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1 Introduction

Unemployment benefit schemes are usually characterized in terms of benefit levels and

duration. Eligibility conditions are equally important, in particular requirements to the

previous employment record1 to initiate a benefit spell, e.g. a certain number of hours

of work within a preceding period2. In the following we term this the "employment

requirement". Benefit duration has to be seen relative to the employment requirement.

If this requirement is lax, the maximum duration of a benefit spell matters less since it is

easy to regain eligibility and vice versa. This suggest that employment requirements are

an important aspect on par with benefit levels and duration in affecting incentives in the

labour market.

While there is a voluminous literature on unemployment insurance (see e.g. Fredriks-

son & Holmlund (2006) and Tatsiramos & van Ours (2012) for surveys), it is only recently

that an employment requirement has been explicitly included (see e.g. Hopenhayn &

Nicolini (2009), Ortega & Rioux (2010), Pan & Zhang (2012), and Zhang & Faig (2012)).

Hopenhayn & Nicolini (2009) argue that if it is impossible to distinguish between quits

and layoffs it is optimal to condition benefit eligibility on the employment history of un-

employed. Ortega & Rioux (2010) emphasize that an employment criterion can support

job creation since unemployed who have exhausted their benefits are willing to accept

lower wages to regain the right to unemployment benefits. However, none of those studies

allow for endogenous search. We do so to shed light on the incentive role of employment

requirements compared to those of benefit levels and duration.

Specifically we consider a search-matching framework with a two-tier benefit system

(e.g. Mortensen (1977) and Fredriksson & Holmlund (2001)) where unemployed receiv-

ing unemployment benefits transit to a lower benefit level (e.g. social assistance) when

unemployment duration exceed some threshold. Our study is related to Ortega & Ri-

oux (2010). They, however, ignore the search effects of changing the parameters of the

benefit system. Since the effects of unemployment insurance on job search incentives is

crucial we allow for endogenous search. The main contribution of our paper is to compare

the incentive effects of employment requirements to those of benefit levels and duration.

1Systems often have entry conditions specified in terms of eduvation and/or employment as well as

employment requirements to initiate a new benefit spell.
2Venn (2012) gives a detailed description of unemployment benefit systems across OECD countries.

She constructs quantitative indicators for the strictness of eligibility criteria for unemployment benefits

across 36 OECD and/or EU members, showing large differences across fairly similar countries.
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We also consider the optimal design of the unemployment insurance scheme and how it

depends on the need for insurance measure by risk aversion. We show that the reentitle-

ment requirement can work as a substitute to the benefit duration in terms of generating

incentives for job search.

The structure of the paper is as follows: In Section 2 we introduce a search-matching

model with employment requirements for unemployment insurance eligibility. The effects

of the employment requirement and other elements of the unemployment insurance scheme

are analyzed in Section 3. The optimal UI scheme is considered in Section 4. Concluding

remarks are given in Section 5.

2 Benefit entitlement in a search-matching model

Consider a search-matching model of the labor market where workers can be in one of four

states: i) possessing a job and fulfilling the employment requirement for benefit eligibility

in case of involuntary job-separation (state E), ii) possessing a job but not fulfilling the

employment requirement and thus not being entitled to unemployment benefits (bU) but

rather social benefits (bK < bU) in case of involuntary job separation (state N), iii) being

unemployed and entitled to unemployment benefits (state U), UIB-unemployed, and iv)

being unemployed and not entitled to unemployment benefits but social assistance (state

K), SA-unemployed. There is a continuum of workers with mass one. All workers are as-

sumed to own an equal share of the firms, and therefore firm profits are distributed among

workers, which secures that our model can be given a general equilibrium interpretation.

All employed may lose their job by the exogenous separation rate pU,E. Employed not

entitled to unemployment benefits gain eligibility at the rate pE,N , and thus the expected

length of the employment period to regain UIB eligibility is 1/pE,N . Unemployed eligible

for benefits search for jobs at the rate sU and find a job at the rate αsU , where α is

the job-finding rate (see below). Unemployed eligible for benefits lose eligibility at the

rate3 pK,U , and thus the expected potential duration of benefit receipt is 1/pK,U . Finally,

unemployed non-eligible for benefits search at the rate sK and thus find a job at the rate

αsK. Note that there are only involuntary job-separations in the model.

The instantaneous utility to an employed is

h(Ii, 1− l); i = E,N

3That is, we follow Fredriksson & Holmlund (2001) who show that a fixed time duration can be

approximated by a system in which there is a stochastic transition from one benefit level to another.

3



where Ii is net income given as labor income after tax
4 wi [1− τ ] and its share of profits

Π. Time endowment is normalized to unity and working hours are l (exogenous).

The instantaneous utility for unemployed is5

g(Ij, 1− sj); j = U,K

where income is the sum of the transfer (bU or bK) and the profit share Π, and sj is

the amount of time spent searching for a job. The functions h and g have the standard

properties.

The value functions associated with the four possible labor market states are

ρVE = h (wE [1− τ ] + Π, 1− l) + pU,E [VU − VE]

ρVN = h (wN [1− τ ] + Π, 1− l) + pU,E [VK − VN ] + pE,N [VE − VN ]

ρVU = g (bU +Π, 1− sU) + αsU [VE − VU ] + pK,U [VK − VU ]

ρVK = g (bK +Π, 1− sK) + αsK [VN − VK]

where ρ is the discount rate, bU > bK (see below).

