introduce the scalar product

(f.9)r == /F fgds (2.2)

and the mesh-dependent weighted L? scalar product

(f,g)%hF = hléfgds. (2.3)



The Nitsche-XFEM discretization of the interface problem (1.1) reads as follows:
Find uy, € VhF such that

(aBup, vp)1,0,, — (faVup -0}, [Bon])r — ({aVop, - 0, [Bun])r

2.4
+ (A[Bun], [[ﬁvh]])%,h,l" = (Bf,vn)o forall v, € Vhr. (2:4)
Here we used the average {w} := kw1 + kowa with an element-wise constant x; = ||7;f|‘.

This weighting in the averaging is taken from the original paper [7]. The stabilization
parameter A > 0 should be taken sufficiently large, A > ¢\ max{a;}i=1 2, with a suitable
constant ¢y only depending on the shape regularity of T' € T.

Discretization error analysis for this method is available in the literature. In [7] optimal
order discretization error bounds are derived for the case 81 = 2 = 1. The case 51 # (52
is treated in [15].

For the development and analysis of preconditioners for the discrete problem, without
loss of generality we can restrict to the case 51 = B2 = 1. This is due to the following
observation. We note that (also if 51 # f2) we have [vy, € Vhr iff vy, € VhF. Thus, by
rescaling the test functions v, and with & := a8~! the problem (2.4) can be reformulated
as follows: Find 4y, = Puy, € VhF such that

(Qtin, vn)1,0,, — (faVa, -0}, [ve])r — (faVuy - o, [@n])r

_ 2.5

+ (Man], HUh]D%ﬁT = (f,vp)o forall vy € Vhr. (25)

The stiffness matrices corresponding to (2.4) and (2.5) are related by a simple basis

transformation. In the remainder of the paper we only consider the preconditioning

of the stiffness matrix corresponding to (2.5). Via the simple basis transformation the
solution to (2.5) directly gives a solution to (2.4).

Remark 2.2. In certain situations it may be (e.g., due to implementational aspects)
less convenient to transform the discrete problem (2.4) into (2.5). If one wants to
keep the original formulation, it is easy to provide an (optimal) preconditioner for it,
given a preconditioner for the transformed problem (2.5). We briefly explain this. Let
(1j)1<j<m denote the basis for V;', and A, A the stiffness matrices w.r.t. this basis of the
problems (2.4) and (2.5), respectively. Let T be the matrix representation of the mapping
vy, — By, for vy, € Vh , i.e., the i-th row of T contains the coefficients ¢; ;, such that
8~ 11/12 = > i tig¥r. Then the relation A = TAT7 holds. Given a preconditioner C
for A we define C := TTCT as preconditioner for A. Due to the equality of spectra,

(CA) = 0(CA), the quality of C as a preconditioner for A is the same as the quality
of C as a preconditioner for A.

We introduce a compact notation for the symmetric bilinear form used in (2.5). For
convenience we write « instead of &, and we assume a global constant value for A:

ah(uv U) = (auv 0)1,91,2 - ({CYVU : n}’ [[U]])F - ({{OéVU : n}}’ [[u]])p + )‘([[u]]’ [[U]])%,h,f" (26)



This bilinear form is well-defined on VhF X Vhr. For the analysis we introduce the bilinear
form and corresponding norm defined by

r
lully, = [uliq,, + AIullL ,pr v € Vi (2.7)
In [7] it is shown that, for A sufficiently large, the norm corresponding to the Nitsche
bilinear form is uniformly equivalent to || - ||x:
an(u,u) ~ lul|z  for all ue V. (2.8)

Here and in the remainder we use the symbol ~ to denote two-sided inequalities with
constants that are independent of h and of how the triangulation is intersected by the
interface T'. The constants in these inequalities may depend on a and A. We also use <
to denote one-sided estimates that have the same uniformity property. In the remainder
we assume that A > 0 is chosen such that (2.8) holds.

