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ABSTRACT

Penalized Quantile Regression with Semiparametric Correlated
Effects: Applications with Heterogeneous Preferences

This paper proposes new {;-penalized quantile regression estimators for panel data, which
explicitly allows for individual heterogeneity associated with covariates. We conduct Monte
Carlo simulations to assess the small sample performance of the new estimators and provide
comparisons of new and existing penalized estimators in terms of quadratic loss. We apply
the techniques to two empirical studies. First, the new method is applied to the estimation of
labor supply elasticities and we find evidence that positive substitution effects dominate
negative wealth effects at the middle of the conditional distribution of hours. The overall effect
tends to be larger at the lower tail, which suggests that changes in taxes have different
effects across the response distribution. Second, we estimate consumer preferences for
nutrients from a demand model using a large scanner dataset of household food purchases.
We show that preferences for nutrients vary across the conditional distribution of expenditure
and across genders, and emphasize the importance of fully capturing consumer hetero-
geneity in demand modeling. Both applications highlight the importance of estimating
individual heterogeneity when designing economic policy.
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1. Introduction

The recent availability of Big Data opens up the possibility of devising targeted economic
policies that increase welfare by accounting for the broad individual heterogeneity in both
characteristics and outcomes. At the same time, the large datasets make it possible to
provide increased flexibility in the specification of econometric models. This paper provides
a simple new approach to the estimation of models with heterogeneous marginal effects in
panel data with time-invariant variables by allowing for a flexible specification of correlated
individual effects in a quantile regression setting.

There is a growing theoretical and empirical interest on the estimation of a quantile panel
data model, specially after Koenker (2004). For recent developments, see Abrevaya and Dahl
(2008), Graham, Hahn, and Powell (2009), Harding and Lamarche (2009, 2013), Lamarche
(2010), Galvao (2011), Canay (2012), Rosen (2012), Galvao, Lamarche and Lima (2013), and
Chernozhukov, Ferndndez-Val, Hahn and Newey (2013). Koenker (2004) proposes to jointly
estimate a vector of covariate effects and a vector of individual effects considering a class
of penalized quantile regression estimators. The method uses an ¢; penalty term to control
the bias and variance of the estimates of the covariate effects. Lamarche (2010) obtains the
minimum variance estimator in the class of ¢;-penalized estimators under stochastic inde-
pendence between individual effects and covariates. While existing fixed effects approaches
might suffer from the incidental parameters problem, recent important developments in non-
separable models estimate the effect of independent variables on quantiles of the response
variable, conditional on time-varying variables. Chernozhukov, Fernandez-Val, Hahn and
Newey (2013) offer identification and estimation results of quantile effects in nonseparable
models.

Consider the example of a labor supply model. Flexibility in specification and unobserved
heterogeneity play a fundamental role in the estimation of labor supply models (Burtless
and Hausman (1978), Hausman (1985), Blundell and Meghir (1986), Ziliak and Kniesner
(1999), Blundell and MaCurdy (1999)). However, most of the research on the subject used
maximum likelihood and instrumental variable methods. These approaches rely on strong
distributional assumptions and/or are limited to a conditional mean view of the relationship
among variables. Recent important attempts to provide a more flexible analysis includes non-
parametric approaches, but unobserved heterogeneity is assumed to be drawn from known
(Gaussian) distributions (see, e.g., van Soest, Das, and Gong (2002)) or is not accounted
for (see, e.g., Kumar (2012)). Quantile regression for panel data offers a flexible alterna-
tive approach to conditional mean analysis that is efficient under non-Gaussian conditions.
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However, neither the estimator of Koenker (2004) nor the penalized quantile regression esti-
mator of Lamarche (2010) is well suited for estimation of labor supply models. In empirical
labor supply specifications, wages are suspected to be endogenous because unobserved time-
invariant preferences for work may be correlated with latent factors affecting productivity
and hence wages (Blundell, MaCurdy and Meghir 2007).

The penalized quantile regression estimator can be extended to models with endogenous
individual effects. In this paper, we propose penalized estimators that can be easily applied
to a class of semiparametric models (Cai and Xiao (2012)) and parametric models (Abrevaya
and Dahl (2008)). As in Koenker (2004), the individual effects represent location shift
effects on the conditional quantiles of the response, and therefore, we avoid issues associated
with estimating a quantile regression model with additive error terms (Koenker and Hallock
(2000), Rosen (2012)). The estimation of these additional parameters increases the variability
of the estimates of the covariate effects, but shrinkage can be used to control the additional
variability. We use an ¢; penalty term (Tibshirani (1996), Donoho et al. (1998)) to shrink a
vector of individual effects and a tuning parameter A to control the degree of this shrinkage.
We present necessary conditions for our method to reduce the variability of the estimate
of the slope parameter without sacrificing bias. The approach allows estimation of time-
invariant taste shifters and wealth effects in an empirical labor supply model, and it is not
more difficult to implement than other quantile regression panel data methods.

The penalized estimator proposed in this paper can be seen as a balanced compromise
between misspecification issues arising from the omission of individual heterogeneity and the
incidental parameters problem arising from leaving individual heterogeneity unrestricted in
a nonlinear panel model. As first pointed out by Neyman and Scott (1948) and recently
elaborated by Kato, Galvao and Montes-Rojas (2012), the estimation of individual effects in
a nonlinear panel data model leads to inconsistent estimates of the slope parameters. Kato,
Galvao and Montes-Rojas (2012) employs large 7" and N asymptotics offering restrictions
on the growth of 7" which are unusual in micro-econometric panels but serve as important
warning devices to practitioners. Under less general conditions, Graham, Hahn, and Powell
(2009) show that there is no incidental parameter problem in a non-differentiable panel data
model and Koenker (2004) and Galvao, Lamarche, Lima (2013) show empirical evidence that
the bias of the fixed effects estimator is small for moderate 7. On the other hand, as in the
classical linear panel models described in detail in Hsiao (2003) and Baltagi (2008), ignoring
unobserved heterogeneity generally leads to inconsistent estimates of the slope parameters.
We show that the penalized estimator reduces the noise in the estimation of the individual
effects while controlling for individual heterogeneity.
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This paper seeks to contribute the literature by comparing the new and existing ¢;-penalized
quantile regression estimators in terms of quadratic loss. We first show that Koenker’s (2004)
estimator is the efficient estimator in the class of panel data quantile regression estimators.
However, the proposed approach has smaller asymptotic mean squared error than the penal-
ized estimator if the correlation between independent variables and latent individual factors
is not negligible. We also show that by choosing A carefully, we can make the asymptotic
mean squared error of the estimator smaller than the asymptotic mean squared error of a
quantile regression estimator for the correlated effects model. This indicates that shrink-
ing individual effects potentially uncorrelated with independent variables is worthwhile. We
provide conditions under which the strictness of the penalization can be determined by min-
imizing mean squared error.