We want to focus on differences or asymmetries arising solely from the design of the

unemployment insurance system, and hence we essentially assume that all workers are

identical except for their labor market history and thus possibly their benefit entitlement.

In this spirit we have assumed that pK,N = pU,E; i.e., the job separation rate is the same

for eligible and non-eligible workers, and they have the same working hours (exogenous).6

Note also that the participation constraints: VE ≥ VU , VN ≥ VK, VE ≥ VN , VU ≥ VK are

assumed fulfilled in the following.

In the following this short-hand notation will be used

hi (·) ≡ h (wi [1− τ ] + Π, 1− l) for i = E,N

gj (·) ≡ g (bj +Π, 1− sj) for j = U,K.

4Labour income is taxed while profits is not. Note that the tax is financing expenditures on unem-

ployment benefits and social assistance. hence, this formulation captures actual modes of financing via

social contributions or taxes.
5For notational reasons, we allow the instantaneous utility function of the unemployed to differ from

that of the employed. However, our results will not hinge on this asymmetry, and in the numerical

illustrations h (·) = g (·).
6We impose this symmetry to focus on the question whether re-entitlement conditions can be motivated

as a means to improve the trade-off between incentives and insurance in the social safety net.
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The individual takes all variables except the search level to be beyond its own control

(i.e., to be unaffected by its decisions), and thus the optimal search level for the two types

of unemployed is determined by (note that standard assumptions on g ensure that the

second order condition is fulfilled)

∂gU (·)

∂ (1− sU)
= α [VE − VU ] (1)

∂gK (·)

∂ (1− sK)
= α [VN − VK] . (2)

Denoting the share of the population receiving unemployment benefits and social assis-

tance by u and k, respectively, we have that total search is given as

s ≡ sUu+ sKk.

A standard constant returns to scale matching function defined over total search and

vacancies (v) is assumed

m (s, v) .

The function m has the usual properties. It follows that the job-finding rate is given by

α =
m (s, v)

s
= m (1, θ)

where θ ≡ v
s
is market tightness, and hence α = α (θ), α′ (θ) > 0. The job filling rate is

q =
m (s, v)

v
= m

(
θ−1, 1

)

and thus q = q (θ), q′ (θ) < 0.

Firms post vacancies to find vacant workers, and in the hiring process they are not

able to distinguish workers by their eligibilities in the unemployment insurance scheme.

Thus, the value of a vacancy (JV ) is expressed in terms of the expected value of a filled

job (JEXP ); i.e.,

ρJV = −κ+ q [JEXP − JV ]

where κ is the flow vacancy cost. The free-entry-condition, JV = 0, then implies

JEXP =
κ

q
(3)

where JEXP is the expected value of a filled job; that is

JEXP ≡
αsUuJE + αsKkJN

αsUu+ αsKk
=

sUuJE + sKkJN
sUu+ sKk

.
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After a firm and a worker are matched, the firm knows whether the candidate is entitled

to UIB or SA, and therefore the wage depends on the worker’s UIB eligibility. The value

of a job filled with a UIB eligible worker is7

ρJE = y − wE + pU,E [JV − JE] ,

and the value of a job filled with a worker non-eligible for unemployment benefits is

ρJN = y − wN + pE,N [JE − JN ] + pU,E [JV − JN ] .

Wages are determined through Nash bargaining; i.e.,

wE = argmax
wE

(VE − VU)
β (JE − JV )

1−β

wN = argmax
wN

(VN − VK)
β (JN − JV )

1−β

with the associated first-order conditions (second order conditions assumed to be fulfilled)

β

∂VE
∂wE

VE − VU
+ (1− β)

∂JE
∂wE

JE
= 0 (4)

β

∂VN
∂wN

VN − VK
+ (1− β)

∂JN
∂wN

JN
= 0. (5)

Profits are given as

Π = [y − wE] e+ [y − wN ]n− vκ

where e and n denote the number of eligible and non-eligible workers, respectively. The

inflow and outflow equations read (where e = 1− u− k − n)

U : epU,E = αsUu+ pK,Uu (6)

K : npU,E + pK,Uu = αsKk (7)

N : αsKk = pU,En+ pE,Nn (8)

for unemployment, social assistance and non-eligible jobs, respectively.

7Note that workers gaining eligibility for bu experience an immediate change in the wage since the

worker and the firm are implicitly assumed to renegotiate the wage promptly. This assumption may be

empirically questionable, but we make it for tractability reasons.
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For later reference note that the fraction of the population in the various labor market

states can be written (recall that 1 = e+ n+ u+ k)

e = e(α, sU , sK, pE,N , pK,U , pU,E)

n = n(α, sU , sK, pE,N , pK,U , pU,E)

u = u(α, sU , sK , pE,N , pK,U , pU,E)

k = k(α, sU , sK, pE,N , pK,U , pU,E).

Finally, the public budget constraint reads

τ (wEe+ wNn) = bUu+ bKk. (9)

To sum up, the unemployment insurance scheme is characterized by two benefit levels

(bU , bK), the transition out of bU (pK,U), and the entry into bU eligibility (pE,N) capturing

reentitlement requirements. Recall that expected benefit duration is 1/pK,U and the

employment requirement period 1/pE,N .