3 Stable subspace splitting

We will derive an optimal preconditioner for the bilinear form in (2.6) using the theory
of subspace correction methods. Two excellent overview papers on this topic are [18, 19].
The theory of subspace correction methods as described in these overview papers is a very
general one, with applications to multigrid and to domain decomposition methods. We
apply it for a relatively very simple case with three disjoint spaces. We use the notation
and some main results from [19]. It is convenient to adapt our notation to the one of the
abstract setting in [19]. The three subspaces in (2.1) are denoted by Wy = Vi, Wi = Vi7,,
i = 1,2. Thus we have the direct sum decomposition

S=VI=WoaW, & W, (3.1)

Below u = ug + u1 + ug € S always denotes a decompositon with uv; € W;, [ = 0,1, 2. For
the norm induced by the bilinear form ay(+,-) we use the notation

1
llullp == ap(u,u)2, wesS.

Recall that this norm is uniformly equivalent to || - ||n, cf. (2.8). In theorem 3.3 below we
show that the splitting in (3.1) is stable w.r.t. the norm || - ||5.

The result in the next theorem is the key point in our analysis. We show that the
splitting of S into Wy and the subspace spanned by the xfem basis functions W; & Ws is
stable. For this we restrict to the two-dimensional case d = 2. We use a transformation
of certain patches to a reference patch on [0, 1]2. We first describe this transformation.
We construct a subdivision of 7,| into patches {wy} as follows, cf. Figure 3.1. We first
define a subset £ of all edges that are intersected by I'. Consider an edge E; which is
intersected by I' such that one vertex Vj is in {1 and the other, V{*, is in {25. We define
this edge as the first element in £. Now fix one direction along the interface and going in
this direction along I' we get an ordered list of all edges intersected by I'. As last edge



in this list we include the starting edge F;. As the next edge Fo € £ we take the first
one after F; (in the list) that has no common vertex with Ey. As E3 € £ we take the
first one after Fy that has no common vertex with Es, etc.. To avoid technical details
we assume that the final edge F, included in £ coincides with E. By construction we
get a numbering of certain vertices as in the left part of Figure 3.1: edge E; has vertices
Vi € (Y, VJ* € y. The elements between two edges Fy, Exyi1 € £ form the patch wy.

Figure 3.1: Sketch of the partitioning of 7, (and neighboring elements) into (extended)
patches wy and their transformations to a reference configurations.

The patches {wghi<k<n,, with N, = Ng¢ — 1, form a disjoint partitioning of 77{. We
define the extended patch wf by adding the neighboring elements which are not in 7;5,
ie, wf:=wy U{T € T, \ T} | T has a common edge with a 7" € wy}. The part of the
interface I' contained in wyf, is denoted by I'y. The triangulation (and corresponding
domain) formed by the union of the extended patches wj is denoted by 7;LF’6. Note that
every element T € 77;’6 can appear in at most two patches wy. Further note that the
number of elements within each extended patch wj is uniformly bounded due to shape
regularity of 7;. For each extended patch wf, there exists a piecewise affine transformation
Py, : wf — R? such that ®x(wg) = [0, 1)%. Accordingly we denote a transformed patch by
w and @°.

Theorem 3.1. Take d = 2. The following holds:

HugH% + HwH?L < Jup + wH%L for all ug € Wy, w € Wy & Wh. (3.2)



Proof. Due to norm equivalence the result in (3.2) is equivalent to:

luoll + lwllf < lluo +wlly - for all ug € Wo, w € Wi & W

For w € W) & W, we have w = 0 on Q \ 7;5’6, and 77?’6 is partitioned into patches wy.

Hence, it suffices to prove
lwoll? e + llwll? e < lluo + w7 e for all ug € Wy, w € Wi @& Wh. (3.3)
e e [aad 3}

We use the transformation to the reference patch @€ described above. On the reference

patch we have transformed spaces Wo (continuous, piecewise linears) and W1 & W.

The functions in Wy (Ws) are piecewise linear on the part of the patch below (above)
the interface I', zero on the line segment y = 0 (y = 1) and zero on the part of
the patch above (below) the interface I The norm |uflpwe and the induced norm

lilas = (Vi Va) 2oy + Mal, [al) o p,) 2, with @ = u o ®;* on &, arc uniformly
equivalent, because the constants in this norm equivalence are determined only by the
condition number of the piecewise affine transformation between wj and @j,. Note that
neither the spaces W, nor the norm || - ¢ depend on h (the h-dependence is implicit
in the piecewise affine transformation). The reference patches wj all have the same
geometric structure, cf. Figure 3.1. These patches have (due to shape regularity of T3,) a
uniformly bounded number of vertices on the line segment that connects the vertices V;,
Vig1 (or V;*, Vi3 1). In the rest of the proof a generic reference patch and its extension
are denoted by w and @€, respectively. The interface segment that is intersected by @ is
denoted by I. We conclude that for (3.3) to hold it is sufficient to prove

2.+ Jwl?e < K|luo +w|?.  for all ug € Wy, w e Wy & W, (3.4)

lluo

vyith a constant K that is independent of how the patch w is intersected by the jnterfa;e
I'. Note that (Vug, Vw) 2 ge\ey = ([uo], [[w]])Lg(f) =0 for up € Wy and w € Wy @ Wh.

