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Abstract

This paper is concerned with the development and analysis of an iterative solver
for high-dimensional second-order elliptic problems based on subspace-based low-rank
tensor formats. Both the subspaces giving rise to low-rank approximations and cor-
responding sparse approximations of lower-dimensional tensor components are deter-
mined adaptively. A principal obstruction to a simultaneous control of rank growth
and accuracy turns out to be the fact that the underlying elliptic operator is an iso-
morphism only between spaces that are not endowed with cross norms. Therefore, as
central part of this scheme, we devise a method for preconditioning low-rank tensor
representations of operators. Under standard assumptions on the data, we establish
convergence to the solution of the continuous problem with a guaranteed error reduc-
tion. Moreover, for the case that the solution exhibits a certain low-rank structure
and representation sparsity, we derive bounds on the computational complexity, in-
cluding in particular bounds on the tensor ranks that can arise during the iteration.
We emphasize that such assumptions on the solution do not enter in the formulation
of the scheme, which in fact is shown to detect them automatically. Our findings are
illustrated by numerical experiments that demonstrate the practical efficiency of the
method in high spatial dimensions.
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1 Introduction

The approximate solution of high-dimensional linear diffusion problems is not only of
intrinsic interest, but occurs also frequently as a subproblem in solvers for other classes
of high-dimensional problems, e.g. via operator splitting. Written as operator equations,
such diffusion problems are of the form

Au = f, (1.1)

where the exact solution u belongs to some energy space V', comprised of functions of d > 1
variables, and f is a given element in the normed dual V'’ of V. A basic model problem
of this type is the high-dimensional Poisson problem with A = —A and V = H{((0,1)%).

Such spatially high-dimensional problems have been investigated in different communi-
ties from rather different perspectives. One can roughly distinguish the following groups:
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(a) A rich theoretical foundation exists for methods based on variants of hyperbolic
cross approximations and sparse grids, where approximability can indeed be directly re-
lated to the regularity of certain high-order mixed derivatives. Rigorous adaptive methods
for this type of approximations are available, for instance the one proposed in [13]. How-
ever, such approaches turn out to be feasible only for moderate values of d.

(b) Very promising concepts of low-rank tensor approximation have been developed,
for instance, in the works [1,4,6,7,19,24-26]. These tools have been successfully applied
in high-dimensional regimes. However, to our knowledge, rigorous error and complexity
bounds for relevant norms are not yet available in this context.

(c) The intrinsic tractability of high-dimensional diffusion problems has been addressed
from the viewpoint of Information Based Complezity, see [35] and the literature cited
there. The central issue there is to determine under which circumstances the curse of
dimensionality can be broken, that is, whether one can find an algorithm whose complexity
does not scale exponentially in the spatial dimension d when realizing a given target
accuracy. In this latter case the problem is called tractable. Favorable rigorous complexity
bounds have been obtained for elliptic Neumann problems under various assumptions on
the right hand side which constrain the dependence on the different variables and ensure
the availability of simple (diagonal) solution operators. However, it is not clear how to
translate these findings into a realistic computational scenario.

The present paper is an attempt to offer a synthesis between (a), (b) and (c). However,
we emphasize from the start that, in contrast to (c¢), our focus is on the the complexity
of the inversion process—diagonal operator representations not being available—to find
approximations to the solution wu, given appropriate approximations to the data f. The
rationale is that even for the simplest type of data, such as a constant function f, the
inversion is completely infeasible for increasing d when using standard techniques under
realistic regularity assumptions.

The approaches listed under (b) can be viewed as seeking suitable solution-dependent
but computationally accessible bases, with respect to which the solution permits good
approximations with relatively few terms. The identification of such bases becomes then
part of the solution process and the resulting parametrizations of approximate solutions
are highly nonlinear, much more so than, for instance, best n-term approximations with
respect to an a priori given fixed background basis as in (a).

The rationale in (b) as well as in the present work for employing dictionaries with
tensor structure is that the Laplacian is a sum of rank-one operators and the problem is
formulated on a product domain. Thus one hopes that functions with tensor structure
can best exploit structural properties of u, while separation of variables is known to help
in computationally dealing with a large number of variables. The adaptive method we
put forward in this work iteratively finds basis functions with tensor structure that are
adapted to the approximand w. In the simplest case d = 2, for instance, the algorithm

yields univariate basis functions U, ,51), U ,g2) and coefficients aj such that
u(zy,x9) = Z ag U,gl)(xl) U,S?) (x2) (1.2)
k=1

where the value of r is near-minimal—in a sense to be made precise later—for achieving
a certain error tolerance in the V-norm by a tensor expansion of this form. To achieve
a similar result for large d, we build on recent progress in high-dimensional tensor repre-
sentations, and find approximations in the hierarchical tensor format [22]. The iterative
scheme used to find these approximations is based on a perturbed Richardson iteration
that works directly on the continuous problem, but approximates all quantities by finite



approximations with suitable error tolerances. Our objective is to control the solution
error in an appropriate norm—here, the V-norm—and at the same time to control the
complexity of the complete numerical scheme.

1.1 State of the Art and Main Obstructions

A first question is why one would expect a substantial gain in making the additional effort
of finding, as part of the solution process, a suitable dictionary for representing approxima-
tions. Indeed, many well-studied techniques for approximating high-dimensional functions
rely on sparsity with respect to a judiciously chosen but fized tensor product background
basis for the spatially high-dimensional space. However, under realistic assumptions the
resulting methods usually cannot avoid an exponential scaling of the computational com-
plexity in d. For instance, the adaptive solver for certain problems of the type (1.1)
constructed in [13] builds on anisotropic tensor product wavelet bases, and is shown to
have optimal complexity (also with respect to its d-dependence) in relation to the corre-
sponding best n-term approximation of u. But, as the results for the Poisson problem
given there demonstrate, even the best n-term approximations in such bases become in-
feasible in high dimensions. This indicates that, in order to arrive at a feasible scheme
under realistic regularity assumptions, one has to give up on n-term approximations in
terms of fized background bases and needs to modify the type of approximation.

As mentioned earlier, this is indeed the common theme in the works grouped under (b)
above. However, an essential distinction from the present work is that—except for [3]—all
methods known to us require as a first step the a priori choice of a fized discretization of the
continuous problem, and subsequently aim at solving this discrete problem approximately
in an efficient way using tensor formats for high-dimensional Euclidean spaces. In many
cases of interest, e.g. for the Laplacian, the corresponding discretizations of the underlying
operator have simple explicit representations in such tensor formats. However, to motivate
the subsequent developments, it is important to understand the shortcomings of such a
strategy.

First, accuracy considerations are detached from the underlying continuous problem.
In fact, since accuracy is measured in terms of the Euclidean norm of discretization coef-
ficients, it is unclear what this means for the computed approximation in a function space
norm such as the energy norm. Second, since the resolution is fixed for each variable, even
if the discretized problem was solved exactly, the spatial resolution of the tensor factors
may be insufficient for warranting a desired target accuracy. Furthermore, in the case of
non-zero order operators such as the Laplacian, this cannot be controlled by a posteriori
error indicators: due to the mapping properties of such operators, Euclidean residuals do
not faithfully reflect solution accuracy. Moreover, refinement of the discretization renders
the discrete problem more and more ill-conditioned.

This also becomes apparent in the upper bounds for tensor approximation ranks for
solutions of linear systems obtained in [27]. These are applicable, in particular, to dis-
cretizations of second-order elliptic operators, but not to the corresponding continuous
problems: although the bounds depend only weakly on d, they may grow strongly with
discretization refinement due to the influence of condition numbers. Since this leads to
gross overestimates of the increase of ranks relative to the total solution error (compared
e.g. to the numerical results in Section 7), this underscores the necessity of preconditioning
in the context of low-rank approximations.

Preconditioning means to approximate the inverse as a mapping from V' to V. Unfor-
tunately, when A has non-zero order neither V nor V' are endowed with cross norms, that
is, norms with the property that the norm of a rank-one function equals the product of the



norms of the lower-dimensional factors. As a mapping between such spaces V, V' with-
out simple tensor product structure, the inverse of A has infinite rank, which intrinsically
obstructs the control of rank growth when increasing accuracy. As illustrated in Section
2.3, this is an inherent consequence of the spectral properties of such elliptic operators.
In the method studied in [8], this problem manifests itself in applying the inverse of a
certain Riesz map. However, again only the case of V endowed with a cross norm, where
both this Riesz map and its inverse are of rank one, is considered in detail. Although in
other works, preconditioners for low-rank tensor methods for second-order problems have
been proposed, e.g. in [1,4,23,26], these have not been analyzed in their overall effect on
the complexity of the solution process. The central objective of the present work is to put
forward several new conceptual ingredients to address these intrinsic obstructions.

1.2 New Conceptual Ingredients

To overcome the above obstructions one has to account for the following points. First, to
be able to achieve arbitrarily good approximations to the solution of the continuous prob-
lem, one has to intertwine finding good low-rank approximations with finding sufficiently
accurate basis expansions for lower-dimensional tensor components. In the example (1.2)
for d = 2 this means to keep, for a given target accuracy ¢, the rank r = r(e) as small

as possible, while the involved low-dimensional tensor factors U éz) (x;) need to be resolved
with an increasingly better accuracy as well. Second, to properly balance both levels of
approximation as well as monitor the deviation from the continuous solution, we need to
relate solution errors to residuals. This inevitably requires taking into account that the
operator A is an isomorphism from V onto its normed dual V’. Third, we need to use
tensor formats with similar stability properties as the singular value decomposition, while
respecting the norms imposed on us by the spaces V and V.

This has led to the framework proposed in [3]. With the aid of a suitable background
basis such as a tensor product wavelet basis on = (0, 1)¢ the problem (1.1) is transformed
into an equivalent problem on the infinite dimensional sequence space £2(V?) with entries
indexed by elements of the Cartesian product V% of low-dimensional wavelet index sets.
Hence, sequences can be viewed as tensors of order d, and the spectral theorem allows
one to carry over the results on stable tensor formats to f3(V?). Moreover, when A is
a zero-order operator or when A acts on only a fixed small number of variables as an
operator of nonzero order, as in the case of parametric PDEs, suitable spaces V are tensor
product Hilbert spaces with tensor product Riesz bases. As a consequence, the wavelet
representation A still has low rank and the transformed problem is well-conditioned on
l5(V?), so that solution errors indeed become equivalent to residuals. It is shown in [3]
how to formulate under these circumstances an iterative scheme that approximates the
true solution with near-optimal complexity. Note that the resulting tensor expansions as
in (1.2) can then still be interpreted as an expansion with respect to a tensor product

wavelet basis {w,(,}) ® --® w,(,ﬁ)}, but whereas, for example in [13], the coefficients for such
a basis are represented directly as a sparse vector, in our setting these coefficients are now
in turn expanded into sums of tensor products of sparse vectors.

In the present work we build on the concepts in [3], but focus on the essential ob-
structions encountered when V and V' are not endowed with cross norms. Specifically,
we consider second order elliptic equations as a prototypical scenario, but remark that
the results carry over to more general situations of analogous nature. In accordance with
the previously mentioned problems with preconditioning discretizations of elliptic oper-
ators, the necessary rescaling of an Lo-orthonormal tensor product wavelet basis for the



corresponding representation A to be well conditioned on £5(V?) causes A to have infinite
rank. A major contribution of this work is an adaptive rescaling scheme embedded in
a perturbed Richardson iteration that, depending on the current approximate solution,
causes only a moderate controllable rank growth. It is based on a refined result on the
relative accuracy of exponential sum approximations derived from sinc quadrature for the
function ¢ — ¢~1/2. In particular, using the mapping properties of A in this manner allows
us to adjust error tolerances for the iteration in such a way that tensor ranks—which
have a strong impact on numerical efficiency—grow only gradually as the scheme pro-
gresses. We eventually arrive at a solver that performs well also for large d, and—under
model assumptions that hold, in particular, for the high-dimensional Poisson problem—
can be proven to produce approximate solutions with an overall complexity that grows
sub-exponentially in d. We invest a considerable effort in analyzing the influence of the
spatial dimension d, and a number of resulting findings are perhaps of interest in their
own right. Our numerical experiments for a high-dimensional Poisson problem show that
the complexity of the method exhibits in fact only a low-degree polynomial growth in d.

The proposed scheme and its analysis apply also to problems with a more general
structure than such Poisson problems, e.g. to elliptic operators with non-diagonal dif-
fusion matrices. Even when considering finite-dimensional discretized problems, in such
cases methods based on approximating the inverse by exponential sums as in [16] are not
applicable, since the operator then no longer has a suitable structure. In fact, since the
variables are now coupled more strongly, one expects a somewhat stronger rank growth
with increasing accuracy. We quantify this by some first experiments.

The paper is organized as follows. In Section 2 we sketch a road map for the subsequent
developments and explain in more detail the issue of the interaction of mapping properties
on Sobolev spaces and low-rank structure. In Section 3, for the convenience of the reader
we collect some prerequisites needed for the remainder of the paper. This includes a
short introduction to the hierarchical Tucker format and near-optimal recompression and
coarsening concepts, which are crucial for the iterative scheme outlined already in Section
2. Section 4 is devoted to the central task, namely the adaptive application of rescaled
low-rank operators. A precise formulation of the adaptive solver is given in Section 5 along
with the main convergence and complexity results. This theorem is proved in Section 6.
We conclude with some numerical experiments in Section 7.

We shall use the notation a < b to express that a is bounded by a constant times b,
where this constant is independent of any parameters a and b may depend on, unless such
dependencies are explicitly stated; moreover, a ~ b means that a < b and b < a.

2 The Road Map

In this section, we give an overview of our basic strategy. To this end, we also recapitulate
for the convenience of the reader a few relevant facts from [3].
2.1 An Equivalent /;-Problem

We consider an operator equation

Au = f, (2.1)

where A : V — V' is an isomorphism of some Hilbert space V onto its dual V’. We shall
always assume that we have a Gelfand triplet

VcCH=H cV/,



in the sense of dense continuous embeddings, where we assume that H is a tensor product
Hilbert space, that is,

d
H=H® ©Hy, g @glo=]]lgllu (2.2)
=1

with lower-dimensional Hilbert spaces H;. In this paper we focus on the case
H =1L5() = La(h) ® - - - ® La(Qa) ,

ie., for Q; C R%, for some d; € IN, the high-dimensional domain € is a product domain
Q:=Q; x - x Qg and La(Q) is a tensor product Hilbert space. When A stands for an
elliptic operator of non-zero order the corresponding energy space V' is typically of the
form V' C H*(2), s # 0, where the case of a strict subspace is given when certain essential
homogeneous boundary conditions are imposed on the trial space. Note that for s > 0,

d
V =H°(Q) = ﬂ La() ® - @ H¥() ® - - ® L2(Qq) ,

=1

and the norm on H*(2) is not a cross norm in the sense of (2.2).

It is well-known that the numerical solution of discrete approximations to (2.1) is
severly hampered by the fact that A as a mapping from H to H is unbounded, and
preconditioning exploits that A as a mapping from V to V' is boundedly invertible. Much
of what follows results from the conflict:

The topologies for which A has favorable mapping properties are not “tensor-
friendly”;

for those topologies for which A has a “tensor-friendly” structure, it has unfa-
vorable mapping properties.

In one way or the other one has to pay for this conflict. In [3] we have chosen to work in
topologies for which A becomes an isomorphism, since this seems to be the only way to
warrant a rigorous error analysis.

To implement this strategy our basic assumption is that we have Riesz bases for each
component Hilbert space H; = La(€;) (see (2.2)), which we denote by {¢fi}, con,. We
may assume without loss of generality that all Vi are identical, denoted by V. To
simplify our discussion, we shall always call d the spatial dimension, which amounts to the
assumption that d; = 1 for ¢ = 1,...,d; indeed, everything that follows is applicable also
in the case that the actual spatial dimension dy + ... + dg of Q is larger than the tensor
order d, but we will make only the dependence on d explicit.