In summary, the equilibrium to the model is characterized by unemployed choosing

search effort according to (1) and (2), firms creating vacancies according to (3), wages

determined by (4) and (5), the tax rate determined from (9) and the flow equations (6),

(7), and (8). It can be shown8 that the resource balance condition (or goods-market

equilibrium condition) is fulfilled; i.e., aggregate output (net of vacancy costs) equals

aggregate consumption.

2.1 Calibration

In the next section we derive some partial, analytical results on the effects on job search

and gross unemployment from changing benefit duration and the entitlement require-

ment. In general, however, there a few clear-cut analytical results and therefore we use a

numerical illustration when necessary.

As explained further below we use the baseline calibration of Ortega & Rioux (2010)

as well as their functional forms (where possible). The time period is a month. The

job separation rate (pU,E) is 0.00977. Productivity
9 (y) is 1.517 in the benchmark, and

8For proof see Appendix available upon request from the authors.
9Productivity and the vacancy cost are rescaled (by 1/1000) compared to Ortega & Rioux to ensure

that the choice of search intensities delivers interior solutions. This rescaling has no qualitative effects.
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the flow cost of vacancies (κ) is 0.56181. The discount rate (ρ) is 0.01. We assume the

following functional forms for instantaneous utilities

h (Ii, 1− l) =
1

1− γ
I1−γi + log (1− l) ; i = E,N

g (Ii, 1− si) =
1

1− γ
I1−γi + log (1− si) ; i = U,K

with γ = 1.5, and workers are assumed to spend 40% of their time at work; i.e., l = 0.4.

The matching function is Cobb-Douglas

m (s, v) = Asεv1−ε

with A = 0.05 and ε = 0.5. To avoid introducing arbitrary inefficiencies we set β = ε =

0.5.

3 Search and properties of the UIB system

We start out by clarifying the role of benefit duration (pK,U) and benefit entitlement

(pE,N) for given benefit levels (bU , bK) for labor market performance; that is, we consider

the implication for a given macroeconomic environment, i.e., wages (wE, wN), taxes (τ),

and job-finding rate (α). This clarifies the direct incentive/search effects of the two

instruments as part of the social safety net. The complexity of the overall model makes it

impossible to arrive at any analytical results for the general equilibrium effects, but the

partial approach gives some important insights on the role of the various elements in the

unemployment insurance system, and also for the interpretation of the numerical results

presented below.

It can be shown10 that for a given macroeconomic environment

dsU
dpK,U

> 0 ;
dsK
dpK,U

< 0

dsU
dpE,N

< 0 ;
dsK
dpE,N

> 0

i.e., shorter benefit duration (higher pK,U) implies that the UIB-unemployed search more

to enhance the chance of finding a job in light of the more dire consequences if this

is not successful, and for the SA-unemployed search becomes less attractive since the

value of finding a job leading to UIB entitlement is now lower. A more lax employment

10For proof of results in this section see Appendix available upon request from the authors.
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requirement (higher pE,N) makes the non-entitled unemployed search more since the value

of a job is now higher since it more easily leads to UIB-entitlement. Oppositely the eligible

unemployed search less since it is less critical to lose entitlement as it can more easily be

regained.

Note that the two instruments, benefit duration and entitlement conditions, have

different implications for the two types of unemployed. Considering the marginal rate

of substitution between the two instruments leaving the utility gain from finding a job

unchanged for entitled and non-entitled, respectively, we have (for proof and notation see

Appendix)

dpK,U
dpE,N

| [VE−VU ]=constant =

pK,U
ρ

αsK
B1

[
1
ρ
B2 − [VN − VK ]

[
1 + 1

ρ
αsK

]]

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
] > 0

dpE,N
dpK,U

| [VN−VK ]=constant =

pE,N
ρ

pU,E
A1

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
]

[
1
ρ
B2 − [VN − VK]

[
1 + 1

ρ
αsK

]] > 0.

Note that search levels are unchanged for utility gains being constant (VE−VU =constant,

and VN − VK =constant). The above thus gives the combinations of pK,U and pE,N ,

leaving search (sU and sK respectively) unchanged. Both types’ iso-search curves are

upward sloping in the (pK,U , pE,N)-spaces; that is, a higher rate (pE,N) at which non-

entitled become entitled to UIB (easier UIB entitlement) has to be accompanied with a

higher rate (pN,U) at which UIB-unemployed lose their UIB entitlement (shorter benefit

duration) to leave search unchanged, i.e., the two instruments are substitutes. This applies

for both types of unemployed, but the marginal rates of substitution are different, which

suggests that it may be desirable to let the UI scheme feature both elements (see below).

Intuitively, using two instruments seems to dominate using only one since there are two

search levels which can be affected, and the two instruments are not perfect substitutes,

cf. the difference in the marginal rates of substitution.

Finally, note that (for proof see Appendix) an increase in pK,U leads to a decrease in

VE and a decrease in VK, while there is an ambiguous effect on VN and VU . An increase in

pE,N leads to an increase in VE and an increase in VK, while there is an ambiguous effect

on VN and VU .
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3.1 Labor market outcomes

Consider next the role of benefit duration and employment eligibility conditions for labour

market performance assessed in terms of the gross level of unemployment (u + k), i.e.

recipients of unemployment benefits or social assistance.