Hence,

lluo + wlZe = JuolZe + Il +2(Vuo, Vo) 2y, uo € Wo, w € Wi @ Wy

holds. Thus it suffices to prove the strengthened Cauchy-Schwarz inequality

(Vuo, Vw) 2oy < C*flullee Jwlloe  for all ug € Wo, we Wy @ W, (3.5)

e

with a uniform constant C* < 1. The proof of (3.5) is divided into three steps, namely a
strengthened Cauchy-Schwarz inequality related to the z-derivative, a suitable Cauchy-
Schwarz inequality related to the y-derivative and then combining these estimates.
Step 1. The following holds:

| (i, w2) 12| < colluall p2(oe) lwallp2(ey  for all u € Wy, w € Wy & W, (3.6)

with a uniform constant co < 1. From the Cauchy-Schwarz inequality we get |(uz, wz)r2(q)
|zl 22 (@)llwz | L2(w)- Within the patch @ = {T;} the x-derivative u, is piecewise con-
stant and wug|7; = ug|7; y for the neighboring triangle T; v € @°\ @. This implies

<



vl z2(1y) < élluellL2(mury y)> With ¢ < 1 depending only on shape regularity. Thus we
obtain [luz||r2(e) < colltal[£2(ge), With a uniform constant co < 1, which yields (3.6).
Step 2. The following holds:

|(uy7wy)L2(UD)| < min{clHUxHLQ(cb)a Huy”L2(®)}HwaL2(d))

L (3.7)
+ CQH'U,yHL2(&))H[['LU]]HLQ(f\) for all u € Wy, w € Wi & Ws,

with suitable uniform constants cq, co.

Let {T;} be the set of triangles that form & and let these be ordered such that
meas) (1; N Tj+1) > 0. We denote the interior edges by e; = T; N Tj+1. To show (3.7) we
start with partial integration

‘/uywy dx’ = ‘Z/ NIy Uyw ds +/ nry uy[w] ds
w T; 8T~L f‘Ti
<> |l
e;

where for the edges of 9T} that lie on & = 9]0, 1]? we used w = 0 for y € {0,1} and
nr,y = 0 for 2 € {0,1}. To proceed we need technical estimates to bound [u,]e, and
fei wds. For those estimates we exploit propertries of the geometry of @w. First consider

(3.8)

/ wds‘ + Huy||L2(f)H[[w]]HL2(f‘)

€

ue W along an interior edge e; ¢ 0w and denote the unit tangential vector to e; by
7 = (74, 7). For 7 we have |r,| > 1/v/2 > |7,|. Due to continuity of u along e; there
holds [Vu]e, - 7 = 0, which implies

Tx
|[[uy]]€i‘ = g H[Ux]]eJ < }uﬂTi‘ + ’ux\TiH"
Thus we obtain
|[[uy]]ei‘ sc min{Hul'HLz(TiUTi+1)’ Huy||L2(TL‘UT~;+1) } (39)

Next, we consider w = wy + wy € Wl @ Wg along the interior edge e;. Let T; be
a triangle adjacent to e;. Without loss of generality we assume that two vertices of
T; are in () and we thus have (w1); = 0 on T;. We denote the vertices of e; by
X, = e; NOwN Qi, 1 = 1,2 and the intersection point by xp = ¢; N [' and define the
distances d; = ||x; — xr||2, ¢ = 1,2. As w is piecewise linear along e;, zero at x;, and
(w1)e = 0 on T;, we have wy(xr) = £dy7y(w1)y. Furthermore:

1 1 1 1
/ wds = §d1w1(x1~) + §d2w2(Xp) = §(d1 + do)wy (xr) — idQ[['lU]](XF).