In principle, regardless of the structure of V, one can transform (2.1) into the equivalent
infinite dimensional system

Tuo =8, Where T = ((‘I]w A\IIM>)V€Vd’ g = ((‘I]I/a f>)l,€vd> (23)

where u® = (<\IIV, u>)y cvd is the coefficient sequence of the solution v with respect to W.
Note that for s > 0, the operator T is unbounded. However, when the low-dimensional
basis functions ¥¢ are chosen to be sufficiently regular wavelets, the infinite-dimensional
operator (2.3) can be conveniently preconditioned. In this case, one can specify the struc-
ture of V and for our purposes it suffices to know that each v = (j, k) encodes a dyadic
level j = |v| and a spatial index k = k(v). The crucial point is that when V = H*(Q) is



a Sobolev space, a simple rescaling of ¥, := w,fl Q- ® wfdd by a sequence {w,} with
wy ~ || W, ||y yields a Riesz basis {w, 1¥,} for V C H as well.

This will now be explained in more detail in the case s = 1, which corresponds to
second-order elliptic problems, and which is the main focus of this work. Furthermore,
we shall assume from now on that {¥,}, cva is actually an orthonormal tensor product
wavelet basis of Ly () with ¥, € H*(f2) for some s > 1. It is known that, as a consequence,
the family of rescaled basis functions

() o)

forms a Riesz basis of H'(Q) with dimension-independent condition number [13]. What
matters here are not the specific values appearing in the above scaling weights—slightly
different scaling weights with a comparable asymptotic behavior would serve the same
purpose—but their structure as the Euclidean norm of a vector

vevd

d_ N\ 1/2
Wy = Wy, vg = (Z(wl’yl) ) . (24)
i=1
We refer to the corresponding scaling operator
S = (WV(;V,M)V’MeVd > (25)

with w, given by (2.4), and where &; ,, are chosen such that
iy, ~ 211 (2.6)

with uniform constants, as the canonical scaling. In these terms the system (2.3) is equiv-
alent to the preconditioned system

A, =f, A,:=S'TS! f.:=S"'g, u.=Su’, (2.7)
see e.g. [12]. Now we have

clvl < A < ClvIl, v e b(VY), (2.8)

where here and below we write for simplicity |[v|| = [|v|ls, vy = (Eyevdlvylz)lm. The
constants ¢ = ¢(A,V),C = C(A, ¥) thus give an estimate C/c for the condition number
of conda(A,).

While the canonical scaling S with appropriately chosen w; ,, can ensure a favorable
conditioning, which is addressed in more detail in Section 2.4, we shall see that the struc-
ture (2.4) is unfavorable concerning the control of ranks. It will therefore be important
to exploit some flexibility in choosing the scaling by using substitute scaling operators
S = diag(w, ), which are equivalent to the canonical scaling S in the sense that

ISS7H| ~ 1 (2.9)
with constants independent of d, but for which the yet equivalent system
Au=f, A=S7'TS7! f=S"lg, (2.10)

while still well-conditioned, offers a better angle at controlling ranks.



Clearly, finding the coefficient sequence u in (2.10) (for any S satisfying (2.9) of our
choice) is equivalent to finding the solution w of (2.1), and the algorithm put forward
below aims at solving the variant (2.10) for a suitable S. This in turn will be based on
the fact that in the transformed version (2.10) or (2.7), due to (2.8), errors and residuals
are comparable with respect to the same norm, that is,

lu—vlly ~[[a=v[ ~[[f = Av| ~|If = Avlly, veV,
and for a suitable damping factor w, depending on C/c, the iteration
w1 =u,+wf —Auwg), £=0,1,2,... (2.11)

converges with a fixed error reduction per step, i.e., ||ur+1 — ul| < pllug — ul| holds for
some fixed p < 1, see [11].

Note that it would be highly desirable to keep p, that is the error reduction, indepen-
dent of d which requires that condy(A) be independent of d. We will take this up again
below in Section 2.4.

Rather than exploiting this fixed error reduction by devising perturbed iterations in
such a way that the iterates essentially match the rates of best N-term approximations
with respect to the given background basis ¥ (see e.g. [11,13]), we follow the approach in [3]
which also uses a perturbed version of the ideal iteration (2.11) but aims at generating
approximations of low ranks in a stable tensor format where the tensors are not taken from
a given dictionary but are solution dependent and have to be found during the solution
process. To this end, following [3], we view each entry w, = w,, ., of the coefficient
sequence u as the entry of a tensor of order d. The perturbed iteration then takes the
form

Wit = Coy) (Poy oy (ui + w(f — Awy))), k=0,1,2,..., (2.12)

where P, ), Cc,(x) are certain reduction operators and the ¢;(k), i = 1,2, are suitable
tolerances which decrease for increasing k so as to still guarantee the convergence of the
iterates in /5.

For such an iteration to produce low-rank approximants, it is of course important that
the (approximate) application of A does not increase the ranks of uy too strongly. As
we will explain next, it is this point where a price has to be paid for the discretization-
independent convergence and rigorous error control ensured by preconditioning. Although
we consider this directly for the continuous problem, analogous effects can be observed
with fixed discretizations and different types of preconditioning, see [1].

2.2 A Scaling Trap
As a guiding example consider  := (0,1)¢, H = Ly(Q), V = H}(Q) and

d
A:HH(Q) - HHQ), w—— Y a;0idju, (2.13)
i,j=1

where (a;;) € R4*? is symmetric positive definite; hence, A is a symmetric elliptic op-
erator. In order to avoid adding another layer of technicality we assume for simplicity
that the coefficients a;; in the diffusion matrix are constants. Hence, its conservative rep-
resentation Au = —div(aVu), which is used in the weak formulation below involves the
same coefficients. Also, all subsequent results carry over to sufficiently smooth variable
but separable coefficients a;j(z) = ai(z;)a;(x;).



The operator has a low-rank structure, i.e., it is a relatively short sum of tensor product
operators. This is inherited by its representation with respect to an La-orthonormal basis
U comprised of separable functions, i.e., of rank-one tensors. For T given by (2.3), one

T= > oI, (2.14)

1<ny,...,ng<R

obtains

with a certain rank parameter R. In fact, in this case we have

Ty == T, = (s ) pyew = 1 Ty =Ty = (o) e » (2.15)
Ty = T3 = (U, %) e Ty = Toi= (V) ey = —Th - (216)

i.e., R =4, where the coefficients ¢, . n, are given by

C2,1,..,1 =011, C121,..,1 = 422, ..., C1,...12 = Qdd ,
€341,..1 =C431,..1 = @12, --., C1..134 = C1,...143 = Qd—1d
C3,1,4,1,..,1 = C4,1,3,1,..,1 = @13, -+, C1,...3,14 = C1,..,41,3 = Ad—2,d s (2.17)

ey

-5 C31..,14 = C4,1...,1,3 = Q14 »

and ¢, = 0 for all further n € INY. We use in what follows for multiindices in IN§, ¢t € IN,
the notational convention k = (k1,...,k), n = (n1,...,n¢), r = (r1,...,7¢), and so forth,
and for convenience define

R:=(R,...,R) e N¢,

Moreover, defining for a given r € IN¢

d . .

X {1l,...,m} if minr >0

Ka(r) i= 4 i1t !
a(r) {Q) if minr=20,

we see that the minimal value of R € IN such that ¢, = 0 if n ¢ K4(R) is in the above case
R =4 in general, or R = 2 when the matrix of diffusion coefficients is diagonal.
Hence, applying T to a rank-one tensor v =v; ® - -- ® v4 gives rise to a sequence

Tv = Z Cn ® T,(fi)vi

neKg(R) @

which has Tucker or multilinear rank R, see below for general definitions. This fact is also
heavily used in all previously known tensor methods for discretized operator equations.

However, as mentioned before, T is an unbounded operator and its preconditioned
version A is used in the iterations (2.11) and (2.12). Whether employing the canonical
scaling from (2.4) or any other equivalent one (in the sense of (2.9)), the scaling weights
are not separable, reflecting the fact that neither V nor its dual V' are endowed with tensor
product norms.

Remark 2.1. While T has low rank in the sense of (2.14), the rank of A is infinite.

Hence, each application of A in (2.12) yields a tensor of infinite rank, again in a sense
to be made precise below. It is therefore a pivotal issue of this paper to develop and
analyze low-rank approximations to A that remain well-conditioned. This is why finding
a suitable substitute S for the canonical scaling S is crucial.



2.3 A Simple Example

One might think that the pitfall expressed by Remark 2.1 is a particular feature of the
background wavelet basis. The following simple example shows that this is not the case,
but that the problem is rather a direct consequence of the spectral properties of A. To
see this, note that for D? : C%(0,1) — C(0,1) defined by D?g(t) = ¢"(t), a complete
Ls-orthonormal system of eigenfunctions is given by e,(z) = ¢psin(mnz), n € IN, where

o = \/g . The corresponding eigenvalues are given by A\, = (mn)?, n € N. One easily

checks that then the rank-one tensors ey () := cdsin(7niz1) - - - sin(nngzy) form a complete

system of eigenfunctions of the Laplacian
A== iy, @ ®idy,_, ® D2, Qidy,,, ® -+ @ idy,

with eigenvalues A, =\, +---+ A, v € IN?. Representing —A with respect to this basis
yields

T = (<el’7 (_A)e.u‘>)y,u6]Nd = (AV6V7AU’)V7ME]NCI :

The ideal scaling matrix turning T into an operator with bounded spectral condition, in
this particular case into the identity, is in analogy to the previous considerations S :=

[NIES

1 _
(/\3 5”’“)Vue]1\1d’ because then ST'TS™! = id. Thus, we face the same problem: \, 2 =

Aoy + -+ Ny d)fé as an inverse of the square root of a sum is not separable. In fact,

suppose that
f(z) = ® ( Z fiwico Sin(ﬂ'Vil'i))

=1 v, el’;

is a rank-one tensor where each tensor factor f;(x;) = Zuiel“i fiv;cosin(myz;) is a finite
linear combination of one-dimensional eigenfunctions. Clearly, the solution v of —Au = f
is given by

d
U= Z N fee, = Z At (waz> ey = Z u, (A, %e,),
=1

velNd vexd T vexd T

where u, := \, 1/2 H?:l fiv;- Here we have scaled the coefficients w,, such that approximat-
ing v in H! by a restriction of the above expansion to any finite set S C xlefi amounts
to approximating the array (u,), in f2. Due to the multiplication by \, 1/2 neither are
the u, any longer separable, nor do the )\;1/ 26,, have rank one, and the actual rank of
the order-d tensor (u,) in general depends on the highest frequencies occurring in the sets
I';. Thus, it is a priori not clear whether u can be approximated well by low-rank tensor
expansions. With the present choice of eigenfunction basis, even the separable function
f =1 would have an infinite expansion.

A central objective of the remainder of this paper is to quantitatively approximate
rescaled operators of the form (2.10) by low-rank operators, which can then be incorpo-
rated in an adaptive iteration of the form (2.12).

2.4 Problem Class and “Excess Regularity”

Throughout the remainder of the paper we confine the discussion to operators of the form
(2.13), i.e., V = H}(Q), s = 1. Moreover, we require that the diffusion matrix (a;;) be
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diagonally dominant with uniformly bounded diagonal elements, that is,

D lail < lai| <€, i=1,....4, (2.18)
J#i
with C independent of d.

We emphasize that the restriction to this problem class is made to keep the presentation
accessible, but is not essential for the subsequent developments. As shown in [2], different
operators, for instance Coulomb potentials, can also be treated in this framework, but since
this leads to additional technicalities—particularly in the interaction with the rescaling
operator S—this is not addressed here.

In addition we make an assumption regarding some additional coordinatewise regular-
ity, which concerns f and the regularity of the ¥,,. To formulate these, we need two types
of additional scaling operators that act on single coordinates.

For @;,, as in (2.4), for 7 € R and for ¢ = 1,...,d, we define on the one hand the
coordinatewise scaling operators S7 : RY' — RV’ by

STv = (@] UV)uevd and S;:=S! (2.19)

(3%

and on the other hand, the corresponding low-dimensional scaling operators SZT RY —
RY by

ST9 := (@],,00),,cv and S;:=S;. (2.20)
We now assume that there exists a t > 0 such that for ¢ = 1,...,d, the operators
S;MT,S 1t SiTyS Tt ST, S T (2.21)

map ¢2(V) boundedly to itself, and that
d
IS€))> = > "|ISi|* < oo. (2.22)
i=1

We shall refer in what follows to the above assumptions (2.21) and (2.22) as excess reg-
ularity assumptions of order t > 0. Here t can be arbitrarily small but fixed, and is
only used in the complexity estimates but not required for the computation, so that these
assumptions are not very impeding.

Remark 2.2. The condition (2.21) holds if the wavelets ¥, are sufficiently regular to
satisfy, after rescaling, a norm equivalence also for H**(Q2) and, by our orthonormality
requirement, also for the same range of dual spaces. The condition (2.22) then means that
f needs to have Sobolev regularity slightly higher than H=1((2).

When trying to assess the computational complexity of methods based on (2.12) for
problems of the form (2.13) with an eye on the role of the spatial dimension d, one has to
take into account the d-dependence of conds(A.) = ||A¢||[|A!]|, where A, = S~!TS™ 1.
To this end, note first that since {2714, : v € V} is a Riesz basis of H}(0,1) and because

of (2.6), for each i there exist A@,X&i) > 0 such that

AIsvl? < | woaw | < 3gsiv]?. (2.23)

vevad

2

La(2)

Moreover, by our assumptions, )\; := min; Agi) and \; := max; Xﬁ“ are independent of d.
The proof of the following proposition, based on the arguments in [13, Section 2], is

given for the convenience of the reader in Appendix A.
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Proposition 2.3. Let A\, and )\, denote the smallest and largest eigenvalue of (aj),
respectively. Then, one has

condy(A.) < Aalt

2.24
— AaAI ) ( )

i.e., this condition number can depend on d only via Xa/ga = condg(aij). Moreover, when
(ai;) is diagonal the choice &;,, ~ Jai2Vil for the scaling weights yields

A

conda(A.) < —, (2.25)
A

regardless of conda(a;j).

Note that the Lo-orthonormality of {¢,} that we have assumed from the outset is a
crucial requirement here, since otherwise the condition numbers in (2.24), (2.25) would
necessarily exhibit an exponential dependence on d.

Working now towards formulating a numerically implementable version of (2.12) and
analyzing its complexity requires two further essential prerequisites: On the one hand, we
need to fix the specific tensor formats to be used in such iterations. More importantly, we
need to specify the concrete form of the reduction operators in terms of tensor recompres-
sion and coarsening and characterize their precise approximation properties. Here we build
on known results on tensor calculus from the literature (see e.g. [15,17,18,20,22,28-30,33]).
The relevant results on the analysis of the reduction operators, restated for convenience
in the following section, are taken from [3]. On the other hand, we need to formulate a
procedure for the approximate application of a suitably preconditioned version A of the
representation T. This requires some essentially new ingredients, which will be developed
in Section 4.

3 Some Prerequisites

For the convenience of the reader we recall first some basic facts about tensor formats and
fix related notation. We then proceed with the precise formulation of recompression and
coarsening operators along with establishing their near-optimality in a sense to be made
precise. These results are taken from [3].

3.1 Tensor Formats

As indicated before, we regard u as a tensor of order d on V¢ = X?Zl V. We begin with
considering tensor representations of the form

T1

Tq
u= Z Z Oy, kg Ul(fl1)®®Ul(ci) . (31)
k1=1 kq=1

Here the order-d tensor a = (ag, . k,)1<k;<ryi=1,..d is referred to as core tensor. The

matrix U® = (U,(j?’ki)yievdi7lgki§” with column vectors Ugj) € (V) k=1,...,r is
called the i-th mode frame, where we admit r; = 00,7 =1,...,d. When writing sometimes

for convenience (U,(j))ke]N, although the U,(f) may be specified through (3.1) only for k < r;,
it will always be understood to mean U,(j) =0, for k > r;. Note that in a representation
of the form (3.1), by modifying a accordingly, one can always orthogonalize the columns
of U® g0 as to obtain <U,(€i),Ul(i)> = O, i =1,...,d. We refer to U® with the latter

property as orthonormal mode frames.