The next section presents the models and estimators. Section 3 derives the asymptotic mean
squared error of a proposed estimator and Section 4 offers Monte-Carlo evidence. In Section
5, we first show that an empirical quantile regression model of labor supply can be simply
motivated by allowing for heterogeneous preferences in the classical life-cycle framework of
consumption and labor supply. We then demonstrate how the penalized estimator can be
obtained and used to estimate quantile specific labor supply elasticities. We also provide
an additional empirical example which addresses the problem of estimating preference het-
erogeneity in consumer demand models using scanner datasets, where differences between
the preference distributions over product attributes vary by socio-demographics. Section 6
provides conclusions.

2. Models and Estimators

Let the data be observations {(y;,«},) : ¢ = 1,...N,t = 1,...T} from a random coefficient
version of a quantile regression panel data model:

(2.1) yie = xB(uy) + oi(uq)
(2.2) T = x,0(7) + a(r)

where y;; is the dependent variable, &; = (1,2, ..., 2i,)" is the vector of independent
variables, the «;’s are unobservable time-invariant effects, u;|®;, a; ~ U(0, 1) denotes a uni-
form distribution, and 7 is the 7-th quantile of the conditional distribution of the response
variable. The right hand side of (2.2) is the conditional quantile function, Qy,, (7|x;, ;) =
inf{y : Pr(ys < y|lxs, ;) > 7} for all 7 in (0,1). The parameter B(7)’s models the co-
variate effect providing an opportunity for investigating how time-variant observable factors
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influence the location, scale and shape of the conditional distribution of the response. For
simplicity, the model does not include time-invariant explanatory variables, which can be
easily incorporated as shown in Section 5. It is also assumed that the panel is balanced, with
observations (y;, ;) € R x R? for each of the N subjects over t =1,...,T.

The model takes a semiparametric form because no parametric assumption is made on the
relationship between the vector of covariates x; and «; and the functional form of the
conditional distribution of the response variable is left unspecified. The unobserved variable
«; could be arbitrarily related to observable variables and unobservable variables:

(2.3) (@, win, ai) = g(@, win) + a;,

where ¢(-) is an unknown function with a certain degree of smoothness, the independent
variable x; = (x}, @}y, ..., x,;)" and the individual effect a; is, by definition, uncorrelated
with the independent variables. We allow the variables «; and x; to be stochastically
dependent by considering the individual effect to be drawn from a conditional distribution
function with location g(1,x;1, ..., xr).

It is important to note that (2.3) imposes a time-homogeneity condition similar to Assump-
tion 2 in Chernozhukov, Fernandez-Val, Hahn and Newey (2013). The implication of this is
that the regressors are “strictly exogenous” with respect to a;. At the same time, it requires
that the conditional distribution of w;|x;, a; does not depend on ¢ (e.g., the distribution of
a;, uit|x; is identical to the distribution of a;, u;|;).

Under a monotonicy condition assumed in equation (2.2), the model (2.1)-(2.3) represents a
more general version of several specifications recently proposed in the growing literature on
quantile panel data models. Consider for instance the following variations of interest in the
theoretical and empirical literature.

Example 1. If o;(x;, ui1,a;) = g(u;n) for all ¢ and T = 1, then model (2.1) and (2.3)
becomes a semiparametric quantile regression model, y;1 = @} B(u;1) + g(us ), similar to the
cross-sectional models investigated by He and Shi (1996) and Cai and Xiao (2012).

Example 2. Semiparametric models for longitudinal data are investigated in Wei and He
(2006) and Wei, Pere, Koenker and He (2006). Under the assumption that repeated mea-
surements are regularly observed over time, a version of their model arises by replacing x;; »
by y;;—1 in equation (2.1) and «; by ¢; in equation (2.3). The conditional quantile function
is equal to:

Qv (T|ti, Yit—1, Tit) = g(7,t:) + Bo(7)Yir—1 + T, B-2(T) + @i,
where B_o(7) = (B1(7), B3(7), ..., By(7)) is a p — 1-dimensional vector.
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Example 3. If a;(x;, u;1,a;) is a known parametric function, the model can be seen within
the classical framework proposed by Chamberlain (1982) leading to a representation of en-
dogenous individual effects «;(7,x;,a;) = x}y(7) + a;. Abrevaya and Dahl (2008) study
estimation of a quantile regression model under the assumption that equation (2.3) is equal
to x}y(7), and Koenker (2004), Lamarche (2010) and Canay (2011) study estimation of the
model under the assumption «;(7) = «; for all 7.

2.1. Estimation procedures

Our estimation approaches for model (2.1) and (2.3) serve as an intermediate class of pro-
cedures with good robustness of possible deviations from the classical correlated random
effects model and relatively more precise estimation of the parametric part of the quantile
regression model.

The estimation procedure for the model with flexible correlated effects proceeds in two steps;
see Cai and Xiao (2012), He and Shi (1996) and Tang, Wang, He and Zhu (2012) for a related
discussion. First, we express g(7, ;) as a linear expansion of B-splines. Although other non-
parametric regression techniques can be used in a first stage, the linear formulation of the
B-splines yields a family of quantile functions that can be easily accommodated to a quantile
regression for panel data problem. We express,

(2.4) g(xi)"y(1) = b(xa) v1(7) + b(@i2) Y2 (7) + ... + b(@i) 2 (7),

where b(x;;) = (bi(x;)), ..., bk, +n+1(xij))" is a B-spline basis function, &, is the number of
knots, h is the B-spline basis, and = is the spline coefficient vector. We employ cubic B-spline
basis functions with k oc (NT)® with knots selected as the empirical quartiles of x;;. The
model becomes a linear quantile regression model in all coefficients and can be estimated
using the following estimator,

J T N
(2.5) min >N wip, (ya — @B(7) — §(@:)'¥(13) — a;) + APen(a),

j=1 t=1 i=1

where p. (u) = u(7; — I(u < 0)) is the quantile loss function, w; is a relative weight given to
the j-th quantile, J is the number of quantiles {71, 7o, ..., 7;} to be estimated, and A is the
Tikhonov regularization parameter or tuning parameter. The function Pen(a) is a penalty
term that could be defined as ||a — a*||;, where a* may be close to the unknown location of
the distribution. In equation (2.3), a; has zero mean by definition, so we made use of this



information defining the penalty term as,
Pen(a) = [la]s,
where ||al; is the standard ¢;-norm defined as ||al/; = ), |ail.

The estimation of the individual effects increases the variability of the estimator of the slope
parameter, but this penalty term that shrinks the fixed effects estimator of the a;’s toward
zero helps to reduce the inflation effect without sacrificing bias. When the a’s are exchange-
able and drawn from a conditional distribution function with location zero, shrinkage that
forces some individual specific effect estimates a’s to be zero does not impose bias and affects
the performance of the estimator of the parameter of interest 3(7). There is an enormous
amount of work in statistics and lately in econometrics dealing with shrinkage in a wide
spectrum of problems (see, e.g., Koenker (2004), Horowitz and Lee (2007), Carrasco, Flo-
rens and Renault (2007), Chen (2007), Belloni and Chernozhukov (2011); see also Bickel and
Li (2006) for a survey in statistics).