We also have the geometrical information di < di + da < V2, di < c]Ti|%, ]f‘TZ\ <2
and dy < c\f‘Tzﬁ Because [w] is linear along I'7; there also holds \le\% [[w](xr)| <
cll [[w]]HLQ(fT‘). Using these results we get

| [ was] < llw oy + el (3.10)



From (3.9) and (3.10) we obtain

Z ’ [uy]e,

[ was] < eyl el ogey + elluslzzo oy lizey (310
Combining (3.8), (3.11) and the Cauchy-Schwarz inequality ’ o uywy dx‘ < luyll 2@ lwyll 2 @)

results in (3.7).
Step 3. The following holds:

1 1
[(Vut, V) 20| < C* (el 2oy + gl zaay)® (1 V0l + Al 12,) 2 (3.12)

for all u e Wy, w € Wy @ Wg, with a uniform constant C* < 1.
The proof combines the preceding results. We define a; = |[uz||p2(ge), Bz = Wz llr2(2),
ay = lluyll2@), By = llwyllr2@y, v = H[[w]]HB(f). Then we have with (3.6), (3.7) and

2

0 — O az(oé%-i-af,)% andﬁz(ﬁ%-ﬁ-ﬂg‘F)\’Yz)%

aZ+a’
[(Vu, Vw) 24| < coazBe + min{cia, ay} By + coayy
< (a2 + min{cfaZ, a2} + BagA~")2 (B2 + B + M)
< (c20 + min{ci0,1 — 0} + c3(1 — H)A_l)%aﬁ.

c%—i—c%

One easily sees that c20 + min{c?0,1 — 0} < e
2

62?7_622)) (3.12) follows for a suitable uniform constant C* < 1.

2 0

The result (3.12) directly implies (3.5) and thus the estimate (3.2) holds for A sufficiently
large. For different values A > \*, with A* the critical value for which the norm equivalence
(2.8) holds, the norms || - ||, (depending on \) are equivalent, with equivalence constants
depending only on A. This implies that (3.2) holds for any A > A*. O

< 1. For sufficiently large A (A >

In the next lemma we derive the stable splitting property of Wi @ Whs.
Lemma 3.2. The following holds:

lwlln ~ Jwl,g, foralluyyeW, andl=1,2, (3.13)
HulH% + ”UQH%L < Hu1 + UQ”%L for all uy +ug € Wy & W, (3.14)

Proof. Take | = 1. We have

i ~ Ml = fualfay + Allwal 13, 0 ~ T + 27 72y (3.15)
This implies |u1|1,0, S ||u1]|n. Next we show
-1 2 2
h udllzery S lualio,- (3.16)

For this, we represent I' locally as the graph of a function 1, with a local coordinate
system (£,7n) as in Figure 3.2. Then we can write

10



Figure 3.2: Local representation of I' as a graph.

¥ gy
i (6,1(6)) = (€, 9(0)) + /0 G an,
=0

and thus

(&) 9 2
(@2 =| [ Ghenan] <[
<

&) Huy
o [ Grenran
Gk
ch
Integration over ¢ yields (3.16). In combination with (3.15) this yields [ju1|? < uil1,0;,
which completes the proof of (3.13). We now consider the result in (3.14). Due to
|| - lln ~ || - |ln is suffices to prove

lull, + lluzlliy < lluy +ually - for all ug +uz € Wi & Wh. (3.17)

The scalar product corresponding to || - || is denoted by (-, -)s, i.e. (u,v)x = (u,v)1,0,, +
A[u], [v]) 1, p- From (u1,u2)1,0,, = 0 it follows that
DRIAZ]

|(ur, u2)s| = [A([ul, [v]) 1 0l < A7l [l 2y 2l p2gr)-

Using the results in (3.16), (3.13) we get, with a suitable constant ¢ and for arbitrary
de(0,1):

[(u1, u2)«| < (1= )AL Hlua | p2qry lluall 2y + deA|ur|1e, [uz|1o,

< max{1 — §, eAH|un [|n[lwz]ln-
By choosing a suitable §, we obtain the strengthened Cauchy-Schwarz inequality
|(u1, u2)s] < C*ur|plluelln  for all uy € Wi, ug € W,

with a constant C* < 1, independent of A and of how the triangulation is intersected by
I'. This result is equivalent to the one in (3.17). O
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As a direct consequence of the stable splitting properties derived above we obtain the
following main result.