12



If a is represented directly by its entries, (3.1) corresponds to the so-called Tucker
format [33,34] or subspace representation. The hierarchical Tucker format [22], as well
as the special case of the tensor train format [30], correspond to representations in the
form (3.1) as well, but use a further structured representation for the core tensor a.
To this end, Dy will always denote a fixed binary dimension tree of order d, singletons
{i} € D, are referred to as leaves, 04 := {1,...,d} as root, and elements of Z(Dy) :=
Dg\ {04, {1},...,{d}} as interior nodes. The set of leaves is denoted by L(Dy), where we
additionally set N (Dy) := Dy \ L(Dy) = Z(Dy) U {04}. The functions

C; :Dd\/:,('Dd> —>Dd\{0d}, CZ‘(CM) =, 1=1,2,

produce the “left” and “right” children of a non-leaf node oo € N'(Dy).

For a family of matrices B(®*) ¢ (5(IN x IN) for a € N(Dy), k € IN, we denote by
Yp,({BF)}) € £3(IN?) the corresponding core tensor a which is represented in hierarchi-
cal form by the B(®*) or explicitly,

a= (S, ({BH})) = > I B3,

k
(kg)gec(py) (ky)rez(py) 6EN (Da)

Considering for each node « in the given (fixed) dimension tree the corresponding ma-
tricization TI(JO‘)7 obtained by rearranging the entries of the tensor into an infinite ma-
trix representation of a Hilbert-Schmidt operator using the indices in V¢ as row indices,
the dimensions of the ranges of these operators yield the hierarchical ranks rank,(u) :=
dimrange Tl(la) for & € Dy. Except for a = 04, where we always have rankg,(u) = 1, these
are collected in the hierarchical rank vector rank(u) = rankp,(u) := (ranka(1))aep,\ {04}

and give rise to the hierarchical tensor classes
H(r):={uce lo(V?): rank,(u) < 7, for all a € Dy \ {04}} .

In the case of singletons {i} € Dy, we use the simplified notation rank;(u) := rankg; (u).
We denote by R C (INg U {oo})P4\ 04} the set of hierarchical rank vectors for which H(r)
is nonempty.

There is an analogous format for operators. In fact, (2.14) represents the second order
operator in (2.13) in the Tucker format. To apply such an operator efficiently to a tensor
in hierarchical representation, we additionally need an analogous hierarchical structure for
the core tensor c in the representation of the operator as in (2.14), that is,

c=3p,({C): a e N(Dy), v=1,...,Ra}) (3.2)

for suitable R,. We now give two examples of such decompositions. In both examples, we
consider the linear dimension tree

Dg={{1,...,d},{2,....d},... . {d—1,d},{1},... . {d}}. (3.3)

Example 3.1. When the diffusion matrix (al-7j)§l’j:1 in (2.13) is the identity matrix, i.e.,

the operator is the Laplacian, we obtain a hierarchical decomposition with

0 1 N 10 N 0 1
C(Odvl):<1 0>, C! 71>:<O 0),c< 72>:<1 O),aeI(Dd).

Thus, the Laplacian can be represented in hierarchical format with rank bounded by two
for each node, which coincides with the value R = 2 in (2.14) for this case.
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Example 3.2. A slightly more involved example is the tridiagonal diffusion matrix with
values 2 on the main diagonal and —1 on the two secondary diagonals, where R = 4 in
(2.14) arising in kinetic models for dilute polymers, see [5]. In this case, one has the
following hierarchical decomposition: for the root node,

cloeh = (2(5@4),(172) +0G.9).21) — (05,30 +9.5),48) + 5(1’4),(175))) 1

j=1,..5

For each a € Z(Dy) \ {{d — 1,d}}, we have C(®*) € R** for v = 1,...,5, with values in
{0,1}, where the value 1 occurs at the following positions: entry (1,1) of C(®1  entries
(1,2), (2,1) of C(@2) (3,1) of C@3), (4,1) of C(*%) and (3,4), (4,3), (1,5) of C(®5), For
o = {d—1,d}, the matrices CH{¢=1.41¥) ¢ R*** are defined in the same manner, but with
each last column dropped!.

As can be seen in the second example, the representation ranks R, for interior nodes
a € I(Dy) may be larger than R.

3.2 Recompression, Contractions, and Coarsening

We proceed describing next the coarsening and recompression operators appearing in
(2.12).

Near-optimal Recompression. Essential advantages offered by subspace based tensor
formats like the hierarchical Tucker format are that best approximations of given rank
always exist, and that near-best approzimations from the classes H(r) are realized by
truncation of a hierarchical singular value decomposition (HSVD), cf. [17]. As in [3], for a
given v € £3(V?) we denote by Py(v),r v the result of truncating a HSVD of v to ranks r.

Moreover, we have computable error bounds A;(v) for this truncation. See [17] for a
proof of the following result and [3] for a detailed discussion tailored to the present needs.

Remark 3.3. For any rank vector r < rank(v), r € R, one has

[v =Py vl < Ae(v) < wp {{I%in)< |lu—wl, kp=+v2d-3.
rank(w)<r

In order to quantify what we mean by tensor sparsity, for r € INy let
or(v) =opy(v) :=inf {|[v —w|| : w e H(r) withre R, [rloc <7}

This allows us to consider corresponding approximation classes. To this end, giving a
positive, strictly increasing growth sequence v = ('y(n))nemo with v(0) = 1 and v(n) — oo,
as n — 0o, we define

AWR) = An(7) i= {v € £o(V?) : sup (1) oru(v) = [VLayn < oo}

and [|v[| a,,(y) = VIl + [V]45,()- We call the growth sequence v admissible if
py = supy(n)/y(n —1) < oo,
nelN

which corresponds to a restriction to at most exponential growth.
Rather than seeking (near-)best approximations for a given rank vector, we ask for
approximations meeting a given target accuracy with (near-)minimal maximum ranks.

!'Note that for homogeneous Dirichlet boundary conditions, an additional simplification is possible,
since then T3 ® T4 = T4 ® Ts.
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Remark 3.4. In this regard we have the following way of reading v € Ay (v) in mind: a
given target accuracy e can be realized at the expense of ranks of the size ¥~ (|v] 4,,(1)/€)
so that a rank bound of the form v~ (C|v|4,,()/€), Where C is a constant, marks a
near-optimal performance.

Evaluating the bounds A(v) allows one to determine near-minimal ranks
r(u,n) € arg min{]r!oo T ER, Ay () < 77},

that ensure the validity of a given accuracy tolerance > 0. Given v € f5(V4), this, in
turn, gives rise to a computable near-minimal rank approximation

15,7 V= PU(V),r(v,n) v,
from H(r). In fact, we have by definition

v =P, vl < Arva (V) <, [rank(Py v)|oo = [1(V, 1)]oo-

Coarsening and Contractions. In addition to such a near-optimal tensor recompres-
sion operator we need in addition a mechanism to approximate the columns in a given
mode frame by finitely supported sequences, again in a way that preserves a given accu-
racy tolerance. To this end, we define for any d e N and A C V the restriction of a given
v € l5(VY) to the index set A by

RAv:i=vOxa, VEILVY,

i.e., all entries with index v & A are replaced by zero. For each N € INg, the errors of best
N-term approzimation are then given by

on(v):= inf [[v—-Rpv].
Acvd
#A<N
The compressibility of v can again be described through approzimation classes. For s > 0,
we denote by A*(V%) the set of v € £2(V?) such that
V| 4srody = sup (N +1)°on(v) < 00.
MLapsy = 312 (V+1)%on()
Endowed with this (quasi-)norm, AS(VCZ) becomes a (quasi-)Banach space. When no
confusion can arise, we shall suppress the index set dependence and write A% = A%(VY).
The following concept, which allows us to relate a hidden low-dimensional sparsity of
v € £3(V?) to the joint sparsity of associated mode frames, was introduced first in [2], see
also [3]. To this end, for any vector x = (x;);=1,.. 4 and for ¢ € {1,...,d}, we employ the
notation

)\Zi = (:L’l,...,xi_l,xiﬂ,...,xd), )v(i’y = (1‘1,...,l’i_l,y,$i+1,...,l‘d) (34)

to refer to the corresponding vector with entry ¢ deleted or entry i replaced by y, respec-
tively. In a slight abuse of terminology we define for u € (V%) and for i € {1,...,d},
using the notation (3.4),

7O (u) = () (W), oo = ((Z!wlz)

N|=

) S fz(V) ) (3.5)
v, eV
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briefly referred to in what follows as ith contraction.
For later purposes we record some basic facts from [3]. Let u,v € £5(V?), v € V and

i €{1,...,d}. Then we have |[ul| = |7 (u)|| as well as
D+ v) < 7l (u) + 70 (v), (3.6)

and for each n > 0,

(B, 0) < 7 (). (3.7)
The contractions can easily be computed using the hierarchical singular value decom-
position: let in addition U® be mode frames of an HSVD of u, and let (al(f)) be the

corresponding sequences of singular values of the matricizations T.S{i}), then
1
; ) 12) _(1)(2) 2
) = (SIUL )
k

To quantify the actual number of nonzero entries on components of tensor representa-
tions, the notation
supp; (1) := supp (7 (u))
will be useful.
As a first important application of the sequences (3.5), we identify next near-best N-
term approximations to an order-d tensor without considering all entries, but using instead
only its contractions. To this end, consider a non-increasing rearrangement

moh (W) 2w 2z A ) 2 eV, (3.8)
of the entire set of contractions for all tensor modes, {Trl(,i)(u) cveV,i=1,..., d}. Next,

retaining only the NV largest from the latter total ordering (3.8) and redistributing them
to the respective dimension bins A® (u; N) := {yiﬁj cij=14,j=1,... ,N}, i=1,...,d,
the product set
d
A(a; N) := X AD(u; N)
i=1
can be obtained at a cost that is roughly d times the analogous low-dimensional cost. By

construction, one has
d

> #AD(w;N) <N
i=1
and

d d
YooY WmP=am{ Y @) (39)

i=1 yeV\A® (u;N) =1 yev\AG)
where A ranges over all product sets X‘Z-izl A® with Z?:l #A(i) < N.
Proposition 3.5 (cf. [2,3]). For any u € l2(V?) one has

N

d
lu-Ramul < (3 Y [FP@))7 = uw(w), (3.10)

=1 peV\A® (u;N)
and for any A= ngl AD with AW ¢ v satisfying Z?:l #A(i) < N, one has

1w~ Raguwy ull < jav(u) < Vd|ju ~ Ry ul.
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Again we switch from near-best approximations for a given budget (here N) to approx-
imations realizing a given target accuracy with near-minimal cost. To this end, we define
N(v,n):=min{N: puy(v) < n}, where puy is defined in (3.10), as well as the thresholding
procedure

Cy(v) == Raun(vim) V5

As a consequence of (3.10), we have

v —CynVv|< v) <k min u—w|, kc=Vd
v ConviSuxtv) Sre  min Ju—wl. ke
In [3], we have obtained the following result concerning a combined reduction tech-
nique, both with respect to ranks as well as sparsity of the mode frames, with near-optimal
performance.

Theorem 3.6. Let u,v € l5(VY) with u € Ay(y), 790(u) € A° fori =1,...,d, and
lu—v| <n. Let kp = V/2d — 3 and kc = V/d. Then, for any fired o > 0,

Wy 1= Cnc(np+1)(1+a)77 (PHP(l"‘O‘)n(V)) ’

satisfies
la —wyl| < Cle, kp, k) 7, (3.11)

where C(a, kp, kc) := (14 kp(l + @) + ke(kp + 1)(1 + @), as well as

[rank(wy)loo <77 (oylullare )/ (am)) s IWyllay, ) < Crllulla ), (3.12)
with C1 = (a Y1+ kp(1 +a)) + 1) and

d d 1
> #tsuppy(wy) < 20 rda” s (3|l (w)flac)

i=1 i=1

- ) (3.13)
S () a < Co 3wt () e,
i=1 i=1

with Cy = 2°(1+3%) + 2%~ (1 + kp(1 + @) + ke (rp + 1)(1 + a))dm>{ls),

Remark 3.7. Both f’n and Cn require a hierarchical singular value decomposition of their
inputs. For a compactly supported v given in hierarchical format, the number of opera-
tions required for obtaining such a decomposition is bounded, up to a fixed multiplicative
constant, by d|rank(v)|%, + [rank(v)|%, Z;‘i:1 # supp; V.

4 Adaptive Application of Rescaled Low-Rank Operators

The remaining crucial issue for a numerical realization of the iteration (2.12) is the adaptive
application of a suitably rescaled version A of a given operator T of finite hierarchical rank.
Throughout the remainder of the paper we concentrate on T given by (2.14) with low-
dimensional components given by (2.15) and (2.16). Specifically, we wish to construct
for a given v € £5(VY) with finite hierarchical ranks and any target tolerance n > 0 an
approximation w,, € (2(V?), satisfying ||w, — Av| <7, where w, has as low hierarchical
ranks and as small lower-dimensional supports supp; w;, as possible.

We have already pointed out that scaling operators of the form S with weights from
(2.4) cause the preconditioned operator to have infinite rank and obstruct the understand-
ing of low-rank approximations. The first major issue is therefore to identify equivalent
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scalings (in the sense of (2.9)) that better support finding such approximations in a quan-
tifiable sense.

The second issue is representation sparsity of the generated mode frames which will be
addressed by directly exploiting known results for low-dimensional wavelet methods. In
this context we continue employing at times the canonical scaling S, since it allows us to
use corresponding low-dimensional results on matrix compression in the most convenient
way.

4.1 Near-Separable Scaling Operators

The central objective of this section is to identify a scaling operator S which is equivalent
to the canonical scaling S in the sense of (2.9), but can be approximated by separable
operators in an efficient and quantifiable way. The main tool is the following result, whose
proof is deferred to Section 6.

Theorem 4.1. Let a(z) := In?(1 + ¢*), w(x) := 21~ Y2(1 + e~*)~1. For an arbitrary but
fized § € (0,1) choose some

71‘2

he <0’ 5@/ 1 4))

and set )
nT =nT(8) := [ max{4n "2, /[In(6/2)|}]. (4.1)
Then, defining

nt
enn(t) = kz hw(kh) e " g oo (t) = lim @pa(t) (4.2)
one has . 5
'\/f - gohpo(t)} < 7i forallt € [1,00). (4.3)

For anyn >0 and T > 1, provided that n > [h™!(In 2777 + In(min{5/2,n})| + 3 InT)],
one has in addition

\t—%—@h,n@)\s\% and isoh,oo@)—soh,n(t)ys% forallte[L,T).  (4.4)

To define the modified scaling operator and its approximations the values 6 € (0, 1),
h, nt = n™(§) will be kept fixed according to Theorem 4.1. Furthermore, let

Wmin = MIDMINW; ),  Wgin 1= Min w, > \/&d)min.
vev i vevd

For any n € IN, we define now

S,v = ((Dn,z/ Uu)yevd ;  where  Wp = Wnin [‘phvn((wl’/wminf)] _1’

where the w, are defined by (2.5).

Remark 4.2. As a consequence of this definition the operator gfl I can be represented as a
sum of 1+n™(8) +n separable terms. In the limit n — oo, we obtain the reference scaling

- (4.5)

Sv := (JJV vl,)y where @, = nh_}Irolo On,y = Wmin [cph’oo((wy/wminy)]
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We can now rephrase the statement (4.4) in terms of the approximations S,. Since
the role of ¢ is played by (w, /wmin)Q, it will be important to identify the set of indices in
V% for which (4.4) applies, namely

Ar = {V cve. ((,ul,)2 < (wmin)zT}. (4.6)

Moreover, the larger T and hence the scale of indices covered by Ar, the more summands
are needed to replace the reference scaling by a finite expansion with a desired relative
precision. More precisely, let

M(n;T) = (h_1(1n27r_% + [In(min{d/2,n})| + %lnTﬂ , n
My(T) := M(6/2,T). '

Then, whenever n > M (n;T), one has for any > 0 and 7' > 1 both |w,, (w, ™! —(D;}/)| <é
and |w, (@, ! — (Dgly)| < n for v € Ap. In other words,

IS(S™" =S Ra [l <6 and [S(S™!—S ) Ra, | <. (4.8)
Note furthermore that as an immediate consequence of (4.3),
1-6<@,'w, <1446, vevi

Since by definition,
ol <ot neN, veve (4.9)

n,v

we also obtain d};}jwy < 1+d,n € N, v e V% The lower estimate 1 —§ < JJ;}/wy, however,
holds only under additional restrictions: by (4.4),

1-0 <@, w, <1+0, whenever v€ Ap, n> My(T), (4.10)

For later record we summarize these observations as follows.