From the flow equations we have

[e+ n] pU,E = αsUu+ αsKk = αs

i.e., for a given job-separation rate pU,E and job-finding rate α, total employment (e+ n)

is monotonously increasing in aggregate search. Since 1 = e + n + u + k it follows that

u+ k is monotonously decreasing in s.

We show in the Appendix that the gross unemployment rate (u+ k = 1− (e+n)) can

be written in implicit form as

u+ k = F (sU (pK,U , pE,N) , sK (pK,U , pE,N ) , pK,U , pE,N ).

It can be shown that (see Appendix)

∂F (·)

∂sU
< 0 ;

∂F (·)

∂sK
< 0

sign

(
∂F (·)

∂pK,U

)
= sign(sU − sK)

sign

(
∂F (·)

∂pE,N

)
= −sign

(
∂F (·)

∂pK,U

)
.

It is an implication that for given search there is always a trade-off between benefit

duration and benefit entitlement in achieving a given level of gross unemployment; i.e., if

benefit eligibility can be acquired more easily (higher pE,N), then benefit duration can be

reduced (higher pK,U).

In general search responses imply that the slope of the iso-employment locus cannot

be unambiguously signed. Therefore, we turn to a numerical illustration and Figure 1

shows iso-gross unemployment curves in the (pE,N , pK,U)-plane for the full model where

e.g. wages and labour tightness are no longer fixed (see above for the numerical details).

We see that the iso-gross unemployment curves are positively sloped, which reveals a

trade-off between easier reentitlement and shorter UIB duration in sustaining a certain

level of u+k, i.e. the partial results found above are also found for the general equilbrrium

outcome. Furthermore, gross unemployment increases when we move to the South-East,

i.e., longer UIB duration and/or more lax employment requirements. This is explained by

SA-unemployed searching more intensively than UIB-unemployed (sK > sU).
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4 Optimal social safety net

In the following we consider the optimal design of the social safety net assuming a utili-

tarian social welfare function. The social welfare function can be written11

Ω = eρVE + nρVN + uρVU + kρVK

= ehE (·) + nhN (·) + ugU (·) + kgK (·) . (10)

The social welfare function Ω gives the sum of utility generated in the economy under a

given policy package (bU , bK , pK,U , pE,N).

As a prelude it is useful to consider some special cases. The standard case considered in

the literature assumes that employment automatically gives entitlement to unemployment

11For proof see Appendix available upon request from the authors.
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benefits in the case of layoffs corresponding to pE,N →∞, in which case n→ 0. A simple

one-tier benefit scheme in this case arises if pK,U → 0 (infinite benefit duration) implying

k → 0. Note also that pE,N → 0 implies that it is not possible to transit to a job providing

entitlement to unemployment benefits in the case of lay-off, and hence12 u→ 0 and e→ 0;

i.e., this case corresponds to a one-tier benefit scheme where the only two states are N

and K.

There are two pertaining questions on the optimal design of the unemployment insur-

ance scheme:

i) Is it optimal to have two tiers, i.e., to have a finite duration of unemployment

benefits after which unemployed transit to a lower social assistance, corresponding

to pK,U > 0?

ii) Is it optimal to include an employment condition as part of the eligibility conditions

in the benefit scheme, i.e., to have 0 < pE,N <∞?

A sufficient13 condition for the optimal UI scheme to have two tiers is

lim
pK,U→0

∂Ω

∂pK,U
> 0

whereas a sufficient condition for the optimality of a reentitlement condition is

lim
pE,N→∞

∂Ω

∂pE,N
< 0

conditional on two tiers being optimal. The overall complexity of the model prevents us

from analytically deriving clear answers to the two key questions, and therefore we resort

to a numerical illustration below.

The reasoning above suggests that the design of the optimal unemployment insurance

scheme is by no means trivial14. To proceed we adopt the calibration of Ortega & Rioux

(2010), see details above, in which case the optimal social safety net exhibits two tiers

and non-automatic UIB-entitlement. Clearly, the results are dependent on the chosen

functional forms and parameter values.

12Note that the flow equations imply npE,N = pK,Uu.
13Rigorously speaking, the sufficient condition should also include limpK,U→∞

∂Ω
∂pK,U

< 0. However, in

the limit there is only notational difference between a one-tier scheme with only SA-unemployed and a

one-tier scheme with only UIB-unemployed.
14Numerical solutions of the model underpin this ambiguity since a two-tier benefit scheme with non-

automatic entitlement for UIB is by no means a universal solution to the problem of choosing the optimal

structure of the social safety net.
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4.1 Optimal UI scheme

The numerical solution has the optimal UI scheme to include two tiers and non-automatic

entitlement for UIB, i.e., bU > bK > 0, 0 < pK,U <∞, and 0 < pE,N <∞. In particular,

welfare defined in (10) is maximized with bU = 0.587, bK = 0.207, pK,U = 0.057, and

pE,N = 0.023. Gross unemployment (u + k) is approximately 16%, the replacement rate

for UIB eligible workers (RRU ≡
bU

wE(1−τ)
) is 58%, while it is only 23% for non-eligible

workers (RRK ≡
bK

wN (1−τ)
).