Although flexibility in specification is naturally important, Fuler equations obtained from
economic models are associated with practical choices. We now present a convenient strategy
to estimate a quantile model with endogenous individual effects. A practical formulation for
g(+) is to use a known parametric function of time-series averages or, alternatively, a vector
of covariates for each of the N subjects. A one-step estimator is obtained by solving the
following problem:

J T N
26 min 33T wipn e - @lB(n) - 2ly(n) o) + Mal,
” j=1 t=1 i=1

where as before w; is a relative weight given to the j-th quantile. It has been argued that
the choice of the weights, w;, and the associated quantiles 7;, is somewhat analogous to the
choice of discretely weighted L-statistics (Koenker 2004). An alternative less efficient, yet
practical choice, is to ignore the potential gains and estimate models with equal weights
defined as w; = J~* for all j.

2.2. Inference and selection of the tuning parameter

The solutions of (2.5) and (2.6) are a family of estimates in which each estimate is in-
dexed by a parameter value of the tuning parameter, A. Consider for example the argument
that minimizes (2.6). As shown in Section 5.1, the family of estimates associated with the
slope coefficients lies on a one-dimensional path of finite length in the J(p + 1)-dimensional
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space of slope coefficients simultaneously estimated. Our goal however is to reduce the
computational burden and find a choice of A, say A\*, that is optimal with respect to a cri-
terion function. The tuning parameter can be selected by a modified AIC-type approach,
A = arginf ||a(r, \)|, + dfx/(2NT), where (7, A) is the residual and dfy is the number of
nonzero estimated parameters. Alternatively, the tuning parameter can be selected to min-
imize a quadratic loss function. Lamarche (2010) shows that the ¢; penalty function ||a||;
does achieve unbiasedness when the a;’s are drawn from zero-median distribution function,
proposing to find, A= arginf {tr¥g}, where Xz is the covariance matrix of the slope pa-
rameter. The empirical covariance matrix can be easily obtained given A and B bootstrap
estimates {3* (T, A), ¥*(7, A),@*(\)}. These bootstrap estimates are obtained sampling pairs
{(yi,x;) : i =1,..., N} with replacement.

3. Asymptotic Mean Squared Error

This section investigates the performance of ¢; estimators for panel data under large IV,
large T" asymptotics. We restrict the analysis to the one-step estimator under the regularity
conditions stated in Koenker (2004) because they facilitate the comparison of the proposed
method with existing ¢;-penalized methods. We compare the performance of three estima-
tors: the estimator that penalizes uncorrelated individual effects B(T, A), the estimator that
penalizes correlated individual effects B(T, A), and the quantile regression estimator for the
correlated random effects model B(r,0). The estimator B(r, \) is similar to the estimator
considered in Koenker (2004) when the location of the distribution of the iid «a;’s is different
than zero, and B(’T, 0) is similar to the estimator considered in Abrevaya and Dahl (2008)

replacing the time effects by individual effects.

The appendix presents the assumptions and definitions associated with the main results of
this section. Nevertheless, we briefly introduce notation for convenience. Let Hy, Xy, Jy,
Js, J3 be limiting positive definite matrices, L is a weighted orthogonal projection matrix of
independent variables X, and ® and Y denote diagonal matrices. Moreover, define A = J3,
C =Jy,, D =J;'J,, B=J;'L'®L and B = J;'L'YL, and (,, G, ¢, Ceor Ca the
corresponding positive eigenvalues of the matrices. Lastly, define sg;; = (E(sign(o;)it))i
and Sy = 8ps). The largest eigenvalue is defined as (g, = maX{Céo, ...,C¢ }, and ¢; and EI;
are the corresponding eigenvalues.

THEOREM 1. Under the conditions provided in the Appendiz, for X € (0,00), the penalized
estimator that shrinks endogenous individual effects, 3(7, ), and the penalized estimator that



shrinks exogenous individual effects, B(T, A), have covariance matrices,
Avar(VNT(B(1,\)) = (Hy + A\J3) "N (Jo 4+ N2Jo) (Hy + \Js) ™!,

Avar(VNT(B(1,0)) = (21 4+ AJ3) " (Jo + A2Js) (21 + AJ3) 7Y,
and Avar(B(r, \)) < Avar(B(r, \)). Also,

| Abias(B(r, \))| > |Abias(B(t,\))| = |Abias(B(r,0))| = 0.

The result could be interpreted in terms of asymptotic mean squared error (AMSE). Note
that although B(7,\) is asymptotically biased, it may have asymptotically significantly
smaller variance than the unbiased estimators 3(7, A\) and 8(7,0).

COROLLARY 1. Under the conditions of Theorem 1, for X € (0,00), the trace of the
asymptotic mean squared error of the penalized estimator that shrinks endogenous individual
effects B(t,\), and the penalized estimator that shrinks exogenous individual effects B(T, A)
are:

Ch+ A2 (s, A\

GG+ (GG +N)?

AMSE(B(r,\)) — Z <

Gel )
( )
AMSE(B(1,))) = Z%

It is immediately apparent than for (g, sufficiently small,
AMSE(B(r, \)) < AMSE(B(r, \)),

because Cg > Cg for all ¢ by Weyl’s monotonicity principle of eigenvalues (Bhatia 1997),
but the inequality is reversed if the bias and the tuning parameter are large. For A suffi-
ciently small, we have that AMSE(3(r, \)) < AMSE(B(,0)), suggesting that shrinking the
individual effects a’s is worthwhile.

It seems natural to consider choosing A to minimize AMSE, which for the case of B(T, A)
implies choosing A to minimize asymptotic variance. The primary objective is now to show
that the trace of the asymptotic covariance matrix of B(T, A) is convex in A, therefore a
unique value of A exists. In contrast, the variance of a;(\), which is not derived in Theorem
1, is expected to tend monotonically to zero as A tends to infinity.

The following result demonstrates that it is possible to obtain an optimal tuning parameter
defined as the minimizer of the trace of the asymptotic covariance matrix. Note that the
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selection of A* is not sensitive to scale effects because we consider normalized asymptotic
variances Avar (S (7, \))/Avar(S(7,0)).

COROLLARY 2. Under the conditions of Theorem 1, there exists a unique variance min-
imizing parameter, \* = arg min{tr(X,2;13) (X1 + AX3) H(Zo + A259) (T + AX3) 1)

Standard arguments can be used to construct a “plug-in” estimator )\ that consistently es-
timates the optimal degree of shrinkage A*. The estimation of the asymptotic covariance
matrix can be accomplished by obtaining estimates of the conditional density f at the con-
ditional quantile £(7) and the density of the individual effects g(0). The estimation of f(£(7))
in iid and non-iid settings requires the use of standard quantile regression methods, consid-
ering the conditional quantile function evaluated at A equal to zero, £(7,0). The interested
reader will find in Koenker (2005) detailed explanations on the existing approaches. In the
case of location-scale shift models, the estimation of ¢(0) can be performed considering a
sample of normalized individual effects estimates {a,(0), a2(0), ..., an(0)} and classical kernel
methods, (1/(Nhy)) 2N, K (a;(0)/hy), where hy is a bandwidth and ;(0) is the “unpun-
ished” estimate of the individual effect a;. More general models can be estimated using the
bootstrap procedure described in Section 2.2.