Remark 4.3. For the diagonal operators S, S, S, we have
1SS, I, ISS7![ < 1+4, neN, IS~ < (1-46)7", (4.11)

and in particular, the spectral condition of SS~! is bounded by (1+6)/(1 —§). Moreover,
for any 7" > 1 and n > My(T),

(L=0)IS7 v < ISy vl < (1 +0)[S7'v]| when supp (v) C Ar.

Low-rank approximations based on sinc quadrature have been constructed previously
e.g. in [21]. Theorem 4.1, however, has two new features that are particularly useful for
our purposes here. First, our choice of parameters yields a relative error estimate, which
leads to a substantially better dependence on the range parameter T than with standard
constructions. Second, adjustments of the finite rank scalings Sg 1 can be done by simply
adding terms to the expansion.

In fact, keeping 0 € (0,1) and a corresponding h fixed, for any given finitely supported
v and any target accuracy 1 > 0, we can determine the number n of terms in the series
©h,00 S0 that the finite rank scaling g; ! replaces, for this v, the reference scaling S-1
with accuracy 7 in the sense of (4.8). To determine this n we adjust 7" so that suppv C
A, which via (4.7) yields a lower bound for n. We shall see in Section 6 that under
certain minimal Sobolev regularity assumptions, this requires InT' ~ max, csupp v max; |v;|.
Roughly speaking, this means that for solution accuracy €, we need InT" ~ |In ¢| and hence
a number of terms proportional to |lne|. Using known exponential sum approximations
as in [21] or [9] would instead lead to a number of terms growing like |Inel|?.

19



Remark 4.4. A related problem with preconditioning for a fixed discretization in the
context of tensor representations is addressed in [1], where a BPX-type preconditioner
is approximated in the hierarchical tensor format. There, approximations of a rescaling
sequence similar to w; ! are constructed numerically in a preparation step, based on direct
evaluation and subsequent approximation based on Remark 3.3, or alternatively based on
heuristic black-box approximation. Unfortunately, these approaches do not seem to offer
any direct control of relative errors and resulting condition numbers, and are therefore
not suitable for our purposes. The numerical results given in [1, Table 3.1], however,
are consistent with maximum ranks scaling linearly in the maximum discretization level,
analogously to our construction.

4.2 Low-Rank Adaptive Operator Compression

We wish to solve the variant (2.10) with S given by (4.5). What keeps us from applying
the results from [3] directly is the lack of a concrete low-rank approximation of A. The
objective of this section is to devise such a low-rank approximation based on the operators
S,, introduced above.

Aside from controlling ranks we have to exploit the near-sparsity of the preconditioned
versions A to eventually ensure representation sparsity of the mode frames. For low-rank
operators this has been done in [3]. Again the non-separability of the scaling operators
requires additional new concepts.

Nevertheless, a central idea is to exploit the fact that appropriately rescaled versions
of the low-dimensional components Tq(fi) of T are compressible in the following sense.
Definition 4.5. Let A be a countable index set and let s* > 0. An operator B: ¢5(A) —
lo(A) is called s*-compressible if for any 0 < s < s*, there exist summable positive
sequences (a);j>0, (8;)j>0 and for each j > 0, there exists B; with at most ;27 nonzero
entries per row and column, such that |B — B;|| < 8;27%. For a given s*-compressible
operator B, we denote the corresponding sequences by «(B), 3(B). Furthermore, we
say that the B; have level decay if there exists v > 0 such that ||v| — |u|| > ~j implies
B, =0.

Note that one can always scale down one of the two sequences «(B), 5(B) at the
expense of the other one. It will be convenient to always assume in what follows that

1B(B)le, < [IBI]- (4.12)

Standard wavelet representations of many operators relevant in applications are known to
be s*-compressible for some s* > 0, see [10,11,32]. The level decay property is satisfied
for each of these examples. For our model problem, we shall rely in particular on the
construction and analysis for spline wavelets given in [32] where s* is shown to exceed the
order of the trial functions.

Let us briefly recall from [10] how s*-compressibility is used in the low-dimensional
regime. Suppose that J € IN and that {A; };];rol is any partition of the index set A. Then,
one has for any v € f5(A)

J+1 J J
Bv=) BRy,v=)» By iRy, v+> (B-B,_;)Ry,v+BRy, v
j=0 =0 =0
= Byv+E v. (4.13)
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Since for any s < s* one has ||E v| < Z}]:o Bj(B)27%7||Ra, v||+ [|BRa,., v|| one obtains
IEsv]l < 2727 | as [ BB) ey + 277 B] [[v]las < (27 + 1)27 7B [[v]] s,

provided that A; = supp (vo; — vgj-1), j < J, where vy, is a best k-term approximation to
v,and Ajp = A\ Ay
Rather then applying this principle directly to A, as in [13], we apply it to each

component TS} in (2.14) and consider first approximations T; to T, given by (2.14), in

the form
-t Y a®T,

nekqg(R) i

where the Tﬁf} will be specified next via the concept of compressibility for the specific
cases TSZZ) = T, from (2.15), (2.16). Recall, however, that compressibility of such low
dimensional operators is only known for properly scaled counterparts.

In fact, for sufficiently regular 1, and with the low-dimensional scaling matrices S,
defined in (2.20), the operators

AV SIS, AT, AP —8OT. ()
are bounded on /3(V) and s*-compressible for some s* > 0. Note that ||Az(f)H = ||A§Z)H

This means that for any fixed s < s*

1871 (T2 — T2,)S77! | < B;(AY) 279 |

I(T5 = Ts5,)877 | < Bj(AF) 27 (4.15)
1871 (Ta = Tuy)| < B;(AY) 27,
where T, ; := SzAS)]SZ and Ag)j is the jth compression of Agf), n = 2,3,4, according
to Definition 4.5. Therefore, we construct for any given J € IN the Tﬁf} = TSZ) s by the

principle (4.13). In fact, for a given partition AS) p P = 0,...,J +1, we set

J+1

(i, J) () . (@)

T =T =) T PLNG . (4.16)
p=0

where as in (4.13)

(Z) Tni,J—p7 b= 07 ) J7 T(Z)

Tl ° nofr41) = 0-

In fact, as above, the sets AS) ] provide the vehicle for adaptivity and will depend on a
given input sequence v € fo(V?) as follows. For each i € {1,...,d} and for j € N, we
choose I_X?) as the support of the best 2/-term approximation (7(?)(v)); of 7(?)(v) so that,

in particular, /_\](j) Az(:ll If T,(fi) = id, we simply set T£§) =id. If Tgi) # id, we set
A(f)l := () and
(i) (@) (i) | AONAY L p=0.0
Ani7[P]( v) = Am,[P] B A[ ] - A \AF; , p=J+1, (4.17)
0, p>J4+1,
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As an immediate consequence one has

IRy )] = 1(xD(v)zr = (7D () || < (142927779 (v) | e,

AD

ng,[p]
i.e., with increasing p the successively coarser approximations TSZ_)’
supported vectors of successively smaller norms.

Of course we will not apply T, but the rescaled version A := S™'T;S~! which,
however, still has unbounded rank and hence requires a further low-rank approximation
S,, of S. Here n depends on the support of the input vector v in such a way that, in an
appropriate sense, S,, and S are equivalent on suppv. To make this precise, given any
finitely supported v € £5(V?) and any J € IN, let

() AT€ applied to finitely

T(J;v) := argmin {T” > 0 : supp v U supp T,v C A} (4.18)

Moreover, define

d J R
es(v)i= D CR [0 (X Bsp(A) )2 U PR, ) r O ()

i=1 p=0 n=2 )
R . .
+ > IADI IR, o O], (419)
n=2 [7+1]

where

c —max{|a”] 23 A (a1, 2 (AT |Haw\} < max{1, 2max|yA<ﬂ Y ail. (4.20)
J#i J# n 34

In the last inequality we have used that (a;;) is diagonally dominant. In view of (2.18),

CX) is thus in particular independent of d. Note that for a given finitely supported v, the
a posteriori quantity e (v) can be evaluated. It clearly decreases when J increases. This
decay is faster, the faster the errors of 2P-term approximation of the contractions () (v)
decay.

With these prerequisites at hand, for any given tolerance n > 0, which we will always
assume to satisfy n < 2||A||||v|| — which is natural, since otherwise Av can be approximated
by zero — we set

n(1—9)

J(n) := argmin {J € N : (1+6)%e;(v) < n/4}, c(v)n = "t (4.21)
{ - ATV
and
m(n;v) := M(c(v)n; T(J(n);v)), (4.22)
where M is defined in (4.7), to define the procedure APPLY(V;7) : v — W, by
G—1 A &—1
=S m(n: )T IS, ) V- (4.23)

Remark 4.6. The smallest 7" for which supp T ;v C A is usually larger than the smallest
T’ for which suppv C Aps. Thus, the number n’ of terms needed in a viable scaling of
the input vector v in (4.23) need not be equal to m(n;v) but can typically be chosen
as a smaller integer. This should be exploited in a numerical realization, but for ease of
exposition we work with the above “symmetric” version.
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Proposition 4.7. The finitely supported w,, defined by (4.23) satisfies ||Av — wy|| < n.

We defer the proof of this fact and a further analysis of the procedure APPLY(V;7),
in particular regarding the sparsity of the corresponding mode frames and the resulting
ranks, to Section 6.

In order to control the ranks of the numerical approximations we shall make use of
the excess regularity discussed in Section 2.4. We shall exploit this through the following
strengthened notion of compressibility.

Definition 4.8. We say that B: (2(V) — ¢2(V) is s*-compressible with Sobolev stability
of ordert > 0, if there exists C; > 0 such that ||S{B—B;)S; || < C;8;(B) fori = 1,...,d.

5 An Adaptive Algorithm and its Complexity

5.1 Formulation of the Algorithm

As already mentioned in Section 2.3, for the exact right hand side f both the supp, f and
lrank(f)|oc may be unbounded. In a practical realization of (2.12), we therefore need to
work with approximations, that is, with a procedure RHS which generates for a fixed given
f and any positive tolerance n > 0 an approximation RHS(7) to f in the hierarchical Tucker
format that satisfies

I — Russ(n)| < . (5.1)

In our complexity results, we focus on the costs for constructing a solution u for given f;
we thus assume sufficient knowledge of the data for the explicit construction of a routine
RHS of suitable complexity, which we make more precise in Section 5.2 and Appendix B.

Furthermore, we denote by COARSEN(+; 77) and RECOMPRESS(+; 77) numerical realizations
of Cn and 1577, respectively, see also [3]. These routines, together with the scheme APPLY
defined above, are the core ingredients of a numerical realization of the iteration (2.12).

The following adaptive scheme—Algorithm 1—has been proposed in essence in [3], see
also [2] for a predecessor. The main difference in the present work lies in the formulation of
the routine APPLY which, due to the scaling problem discussed in Section 2.2, poses severe
additional difficulties regarding the complexity and, in particular, concerning tensor rank
bounds for the iterates.

The following fact follows exactly as in [3]. It holds for any fixed choice of the param-
eters k; for i=1,2,3 and 1, B2 subject to the stated constraints. These parameters will
later be further specified for a quantitative complexity analysis.

Proposition 5.1. Let the damping factor w > 0 in Algorithm 1 satisfy |id—wA| < p < 1.
Then the intermediate steps ug of Algorithm 1 satisfy ||uy —ul|| < 2 %<g, and in particular,
the output u. of Algorithm 1 satisfies ||u. —u|| <e.

Remark 5.2. The scheme produces an approximation u. ~ Su®, with u$ = (¥, u) as in
(2.3). Recovering u®, the coefficients with respect to the original tensor product orthonor-
mal basis {¥,} of La(Q2), therefore requires an additional approximate application of S-1
based on Theorem 4.1.

5.2 The Main Result

We shall now formulate the main result of this paper, which roughly states the following:
if the data f satisfy certain conditions on tensor structure and representation sparsity,
and if the exact solution satisfies similar conditions, then the computed approximation u,
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Algorithm 1 u. = SOLVE(A, f;¢)
w>0and p € (0,1) such that ||id — wA| < p,
input {

ca > [|A7Y, g0 > callf],
K1, k2, k3 € (0,1) with k1 + k2 + k3 <1, and 81 >0, B2 > 0.
output u. satisfying ||ju. — u|| <e.
1: up:=0

2 k=0, I:=min{j: p/(1 + (w+ B + B2)j) < 351}

3. while 27Fgp > ¢

4 wgoi=ug, j <0

5: repeat

6: My = p 127 e

7 Ty, ; = APPLY(Wy, j; 37k,;) — RHS(20 ;)

8: Wi, j+1 i= COARSEN (RECOMPRESS (W, j — wr j; B17k,5); 27k, ;)
9: je g1

0 until (j>1 vV capllrrgoill + (cap+w+ Bi+ Bo)mgo1 < mi2”FHeg)
11: U1 := COARSEN (RECOMPRESS(Wy, j; k22~ ¥l eg); kg2~ K+ g))
12: k+k+1

13: end while

14: u; 1= ug

also exhibits a near-optimal low-rank tensor structure and representation sparsity. Most
importantly, the algorithm does not make use of any a priori information on such approx-
imability properties. Instead these features—referred to as benchmark assumptions—of
the problem and the exact solution, though not known explicitly, will be shown to be
automatically inherited by the numerical approximation.

We formulate next the assumptions under which the main result holds. We begin with
conditions on the data A,f which are natural for low-rank approximate solutions with
sparse factors can be expected to exist.

Assumptions 5.3. Concerning the scaled matrix representation A given by (2.10) and
the right hand side f we require the following properties for some fixed s*,¢ > 0:

(i) The lower-dimensional component operators A§f} as defined in (4.14) are s*-compressible
with the level decay property and with Sobolev stability of order t.

(ii) The number of operations required for evaluating each entry in the approximations
T, ; as in (4.15) is uniformly bounded.

(iii) A has a bounded condition, i.e., [|A[],|A™!| < oo.

(iv) We have an estimate ca = [|A~!||, and the initial error estimate e overestimates

the true value of ||[A~!||[|f|| only up to some absolute multiplicative constant, i.e.,
eo S [ATHIIE]

(v) The contractions of f are compressible, i.e., 7 (f) e A%, i=1,...,d, for any s with
0<s<s™.

(vi) The problem (2.1) has excess regularity ¢ as in (2.21), (2.22).

We state next the assumptions concerning the procedure RHS for approximating the
right hand side f that will be used in the subsequent complexity analysis. We refer to the
appendix for scenarios where these assumptions can be realized.
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Assumptions 5.4. The procedure RHS is assumed to have the following properties:

(vii) There exists an approximation f;, := RHS(7) such that (5.1) and
17D (£)) 4 < CP O ()] e,
1
- #suppi(f;) < Oy (O () L)
[rank(£;) o < CF*™ [lnp|

hold, where CSPars¢ (CSUPP C’;"mk > 0, by > 1 are independent of n, and CSPas¢ (CSUPP
are independent of f.

(viii) The number of operations required for evaluating RHS(7) is bounded, with a constant
CPP(d), by ops(f,) < CP*(d) [|Innf*r + |lnn|bf77_%].

(ix) RHS preserves the excess regularity of the problem, that is, there exists C¢® > 0
independent of 7 such that
IS5, < CEelISifl- (5.2)

Remark 5.5. Recalling that f = S™!g, we can obtain (vii) and (viii) from Proposition B.1
in Appendix B, where bf = bg + 1; in particular, if bg is independent of d, so is bs.

Under the above conditions on the data and their processing we are primarily interested
to see now whether the adaptive algorithm produces in a quantifiable way low-rank sparse
approximate solutions if the exact solution permits such approximations. We state now
our precise benchmark assumptions on the solution u.

Assumptions 5.6. Concerning the approximability of the solution u, we assume:
(x) u e Ay(yu) with yu(n) = edn'"™ for some dy > 0, by > 1.
(xi) 7@ (u) € A° fori =1,...,d, for any s with 0 < s < 5*,

The rationale of Assumptions 5.6(x) is to assess the performance of the highly nonlinear
scheme in situations where the solution does admit low-rank approximations, quantified
here by a poly-logarithmic growth of ranks given by =, 1 see Remark 3.4.