Theorem 3.3. Take d = 2. There exists a constant K, independent of h and of how the
triangulation is intersected by I', such that

HUOHZ + Hu1||% + ||uQH% < K||lug + w1 + uz||% for all w=wug+u; +us €8.

Proof. Combine the result in (3.2) with the one in (3.14). O

4 An optimal preconditioner based on approximate subspace
corrections

We describe and analyze an additive subspace decomposition preconditioner using the
framework given in [19]. For this we first introduce some additional notation. Let
Q;:S =W, 1=0,1,2, be the L?-projection, i.e., for u € S:

(Quu,wy)o = (u,wy)p for all w; € W.

The bilinear form ap(-,-) on S that defines the discretization can be represented by the
operator A: S — S:
(Au,v)o = ap(u,v) for all u,v € S. (4.1)

The discrete problem (2.5) has the compact representation Au = fg, where fg is the
L?-projection of the given data f € L?(Q) onto the finite element space S. The Ritz
approximations A; : W, — W;, 1 =0,1,2, of A are given by

(Aju,v)p = (Au,v) = ap(u,v) for all u,v € W,.

Note that these are symmetric positive definite operators. In the preconditioner we need
symmetric positive definite approximations B; : W; — W of the Ritz operators A;. The
spectral equivalence of B; and A; is described by the following;:

M(Biu,u)o < (A, u)o < p(Biu,u)p  for all u € W, (4.2)

with strictly positive constants ~;, p;, [ = 0,1,2. The additive subspace preconditioner is
defined by

2
C=> B'aQ. (4.3)
=0

For the implementation of this preconditioner one has to solve (in parallel) three linear
systems. The operator @; is not (explicitly) needed in the implementation, since if for a
given z € § one has to determine d; = B, 1,2, the solution can be obtained as follows:
determine d; € W, such that

(Bldl, U)o = (Z,v)o for all v € W,.

The theory presented in [19] can be used to quantify the quality of the preconditioner C.
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Theorem 4.1. Define ypmin = ming v, pmax = max; p;. Let K be the constant of the
stable splitting in Theorem 3.3. The spectrum o(CA) is real and

o(CA) C [7?;“ 3 Prmax

holds.

Proof. We recall a main result from [19] (Theorem 8.1). If there are strictly positive
constants K, Ko such that

2
K 1 Z (Byug, up) < |lug + ug +u2||h < KZZ (Byug,u;) for all u; € W,
=0 =0

is satisfied, then o(C'A) C [K; !, K3] holds. For the lower inequality we use Theorem 3.3
and (4.2), which then results in

2

2
luo + w1 + ualff, > Kl[z;‘ululzz = 12 Apug, o }n{m ;(Bzuz,uz)o-

For the upper bound we note

2

l[uo + w1 + uz); < 32 w7 = 32 (Apur, ur)o < 3PmaxZ(Blulyul)o-
1=0 1=0

Now we apply the above-mentioned result with K; = K/vymin and K2 = 3pmax- ]

The result in Theorem 3.3 yields that the constant K is independent of h and of how
the triangulation intersects the interface I'. It remains to choose appropriate operators
B; such that ymin and pmax are uniform constants, too.

We first consider the approximation By of the Ritz-projection Agy. Note that the finite
element functions in Wy = V}, are continuous across I'. This implies that

(Aou,v) = ap(u,v) = (qu,v)1,0,, = (aVu,Vv)g for all u,v € Wyp.

Hence, Ay is a standard finite element discretization of a Poisson equation (with a
discontinuous diffusion coefficient «). As a preconditioner By for Ay we can use a
standard symmetric multigrid method (which is a multiplicative subspace correction
method). From the literature [6, 18, 19] we know that for this choice of By we have
spectral inequalities as in (4.2), with po = 1 and a constant 7y > 0 that is independent
of h and of how I' intersects the triangulation.

It remains to find an appropriate preconditioner B; of A;, [ = 1,2. For this we
propose the simple Jacobi method, i.e., diagonal scaling as a preconditioner for A,
[ =1,2. We first introduce the operator B; that represents the Jacobi preconditioner.
Recall that W, = span{gzﬁg | 7 € Jr;}. Elements u,v € W, have unique representations
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u = ZjG_Jr,l a]'-d)g, v = Zjejp,l ﬂjqﬁg. In terms of these representations the Jacobi
preconditioner is defined by

(BZU,U)() = Z ajﬂjah(¢£7 ¢£)7 U,V € Wl7 l= 17 2. (44)

JEIT,

Note that ah(qbg, gb;) are diagonal entries of the stiffness matrix corresponding to as(-, ).
The result in the next lemma shows that this diagonal scaling yields a robust preconditioner
for the Ritz operator A;.