4. Monte Carlo

This section reports the results of several simulation experiments designed to evaluate the
performance of the method in finite samples. First, we will briefly investigate the bias and
variance of the penalized estimator in models with endogenous individual effects. Second,
we will contrast the performance of the penalized quantile regression estimator for the cor-
related random effects model with classical least squares estimators and quantile regression
estimators. Finally, we will evaluate the efficiency of the penalized estimator relative to
existing approaches for panel data quantile regression.

4.1. Experiment designs and methods

We generate the dependent variable considering the following version of the model (2.1)-(2.3):
Yie = Bo+ Bz + i+ (14 63 )ui,
Tig = T+ Vit,

a; = g(v+mzia+ ... +yrTr) +a;
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The first three designs consider the location shift model 6 = 0 and the last design assumes
a location-scale shift model with § = 1:

Design 1: The function g(-) is assumed to be known and linear and u;; is N'(0,1). The
variables p;, vy, and a; are iid Gaussian variables. The parameter of interest f; is
assumed to be zero, the v’s are 0.5/7 representing the Mundlak-Chamberlain case,
and 7 is set to be 2.5.

Design 2: The function g(+) is nonlinear. We assume that g(-) = sin(-) and v = 27/T
for all ¢. This implies that a; = sin(27z;) +a; where z; denotes the individual-specific
average of x;;. The variables p;, v;;, and a; are iid Gaussian variables.

Design 3: We maintain Design 1 with the exception of the distribution of the error
term u;; that is now distributed as t-student with three degrees of freedom, t3.

Design 4: We reproduce the first design used in Canay (2011). The function g(-) is
assumed to be linear and 7; = 2 for all t. The variable uy; ~ N(2,1), a; ~ N(0,1)
and vy ~ Beta(1,1). The parameter fy = —1 and the parameters §; = 7 = 0.

In the next section, we employ several sample sizes N = {100,500} and 7' = {2,5,12} and
compare the performance of the following estimators: (1) the ordinary least squares (OLS);
(2) the generalized least squares (GLS); (3) the pooled quantile regression estimator (QR);
(4) Koenker’s (2004) penalized quantile regression estimator for a model with fixed effects
that uses the optimal tuning parameter proposed in Lamarche (2010) (PFE); (5) Abrevaya
and Dahl’s (2008) quantile regression estimator for the correlated random effects model
(CQR); (6) Canay’s (2011) two-step fixed effects quantile regression estimator (2SQR); (7)
the semiparametric penalized quantile regression estimator (SQR) defined in equation (2.5);
and (8) two penalized quantile regression estimators for the linear parametric correlated
random effects model (PQRd and PQR), defined in equation (2.6). The estimator labelled
PQRA allows ~(7)’s to vary by quantile, while PQR assumes that ~,(7) = 7, for all 7. The
empirical evidence is based on 400 samples.

4.2. Results

We start reporting results on the performance of the penalized quantile regression estimator
in parametric and semiparametric models. Considering N = 100 and 7" = 5, Figure 4.1
report the bias and variance percentage change of PFE, PQR and SQR. The upper panels
present evidence of the performance of these three methods when the data is generated
according to Design 1 and the lower panels present evidence when the data is generated as
in Design 2. We see that the upper left panel shows that the PFE estimator is biased, and
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FIGURE 4.1. Small sample performance of penalized quantile regression esti-
mator for $1(0.5). The left panel shows the bias of the estimator and the right
panel shows the variance percentage change.

its bias starts to increase as we increase the harshness of the penalization. The right upper
panel reveals that (i) the variance of the estimator decreases first and then increases, and
(ii) there are significant differences in variance reduction. By carefully choosing A to be 1,
the variance of the slope PQR estimator is reduced more than 30 percent, while the variance
of the PQR is reduced 2 percent.!

The PQR estimator is the efficient estimator in the class of penalized estimators for panel
data. As expected however the performance of this method is rather unsatisfactory in terms

I Additional evidence not reproduced here to save space showed that the variances of the estimators are

not influenced by the correlation between «; and x;+, but as expected, the bias of the PFE estimator does.



Estimators
N T Least Squares Quantile Regression

OLS GLS QR PFE CQR 2SQR SQR PQRd PQR

Design 1: 7 = 0.50
100 2 Bias  0.458 0.390 0.457 0.407 -0.008 -0.011 -0.010 -0.009 -0.010
RMSE 0.460 0.392 0.460 0.410 0.140 0.096 0.106 0.115 0.107
100 12 Bias 0.424 0.150 0.423 0.140 0.002 0.002 0.002 0.002 0.002
RMSE 0.425 0.152 0.425 0.143 0.042 0.032 0.036 0.039 0.035
500 2 Bias  0.464 0.408 0.465 0.421 0.005 0.001 0.000 0.002 0.001
RMSE 0.465 0.408 0.465 0.422 0.063 0.041 0.047 0.053 0.047
500 12 Bias 0.440 0.180 0.441 0.165 -0.001 0.000 0.000 0.000 0.000
RMSE 0.441 0.180 0.441 0.166 0.018 0.014 0.015 0.016 0.015

Design 3: 7 = 0.50
100 2 Bias  0.461 0.393 0.460 0.411 0.006 -0.007 0.000 0.001 0.001
RMSE 0.468 0.401 0.466 0.417 0.174 0.155 0.136 0.139 0.134
100 12 Bias 0.424 0.148 0.421 0.140 -0.001 -0.001 -0.001 -0.002 -0.001
RMSE 0430 0.154 0.424 0.145 0.053 0.049 0.039 0.042 0.039
500 2 Bias  0.464 0.408 0.464 0.423 0.002 0.004 0.002 0.001 0.003
RMSE 0.466 0.409 0.465 0.424 0.073 0.070 0.057 0.063  0.058
500 12 Bias 0439 0.179 0.439 0.170 -0.001 0.000 0.000 0.000 0.000
RMSE 0439 0.180 0.439 0.171 0.024 0.022 0.018 0.020 0.018