In order to analyze the dimension-dependence of the complexity of our algorithm, we
would ideally need a reference family of problems exhibiting the same level of difficulty
for each d. Although this is not quite possible, there are problem elements that can be
compared for different values of d, such as for instance the structure of the Laplacian. It is
therefore important to state next exactly how the relevant quantifies relate to the spatial
dimension d.

Assumptions 5.7. In our comparison of problems for different values of d, we assume:

(xii) The following are independent of d: the constants dy, by, C®P*¢ CSUPP C}”ank; the
reg

excess regularity index ¢, and C¢ ™ in (5.2).

(xiii) The following quantities remain bounded independently of d: ||A|| and ||[A~!]|, see
Proposition 2.3; the maximum hierarchical representation rank max, R, of T; the
quantities [|7()(u)||4s in the benchmark assumptions, |7 (f)|| 4+ in Assumptions
5.6(vii), and the values ||S!f]|, each for i =1,...,d.
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(xiv) In addition, we assume that C¢™°(d) as in Assumptions 5.6(viii) grows at most poly-
nomially as d — oo.

Remark 5.8. As a consequence of the d-independent bound on ||A||[|A~!||, the reduction
rate p is independent of d and hence the damping parameter w can be chosen independently
of d.

We have already seen in Proposition 5.1 that Algorithm 1 terminates without any
additional assumptions on u and in that sense converges. The following main result of this
work concerns the complexity of the scheme when u satisfies the benchmark assumptions.

Theorem 5.9. Suppose that Assumptions 5.8, 5.4 hold and that Assumptions 5.6 are
valid for the solution u of Au = f. Let o > 0 and let kp, k¢ be as in Theorem 3.6. Let
the constants K1, ko, k3 in Algorithm 1 be chosen as

= (1+ (14 a)(kp + ke + Kplic))_l ,
ke = (14 a)kpk1, k3 = ke(kp +1)(1 4+ )k,

and let 81 > 0, By > 0 be arbitrary but fized. Then the approximate solution u. produced
by Algorithm 1 for € < g satisfies

_ _ _ bu
rank(w)]oe < (dy In[2(ar) lp%nurum)sl]) S (el +mdf,  (5.3)
1

d
> #supp;(us) S d' (zw llas) e (5.4)
=1

as well as

el () S \/gHu”AH (yu) » (5.5)

an w)las S deax{“}Zuw@ s - (5.6)

The multiplicative constant in (5.5) depends only on «, those in (5.4) and (5.6) depend
only on o and s.

If in addition, Assumptions 5.7 hold, then for the number of required operations ops(u.),
we have the estimate

< Cd® dcs*1 lndd24cln lnd|h,l€|cs’1 In d+2 max{by,bs } e~

ops(u.) < : ) (5.7)

where C, a are constants independent of € and d, and c is the smallest d-independent value
such that I < clnd for I as in line 2 of Algorithm 1. In particular, c does not depend on
€ and s.

Note that the operation count in (5.7) is essentially of the form

< dcl lnd’ In E‘Cg In d+2 max{bu,bs

ops(u:) < }a_%,

where C1, Cy are constants independent of d and e.
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6 Complexity Analysis and Proof of Theorem 5.9

6.1 Analysis of Scaling Operators
Theorem 6.1. Let §p € (0,1) and

2
he |0, ————+]. 6.1
(* S (o1
Then with o, w defined as in Theorem 4.1, and ¢pppn and op oo as in (4.2) with n™ >

[ht max{47r_%, V|Indol|}], we have

< % for allt € [1,00).

1
i ett] <
Moreover, for any € > 0 and for alln > [h=(In 273 + llnel)], one has
|<,0hoo gDhn()‘SE for allt € [1,00).
An immediate consequence of Theorem 6.1 can be formulated as follows.

Corollary 6.2. Under the assumptions of Theorem 4.1, let in addition 61 > 0 such that
§:=0+0 <1, and let T > 1. Then for ppoo and op, with nt as in Theorem 6.1 and

n>[h (In27" % + |Ingy| + L InT)]

we have

} < f/li’ ’f% —gohm(t)‘ < 0 forallt € [1,T].

TVt
Choosing 0y = 61 = /2 in Corollary 6.2 provides the proof of Theorem 4.1. For

the proof of Theorem 6.1, we need the following definition and approximation estimate
from [31].

|90hoo Sohn

Definition 6.3. For ( > 0, let D; = {z € C: |Imz| < ¢} and for 0 < e < 1,
De(e) ={z € C: |Rez| <e !, [Imz| < ((1—¢)}.
For v analytic in D¢ let Ni(v,D¢) = lim._,o fapg(5)|v(z)\ |dz] .
Theorem 6.4 (cf. [31], Theorem 3.2.1). Let g be analytic in Dy with Ni(g,D¢) < 0o, then

'/ x)dz —hy _ g(kh)

keZ

(97DC)'

e~ ¢/h
‘ ~ 2sinh(w¢/h)

Proof of Theorem 6.1. Our starting point is the representation (cf. [21])

—tln (1+€*)
1o e
The integrand is analytic, in particular, in the strip {x + iy: = € R, |y| < 7/10}, and in
order to apply Theorem 6.4, we need to estimate the quantity

Ni(g, D) = /R 9z +iC)| da + /R 9(z —iC)| da,

27



2 et ln2(1+ez)

where g(z) := e Note first that |14 e®*%[2 > 14+ €% > 1(1+¢%)? for z € R.
Let

. 1 - 2
re(z) = Reln?(1 + ") = 1 In?(1 + 2% cos ¢ + €2%) — <arctan cosz“uji—ce—“v> .

For |¢| < {5, we now prove that r¢(z) > 122 for x > 0 and r¢(z) > %62‘” for x < 0. We
first con51der z < 0. Using that In(1 4+ y) > 5y for any y € [0,2], we obtain

[

ln (1+2¢e%cosC + €**) > ~(e®cos()?,

S

and furthermore

sin ¢ 2 sin ¢ 2 9 9
arctan ———— | < | ——— ] < (%, z€eR.
cos( +e* cos( +e*

Hence rg(m) > 1(e%cos()? — (%%, and the estimate cos¢ > (5 + 4C2)%, which holds for
¢ < {5, yields i(ew cos()? — (%e?® > %e% for z < 0, as claimed.
We now consider x > 0, where we shall repeatedly use

inC

arctan —————
cos( +e %

<[¢], zeR.

To see that r¢(z) > 122 for z € (0,1), we observe first that In?(1+2cos¢+1) —(* > 1
holds for ¢ = /10, and hence also for |(| < 7/10 by monotonlclty Consequently, for
€ (0,1), one has

2

> —x°.

| =
o~ =

1 1
re(x) > 11112(1 + 2e% cos ¢ + e**) — (2 > 11112(1 +2e%cos ¢+ €%) — 2 >

In the remaining case = > 1, we use the estimate In(1 + e**) > 2z to obtain

—

1 1
Elnz(l + 2% cos ¢ + €**) > ~ In?(1 + €2%) > Z( z)? =22,

W

and thus r¢(z) > 22 — (2. Consequently, r¢(z) > %xz follows, since in the latter case
< % < %a:Q.
In summary, for |{| < 7/10, we obtain

/e
R+

1+ e~ (@%i0)

—tIn?(1+4e*+iC)

—tre(z)
dx§2/ € — d:v§2/ e_%“de:%/?Tt_%
R R+

+ 1+e ™

as well as
—2x

e—tIn®(14em+iC) e 5€ 1 g€ L
dr <2 dr =2 ———d{<2t7 2,
/ ' 1 + e—(a=%i() = /]R+ Tter °° /0 (14+&1)¢ =
where we have used the substitution z = —1In¢.
Theorem 6.4 now yields

= " hw(kh)e *®M < 8(1+ “3)¢z e T
\[ ( 4 2sinh(nC/h)
keZ
<16(1+ 7 2)t e /BN (6.2)
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where we have used ¢ = 7/10 and that h < 72/(51n2) by our assumption on h, which in
turn implies e=7¢/" /(2sinh(7w¢/h)) < 2e=27¢/". Again by the choice of h as in (6.1), the
right hand side in (6.2) is bounded by %t_%éo.

The estimates for n* and n follow from the decay of the integrand on R: on the one
hand, we have

Z hw(k‘h)e_o‘(kh)t < 27T_§h/ et g < T2 / e dr ,

+ +
k>nt n hv/t

and furthermore

00 00 — 2 —(nth)?
o3 / e T dx < o3 / 2ze dr < 271'_%67 .
n*h\/z nth 7”L+h 7’L+h

The expression on the right hand side is bounded by 16, for n > max{47r_%h*1, h=ty/IIndol},
which leads to the condition on n™ stated in the assertion. On the other hand,

1

Z hw(kh)e_o‘(kh)t <2772 / e Tdx < 27r_%e_"h,
k<—n nh

and the expression on the right hand side is bounded by ¢ for all t € [1,T] for n >
h~l(In27~2 + |Inel). O

We record next some consequences of Theorem 4.1 and the related definitions from
Section 4.1 that will be required later. First we quantify the equivalence between the two
systems (2.7) and (2.10).

Remark 6.5. For any B € RV">*V* and v € l5(V?),

(1-0)|S™IBS™HSS Iv)|| < IS7!BS v| < (14 0)[S7'BS™L(SS~1v)||. (6.3)

Proof. We infer from Remark 4.3 that
ISTIBS tv|| = ||(S71S)STIBSH(SSIv)|| < (1 +0)|[ST'BSH(SS1v)||.
The lower bound follows from Remark 4.3 in an analogous fashion. 0

The significance of (6.3) becomes clear when taking B = T — T where T is an ap-
proximation for T. Here T stands for a “compressed” version of T. Recall that matrix
compression is usually done for the energy scaled version A, not for the Lo representa-
tion T. However, since the process of discarding matrix entries and scaling commutes
and since, in view of (6.21), we can make use of existing results for the lower-dimensional
canonical scaling, we can compare the corresponding variants.

Lemma 6.6. Let v € l5(VY9) and T > 0 such that
suppv C Ap, supp(ST'TS 'v) C Ar, (6.4)
and define D := S~Y(T — T)S~'. Then whenever n > M(n;T), one has
|68 — 8, 1T, )v| < D]+ [Did - §8;")v|
L DES V- LAl (65)
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Proof. Note that
(SIS~ — S ' TS Hv|| < ISTHT — T)S Lv| + |S7!'TS v — S 'TS lv|. (6.6)

The second term corresponds to the deviation of the finite-rank operator S; ! from the
reference S~!. Here we obtain

ISTITS™! = ST vl < ISTIT(S™H = S hvll + [[(S™H = Sy TS vl (6.7)

To bound the second summand on the right hand side of (6.6), we estimate the first
summand on the right hand side of (6.7) by

ISTIT(S™ =S Il = [IST'TST!(id - SS,Y)v|
< |JAGd - SS; Hv| + [|STHT — T)S~(id — SS,, H)v].

Now note that, whenever suppv C Ap, n > M (n;T), we infer from Remark 4.3 that

|(id =SS, 1) | = |av(@, ' — @) < (1= 6) (@, — @) < (1 —6)""n.  (6.8)

n,v

Hence we obtain

Sl a—1 G- n - a1 &&=
SIS = S, vl < T lIAI VI + [STHT — T)S™H(id — S8, ).

As for the second summand on the right hand side of (6.7), we argue as above, now using
the second relation in (6.4), to conclude that

1871 =8, HTS; My

IA
lé“
0«,’%
’cBUf
o
R
\;ml
< 1
- =
w
9]
3
—
=

L(HS*(T ~T)S(SS, V)| + Al v]),

IN

where we have also used (4.11) and (4.9). Combining both estimates confirms the assertion
(6.5). O

As will be seen later the estimates (6.5) can benefit from the fact that the compressed
version T of T depends on the given v so that the quantities ||S~!(T —T)S~'v|| are small
and controlled by a posteriori bounds.

We conclude this section interrelating the compressibility of the contractions of solu-
tions to the systems (2.7) and (2.10) which differ only by the rescaling.

Remark 6.7. As before let o (V) denote the error of best N-term approximation of v €
(5(V) and let v := SS™!v for any given v € f5(V?). Then one has

on(7D(¥)) < (1+8)on(x(v)), (6.9)
and A A
on(mD(v)) < (1= 86) lon (D ()). (6.10)
Hence we have in particular
i) (% (i 1+9 dy ;i _
77 (V) [las < (1 +0)[|7(v)]|.as <1—H Y@)las, veL(VY), i=1,....d (6.11)

Moreover, for v := SS-1v, (6.9) holds again for all v € £5(V%), while (6.10) holds in this
case only for suppv C Ap when n > My(T).
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6.2 Analysis of the procedure APPLY

The following main result of this section collects the relevant properties of the procedure
APPLY.

Theorem 6.8. Given n > 0, and any finitely supported v € l5(V?), let wy, be defined by
(4.23). Then the following statements hold:

(i) We have the estimates

AV —wyl| <7, (6.12)

1

d
N —1 s s i i i s
#supp;(w) < [[alleyn > (2'2° + DR Y O max | AD || [7O(v)]lac) s (6:13)
=1

(%)

where & 1= (Gg)ren and G = maX;cqy gy MaxXp>1 ag(Ap’).

(ii) The outputs of APPLY are sparsity-stable in the sense that for i € {1,...,d},
3s+2

i SO
17O wy)llae < (CF +

~ S 7 (%) S i
Sl max|AQ CF ) R (14 6)2 7D (v)]las (614)

where C’X) is defined in (4.20) and

CX 1= 12(d — 1) maxlayy| (max| A" (6:15)
771 2Ny

(iii) For the hierarchical ranks of w,, we have the bounds
rank, (wy,) < ((n; v))2Ra rank,(v), «a € Dy, (6.16)
with Ry as in (3.2), where
m(n;v) i=14+n"(8) +m(n;v), (6.17)
with n*(8) given by (4.1) in Section 4.1, and m(n;v) defined in (4.22).

(iv) The number ops(wy,) of floating point operations required to compute w,, in the hier-
archical Tucker format for a given v with ranks rank,(v) = ro, o € Dy \ {04}, and
ro, = 1, scales like

2
ops(wy) S S (1(mv)) Rara [ Reyto)Tey(e)
aeN(Dg) q=1

d d
1/s N . 2 . . 1/s
73 Nalle, () B (3o CRRITDW)llac ) (618)
i=1 j=1
where the constant is independent of n,v, and d.

(v) Assume in addition that the approximations Ty, j have the level decay property (see
Definition 4.5). Denoting by L(v) the largest coordinatewise level appearing in v,
the scaling ranks m(n;v) as defined in (6.17) can be bounded by

d

i v) < (6,5, A) |1+ Lv) + ] +1n (37D (v)]La ) | (6.19)
i=1
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The proof of Theorem 6.8 is based on several auxiliary results. We begin with some
useful facts concerning scaling of tensor product operators.

For later reference, we recall the simple fact that for a rank-one operator B = B @
B® ... @ B@, one has

B = (B(l) R ® B(i_l) ®id; ® B(i""l) R--® B(d))
(id; @ - ®idi-1 @ BY ®@idj1q @ -+~ ®@idg)  (6.20)
with the canonical interpretation when i = 1, d.
Lemma 6.9. For B,C € RV*V one has
87 Beid o oid]s | < 8BS

A (6.21)
S BeCoids@--- @idy]S™!|| < min{||BS;

S;'Cll. [si'Blll|cs; |

b

and permuting the variables, analogous relations hold for B at the i-th and C at the j-th
position, with S1 and Sa replaced by S; and S;, respectively.