Lemma 4.2. For the Jacobi preconditioner By there are strictly positive constants v, py,
independent of h and of how the triangulation is intersected by I' such that

Yi(Bu,u)o < (Aju,u)g < pi(Bu,u)g  for allu e Wy, 1=1,2, (4.5)
holds.

Proof. Take u = Zjejp,l ozjqﬁjr- € W,. For each T € T} we define T} = T N €Y, and for
each T} we denote by V(T}) the set vertices of T that are not in ;. Note that V(T}) # ()
and V' (T;) does not contain all vertices of 7. Using (3.13) and the construction of the
xfem basis functions we get

(Bru,u)o = Y o2an(¢),05) ~ > o?lof i,

JEIT JEIr, (4 6)
=Y > AR~ D>, > GV rlBIT.
TeTl jeV(T1) TeTr jeV(Ty)

Using (3.13) and the fact that Vu is a constant vector on each T; we get, with || - ||2 the
Euclidean vector norm,

(Arw,u)o = [lully ~ [ulf o, = Y IVullZemy = D 1TVl (47)
TeTk TeT!

Now note that (Vu);r, = ZjEV(TZ)%‘(V%F-)m = Y jevn) % V(#;)r. Because V(Tj)
does not contain all vertices of T, the vectors in the set {(V¢;)ir | j € V(T})} are
independent and the angles between the vectors depend only on the geometry of the
triangulation 7p. This implies that

I(Va)mlz ~ Y ajlive el

JeV(Th)
Combining this with the results in (4.6) and (4.7) completes the proof. O

Remark 4.1. Instead of an optimal multigrid preconditioner in the subspace Wy = V4,
one can also use a simpler (suboptimal) Jacobi preconditioner, i.e. By analogous to (4.4).
For this choice the spectral constants in (4.2) are yo ~ h? and pg ~ 1. The three subspaces
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are disjoint and thus if one applies a Jacobi preconditioner in the three subspaces, the
additive subspace preconditioner C' in (4.3) coincides with a Jacobi preconditioner for
the operator A. From Theorem 4.1 we can conclude that x(C'A) < ch™2 holds, with a
constant ¢ independent on h and the cut position. Similar uniform O(h~2) condition
number bounds have recently been derived in the literature, cf. [20] and [4]. In these
papers, however, for obtaining such a bound an additional stabilization term is added to
the bilinear form ap(-,-). Our analysis shows that although the condition number of the
stiffness matrix corresponding to ap(-,-) does not have a uniform (w.r.t. the interface
cut) bound ch~2, a simple diagonal scaling results in a matrix with a spectral condition
number that is bounded by ch™2, with a constant ¢ that is independent of how T is
intersected by the triangulation. We note that adding a stabilization as treated [4] may
have a positive effect not only on the condition number, but also on robustness of the
discretization w.r.t. large jumps in the diffusion coefficient.

Remark 4.2. The assumption d = 2 is essential only in the proof of Theorem 3.1.
Concerning a generalization to d = 3 we note the following. Firstly, it is not obvious how
the subdivision into patches wy can be generalized to three space dimensions. Secondly,
if d = 2 then for every element within the reference patch & we know that the local
finite element space on T' N £}; is one-dimensional which is exploited to characterize the
one-sided limit at the interface. In three dimensions the local finite element space can
be two-dimensional on both parts T'N€;, ¢« = 1,2 such that it is not obvious how to
generalize the proof of Theorem 3.1.

Nevertheless, we expect that the result of Theorem 3.3, hence also the results on the
additive subspace preconditioner, hold in three space dimensions. This claim is supported
by the results of a numerical example with d = 3, presented in section 5.2.

Remark 4.3. For ease of presentation, all dependencies on «, especially on the jumps
in a, have been absorbed in the constants that appear in the estimates. The results in
neither Lemma 3.2, Theorem 3.1 nor Lemma 4.2 are robust with respect to jumps in a.
We illustrate the dependence of the quality of the subspace preconditioner on the jumps
in « in a numerical example in section 5.1.