Design 4: 7 = 0.50
100 2 Bias  0.827 0.375 0.845 0.411 -0.021 -0.006 -0.013 -0.006 0.000
RMSE 1.761 0.894 1.854 1.001 0.779 0.537 0.591 0.590 0.572
100 12 Bias 0.818 0.071 0.818 0.050 -0.004 0.005 0.007 0.002 0.004
RMSE 1.651 0.211 1.669 0.217 0.238 0.189 0.190 0.192 0.190
500 2 Bias  1.011 0.505 1.011 0.518 -0.005 -0.013 -0.013 -0.012 -0.013
RMSE 2.040 1.032 2.053 1.067 0.352 0.243 0.265 0.273  0.262
500 12 Bias 0.924 0.075 0.934 0.045 0.001 -0.002 -0.002 -0.003 -0.002
RMSE 1.851 0.166 1.875 0.129 0.114 0.089 0.092 0.093 0.092

Design 4: 7 = 0.25
100 2 Bias  1.757 1.075 1.440 0.674 0.161 0.336 0.135 0.166 0.154
RMSE 2405 1.505 2.098 1.114 0.943 0.709 0.718 0.820 0.743
100 12 Bias 1.743 0.615 1.537 0.097 0.213 0.069 0.029 0.029 0.028
RMSE 2321 0.831 2.077 0.249 0.390 0.218 0.214 0.209 0.215
500 2 Bias 2.034 1271 1.738 0.840 0.176 0.316 0.143 0.099 0.140
RMSE 2710 1.698 2.336 1.152 0.456 0.490 0.366  0.389  0.359
500 12 Bias 1.902 0.621 1.647 0.094 0.203 0.062 0.021 0.021  0.020
RMSE 2524 0.827 2.191 0.160 0.296 0.126 0.104 0.106 0.104

TABLE 4.1. Small sample performance of the methods.
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FIGURE 4.2. Small sample performance of the penalized quantile regression
estimator PQR for ~.

of bias in models with endogenous individual effects. In contrast, PQR and SQR are un-
biased. It is interesting to see that the performance of the PQR estimator deteriorates
when ¢(-) is a non-linear function but the performance of the semi-parametric version of the
estimator remains essentially the same.

Figure 4.2 reports the bias and variance of the estimator of v = (71,72, ..., 75)" under Design
1. The figure shows that the bias of 4, is small for all ¢ and A. The figure also shows that the
variance tends to decrease as when increase A reflecting potential significant improvements
in the performance of the estimator that penalizes exogenous individual effects.

Using Table 4.1, we expand the design of the experiment considering several sample sizes
N = {100,500} and 7" = {2,12}, and the random variables a; and u; to be distributed
as Gaussian and t-student with 3 degrees of freedom. The table also reports evidence of
the performance of the methods under Design 4. As expected, the performances of the
methods that ignore the correlation between the independent variable and the individual
effect are rather unsatisfactory. In all the variants of the model, the bias is significant even
for moderate T'. Notice also that the estimators that address the endogeneity of the a;’s
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Asymptotic Theory Bootstrap
N T Design 1 Design 3 Design 1 Design 3
0.25 0.50 0.25 0.50 0.25 0.50 0.25 0.50

100 2 01467  0.1142  0.1872  0.1429  0.1414  0.1258  0.1795  0.1499
[0.9329] [0.7922] [0.8604] [0.8185] [0.8991] [0.8722] [0.8253] [0.8585 |
100 12 0.0416  0.0377  0.0497  0.0407  0.0409  0.0384  0.0500  0.0412
[0.8437] [0.8644] [0.7947] [0.8038] [0.8292] [0.8794] [0.8056] [0.8020 ]
500 2 0.0656  0.0520  0.0865  0.0655  0.0629  0.0544  0.0834  0.0666
[0.9662] [0.8378] [0.9838] [0.8774] [0.9268] [0.8770] [0.9493] [0.8912 ]
500 12 0.0193  0.0169  0.0229  0.0192  0.0195  0.0167  0.0236  0.0195
[0.8862] [0.8646] [0.7753] [0.8504] [0.8980] [0.8572] [0.8017] [0.8642 ]

TABLE 4.2. Standard error and relative efficiency of CQR relative to PQR
(in brackets).

produce unbiased results. In the location-scale shift model at 7 = 0.25, PQR and SQR
estimators offer the best overall performance related to existing methods.

The results presented in Table 4.1 might be sensitive to selecting the tuning parameter
A = \*. In practice, the optimal degree of shrinkage is not known and therefore it has to be
estimated. We now briefly investigate the performance of PQR estimator considering two
ways of estimating \*: (i) estimated asymptotic covariance matrix and (ii) bootstrapped vari-
ance. Table 4.2 suggests that there are no important efficiency losses when the practitioner
estimates \*, at least in the models considered in this study. Second, the performance of the
two A selection alternatives are satisfactory. Lastly, the PQR estimator seems to advance
the CQR estimator, offering considerable efficiency gains in all variants of the model.

5. Applications to models with heterogeneous preferences

This section illustrates the use of the panel data quantile regression approach that handles
the presence of potentially endogenous a’s in applications with heterogeneous preferences.

5.1. New evidence on the responsiveness of hours to wages

We first show that the empirical model could be motivated by a simple variation of the
neoclassical labor-supply model. Considering a sample from the British Household Panel
Survey (BHPS), we demonstrate that the approach produces similar results to the quantile
regression version of the fixed effects estimator, but it allows for identification of effects
associated with time-invariant taste shifters and demographic characteristics. Additionally,
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it allows us to estimate wealth effects of a parametric change in wages on hours worked. We
find evidence that positive substitution effects dominate negative wealth effects at several
quantiles of the conditional distribution of hours. The overall effect tends to be decreasing
across quantiles, which might be interpreted as suggesting that changes in taxes could have
different effects across the distribution of hours.

5.1.1. Model specification

Before turning to the discussion of the results, we briefly revisit the traditional life cycle
labor supply model (see, e.g., Blundell and MaCurdy 1999, Pistaferri 2003). It is standard
to write,

(5.1) In(h) ~ '8+ 6 In(w) + 7 In(a),

where the parameter § denotes the intertemporal substitution elasticity of labor supply and
the term 7 In(«) denotes the marginal utility of wealth. This simple empirical labor supply
model (5.1) is motivated by the convenient additive separable utility function U(c, h;v) =
¢ —exp(x'B)h1 Y, where c is consumption and v > 0 is a time-invariant, consumer-invariant
parameter. To obtain a life-cycle specification, one may assume that the marginal utility of
wealth is,

T
(5.2) mn(ay) = 2,0 + Z YsBo{lnws} + a;,

s=0
where z is a vector of demographic characteristics that may include non-labor income, and,
by definition, the individual idiosyncratic term a; is orthogonal to the covariates.? Notice
that for estimating (5.1)-(5.2), the practitioner requires information on consumers’ expected
wages.