Proof. From the observation that |S™'(S; ® idy ® --- ® idg)|| < 1, the first relation in
(6.21) is clear. The second inequality follows by an analogous argument. O

We proceed now analyzing the adaptive application of rescaled versions of the operator
T first for the canonical scaling S, because this allows us most conveniently to tap results
on matrix compression in the univariate case. To this end, we define the approximation

d
Ac,] = Sflri‘tjsfl, T] = Z Cn®'i‘£3 (6.22)
neKy(R)  i=1

In order to simplify notation in the following error estimates, in analogy to (4.14), we
introduce the abbreviations

AY =871 108 1 AY =108, AV =87V, i=1,....d,  (6.23)
for the compressed versions of the properly scaled lower dimensional components of T.
Note that by Definition 4.5 and (4.12), we have the uniform bounds

JAD| <20AD), m<R i=1,...d (6.24)

The next result, although still formulated for the canonical scaling S, will serve as
a first step towards an adaptive application of A defined by (2.10). Although similar
in spirit to a comparable result in [3], the presence of the scaling operator S requires a
slightly different treatment.

Lemma 6.10. Let A. = STI'TS™! be defined by (2.7) and assume that (4.15) holds for
s < s*. Moreover, let v € lo(V?Y) with 7 (v) € A%, i =1,...,d. Then for each J € N
and Ay, defined by (6.22) with the v-dependent partitions (4.17), one has the a posteriori
bound

|Acv — Ac v < ejs(v), (6.25)
where ej(v) is defined by (4.19), as well as the a priori estimate

d

R
lAcv = Aovl <2772 +2) > CQ (SIADN) Ie O )llar,  (6:26)
=1 n=2
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where the constants CX) have already been defined in (4.20). Moreover, one has the support
estimate

#supp; Ao v < R|@lg, 27, i=1,...,d. (6.27)
Proof. Noting that
d d d j—1 d
®B(%) _ ® c® — Z B (C(J) _ B(])) ® c®,
=1 =1 7j=11=1 i=j+1

ST (T-T)s™!
d d

= Y s QT - @IS

neK4(R) i=1 i=1
= <RZ€]N s—! (T%ll) — TSR [p) A(1) (Z cn' T (2) & - T )> s-!

nis i, p

1(d) -
o +nd<RZp€]NS 1 (ZC”T(1)® (d D) (T(d) Tniz,@])RAi?,[p] 7

Using the triangle inequality and recalling that ||v||s,va) = 7@ (V)] 05(Vv), We obtain

ISTHT —T)S~'v| < Y el IR, ® ]Tr W+ + el IR, @ ]ﬂ(d)(V)H (6.28)

ni,p na,p

where

1) _pl (2) & ... (d)) g-1
gnlp N HS nl Tnh[p])RAszll),[p] ®<Z CnTn2 © © Tnd) S H

S—1H .
ngs[p]

(1 S(d—1 d T(d)
eld) = Hs (chm@...@q«gd_l)) ® (T T R, w
fig

(2)

To derive specific bounds for the quantities €5, , we exploit the structure of T and how
the global scaling operator S relates to the low-dimensional factors T%?. In fact, note that
by (2.17), in each summand at most two tensor factors are different (up to scaling) from
the identity so that we are in the situation of Lemma 6.9. Specifically, for t = 0 we infer

from (6.21) that

ST (T = TM) @idy ® - - @idg) S| < |87 (T2 — TS,

)

87T~ T) © Ty @ s &+ @ ida] S| < (T — T§)S7 85T .
Using these estimates with suitable permutations of coordinates, we obtain
i 1
e? =0, ef) < lail]|S; (T2 — Toy—p)S; Y| 629

) < 5l |87 879} 1T — T )87
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as well as an analogous estimate for z-:z(f;;. Now, recall that by (6.24) HSJ.—li“E{ )H <

2H§]71T4H which is used in the definition of (4.20). We then combine (6.29) and (4.17)
with (4.15) to infer from(6.28) that

d J R
JAv = Ae vl < SR [D0 (X B p(AD) )2 U PR o 7O (v)

i=1 p=0 n=2 [p]
R . .
+> IADNR, o 7P| = es(v),
n=2 (7+1]

which, in view of(4.19), confirms the bound (6.25). Moreover, on account of the choice of
the sets AE;]) and since 7 (v) € A%, we have IR\ 0) 7O < (1427527570 (v) || 45,
[p]

which gives

d J R
Ay = Resvl < 3 CR 43 2(3 -y (AL )P 14272 O )

p=0 n=2

+ Z 27| A= (V)IIAs}
n=1
d

R
<2772+ 2) > (S IAD ) 17D (v)lLae (6.30)
n=2

=1

Finally, as in [3], the estimate

R
#supp; Ao v < Y (a2720 46§ 277120 4L 1 al20)

n=1
yields (6.27). O
The next step is to infer compressibility of A from compressibility of A..

Proof of Proposition 4.7. Let for a given v € Eg(?d) the compressed operator T = T ;(v)
be defined by (6.22). Using (6.3) with B =T — T, we obtain

ISTHT —T)S™'v| < (146)S™HT - T)S~(SS™'v)]|
= (1+9)[(Ac— Ac J)(SS_IV)H- (6.31)

Since for v := SS~'v, by Remark 6.7, one has \|RA<)7TZ)( V)| < (1+6)||RA(>7r( (v)], we

conclude that for

A;:=S7'T,;S7! (6.32)
one has 3
|Av — A v|| < é5(v) == (1 +0)%es(v), (6.33)

where ej(v) is the bound from (6.25), defined in (4.19). Thus, the same a-posteriori
bounds as in the case of canonical scalings can be used to make ||[Av — A jv|| as small as
necessary by increasing J.

As Ay still has infinite rank, the next step is to replace S by S,,, where n depends on
the support of v. Specifically, given the target accuracy n > 0, we fix

J=Jm), T=T0);v), n=mlpyv)=MQGT), ¢:=c(v)n, (6.34)
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defined in (4.18), (4.21), (4.22). Invoking Lemma 6.6, (6.5) with n replaced by ¢ yields
lAv =S TyS I < (A — Ay)vl| + [I(A — Ay)(id - SS, V]|
¢ et 2
P (A = AN ES; VI + Al ]

(1+6)2 (eJ(v) +es((1d =887 )v) + 5 f 5eJ(SS,;1v))

IN

2¢
——||A
e LY\

where we have used (6.33) in the last step. Since for T as in (6.34), (SS; '), <1, v € Ay
and recalling (6.8), we conclude that for n = m(n;v),J = J(n),( = ¢(v)n, defined by
(4.21), (4.22),
-1 &—1 2 2¢ 2¢

|Av — S, " TS, v|| < (1+40) eJ(v)(l + 17_5) + 17_5HA|| vl (6.35)
Note that whenever ¢ < (1 — 0)/2, which holds by the condition n < 2||A||||v]|| required
prior to (4.21), we infer from the definition of J = J(n) that the first summand on the right
hand side of (6.35) is bounded by 1/2. By definition of ¢ in (6.34) and (4.21), the second

summand is also bounded by 7/2, which completes the proof of Proposition 4.7. O

For the following proof, we introduce additional auxiliary notation, complementing S,
defined in (2.19): we denote by S;: £2(V?~1) — £5(V9~1) the rescaling operator with the
i-th coordinate omitted, that is,

1

(Swv), = (Z(wi,wﬁ + Z(wi,w_lﬂ) 2, forveRYTvevil (6.36)
J<t 7>t

Proof of Theorem 6.8. The first claim (6.12) of Theorem 6.8 has already been established
above.

To verify (6.13) we make use of (6.26) and the fact that the support of w,, is indepen-
dent of the particular scaling and hence is given by A J(mV- Clearly, in view of (6.30) and
(4.21), one has J(n) < J(n) with

d
7 - : . o—sJ(9s (4) (3) (3) . < n
J(n) : argmm{JelN.z (2 +2)Rz;CA maxl| A 7O V) s < 757 |

1=

which yields

LI . . 1
J(n) < {bgz (a0 + 922 + 2R Y CF) max| AD| 7 (v) .- ﬂ . (637)
i=1

Inserting this into (6.27) yields (6.13).

To prove (6.14) we reduce the problem to the setting considered in [3] by appropriate
estimates for the rescaling operators S™!. It suffices to discuss the case i = 1. Note first
that for n, J as in (6.35), as a consequence of (4.10), for v := SS;'v and v; € supp; w,
we have
D (wy) = 7(SIT 8, v) < (14 6)rfP (ST S719). (6.38)

vy
We exploit again the specific structure of T given by (2.17), which in particular means
that ng) = id and in each summand at most two factors are different from the identity.
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Recalling the notation (3.4) and Sy as introduced in (6.36), we obtain in view of (6.20)
and (3.6),

d
*D(S1T,871%) < U(id@S;l Y a®ITWs v)
neKy(1,R,...R)  i=2
R

d
+Z7ryl( s'tVe Y ® g v)_D1V1+ZDM. (6.39)
=2

nEKd(l,R,...,R) n=2

To bound D1, we estimate

d
STOY a@T0s

neKq(1,R,..,R) =2

d

> ST QTS

neKd(l,R ..... R) i=2

and recall from (2.17) that at most two factors in the tensor products on the right hand
side differ from the identity. Invoking again Lemma 6.9, and bearing (6.24) in mind, we
conclude that

d
510 (@IS

i (1
<dmaxADIP YT el <CY,
neKy(1,R,...,R) =2 e

neKd(lvRv“'vR)

where in the last step we have used that (a;;) is diagonally dominant. Hence, by (6.20)
and since the entries of the diagonal operators (id ® S1)S™! are bounded by one, one has

Dy, < C’S) W ((d®8)87'¥) < C"(Al)ﬂl(,p (v).

Regarding D, ,, for n > 1, we have the estimates

an 7V (A ©id® - @id]($,57%)), n=2,
b S a7V (A wide - @ide Ay @ide - ©id](8:1571V)), n=3,
L = 7>1 ‘
> lags| () (AV 0ide - @ide Ay ®ide - @id)(S;87'%)), n=4.
i>1

By (6.20), we obtain for j =2,...,d,

i) ([A:(f) Rid®---®id® Af) ®id® - ®id](S1S7'¥))
< JAD V(AL ®id ® - ©id)(S15719))

as well as

A(AV2ide- - 2ide A 0ide - ©id)(S,;S7'))
< AP xD(AY ®id@ - ©id](id® $;)S™'¥).
Note next that the entries of the diagonal operators S;S~! are bounded by one as well,

and therefore 7.’ )(818*“) < s )( ) for all v € V. We can thus follow the lines of the
proof of [3, Theorem 8] to infer that, in particular,

3s+2

_28_

I (AP ©®id® - ©id)(S187'9)) [la: < el AL 7D )4 (6.40)
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for n = 2,3,4, where we have made use of (6.24). Moreover, (6.40) holds with S;S~!v

replaced by (id ® S;)S™'v as well. For n = 2, QHA;UH appears as a single factor in the
bound for Dy ,,, while for n = 3,4 two such factors arise. Recalling the definition of CX)
in (4.20), we cover all cases by the bound

23s+2

A SCf‘f)28—1

1D, |

a7, max| AQ e O @)flas, n=2.3.4.  (6.41)

We now use (6.39) to combine these estimates, obtaining

R
Iy (ST TS THV)[las < B || Do e

n=1

Finally, |7 )| < (1 + 6)|#(v)|| by Remark 6.7, which we use in (6.41), and with
(6.38) we arrive at the desired bound for i = 1. Analogous bounds for i = 2,...,d, are
obtained in the same way, confirming (6.14).

The rank bound (6.16) follows from [3, Theorem 8, (99)], taking into account that

the ranks rank,(v) of SZn%n'V)V can be bounded by m(n;v)rank,, a € Dy, and that the

80T ,»S=L v causes another multiplication by m(n; v). Likewise,
n:v) ()= m(n;v)

the estimate (6.18) of the computational complexity follows from the previous observation
combined with (6.13) and [3, Remark 12].

To prove (6.19), we need to estimate L(’i‘J(n)\Nf), where v = g;in,v)v. Note that
L(v) = L(v), and by the level decay property of the approximations of lower-dimensional
component operators, we thus obtain L(T ;(,)v) < L(v) + C1(A,s)J(n). From (6.37) we

know that

application of S;}

d
Tn) <~ (llogy 1l +1n (Co(A, ) S O() L) ).
=1

Moreover, we have
w, < Vd max @;, <cvd max 2'”1",
i=1,..d " i=1,...,d
where ¢ = max, cya maxi2*|"i| Wi, Hence, for an index v € Ve to belong to Ar as in
(4.6), since wWmin > Vd@mm, it is sufficient that ¢® max; 22lvil < (@min)?. Consequently,
A7 contains T IV if

1
L(v) + C1(A, )] (n) < 5 logy T +1ogy ¢ rmin.

The assertion (6.19) now follows from (4.22), which in turn uses (4.7). In the latter, it thus
remains to estimate |In(min{é/2, ¢(v)n})|, where c(v)n = 1(1 — 6) min{1, /(2| A[/||v])}.
Hence [Inc(v)n| < C3(A, 8) + |Inn| +max{0, ln||v|]}, where [|v|| = [z (v)[| < 7@ (v)] 4«
for i =1,...,d, providing (6.19). O

6.3 Control of Rank Growth

The ranks arising in the procedure for applying operators introduced in the previous
section depend on the range of values that the approximate scaling sequence needs to
cover. In the case of wavelet bases, this is directly related to the maximum currently
active wavelet level.

The following lemma gives a bound for the maximum possible active level that can
occur in the output of COARSEN(v;¢). It depends both on some additional higher regularity
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(expressed by a bound on the quantities ||Sf7r()(v))||) and on the sizes of the lower-
dimensional supports supp;(v). This bound will subsequently be used in conjunction with
Theorem 6.8(v).

(2)

Lemma 6.11. For given v € {2(V%), we consider p = (my (V)@ as a vector on
Z:={1,...,d} ® V. Assume that

d
#suppp = Y #supp,(v) < o0
and that for some t > 0 one has ||Sin(v))|| < oo for alli =1,...,d. Let e > 0 and
let p. be the vector of minimal support in I such that ||p — pelle,z) < €. Let C'(,(f) =
SUp ey w;ﬁ 2tel . Then for all (i,v) € supp pe one has

V] < ¢ log, |1 OO || (v)l|v/# supp )

Proof. Let C; := Cg(f)”ggﬂ(i) (v))]| and N := # supp p. Suppose that (i, ) € supp pe and
1| >t~ (logy Civ/N — logy €). Tt follows that

i &t (i At —t -1 €
mD ()| < |8l (v) @)t < G2 < Ci(CivVN) e = Nk

Let A := suppp \ supp p.. Then necessarily, \Wy)(v)] < ‘ﬂ/(j) (v)| holds for all (j,v) € A

and thus 2

(4) 2 Nf <e
> wE<Ng
(Fv)eA{(i,p)}
contradicting the definition of p.. O

We shall apply the above lemma to the result of line 8 in Algorithm 1. There the value
of ¢ in the lemma corresponds to 7y ; = p#T127%5 and p. in the lemma is the result of
COARSEN in the algorithm. We note that, as a consequence of (3.8) and (3.9), this routine
indeed yields p. with precisely the properties required in Lemma 6.11. In order to obtain
the desired bounds for the maximum active wavelet levels in our iterates wy ;, we still
need suitable bounds for ||Str(® (wy, ;)]|.

6.4 Control of Higher Regularity
Lemma 6.12. For anyt > 0 and n > 0, we have

I8 @Gy v < ISIO W), IS @yl < I8 O W)L i=1,....d,  (6.42)
for any v € l5(V?).

Proof. The first inequality in (6.42) is clear, the second is an immediate consequence of
the componentwise estimate (3.7) for 7()(v). O

We now consider the evolution of ||Str(® (wy, ;)||, with wy,; defined in Algorithm 1.
Note that by our excess regularity assumptions on A and f, we know that max; ||Sif|| < oo
as well as

¢ = max |ys EAWSTY| < o0 (6.43)

7777
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Proposition 6.13. Under the assumptions of Theorem 5.9, the iterates wy, ; of Algorithm

1 satisfy e
~ . g+l 1 _
I8t (W)l < F———C, (6.44)

where

vi=1+ w1462V +CVR (¢ + G| Al H)] Cr = w C° max||SLf]| .

Note that under Assumptions 5.7, C¢ as well as the quantities arising in the definition
of v are independent of d, except for C’(Z), which by (6.15) grows at most linearly in d.