The interesting question is the role played by the four dimensions of the unemployment

insurance scheme (bU , bK , pK,U , pE,N) in the optimal policy. Underlying this is a question of

insurance vs. incentives. The unemployment insurance scheme is there to protect against

income losses in case of unemployment, and at the same time it should be designed so as

to support job search incentives. Properties of this trade-off can be explored by varying

the parameter (γ) capturing the relative risk aversion of individuals and thus the need for

insurance. As is well-known the utilitarian planner redistributes depending on marginal

utilities of consumption. By increasing γ and thus making marginal utilities more sensitive

to income/consumption implies, other things being equal, that there is a stronger motive

to redistribute. This calls for higher levels of benefits (bU) and social assistance (bK).

This raises the classical issue of efficiency vs equity. Can and should the disincentive

effects of these increases be countered by changes in benefit duration and the employment

requirement?

In Figure 2 we show the response of the four dimensions of the unemployment insur-

ance system to an increase in the risk aversion. As expected both the unemployment

benefit and the social assistance are increasing in risk aversion for the reasons discussed

above. However, benefit duration is monotonously decreasing in risk aversion (pK,U is

increasing). For the reentitlement requirement we find a non-monotone path. Starting

from a low level, an increase in risk aversion first causes renetitlement conditions to be

tightened (pE,N decreases) and then at higher levels to be loosened (pE,N increases). For

risk above a critical level, an increase in risk aversion leads to more generosity along three

dimensions; higher benefits, higher social assistance, and easier reentitlement conditions,

but a tigthening in the form of shorter benefit duration. The subsitution between benefit

duration and entitlement thus carries over to optimal policies. This suggests that benefit

duration plays a more important role than the employment conditions in maintaining the

incentive structure when more insurance is provided since agents are more risk averse.
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Note: variables are indexed relative to the benchmark case, index =100.

To shed more light on the role benefit duration and entitlement conditions play in

balancing incentive and insurance effects, we show the optimal levels of unemployment

benefits and social assistance for given levels of benefit duration and entitlement conditions

( i.e. constant levels of pK,U and pE,N). The key findings are reported in Figure 3. When

duration and entitlement conditions cannot be adjusted we find that there is a critical

level of risk aversion, below which both types transfers are higher and above which lower

than when all four dimensions can be adjusted to the degree of risk aversion. Above

this critical level we thus find that more restricted adjustment possibilities lead to less

generous transfers, which indicate that the incentive problems are larger in the restricted

than in the unrestricted case.
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5 Concluding remarks

In this paper we have considered the role of unemployment benefit reentitlement con-

ditions when designing the optimal unemployment insurance (UI) scheme in a search-

matching framework. We have shown that a reentitlement requirement can work as a

substitute to the benefit duration. We have characterized the optimal design of the un-

employment insurance scheme and considered how it depends on the need for insurance

captured by risk aversion of households. Interestingly we find that although more risk

aversion in general calls for higher benefit levels it also implies shorter benefit duration.

The optimal reentitlement condition is non-monotone in risk aversion. Increasing risk

aversion from low levels implies longer employment to requalifiy for UI benefits, whereas

increasing risk aversion at higher levels implies shorter employment to requalify for UI

benefits. These findings suggest that benefit duration plays a larger role in maintaining

incentives when more insurance is demanded.
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Appendix: Search and the properties of the unem-
ployment insurance scheme

The first order conditions determining search can conveniently be written

ΛUs (sU , bU , τ , α, VE − VU) ≡ −
∂g (bU +Π, 1− sU)

∂sU
+ α [VE − VU ] = 0

ΛKs (sK, bK, τ , α, VN − VK) ≡ −
∂g (bK +Π, 1− sK)

∂sK
+ α [VN − VK] = 0

and the associated second order conditions read (sub-indices indicate derivatives wrt. to

the variable stated)

ΛUss (·) < 0

ΛKss (·) < 0.

In the following the benefits levels (bU , bK) are given, as are all "macro variables" (τ , α, wU , wN),

and we are interested in the role of pK,U and pE,N . Totally differentiating we find

ΛUssdsU + Λ
U
szdz = 0 for z = pK,U , pE,N .

It follows that
dsU
dz

= −
ΛUsz
ΛUss

and hence

Sign

[
dsU
dz

]
= Sign

[
ΛUsz
]

where

ΛUsz = α
d [VE − VU ]

dz
, with z = pK,U , pE,N .

Similar expressions apply for sK .