We introduce a simple variation of the labor supply function that leads to a more flexible
empirical framework. We simply assume that the consumer solves the maximization of the

2Equation (5.2) assumes that each consumer knows her working life of T; periods. The main empirical
concern of this theoretical restriction is that wages outside the sample period are not observed. We try
to accommodate this by considering the largest possible panel (e.g., we drop consumers for which we have
T; less than 12 years). Another standard limitation is associated with measuring initial wealth. We will
estimate models for workers with and without investments at time 0, to evaluate the sensitivity of our main
conclusions. Alternatively, it is possible to assume quadratic equations in age for approximating the profiles
of wages and property income. For instance, Eq{lnw;s} = mo + m15 + 7252 + u;s (see, e.g., Blundell and
MaCurdy 1999).
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lifetime utility function U(c, h;v(u)), subject to an intertemporal budget constraint. The
function v(u) describes heterogeneity in preferences. Similar to before, assuming an interior
optimum, it is possible to obtain that,

(5.3) In(h) ~ x'B(u) + 6(u) In(w) + 7(u) In(a),

where §(u) = v(u)™t, B(u) = B/v(u), and 7(u) = m/v(u). This simple way of introducing
heterogeneity in preferences does not require one to assume that the distribution function
for latent heterogeneity is known. Additionally, it relaxes the assumption that ¢ represents
a simple location-shift on the conditional distribution of hours. Therefore, we write,

(5.4) () In(aio) = 2jp0(w) + > ya(u) Inwi, + a;,

s=1

The model presented in equations (5.3) and (5.4) has the following random coefficient rep-

resentation,
(5.5) In(hy) = cap(ui) + (0(uwir) + 7 (ui)) Inwy + Z Vs (wir) In wig
s#t
(5.6) T = Cp(T) + (8(7) + vi(7)) Inwy + Z vs(7) In w;,
s#t

where unmeasured characteristics u;|c;, Inw; are uniformly distributed ¢(0, 1), and 7 de-
notes the 7-th quantile of the conditional distribution of the logarithm of hours. The variable
ci = (&, 2., d;;)" includes taste shifters, demographic characteristics and an indicator vari-

able d;; for the individual effect a;, and (1) = (8(7),0(7)',a’)".?

We estimate the panel data-quantile model (5.6) considering the method proposed above.
We restrict attention to the elasticity of labor supply with respect to a parametric change
in wages, which is a combination of substitution and wealth effects. We define the term
I'(7) = >, n(7) as the wealth effect of a parametric shift in the wage profile at time 0,
and 0(7) as the substitution elasticity at the 7-th quantile of the conditional distribution
of hours. The elasticities are quantile-specific allowing us to go beyond the standard wage
elasticity for the “representative” consumer.

3Notice that MaCurdy’s (1981) representation of the endogenous individual effects lies within the corre-
lated random effects framework, if time-variant variables excluding wages do not affect the marginal utility
of wealth. In terms of the model estimated in this section, this suggests that age should not be considered
in (5.4).
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Variables All workers Workers with zero Workers with positive
non-labor income non-labor income
(1) (2) (3)
Hours worked 36.749 38.650 36.232
(10.511) (13.044) (9.646)
Wage rate (in logs) 5.738 5.611 5.773
(0.679) (0.696) (0.670)
Age 39.403 37.456 39.933
(9.008) (8.583) (9.049)
Union member 0.634 0.651 0.629
(0.482) (0.477) (0.483)
Male worker 0.500 0.542 0.488
(0.500) (0.498) (0.500)
Intermediate qualifications 0.425 0.530 0.325
(0.494) (0.499) (0.469)
Advanced qualifications 0.490 0.325 0.534
(0.500) (0.469) (0.499)
Number of workers 388 83 305
Number of observations 4656 996 3660

TABLE 5.1. Descriptive statistics for the BHPS sample. The table presents

the sample mean and standard deviation (in parenthesis)

5.1.2. Data description

We use a sample of workers taken from the British Household Panel Survey (BHPS), which
is similar to other data used in previous labor supply studies (e.g., Panel Study of Income
Dynamics in the US). The sample includes N = 388 and 7" = 12 (Table 5.1). The period of
analysis is 1991-2002. The data contains observations on weekly hours worked, real wages,
demographic and socioeconomic characteristics including union membership in 1991, and
gender.*

We also include variables for the level of education of the worker, deviating from the tradi-
tional continuous years to schooling measure (Card 1999). Recently, Battistin and Sianesi

4The empirical literature, in general, and studies related with the BHPS, in particular, distinguish the
estimation of labor supply by gender. Although it is obviously possible to estimate the model presented in
(5.6) with a subsample of male workers, we include a variable indicating gender in the quantile regression
model. Addressing issues related to whether the individual works in the labor market is out of the scope of
this paper.
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Quantiles

0.10 0.50 0.90
QR FEQR PQR QR FEQR PQR QR FEQR PQR
Substitution 0.427 0.421 0.443 0.225 0.339 0.290 0.130 0.284 0.296
elasticity (5)  (0.036) (0.044) (0.048) (0.039) (0.041) (0.036) (0.032) (0.044) (0.044)
Union 0.027 -0.018  -0.008 -0.008  -0.031 -0.003
(0.033) (0.028) (0.020) (0.023) (0.029) (0.024)
Male 0.143 0.110 0.103 0.107 0.209 0.097
(0.042) (0.035)  (0.016) (0.025)  (0.030) (0.029)
Intermediate -0.046 -0.094 -0.074 -0.067  -0.047 -0.052
qualifications  (0.060) (0.039) (0.028) (0.037)  (0.054) (0.038)
Advanced -0.274 -0.203  -0.206 -0.175  -0.139 -0.149
qualifications ~ (0.070) (0.055)  (0.036) (0.047)  (0.055) (0.048)
Wealth effect -0.176 -0.115 -0.140
T) (0.069) (0.045) (0.048)
Wage elasticity 0.267 0.175 0.156
(6+1T) (0.053) (0.047) (0.048)

TABLE 5.2.  Estimating a panel quantile labor supply model. QR refers to
quantile regression, FEQR is fixved effects quantile regression and PQR is the
penalized estimator for the linear correlated random effects model. The value
of the tuning parameter is 0.65.

(2011) argue that in UK the return to education does not increase linearly with each addi-
tional year of schooling, because there are other academic paths leading to different qualifi-
cations. To avoid biases introduced by misclassification, we construct indicators for whether
the worker has intermediate or advanced qualifications. The omitted category in the re-
gressions is ‘no qualifications’. While the level ‘no qualifications’ reflects dropping out of
school, ‘intermediate’ qualifications includes level 2 - O levels or their vocational equivalent.
The variable ‘advanced’ qualification is an indicator for high-school diploma, advanced and
higher City and Guilds and Royal Society of Arts, Ordinary and Higher National Diplomas,
university and postgraduate studies, and professional degrees.