Proof. Note that for each outer loop index k, its inner loop over j can be summarized as
Wij+1 = Capny s Poiny; [(1d — wAg 5 Wi j + wii ]

m(nwy, ;) J(")Sf_nl(n;wm
and f, ; := RHS(n). Moreover, by step 1 in Algorithm 1, we have ||Sz(®(ug)|| = 0, for
each i = 1,...,d, and (5.2) implies || Stz D(fy )| < C’regHSt @) (£)||. We shall repeatedly
use that ||Str 0( )|l = ||IStv| for any v.

Using Lemma 6.12, we obtain

Here, abbreviating n := 277;”, we recall that Akj =S~ ( 3 as in (4.23),

187 (Wi ) | = 18t <cﬁ2nk]Pm[<ld 0
< (8470 (wi )| + w8t (A ywi )| + wl|SIxO ()l (6.45)

(4)

We define now wy, ; 1= Sé;lw;w- and argue, for A, as in (6.23), in complete analogy to
the estimates following (6.39) to conclude that

T (Ag W ;) < VX)(l +6)*x (i)(wk )
C(Z 1+6) Zw (Siid®---id® Al @id--- @id](D;Wy ),
where D; = S;S™! for n = 2,3 and D; = (id® S1)S™,..., Dy = (Sy ®id)S~! for n = 4.

We now add and substract Agf ) from (4.14) in the last summands, apply gf, sum over v;,
and use (6.43) as well as Remark (4.3) to obtain

185D (Ag ywi )| < (14 6)2(CL 18D (wi )| + CV R[S (wi;))

R
‘f‘CX)(l +6) ZHSg[id@ cid ® (Ag) — Ag)) ®id - @ id}(Diwy ;)| -
n=2

By Definition 4.8 and (4.16),
ISifid @ ---id @ (A]) = AD) @id- -~ @ id|(Diwp)l| < Cell B(AL) e, IS (W )] -
Using in addition (4.12), we thus have
1857 (Wi 0) | < ANISEE (wi) |+ Ce.

Using j < I (see step 2 in Algorithm 1), we arrive at (6.44). O
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6.5 Proof of the Main Result

In the following, we make an effort to track the dependence of arising constants on various
parameters, in particular on d; this is necessarily more technical than what would be
needed to present just the essence of the result, which lies mainly in the interplay of
Theorem 3.6, Theorem 6.8, and Lemma 6.11.

Proof of Theorem 5.9. Let e := 27%¢y. Note that (5.3) and (5.5) follow from (3.12) in
Theorem 3.6, whereas (3.13) yields (5.4) and (5.6). As a consequence of (3.13), we also

have
ZHW (Who)|l4e < CydtTmaxtis) ZHW u) |4,

where C1 is a constant independent of d. In what follows, newly introduced constants are

always independent of d unless stated otherwise. By Theorem 6.8(ii), we have
|7 (APPLY (Wi i3 311i)) || 4o < Cod|7D (W) (6.46)

In this regard, note that R and ||&||¢, are, by construction, independent of d and that
the same holds, by (4.20) combined with (2.18), for CX). Recall that C’X) grows at most

linearly in d by (6.15). Consequently,
17D (Wi 1) l|as < Cad||m? (wij)|.ax + Cal|m D (£)] |-,

where we may assume without loss of generality that C'sd > 1. Hence for all k and j, we
have

d
Yo Im O (wig)llas < (Czd)y! Crat st ZII7r )| as

=1
+Cy(Cyd—1) " i—1) an )45 . (6.47)

As a further consequence of (3.13) in Theorem 3.6, using Hl_ < d, we also know that
d

> #supp(wio) < Cy a2 k) (Z”W ||AS)

i=1

W =

In view of steps 7 and 8 in Algorithm 1, we infer now from Theorem 6.8(i) and Assumptions
5.4(vii) that

d

d ., a . 1
> #supp(Wij41) < 3 # i (wig) + Codny; (3170 (wieg)Las)

i=1 i=1 i=1

+ P (an £)llas)”

where, on account of Assumptions 5.7, C'PP is independent of d. The last summand in
this bound results from (6.13), using the same observations as in (6.46). Thus, for any k
and j, we have

|

S oupnwey) < Co (20 —%(an“ Tk

=1
+§<p"“2’%~o>i[cad(Drw@(wk,muAs) CS“PPd(ZHw(Z )]
n=0

i=1
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Combining this with (6.47), defining

uf —max{(an wllas)” ,(iw(“(fﬂus)i},

1=

and recalling that 7y, ; = p/ T12 %<y, we arrive at

d
7 _1
Z # supp;(wy, j) < Crd?? (ng) s Cu7f’l’]kj , (6.48)
i=1
where p; := max{2 + s71, 1+ 2571},
We are now in a position to invoke Lemma 6.11. Here the requirement that 5o > 0
in Algorithm 1 enters. Combining (6.48) with (6.44) for ¢ = 1,...,d, and for each v €
supp;(wy ;) C V, we conclude that

. _ _1 i
V| < Ly =t log, lcsdpl Moy Wﬂcf\/ M (Cad) scu,f‘ . (6.49)

We rewrite this for convenience as
ra i .
Lij = ™ logy| Co(d) CF a3, [~ 3y M1 (6.50)

where Cy(d) := Cg(ijlll/t?, which may depend on d via Cy ¢; note that Cy ¢ < d%éuf with

Curt = maxi{||7r(i)(u)\|}é(f, || (® (f)||i(f} which, by Assumptions 5.7, is independent of d.

In order to estimate the right hand side in (6.50), we need a suitable estimate for
logs v'*, which contains the outer iteration index k. We will relate this quantity to the
current tolerance 7 ;. To this end, note that

logy ¥ = (|logy 1k ;| + j[logy p| + |logy peol) logs 7.

Hence the bound in (6.49) can be rewritten in the form

J J J
tLy; < logy Co(d) + % log, C3 + (pl + %) log, d + (1 + %> [logs nj k|

+ I'log, 7k + jlogyy
= logy Co(d) + é logy (C3d) + p1 logy d + (1 + é + I logy 7) |logy x|
+ (logy ) (j + jI|logy p| + I[logy(peo)]).

To proceed, recall that by Assumptions 5.6 and 5.7, t and ¢ are independent of d. More-
over, by Remark 5.8, In p is bounded from above and below independently of d, see Remark
6.14 for a further discussion of this point. Finally, we know that there exist constants ¢, C'
such that

j<I<clnd, ~v<C(Cd.

Hence, there exists a constant C'g such that
Lij < Cro((Ind)?|lnmy ;| + (Ind)® + In Cy(d)) . (6.51)

Here and in the following, for simplicity we consider without loss of generality the case
that Ind > 1.
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In the notation of Theorem 6.8(v), we have L(wy, ;) < Lj ;. Furthermore, note that
InCy(d) < st max{l,ln(CgéfC'i/fZ)} Ind. From (6.47), (6.51), and (6.19), we thus infer

(ki Wi ) < Ci1((Ind)?|Inm ;| + (Ind)?).

Recall that the decay of best low-rank approximation errors is governed by the inverse
75! of the growth sequence vu(n) = edunl/b“, see Remark 3.4. Under Assumptions 5.6(x),
(3.12) in Theorem 3.6 then yields

[rank(wio)loo < (dy ' In[(510) ™ [ul| gy, () 20D ™ < C(w) (g0 + ),

where we have used in the last step that x7! < d. By Theorem 6.8(iii), setting R :=
max,, Ry, which by Assumptions 5.7 is bounded independently of d, we now obtain

~ 2 5 ran
rank(wy, j+1)]oo < (72(nk5i W) R |rank(wy, ;)]0 + CF™ [Inny ;| .

As a consequence, setting b := max{by, bg}, and using again that I < clnd and hence

Inng, 7| < [Inngol + clnd|lnp|,

we conclude that

rank(wi 1)|oo < Crod ™ 2R (10 d)2(Inn 0| + cInd [In p|) + (Ind)?)*
x (|Inngo| + cInd|In p| + Ind)®
< Ci3d” (Ind)® ((Ind)?[n 0] + (Ind)?)* In gy 0/” (6.52)

where py := (In R+ 2In C11 + 2In(1 + ¢[ln p|))c.

In view of Assumptions 5.6(viii) as well as Theorem 6.8(iv) and (v), the complexity
of each inner loop in Algorithm 1 is dominated by that of the hierarchical singular value
decompositions used in RECOMPRESS and COARSEN (see Remark 3.7). Therefore, it is for
each k, 7, in view of (6.48), bounded by

1

Cia [d |rank(wk,j)|io + ‘rank(wkvj)‘godpl(C3d>%0u’f 771;];] '

Likewise the number of operations for the outer loop with index k is bounded by

I+1 1

Cis [df rank(wy, )[4, + [rank(wy 1) 2,d” (Cad) = Cug 77;;;} :

The total work for arriving at uy is thus bounded by

016 |:d[ |rank(wk_171)|§okz + |rank(wk_1’1)

clnd+1l 1 A 1 }

2.d7 (Cad) ™ ds Cugmy 2y, (6.53)

We need to express the above bounds in terms of €. In this regard, note that k =
1

logy g9 — logg €y M0 = pek, and Np_11 = p1+126k. The latter relation yields 77;;;1 I
_1
(2p)7§dcsil|ln"|5k . From (6.52), we now obtain first for the ranks

IA

[rank(wy, 1)|oo < Ci7dP? (Ind)bT6cmd|In g |bF2¢Ind,

Using this in (6.53) gives the bound

_ _1
OpS(Uk) S 018 (ln d)1+bdp3 (h’l d)24clnd dcs 1ind Hn Ek‘2b+401nd5k S ’

where p3 := 1+ 257! + cs7(|lnp| + InC3) + p1 + 4po. This completes the proof. O
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Remark 6.14. In the present case of a symmetric elliptic operator, an appropriate choice
of w yields |In p| ~ [conda(A)]~L. As a consequence, the bound I for the number of inner
iterations scales linearly in conds(A). A violation of our assumption of a d-independent
bound on condz(A) made in Assumptions 5.7 therefore has a considerable impact on the
resulting complexity estimates. In particular, conda(A) ~ d?, which is the case in Example
3.2, would in fact lead to a complexity estimate with superexponential dependence on d.

7 Numerical Experiments

7.1 Basic Considerations

There are two basic choices to be made in a practical realization of Algorithm 1: the
dimension tree Dy for the hierarchical tensor format, and the univariate wavelet basis
{tv}vev. For Dy, we use the simplest possible choice (3.3).

Concerning the choice of wavelets, the available options are limited by the restriction to
orthonormal bases (cf. Proposition 2.3). A further issue is that, in view of the dependence
of the ranks of the approximations of S™1 on the maximum active wavelet levels, the
compressed application of the rescaled lower-dimensional components Ag ) should increase
these maximum levels as little as possible. By classical results on wavelet compression
(see, e.g., [10]), the wavelets should therefore have high global regularity. In addition, it is
desirable that the wavelets are piecewise polynomials. The resulting Agf) then have very
favorable s*-compressibility, exceeding, in particular, the order of the trial functions [32].
For all results presented below, we therefore use orthonormal, continuously differentiable,
piecewise polynomial Donovan-Geronimo-Hardin multiwavelets [14] of polynomial degree?

6 and approximation order 7.

7.2 Improving the Practical Efficiency of ApPLY

In a practical realization of the routine APPLY we have described above, additional care
needs to be taken to keep the ranks arising in the evaluation as low as possible. We now
describe a practical procedure that achieves this, retaining the guaranteed output error of
the original procedure APPLY.

We consider the evaluation of APPLY(v;7), where v = >, ak @), U,(;i) with a de-
composed further in the hierarchical format. As one-dimensional scaling sequences, we

choose w;, = aiiTgi)V. For each 7 and n; = 2,3,4, we first determine the matrix

entriy indices (v, u) required for the approximations of A,(fi)ﬂ(i) (v) with J(n/2) as de-

fined in (4.21), and precompute all corresponding Tq(fi)yw. This gives the components of

TJ(T]/2) => ., T;’} such that SilTJ(n/2)Sil is a suitable approximation of A. Sim-
ilarly to (4.18), we can now determine two separate values Ty := arg min{7” : suppv C
A}, T1 = argmin{T” : suppTv C Ap} and set mg := M(c(v)(n/2);Ty), my :=
M (c(v)(n/2);Ty), with M defined in (4.7) and ¢(v)n/2 as in (4.21). According to Propo-
sition 4.7, w, /5 1= g,;%’i‘(](nﬂ)g,jl})v satisfies [|[Av — w, j5|| < 7/2. Instead of evaluating
w,, /9 directly (which, from a practical perspective, could lead to prohibitively high ranks),
it is advisable to control the ranks by additional approximations, which amounts to com-
puting a W, 5 such that [[w, 5 — W, 5| < n/2. We shall now describe how W, /5, which is
subsequently used as the output of APPLY(Vv;7), is obtained.

2Note that this is the lowest possible degree for the continuously differentible construction in [14].
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Recall from Section 4.1 that S;&, r = 0,1, can be written in the form

:Z(H)Ka @Z:9él)®®eéd)a

where M, := 1+ n*(6) + m,, and 0§) = diag(w, pl/de—au "Ji'/),, with coefficients wy, &y > 0
given in Theorem 4.1. Note that
o 1
W0 = Z Z 00, T 1(/2)O0 v
bo=10,=1

where the ranks of each summand @gl’i‘J(n/g)@gov are bounded by max,ep, Rq|rank(v)|oc.
The additional approximations with total error at most 7/2 used in assembling w, /5,
which lead to the final output w, 5, are performed as follows. For each i and n;, k;, we

(@ )k with entries W’Ez)kl,vu ngz),uuUl(s')w

Tlo b1 = H Z CnQk ® HZ) W,(;Z)ng (02)) Xsupp; v)
n,k %

where Xgsupp, v denotes the characteristic function of supp; v. For each {y, f1, the com-
putation of 7y, ¢, involves the orthogonalization of a hierarchical tensor of relatively low
hierarchical ranks. We now determine a nondecreasing ordering 7,, ¢ = 1,...,7m0m, of

preassemble sparse matrices W and evaluate

these values, with corresponding pairs (fo @ A q) such that Téo e = 7, for each q.
We first determine the largest gg such that ° Tq < %, and discard the parts of the

tensor corresponding to (Eo7q,€17q) forg=1,... ,qo. With ¢1 := qo + 1, g9 := mgmq, it
thus remains to approximate

Z Z Cnak ® 9\ n?,k Geo)q

9=q1 n,k

Here our strategy is to sum these parts in the given order, and apply RECOMPRESS(+; (4)
to the intermediate result after each summation; that is, ¢, denotes the tolerance used for
recompression after adding the term with index q. Various different strategies are possible
for choosing these (,, with the constraint that Zgiql Gg < 7. Since we start the tensor
summation with the smallest contributions, a natural approach for keeping ranks small is
to always recompress with a tolerance proportional to an estimate of the relative size of
the current intermediate result. This is accomplished by the choice

nzp (IIA

(g = .
a 4 pql(q2+1_ )P

Since more complicated choices of (; (e.g. using additional a posteriori information) did
not yield a further improvement in our numerical tests, the presented results are based on
the above prescription.

It should be noted that this scheme with additional recompressions always preserves
convergence, since the prescribed error tolerances for APPLY are preserved, but its effect
on the computational complexity depends on the rank decrease achieved by the additional
truncations. This, however, is not clear a priori, but in practice the additional recompres-
sions are observed to improve efficiency substantially.
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Figure 1: Norms of computed residual estimates (markers) and corresponding error bounds
(lines), in dependence on the total number of inner iterations (horizontal axis), for d =
4, %16, «64.
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Figure 2: [rank(wy, ;)]s (left) and maximum ranks of all intermediates arising in the inner
iteration steps (right), in dependence on current estimate for |ju —wy, ;|| (horizontal axis),
for d = 2,04, 8, %16, 32, <64.

7.3 A High-Dimensional Poisson Problem

As a first model example, we consider the Poisson problem —Au = 1 on (0,1)? with
homogeneous Dirichlet boundary conditions. We refer to Example 3.1 concerning the
hierarchical tensor representation of T in this case. We are, in particular, interested in
assessing the d-dependence of the computational complexity for achieving a certain H!-
error bound.