Remark 4.4. Instead of the additive preconditioner C' in (4.3), one can also use a
multiplicative version, cf. [19]. The optimality of this multiplicative variant, which can
be used as a solver or a preconditioner, can easily be derived using the framework given
in [19] and the results presented above.

5 Numerical experiments

In this section results for different subspace correction preconditioners are presented. We
consider a discrete interface problem of the form: determine uy € VhF such that

ap(up,vp) = (f,vp)o for all v, € Vhr,

with ap(-,-) as in(2.6). We take test problems with d = 2 and d = 3. The resulting
stiffness matrix, which is the matrix representation of the operator A in (4.1), is denoted
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by A. The matrices corresponding to the Ritz approximations Ay (projection on V},) and
A, (projection on V}*) are denoted by Ag and A, respectively. The diagonal matrices
diag(A), diag(Ay) diag(A,) are denoted by Da, Do and D, respectively. Furthermore,
Cy denotes a preconditioner for A, for instance a multigrid preconditioner or Cg = Dy.
We define the block preconditioners

L AO 0 L A() 0 L C() 0
B (% 2 ) B (A 0 ) B (90

The matrix Ba corresponds to an additive subspace preconditioner with exact subspace
corrections, Bp has an exact correction in V} and an approximate diagonal subspace
correction in V¥, and B¢ has approximate subspace corrections in all subspaces.

In the following we study the performance of these preconditioners, in particular their
robustness w.r.t. both the variation in the mesh size h and the location of the interface.
We also ilustrate the dependence of the condition numbers on A and the diffusivity
ratio oy /ag. In section 5.1 we consider a two-dimensional example with a challenging
configuration in the sense that many elements in the mesh have small cuts. This setting
allows for a detailed study of the dependencies on h, a1 /ag and A. In the second example
in section 5.2 we consider a three-dimensional analog and apply a multigrid preconditioner
CO for Ao.

5.1 Two-dimensional test case

The domain is the unit square Q = [0,1]? with an interface I' which is a square with
corners that are rounded off. A sketch is displayed in Figure 5.1 (left). The rounded
square is centered around Xg, it is denoted as £21. We set the dimensions to [ = 0.2
and r = 0.05. In the implementation a piecewise linear approximation of I' is used. To
investigate conditioning of the system, we consider a situation with many small cuts. To

|

ro I r

-
r
l oXO

e \D

l
" T

Figure 5.1: Setup of example in section 5.1 (left) and the uniform mesh on level L2 with
an interface that generates many small cuts (right).

this end we use a uniform triangulation of Q and set xg = (0.5,0.5) +¢(1,1) with a “shift
parameter” ¢ = 2720, In this configuration almost all cut elements T € 77; have very
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small cuts (cf. right sketch in Figure 5.1). A similar test case has been considered in [3]
as “sliver cut case”. We use four levels of uniform refinement denoted by L1,..,1.4.

The diffusion parameters are fixed to (ai,as) = (1.5,2). Note that we consider
81 = B2 = 1, but the problem is equivalent to every combination of Henry and diffusion
parameters which fulfill (o /81, aa/B2) = (1.5,2). The Nitsche stabilization parameter is
set to A = 4a with & = (a1 + as) = 1.75. As a right-hand side source term we choose
f=1in Q; and f =0 in Qs.

In the tables below we present results for the spectral condition number of the precon-
ditioned matrix. We also include the iteration number of the CG method, applied to the
preconditioned system, needed to reduce the starting residual by a factor of 106.

L1 L2 L3 L4

k(BRIA)(its.)  4.98 x 10°(13)  4.95 x 10°(13)  4.82 x 10°(12) 4.82 x 10° (11)
k(B A)(its.)  5.12 x 10°(13)  5.06 x 10°(13) 4.94 x 10°(12) 4.94 x 10° (11)
k(D A)(its.) 278 x 101(22)  1.11 x 10%(40) 4.42 x 10%(73) 1.77 x 103(127)

Table 5.1: Condition number and iteration counts of CG method (A = 4@, a1 /as = 0.75).