5.1.3. Estimating quantile specific elasticities

We use Table 5.2 to compare results obtained from our method with standard quantile re-
gression methods. The PQR estimator uses a plug-in estimate A = 0.65 selected as discussed
in Section 3. We report results for the 0.10, 0.50 and 0.90 quantiles. The table presents esti-
mates of the elasticity parameter and the time invariant effects as a function of the quantiles
of the conditional distribution of hours.
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In this application, the classical fixed effects method (not reported in Table 5.2 to save
space) suggests a positive substitution elasticity between hours and wages of 0.43 percent.
However, the quantile approaches seem to provide additional information suggesting that
the location-shift model is inappropriate for the British data set. For instance, the quantile
regression version of the fixed effects estimator gives positive estimates ranging from 0.42
percent at the 0.1 quantile to 0.28 percent at the 0.9 quantile. Although the fixed effects
estimates might be unbiased, the table shows that time invariant effects are not identified.
In contrast, the penalized approach offers the possibility of estimating the effect of union
membership, gender, and educational attainment on the conditional distribution of hours
worked. While the effect of union membership is insignificant across the quantiles of the
conditional distribution, gender and the indicators for educational attainment are significant
at standard levels.

The PQR approach offers the possibility of estimating the main parameter of interest for
policy analysis, § + I'. At first glance, we see that the penalized estimates of d are similar
to the fixed effects estimates. These estimates § are positive, and they tend to decrease as
we increase the quantile 7. The estimated wealth effect is negative as expected, and tends
to be significant if we consider quantiles at the tails. Although the sign of the parameter
(0 +I') is unknown, we find evidence that suggests that the substitution effect dominates
the wealth effect among British workers. The implication is that a 10% increase in the wage
profile increases labor supply by approximately 2.7% at the 0.1 quantile and 1.6% at the 0.9
quantile.’

The results presented in Table 5.2 suggests that the wage elasticity of labor supply is positive
across quantiles, because the positive substitution effect dominates the negative wealth effect.
We briefly investigate the sensitivity of this result to the choice of A. At the top of Figure
5.1, we plot estimates of the substitution effect, the wealth effect, and the overall effect at 25
equally spaced \’s in the interval [0,2]. While we see positive estimates for the elasticity of
substitution, we find negative estimates for the wealth effect. This evidence indicates that
the sign of the estimated elasticity 6 + T does not appear to be related to the optimal value
of the tuning parameter. Notice that the point estimates do not seem to change dramatically

SPistaferri (2003) finds that the conditional mean estimate of the substitution elasticity is 0.70 and the
conditional mean estimate of the wealth effect is —0.20. He uses a panel from the Bank of Italy Survey of
Household Income and Wealth and subjective expectations formed at the consumer level of aggregation. No-
tice that the availability of subjective expectations data would make possible to estimate (5.2). Although this
approach has several important advantages, it requires the use of information that typically the practitioner

does not have.
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as we increase \, suggesting that the correlated effects framework provides a convenient way
to account for individual heterogeneity associated with the covariates.

5.1.4. Non-labor income and hours

This section briefly investigates how asset income affects the allocation of hours. Based on the
information provided by the BHPS, we define non-labor income as income from rents, savings
and investment in the last year. We then re-estimate the model 5.6 splitting the sample in
two subsamples. While the middle panels in Figure 5.1 present results based on a sample of
workers with zero non-labor income, the panels at the bottom of the figure present results
based on a sample of workers with positive non-labor income®. We note that the levels and
shape of the estimated substitution effects do not change dramatically across samples, but
the estimated wealth effects tend to be different across samples. While the wealth effects are
close to zero and insignificant at standard levels among workers with zero non-labor income,
the wealth effects are relatively large and significant among workers with positive non-labor
income. Therefore, the evidence suggests that workers with zero non-labor income tend to
be more sensitive to changes in wages than workers with positive non-labor income. Figure
5.1 also shows that the quantile specific elasticities provide a more informative analysis.
The evidence could be interpreted as suggesting that while underemployed workers may be
willing to offer more hours than the average worker given a one percent increase in wages,
overemployed workers would like to offer fewer hours than the average worker.

5.2. Heterogeneous nutrition preferences

In the US obesity rates have increased at alarming rates over the last few decades. Given
the comorbity of obesity with other chronic illnesses, such as diabetes and heart disease,
and the financial strain it imposes on the health care system, obesity is considered to be
one of the main public health concerns of our time. Numerous programs such as the First
Lady’s “Let’s Move” campaign aim to address the challenge of obesity. Designing policies
to address obesity is complex problem that requires us to tailor interventions to account for
heterogeneous preferences and demographics.

6The second sample labeled ‘zero non-labor income’ considers workers without income from rents, savings
and investments; the last sample labeled ‘positive non-labor income’ include workers with nonzero income

from rents, savings, and investments.
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In this example we explore how preferences for nutrients vary by gender. In a recent report
the CDCT estimates that while 35.7% of US adults are now obese, substantial differences ex-
ist across genders and age groups. Over the last decade obesity rates for men increased from
27.5% to 35.5%, while obesity rates for women have not varied significantly in recent years
and are currently at 35.8%. This section applies our method to quantifying preferences for
nutrition by gender. Understanding the heterogeneity in preferences is of major policy inter-
est as it helps us design better policies by accounting for their distributional impact. In the
US context and in the face of rising obesity a variety of policies such as food taxes/subsidies,
changes in the Supplemental Nutrition Assistance Program (SNAP), or portion restrictions
are being considered, all of which will change the nutritional composition of a household’s
food consumption basket.

The consumption model described below allows us to quantify the differences in preferences
for nutrients across sub-populations. Dubois, Griffith, and Nevo (2013) use this framework
to show that there are substantial differences across countries. We adapt this model to ex-
plore if differences in preferences between socio-demographic groups exist at different levels
of expenditure. We model a household’s food purchase decision, where each household can
choose among N different food products. FEach product k is characterized by a set of D
product attributes. Each product is identified at the UPC level. A typical American super-
market sells about 50, 000 different products. Thus, while D is large, the number of product
attributes C' which are salient to the average consumer is typically very small. We focus
on attributes which relate to the underlying nutrients that a consumer may look for on the
product label, such as calories, fat, salt, sugar, cholesterol, protein and carbohydrates. Each
unit of good k contains s, = {31, ..., 2.} units of the underlying product attributes.®

We assume that household ¢ with income I; chooses a bundle of goods «; and a numeraire
good z;p so as to maximize utility conditional on household attributes p; and subject to
a budget constraint. We follow Dubois, Griffith, and Nevo (2013) and assume that the
household derives utility from both the goods purchased and the underlying quantities z; of
the nutrients purchased through the purchase of the goods x;. We normalize the price of the
numeraire good to 1. Denote by p; the prices faced by household i over the set of products

"See Ogden, Carroll, Kit, and Flegal (2012) for more details.
8Note that we do not require the underlying product attributes to be mutually exclusive. For example
Peanut Butter has 188 total calories per serving; 145 of those calories come from fat. The total amount of

fat in the serving is 16.1 grams.
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available for purchase. Thus,

(5.7) max U(xio, i, 255 i), St a0 + phxe; = I,
Ti0,Lq

where z;;, = s, x;, denotes a home production function which converts products into nutrients
(cooking). This model generalizes the Muellbauer (1974) model of household production,
which assumes that household ¢ purchases goods @; but only derives utility from the product
attributes z;, and which generates a standard hedonic model. By allowing the household
to derive utility from both products and attributes we are relying on insights from the
modern Industrial Organization literature, which shows that households exhibit preferences
over products.