Figure 1 shows the evolution of the residuals and the corresponding estimates for
the H'-error in the course of the iterative scheme. Both residuals and errors behave as
expected, with an intermittent increase due to the coarsening and recompression after each
completed inner loop. As shown here for three exemplary values of d, a consequence of
the d-dependence of the choice of the parameter x1 required in our complexity estimates
is that the number of iterations within each inner loop increases with d. Hence for larger
d, smaller errors are reached within a lower total number of iterations, but these iterations
become increasingly expensive, since the representation complexity of intermediate results
is reduced less frequently by coarsening and recompression steps.

In Figure 2, we compare the dependence of both the maximum ranks of the iterates and
of the intermediate quantities arising in the computation on the H'-error bound for differ-
ent values of d. In view of Remark 3.7, these ranks strongly influence the computational
cost. We observe only a gradual increase of both types of ranks with decreasing H!-error.
Furthermore, for relatively small values of d we observe an increase of the required ranks
with increasing d. This is to be expected on the one hand due to (5.3), on the other hand
as a consequence of the tighter error tolerances e.g. in APPLY that are required in higher
dimensions. However, for larger dimensions such as d = 16, 32, 64, the differences between
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Figure 3: Operation count in dependence on the error estimate reduction (horizontal axis),
for d = 2,04, e8, %16, +32, x64.

maximum ranks observed at a certain error tolerance for different values of d diminish.

In Figure 3, the computed estimates for the operation counts® required to arrive at
a relative error tolerance are compared for the same values of d. For this comparison
we use the reduction with respect to the initial error estimate for comparison because,
as can also be seen in Figure 2, the norms of f, u as well as the corresponding initial
errors decrease slightly with increasing d. For each d, similarly to Figure 1, one observes a
characteristic pattern caused by coarsening and recompression steps, where the iteration
periodically returns to larger error tolerances. It is to be noted in particular that the
number of operations required for a certain error reduction exhibits a polynomial growth
in d. Thus the method in this case performs substantially better in practice than the
theoretical complexity guarantees of Theorem 5.9.

The results can also be compared to those given in [13, Fig. 4] for essentially the same
problem?, which are based on direct best n-term approximation in a d-dimensional tensor
product multiwavelet basis. A comparison of the accomplished accuracies indicates that
such a sparse-grid type approximation becomes computationally intractable for large d.

7.4 A Dirichlet Problem with Tridiagonal Diffusion Matrix

One of the strengths of the proposed method is that, in contrast e.g. to the direct applica-
tion of exponential sum approximations [16], it can still be applied when A does not have a
Laplace-like structure with each summand in the operator acting only on a single variable.
For instance, such a structure is not present for A given by (2.13) with the tridiagonal
diffusion matrix considered in Example 3.2, which has values 2 on the main diagonal and
—1 on the secondary diagonals. Note that although our scheme can be applied also in
this case, the problem does not satisfy the assumptions we have made in our complexity

3The given operation counts are obtained using standard estimates (see, e.g., [20]) for each performed
linear algebra operation, and counting the handling of each matrix entry by quadrature (which is O(1)
in our setting) as a single operation. This simplified counting therefore differs from the true number of
floating point operations by a certain fixed factor, but does reflect the asymptotic behaviour.

4The only difference is that they impose homogeneous Neumann conditions on certain faces of 8(0,1),
and homogeneous Dirichlet on the remaining ones, resulting in symmetry boundary conditions that yield

the solution ﬁ|(071)d, where 4 solves the homogeneous Dirichlet problem —A% =1 on (—1, l)d. By a simple

scaling argument, one verifies that this problem of approximating @ on the single orthant (0,1)¢ of (—1,1)?

is (up to a dimension-independent factor) exactly as difficult as the problem that we are considering.
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Figure 4: Tridiagonal diffusion matrix: |rank(wy ;)| (left) and maximum ranks of all in-
termediates arising in the inner iteration steps (right), in dependence on current estimates
for [[u — wy, ;|| (horizontal axis), for d = 2,3, 4.
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Figure 5: Tridiagonal diffusion matrix: operation count in dependence on error estimate
reduction (horizontal axis), for d = 2,3, 4.

analysis. Specifically, as noted in Remark 6.14, we have conds(A) ~ d?. In this sense
this example sheds some light on the role of our assumptions and possible effects of their
violation.

The issues encountered with tensor expansions in this problem are indicated by the
following observation. Diagonalizing the diffusion matrix transforms the problem to a
rotated domain (which is no longer of product type), where the diffusion tensor becomes
diagonal with largest entry uniformly bounded and smallest entry proportional to d~2. As
a consequence, we have to expect that in the original coordinates, the solution exhibits
anisotropic structures that are not aligned with the coordinate axes and become more
pronounced with increasing d.

This is reflected in the numerical results, where both ranks (Figure 4) and compu-
tational complexity (Figure 5) show a much more rapid increase than for the Poisson
problem. Besides the larger approximation ranks, the efficiency of the scheme is also af-
fected by the deterioration of the error reduction rate p caused by the dimension-dependent
condition number.

However, it also needs to be emphasized that the more rapid rank growth is not solely
caused by the non-diagonal diffusion matrix coupling several variables. In fact, there exist
other tridiagonal matrices, e.g. with 2 on the main diagonal and —« with o € (0,1) on
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the secondary diagonals, for which the condition number of A remains d-independent. A
more detailed study of such further model cases will be done elsewhere.

8 Conclusion

We have constructed and analyzed an adaptive iterative algorithm for the approximate
solution of second order elliptic boundary value problems on high-dimensional product
domains. The algorithm generates for any given target accuracy £ an approximation of
finite hierarchical rank that meets the target accuracy with respect to the energy norm,
which to our knowledge is the first result of this type. The analysis brings out several
intrinsic obstructions, which originate from the fact the energy norm is not a cross norm.
As a consequence, using corresponding continuity properties to obtain a well-conditioned
problem (e.g. by diagonal rescaling of wavelet coefficients as in our case, or by other
types of preconditioning) destroys existing explicit low-rank structures. Nevertheless, it
is shown that under certain benchmark assumptions of the solution, the scheme nearly
reproduces minimal ranks and tensor representation sparsity, without making use of any
related a priori knowledge of these assumptions. Our analysis carefully tracks the influence
of the spatial dimension d on the computational complexity. In particular, we have made
an effort to formulate the benchmark assumptions in a way that keeps the problems for
different spatial dimensions comparable.

The theoretical findings are illustrated and further quantified by numerical experiments
for spatial dimensions up to d = 64. It can be seen that the actual performance is better
than the theoretical predictions. It should be emphasized that the scheme is not restricted
to Poisson-type problems; however, when dealing with more general diffusion operators,
the ranks are seen to increase significantly faster with decreasing target accuracies.

For simplicity, we have considered in this work the perhaps conceptually simplest
iterative form, a perturbed Richardson iteration for the infinite dimensional problem in /5.
Significant quantitative improvements are expected when using instead nested iterations
of adaptively refined Galerkin problems. This will be considered in forthcoming work.

Acknowledgements. The authors would like to thank Kolja Brix for providing multi-
wavelet construction data used in the numerical experiments.

A Proof of Proposition 2.3

Proof. First note that for the original operator A, we have

[>

J(=A)v, vy < (Av,v) < A ((=A)v,v), v E Htl)(Q)

By our assumptions on {V¥,}, we have on the one hand |3, cvavuVulr,) = [IVI by
Ly (€2)-orthonormality, and on the other hand, we can now follow the lines of [13, Section
2] and sum (2.23) over i to observe that, by definition ||Sv||?> = 3.||S;v||?, we obtain

Alsvi? < () (3 wwn) (D0 wwn)) <XulisviP.
veve vev
Consequently, one has

A IVIE < (A (Y wrtn ), (3wt w)) S XA IVIE v e t(v).

vevd vevd
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Since

<A < Z w;lvV\I/V>, ( Z w;lvV\I/V>> =(S7ITS v, v),

vevd vevd

we arrive at (2.24). B
As shown in [13], the dependence on A,/A, can in fact be eliminated in the case of
diagonal (a;;). In fact, if one chooses @, ~ \/a;2!"¢!, (2.23) is replaced by

Z Vy 8Z\If,,

vevd

AI8iv)? < ai <282,

2
La(2)

which holds independently of the diagonal entries a;;, and thus summation of these in-
equalities over i directly yields (2.25) in this case. O

B Approximation of Right Hand Sides

As a supplementary discussion, we consider approximations of right hand sides f that
satisfy Assumptions 5.4. A first possible model to account for the computational work of
providing such approximations is to assume that f is in fact already given in a finite hier-
archical format with finitely supported mode frames. Then the realization of RHS simply
reduces to applying the reduction operators discussed in Theorem 3.6 with appropriate
target tolerances.

As for a second, perhaps more realistic model, recall that in the problem (2.10) under
consideration, we have f = S™1g. A routine RHS for constructing an approximation can
thus be obtained by combining independent approximations of g and S™!. Assuming
that we have sufficient knowledge of the coefficients g, = (¥,, f), we can use the decay
of the coefficients of S™'g and a known low-rank structure of g, combined with some
excess regularity f € H-'t(Q), t > 0, to find # and g such that ||S~!g — Sglgu is
sufficiently small. We first make this precise under fairly general assumptions in the
following proposition, and subsequently give some examples for its application.

Proposition B.1. Assume that the excess reqularity assumptions (2.21), (2.22) of order
t > 0 hold, and that |7 (S™1g)||las = |7 (£)||4s < co. Moreover, let g have known
low-rank structure in the following sense: given any finite A = A1) x ... x Ald) ¢ v,
then for each € > 0, we have at our disposal a ge such that

”S_I(RAg - ga)H < e, Wz(/i)(g_lga) < éﬁl(/z)(f) fO?" Ve A(l)y L= 17 c "d’ (B'l)

with an absolute constant C, and |rank(g.)|se < Céankﬂne\bg holds for some constants

Céa“k,bg, depending only on g. Then there exists an absolute constant C such that for
any given n > 0, we can construct £, satisfying

IE— £l <, (7D E)llas < ClrD ()] as, IS < CISHIl, i=1,....d, (B.2)

as well as

d 1
rank(f;)|oo < C[Cq + |Inn[}|Inn|’s, > #supp, £, < dCn~s (ZHW“)(f)HAS)S . (B.3)
i=1

i i

Proof. Note first that we may assume 7 < ||f||, since otherwise f;, := 0 satisfies our re-
quirements. We construct f,, with the asserted properties in several steps. First we exploit
the excess regularity (2.22) of order ¢ > 0. In fact, choosing Ay := {v € V¢: max;|v;| < k}
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and defining gy := Ry, g, we have, in view of (2.6), for some constant C' depending only
on t,

ISTHg—gw)l> < 27 Y 22R(S7g)l < 027 Y " W2(ST'g)?
V%Ak V¢Ak
< 02—2tk||stf“2'

Thus, for any fixed ¢; > 0, to be specified later, we obtain
IS7 (g — gr)l| < cim when k> k(n) = [(¢In2)"" In(e:C||S'E]|/n)], (B.4)

and set g* := gy, Given g* we can find by assumption (B.1) for any fixed c; > 0 a g,y
such that

IS7H(g" — gean)ll < c2n,  rank(geyy) S [n’s, (B.5)

with a constant that depends only on g and cs. Furthermore, since

I (S g")[lae < I (S )]s = I7D(E)[las, i=1,....4,
we can find A = A® x ... x A@ with A ¢ Ay, such that

1

IS Rig" —g) <ean S #suppi(Rig") < dCsn~ s(ZHw ||A5> , (B.6)

i
where C' depends only on c3. Defining

=S, o) Ra ez (B.7)

one has
If — £l =[|S™'g — S;(ln) Rz geon|
<[IS™Hg —g")| +1IS7He" — Rz )|l + IST'RA(8" — gean)

+ Hsil R]\ 8con — Sn(ln) RA gchH

< (er+es +e2)n + [|(id =SS ))S ™! Ry euyl-
< (er+ 3+ e2)n + [|(id =SS, ) R I (I£]] + e2m),

where we have used (B.4), (B.5), and (B.6). We now fix ¢; = ¢ = ¢3 = %. In order to
bound ||(id— Sgg(ln)) Rj ||, we have to choose n(n) large enough to apply (4.8). Specifically,

we have to find a T such that A C Ap. Recalling that A C Ay, the highest level occurring
in A is at most k(1) = [(tIn2)~!In(C||S*f||/(6n))]. Hence, by (2.6), for all v € A one has
w, < CVd2FM | which by (B.4) means w, < \/&(C’HS?fH)%n_%, where C' depends only on
t. Thus w, < vVdT &min < VT wmin holds if

1
t

InT = In[w_ L (C|SH|) ]+t gl

1
2 mln(

Note that by (4.11), [|(id —SS o) Rall < (1=0)7"(d - ssn(ﬁ7

that the latter expression is bounded by 31/(||f]| 4+ c2n), on account of (4.7), (4.8), and
n < |If||, it suffices to choose

)) Rj |- In order to ensure

(1—4d)n

2 (]8!S gl) i )
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with M defined in (4.7). In summary, we therefore conclude that with a constant C' =
C(t,9), depending on ¢, d, and a constant Cg, depending only on g, we may take

n(n) == [C(3,£)(Cg + [lnn|)] (B.8)

to ensure that f,, defined in (B.7), satisfies the first relation in (B.2). The second and
third relation in (B.2) follow with the second part of the assumption (B.1) and with
(éé;(ln)),, < 1 for all v by (4.9). Since suppz-(sg(ln)gcw) C supp,;(Ra+ g), the second
relation in (B.3) follows from the second relation in (B.6). The first relation in (B.3) is a
consequence of (B.8) and the second equation in (B.5). O

The assumptions of Proposition B.1 cover several possible scenarios which we outline
next.

Example B.2. Proposition B.1 applies if rank(g) < oo and ||7()(S~'g)||4s < co. This
holds in particular if f can be written in the form f = >, f,gl) K- ® f,id) and the

coefficients ( fél),wy), v € V, have sufficient decay. In our numerical tests, we consider
f =1, where this is the case, but the treatment of functionals with f ¢ Ly is possible as
well. For instance, for functionals f corresponding to inhomogeneous Neumann boundary
data, if we prescribe constant values céz),cgl) €R,i=1,...,d, on the 2d faces of (0,1)?
we obtain

d
f= Z(c((f) trig, =0} —l—cgl) tr{mizl}) .
i=1
Since each arising trace operator tr has the form of a point evaluation in a single variable
tensorized with the identity in the remaining variables, the resulting coefficients g can be
represented with hierarchical rank 2 similarly to Example 3.1. Non-constant Neumann
boundary data can be treated similarly, provided that they have suitable tensor structure.

Example B.3. If f is such that the corresponding coefficients g are not of finite rank, we
additionally need some means to generate low-rank approximations on given finite sets of
basis indices. In principle, given a suitable index set A, if we can only evaluate the coeffi-
cients g, for v € A, one could use HSVD truncation of the resulting full tensor f = S~!g
on A to directly construct f;, satisfying (B.2), (B.3) (where the second inequality in (B.2)
follows from (3.7)). Due to the costs of computationally constructing a HSVD of a full
tensor, this strategy is practically applicable only in the special situation that such a de-
composition can be obtained more cheaply by some different (e.g. semi-analytical) means.
In case that an HSVD of f is not practically available, one may need to resort to more
problem-specific low-rank approximations g. that possibly do not have such orthogonality
properties; for instance, for a number of important classes of functions, suitable approxi-
mations can be obtained by exponential sum expansions similarly to those considered for
different purposes in Section 4.1. In this case, one needs to ensure by construction of g.
that |7 (S~1g.)||as < C||x@ ()| 45 is satisfied, in other words, the low-rank approxi-
mation should not destroy the approximate sparsity of g. A sufficient condition for this
to hold is that each entry g, for v € A is approximated with a bounded relative error
tolerance.

Remark B.4. If the coefficients in the tensor representation of g. in Proposition B.1 can
be produced directly at unit cost, for instance based on analytical knowledge of f, the
number of operations required to construct f;, can be estimated by

@ =

ops(rus(n)) S d[(Cg + ) lnn[]* +d (327D (6)]40) * (Cg + ) |

o1
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