Hence, to clarify how (pK,U , pE,N) affect search for U- and K-types we need to know

how VE − VU and VN − VK are affected. Defining the short-hands

hE (·) ≡ h (wE [1− τ ] + Π, 1− l)

hN (·) ≡ h (wN [1− τ ] + Π, 1− l)

gU (·) ≡ g (bU +Π, 1− sU)

gK (·) ≡ g (bK +Π, 1− sK)

and using the value functions, we have

ρ [VE − VU ] = hE (·)− gU (·) + pU,E [VU − VE]− αsU [VE − VU ]− pK,U [VK − VU ]

ρ [VN − VK] = hN (·)− gK (·) + pU,E [VK − VN ]− αsK [VN − VK ] + pE,N [VE − VN ]
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implying

ρ [VE − VU ] = hE (·)− gU (·) + pU,E [VU − VE]− αsU [VE − VU ]− pK,U [VK − VE + VE − VU ]

ρ [VN − VK] = hN (·)− gK (·) + pU,E [VK − VN ]− αsK [VN − VK] + pE,N [VE − VK + VK − VN ]

and thus

[VE − VU ] =
hE (·)− gU (·)− pK,U [VK − VE]

ρ+ pU,E + αsU + pK,U
(11)

[VN − VK] =
hN (·)− gK (·)− pE,N [VK − VE]

ρ+ pU,E + αsK + pE,N
. (12)

Using that

ρ [VK − VE] = gK (·)− hE (·) + αsK [VN − VK ]− pU,E [VU − VE]

(11) and (12) implies

[ρ+ pU,E + αsU + pK,U ] [VE − VU ] = hE (·)− gU (·)−
pK,U
ρ
[gK (·)− hE (·)

+αsK [VN − VK]− pU,E [VU − VE]]

[ρ+ pU,E + αsK + pE,N ] [VN − VK ] = hN (·)− gK (·)−
pE,N
ρ
[gK (·)− hE (·)

+αsK [VN − VK]− pU,E [VU − VE]]

which in turn can be written
[
ρ+ pU,E + αsU + pK,U +

pK,U
ρ

pU,E

]
[VE − VU ] = hE (·)− gU (·) +

pK,U
ρ
[hE (·)− gK (·)

−αsK [VN − VK ]][
ρ+ pU,E + αsK + pE,N +

pE,N
ρ

αsK

]
[VN − VK] = hN (·)− gK (·) +

pE,N
ρ
[hE (·)− gK (·)

−pU,E [VE − VU ]] .

Totally differentiating yields

[VE − VU ] (1 +
pU,E
ρ
)dpK,U +A1d [VE − VU ] =

1

ρ
A2dpK,U −

pK,U
ρ

αsKd [VN − VK ]

[VN − VK]

[
1 +

1

ρ
αsK

]
dpE,N +B1d [VN − VK] =

1

ρ
B2dpE,N −

pE,N
ρ

pU,Ed [VE − VU ]

where

A1 ≡

[
ρ+ pU,E + αsU + pK,U +

pK,U
ρ

pU,E

]
> 0

A2 ≡ [hE (·)− gK (·)− αsK [VN − VK]] � 0

B1 ≡ ρ+ pU,E + αsK + pE,N +
pE,N
ρ

αsK > 0

B2 ≡ hE (·)− gK (·)− pU,E [VE − VU ] � 0.
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Hence,

A1d [VE − VU ] =

[
1

ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)

]
dpK,U

−
pK,U
ρ

αsKd [VN − VK] (13)

B1d [VN − VK ] =

[
1

ρ
B2 − [VN − VK]

[
1 +

1

ρ
αsK

]]
dpE,N

−
pE,N
ρ

pU,Ed [VE − VU ] . (14)

Before proceeding we prove that

1

ρ
B2 − [VN − VK]

[
1 +

1

ρ
αsK

]
> 0

or

hE (·)− gK (·)− pU,E [VE − VU ] > [VN − VK] [ρ+ αsK ] .

We have from the value functions that

[ρ+ αsK ] [VN − VK ] = hN (·)− gK (·) + pU,E [VK − VN ] + pE,N [VE − VN ]

and hence, the inequality can be rewritten

hE (·)− hN (·)− pU,E [VE − VU ] > pU,E [VK − VN ] + pE,N [VE − VN ] .

Using that

ρ [VE − VN ] = hE (·)− hN (·) + pU,E [VU − VE]− pU,E [VK − VN ]− pE,N [VE − VN ]

we have that the inequality reduces to

ρ [VE − VN ] > 0

which is fulfilled.

We also prove that 1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
) > 0 or

hE (·)− gK (·)− αsK [VN − VK] > [VE − VU ] (ρ+ pU,E).

We have from the value functions that

(ρ+ pU,E) [VE − VU ] = hE (·)− gU (·)− αsU [VE − VU ]− pK,U [VK − VU ]
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and hence, the inequality can be written

gU (·)− gK (·) > αsK [VN − VK ]− αsU [VE − VU ]− pK,U [VK − VU ] .

Using that

ρ [VU − VK] = gU (·)− gK (·) + αsU [VE − VU ] + pK,U [VK − VU ]− αsK [VN − VK]

the inequality reduces to

ρ [VU − VK ] > 0

which is fulfilled.

Finally, also note that

B1 −
pE,N
ρ

pU,E
pK,U
ρ

αsK
A1

=
1

A1

[
A1B1 −

pE,N
ρ

pU,E
pK,U
ρ

αsK

]
> 0.