In Table 5.1 the condition numbers corresponding to the block preconditioners Ba,
Bp and D4 are displayed for four different levels of refinement. The condition number
of A is above 10”7 and the number of CG iterations without preconditioning is above
2000 on all four levels. We observe that the condition numbers of BAo and Bp are
essentially independent on the mesh size h. From further experiments we observe that
the condition number of A severely depends on the shift parameter, the results for the
block preconditioners however remain essentially the same. This is in agreement with
the results derived in section 4. Also the Jacobi preconditioner D 5 behaves as expected.
With decreasing mesh size h, for the condition number we observe k(D A) ~ h=2,

M a 4 % 100 4 % 10 4 x 102 4 % 103
k(BATA)(its.)  4.95 x 10°(13)  2.50 x 10° (9) 2.29 x 10° (7) 2.27 x 10° (6)
k(Bp'A)(its.)  5.06 x 10°(13)  2.14 x 10'(13) 2.07 x 10%(14) 2.07 x 103(15)

k(DA (its.)  1.11 x 102(40)  9.49 x 101(36)  2.07 x 10%(38)  2.07 x 10%(44)

Table 5.2: Condition number and iteration counts of CG method (level L2, a1 /e = 0.75).

For these preconditioners, with a fixed mesh (level L2) the dependence on A is shown in
Table 5.2. The results suggest that the estimate in Theorem 3.1 is essentially independent
on A. The condition number /{(BKIA) even slightly decreases for increasing A\. The
diagonal preconditioning of the xfem block A, however, results in a linear dependence on
A. Hence, diagonal preconditioning of A, is not robust w.r.t. A. Despite the increasing
condition number, the CG iteration counts seem to stay almost constant. A similar
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behavior can be observed for the Jacobi preconditioner D4 .

a1/ 7.5 x 1071 7.5 x 10° 7.5 x 10! 7.5 x 102

k(BR'A)(its.)  4.95 x 10°(13)  1.13 x 10'(20) 5.54 x 101(26) 5.21 x 10%(28)
k(Bp'A)(its.) 5.06 x 10°(13)  1.29 x 10(20) 9.87 x 10*(28) 9.61 x 10%(26)
k(D A)(its.) 1.11 x 102(40)  6.33 x 10%(45)  5.90 x 103(50) 5.86 x 104(72)

Table 5.3: Condition number and iteration counts of CG method (level L2, A = 4a).

In Table 5.3 we illustrate the behavior of the preconditioners for increasing diffusivity
ratios. We observe that for all three preconditioners the corresponding condition number
has a roughly linear dependence on «a;/ay. We conclude that the stability estimate in
Theorem 3.1 is not robust with respect to variation in ay/as. The increase of the CG
iteration counts, however, is only very mild.

5.2 Three-dimensional test case

We consider a setup in three dimensions very similar to the one used in section 5.1.
The domain is the unit cube € = [0, 1]? with a cube that is rounded off as the dividing
interface. The cube, denoted as €1, is centered around xg = (0.5,0.5,0.5) + (1,1, 1) with
a small “shift parameter” € = 2720, The dimensions of the cube are chosen as in section
5.1 (I =0.2, r = 0.05) and a uniform triangulation of € is used. We use seven levels of
uniform refinement denoted by LO,..,L6 where the coarsest level (L0) is a 2 x 2 x 2-grid.

The diffusion parameters are fixed to (g, az) = (1,3). Note that we consider 8; =
B2 = 1. The Nitsche stabilization parameter is set to A = 5& with & = %(Ozl + ag) = 2.
As a right-hand side source term we choose f =1 in Q; and f = 0 in Q.

We investigate the performance of the CG method preconditioned with B¢, cf. (5.1).
For the preconditioner Cy of Ay we use a standard multigrid method. In this multigrid
preconditioner we apply one V-cycle with a damped Jacobi (damping factor 0.8) iteration
as pre- and post-smoother. In Table 5.4 the iteration counts that were needed to reduce
the initial residual by a factor of 10° for the levels L2 to L6 are shown. On level L6 we
have approximately two million unknowns.

L2 L3 L4 L5 L6
CG iterations 22 25 27 29 32

Table 5.4: Iteration counts of multigrid-preconditioned CG method (A = ba, ao /a1 = 3).
We observe that the iteration counts stay essentially bounded such that the effort for

solving the linear systems is O(N) with N the number of degrees of freedom, i.e. B¢
is an optimal preconditioner. The mild increase in iteration numbers further decreases
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if the Jacobi preconditioner D, used in the subspace V' is replaced by a symmetric
Gauss-Seidel preconditioner. For this choice we obtain the numbers 21,23,23,25,27 for
the levels L2 to L6.
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