Returning to (13) and (14) we have for dpK,U = 0 that

A1d [VE − VU ] = −
pK,U
ρ

αsKd [VN − VK ]

[
B1 −

pE,N
ρ

pU,E
pK,U
ρ

αsK
A1

]
d [VN − VK] =

[
1

ρ
B2 − [VN − VK ]

[
1 +

1

ρ
αsK

]]
dpE,N

d [VN − VK] =

[
1
ρ
B2 − [VN − VK ]

[
1 + 1

ρ
αsK

]]

[
B1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
A1

] dpE,N

d [VE − VU ] = −
1

A1

pK,U
ρ

αsK

[
1
ρ
B2 − [VN − VK]

[
1 + 1

ρ
αsK

]]

[
B1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
A1

] dpE,N

d [VN − VK]

d [VE − VU ]
=

[
−
1

A1

pK,U
ρ

αsK

]
−1

d [VN − VK]

dpE,N
=

[
1
ρ
B2 − [VN − VK]

[
1 + 1

ρ
αsK

]]

[
B1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
A1

]

d [VE − VU ]

dpE,N
= −

1

A1

pK,U
ρ

αsK

[
1
ρ
B2 − [VN − VK ]

[
1 + 1

ρ
αsK

]]

[
B1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
A1

] .
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and for dpE,N = 0 that

B1d [VN − VK] = −
pE,N
ρ

pU,Ed [VE − VU ]

[
A1 −

pE,N
ρ

pU,E
pK,U
ρ

αsK
B1

]
d [VE − VU ] =

[
1

ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)

]
dpK,U

d [VE − VU ] =

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
]

[
A1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
B1

] dpK,U

d [VN − VK] =
−1

B1

pE,N
ρ

pU,E

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
]

[
A1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
B1

] dpK,U

d [VN − VK]

d [VE − VU ]
=

−1

B1

pE,N
ρ

pU,E

d [VE − VU ]

dpK,U
=

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
]

[
A1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
B1

]

d [VN − VK ]

dpK,U
=

−1

B1

pE,N
ρ

pU,E

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
]

[
A1 −

pE,N
ρ
pU,E

pK,U
ρ

αsK
B1

] .

Hence, we have established the following signs

d [VN − VK ] d [VE − VU ]

dpE,N > 0 < 0

dpK,U < 0 > 0

.

This implies that

dsU
dpK,U

> 0 ;
dsK
dpK,U

< 0

dsU
dpE,N

< 0 ;
dsK
dpE,N

> 0.

Marginal rates of substitution

Consider next the marginal rates of return, i.e., combinations of pK,U and pE,N leaving

VE − VU and thus search sU unchanged (and similarly for sK). Using

A1d [VE − VU ] =

[
1

ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)

]
dpK,U −

pK,U
ρ

αsKd [VN − VK]

B1d [VN − VK ] =

[
1

ρ
B2 − [VN − VK]

[
1 +

1

ρ
αsK

]]
dpE,N −

pE,N
ρ

pU,Ed [VE − VU ]
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and imposing d [VE − VU ] = 0, we obtain

0 =

[
1

ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)

]
dpK,U−

pK,U
ρ

αsK
B1

[
1

ρ
B2 − [VN − VK ]

[
1 +

1

ρ
αsK

]]
dpE,N

and hence,

dpK,U
dpE,N

|[VE−VU ]=constant=

pK,U
ρ

αsK
B1

[
1
ρ
B2 − [VN − VK]

[
1 + 1

ρ
αsK

]]

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
] > 0.

Similarly, for sK where we have that d [VN − VK] = 0 implies

0 =

[
1

ρ
B2 − [VN − VK]

[
1 +

1

ρ
αsK

]]
dpE,N−

pE,N
ρ

pU,E
A1

[
1

ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)

]
dpK,U

and hence,

dpE,N
dpK,U

|[VN−VK ]=const=

pE,N
ρ

pU,E
A1

[
1
ρ
A2 − [VE − VU ] (1 +

pU,E
ρ
)
]

[
1
ρ
B2 − [VN − VK]

[
1 + 1

ρ
αsK

]] > 0.

Note that (recall that A1 > 0 and B1 > 0)

dpK,U
dpE,N

|[VE−VU ]=constant
dpE,N
dpK,U

|[VN−VK ]=const=
pK,U
ρ

αsK
B1

pE,N
ρ

pU,E
A1

� 1.

From the envelope theorem we know that the utility effect of a given policy change is

given by the direct utility effects (all indirect effects via behavior wash out via first order

conditions).

d [VN − VK] d [VE − VU ]

dpE,N > 0 < 0

dpK,U < 0 > 0

and

ρVE = h (w [1− τ ] + Π, 1− l) + pU,E [VU − VE]

ρVN = h (w [1− τ ] + Π, 1− l) + pU,E [VK − VN ] + pE,N [VE − VN ]

ρVU = g (bU +Π, 1− sU) + αsU [VE − VU ] + pK,U [VK − VU ]

ρVK = g (bK +Π, 1− sK) + αsK [VN − VK]

we thus have: i) an increase in pK,U leads to a decrease in VE and a decrease in VK , while

there is an ambiguous effect on VN and VU , ii) an increase in pE,N leads to an increase in

VE and an increase in VK, while there is an ambiguous effect on VN and VU .
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Iso-gross unemployment loci

Note first that we have

u =
pE,N
pK,U

n

implying

k =
pU,E + pE,N

αsK
n =

pU,E + pE,N
αsK

pK,U
pE,N

u

and

u =
pU,E

αsU + pK,U + pU,E + pU,E
pU,E+pE,N

αsK

pK,U
pE,N

+ pU,E
pK,U
pE,N

e = 1− u− n− k

= 1− (1−
pK,U
pE,N

−
pU,E + pE,N

αsK

pK,U
pE,N

)
pU,E

αsU + pK,U + pU,E + pU,E
pU,E+pE,N

αsK

pK,U
pE,N

+ pU,E
pK,U
pE,N

= 1− (
pE,NαsK − (αsK + pU,E + pE,N) pK,U

αsKpE,N
)

×
pU,E

αsU + pK,U + pU,E + pU,E
pU,E+pE,N

αsK

pK,U
pE,N

+ pU,E
pK,U
pE,N

.

It follows that gross unemployment (u+ k) is given as

u+ k = u

[
1 +

pU,E + pE,N
αsK

pK,U
pE,N

]

=
pU,E

[
1 +

pU,E+pE,N
αsK

pK,U
pE,N

]

αsU + pK,U + pU,E + pU,E
pU,E+pE,N

αsK

pK,U
pE,N

+ pU,E
pK,U
pE,N

< 1

or

1

u+ k
= 1 +

αsU + pK,U + pU,E
pK,U
pE,N

pU,E +
pU,E+pE,N

αsK

pK,U
pE,N

pU,E
> 1

= 1 +
αsU + pK,U +

pU,E
pE,N

pK,U

pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

.

Where

∂

∂sU

(
1

u+ k

)
=

α

pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

> 0

∂

∂sK

(
1

u+ k

)
=

αsU + pK,U +
pU,E
pE,N

pK,U
[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2

[

α

pU,E
pE,N

+ 1

[αsK]
2 pK,UpU,E

]

> 0
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∂

∂pEN

(
1

u+ k

)
=

pK,U

[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]

−
[
αsU + pK,U +

pU,E
pE,N

pK,U

] [
pK,UpU,E
αsK

]

[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2 (−
pU,E
p2E,N

)

=
pK,U

[
pU,E +

1
αsK

pK,UpU,E

]
− [αsU + pK,U ]

[
pK,UpU,E
αsK

]

[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2 (−
pU,E
p2E,N

)

=
pK,UpU,E

[
1− sU

sK

]

[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2 (−
pU,E
p2E,N

) � 0 for
sU
sK

� 1

∂

∂pKU

(
1

u+ k

)
=

[
1 +

pU,E
pE,N

] [
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]

−
[
αsU + pK,U +

pU,E
pE,N

pK,U

] [ pU,E

pE,N
+1

αsK
pU,E

]

[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2

=

[
1 +

pU,E
pE,N

] [
pU,E +

pK,UpU,E
αsK

]
− [αsU + pK,U ]

[ pU,E

pE,N
+1

αsK
pU,E

]

[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2

=
pU,E − αsU

1
αsK

pU,E
[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2

[
1 +

pU,E
pE,N

]
< 0

=
pU,E

(
1− sU

sK

) [
1 +

pU,E
pE,N

]

[
pU,E +

pU,E

pE,N
+1

αsK
pK,UpU,E

]2 � 0 for
sU
sK

� 1.

Hence, the gross unemployment can be written in implicit form as

u+ k = F (sU (pK,U , pE,N) , sK (pK,U , pE,N) , pK,U , pE,N)

Note that

sign
∂F (·)

∂z
= −sign

∂

∂z

(
1

u+ k

)
.
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It follows that

∂F (·)

∂sU
< 0 ;

∂F (·)

∂sK
< 0

sign

(
∂F (·)

∂pK,U

)
= sign(sU − sK)

sign

(
∂F (·)

∂pE,N

)
= −sign

(
∂F (·)

∂pK,U

)
.

We have that

d(u+ k) =
∂F (·)

∂sU
dsU +

∂F (·)

∂sK
dsK +

∂F (·)

∂pK,U
dpK,U +

∂F (·)

∂pE,N
dpE,N

=
∂F (·)

∂sU

[
∂sU
∂pK,U

dpK,U +
∂sU
∂pE,N

dpE,N

]
+
∂F (·)

∂sK

[
∂sK
∂pK,U

dpK,U +
∂sK
∂pE,N

dpE,N

]

+
∂F (·)

∂pK,U
dpK,U +

∂F (·)

∂pE,N
dpE,N .

For d(u+ k) = 0 we have

−

[
∂F (·)

∂pE,N
+

∂sU
∂pE,N

∂F (·)

∂sU
+

∂sK
∂pE,N

∂F (·)

∂sK

]
dpE,N

=

[
∂F (·)

∂pK,U
+

∂sK
∂pK,U

∂F (·)

∂sK
+

∂sU
∂pK,U

∂F (·)

∂sU

]
dpK,U

dpE,N
dpK,U

= −

∂F (·)
∂pK,U

+ ∂sK
∂pK,U

∂F (·)
∂sK

+ ∂sU
∂pK,U

∂F (·)
∂sU

∂F (·)
∂pE,N

+ ∂sU
∂pE,N

∂F (·)
∂sU

+ ∂sK
∂pE,N

∂F (·)
∂sK

. (15)

Notice that

dsU
dpK,U

> 0;
dsK
dpK,U

< 0

dsU
dpE,N

< 0;
dsK
dpE,N

> 0.

Hence, the numerator and denominator of (15) are in general ambiguously signed.
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