Given the large number of choices D faced by the typical household, it would be impractical
to estimate a disaggregated demand system. It is thus common to aggregate products
into mutually exclusive groups such as milk products, meat products, etc. Harding and
Lovenheim (2013) then estimate a structural Quadratic Almost Ideal Demand System on the
aggregate set of products, which allows for the identification of a detailed substitution matrix.
In the context of the current application, we wish to estimate the preference heterogeneity
in the demand for nutrients and follow the more parametric approach of Dubois, Griffith
and Nevo (2013) by choosing a utility which imposes stronger restrictions on the pattern
of substitution between products. While this substantially limits the nature of the price
elasticities, it possesses the attractive feature of weak separability, which leads to a convenient
aggregation over products as shown below.

In particular we let:

D Hi ¢
(5-8) U(llfio, T, Zi, /~Li> = exp(:cl-o) (Z fzk(ﬂfzk)> H hic<zic)7
k=1 c=1

where p; denotes the set of household specific model parameters. We further assume that
fie(zar) = )\ikxf,g and hie(zi.) = exp(Bezic). After substituting for the budget constraint and
the home production function the household maximizes the following log utility function:

D D C D
(5.9) log U(wio, @i, 2, ftis \ir 03, Be) = Ti— Y _ piti + i log (Z )\z‘kffgli> + B> e,
k=1 K1 =1 k=1

where s, are known and observed by both the household and the econometrician. The
parameters (. measure the average contribution of a nutrient to the utility function. The



25

first order condition for good k is given by:

z :1:2
(5.10) Dik = L +§ Be e
Ek 1 Zk zk c=1

We can express this first order condition in terms of the expenditure for good £ to obtain:

0;
)\Zkl‘
ik E
Nil + Bc%kcxzk
Zk 1)\”9 ik c=1

Note that we can now aggregate this expression over all (or a subset) of the products to

(5.11) Pikik =

obtain relationship between total expenditure E; and nutrients:
c
c=1

In practice we observe a household making repeated purchases and we can estimate this
model using the following panel data empirical specification:

C
(5.13) Eit = ai + Z Bezite + €it,

where v, is a time indicator capturing the impact of macroeconomic factors on food purchases
and €; is an iid error term uncorrelated with the RHS variables, capturing the random
variation in consumer preferences. Furthermore we assume that the household specific effect
«; can be written as follows:

(5.14) a; = g(2;) + w;d + a;,

where ¢(-) is an unknown function capturing household specific nutrition effects, w; is a
vector of time invariant household demographics and «; is a household specific random effect,
uncorrelated with the RHS variables.

We estimate this model using the following quantile representation,

c

(5.15) By = Z Be(uit)zite + 9(2i, wir) + wid(uir) + a;
c=1
c

(5.16) T = Zﬁc(T)Zitc +9(zi,7) + wid(7) + a;

where unmeasured characteristics conditional on observables are uniformly distributed ¢(0, 1),
and 7 denotes the 7-th quantile of the conditional distribution of food expenditure.
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Variables All consumers Female consumers Male consumers
() @) 3)
Total Expenditure 120.328 119.887 121.311
(77.954) (77.558) (78.821)
Total fat (grams consumed per month) 17.406 17.383 17.456
(14.338) (14.297) (14.429)
Salt (miligrams consumed per month) 818.066 822.313 808.605
(1173.582) (1233.129) (1028.525)
Sugar (grams consumed per month) 30.111 30.200 29.915
(23.609) (23.916) (22.910)
Cholesterol (grams consumed per month) 46.541 46.705 46.176
(42.987) (42.764) (43.479)
Protein (grams consumed per month) 13.852 13.668 14.262
(23.351) (24.363) (20.914)
Carbohydrates (grams consumed per month) 64.023 64.068 63.924
(46.093) (46.989) (44.032)
Black 0.117 0.128 0.093
(0.322) (0.334) (0.291)
Income higher than $70K 0.146 0.123 0.197
(0.353) (0.329) (0.398)
College education 0.475 0.450 0.530
(0.499) (0.497) (0.499)
Number of consumers 9,165 6,326 2,839
Number of observations 109,980 75,912 34,068

TABLE 5.3. Descriptive statistics for the Nielsen HomeScan sample of single

households in 2010. The table presents the sample mean and standard deviation

(in parenthesis).

5.2.1. Data description

We use a subset of the data introduced in Harding and Lovenheim (2013), which draws
on a large panel of household food purchases from the Nielsen Homescan database. The
data records all purchases at the UPC level for a large sample of nationally representative
households. Purchases are made in a variety of supermarkets and grocery stores and are
meant for at home consumption. Each purchased product is uniquely identified through its
Universal Product Code (UPC), a barcode, which is scanned at the point of sale. Nielsen
requires all participating households to re-scan each purchased product at home. Each week
the scanned data together with the receipts are transmitted to Nielsen where the data is
combined and verified against store sale information. As a result the data contains accurate
measures of the price and quantity of each purchased product.
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For each household Nielsen collects detailed demographic information for the head of house-
hold using a yearly survey. The data includes the gender, race, income and education of the
head of household.

While providing detailed information on each transaction, the Nielsen data does not record
the nutritional content of every product. Harding and Lovenheim (2013) merge the trans-
action level data at the UPC level with detailed nutrition databases obtained from Gladson

and FoodEssentials, which contain the exact nutrition panel of each product.

In this paper we restrict attention to single person households (Table 5.3). The sample
includes 6326 female consumers and 2839 male consumers observed during 12 months in
2010. In the empirical analysis, we focus on six of the most essential (and salient) nutrients
consumed per month: total fat, salt, sugar, cholesterol, protein, and carbohydrates.

5.2.2. Empairical results

In this analysis, we explore how preferences for nutrients vary across gender. Our quantile
regression framework allows us to additionally investigate the extent to which gender differ-
ences are uniform over the conditional distribution of expenditure. In Table 5.4, we report
the estimated coefficients for the QR, FEQR and SQR models for females. The profile of
the asymptotic variance of the SQR suggests a value of A = 1.21. We explore the results
further in Figures 5.2 and 5.3. Each subfigure plots the estimated coefficient for a covariate
of interest for each of the 0.1, 0.5, and 0.9 quantiles across a range of shrinkage parameters
A. In Figure 5.2 we report the estimated preferences for females, while Figure 5.3 reports
the difference between the estimated coefficients for females and males.

First, consider the results for female shoppers. We find that higher food expenditures are
associated with stronger preferences for fat, salt, sugar, and protein. These nutrients are
highly correlated with taste and the richer a product is in these nutrients the more likely it
is to be appealing to a consumer. In contrast, cholesterol and carbohydrates are generally
associated with health hazards and have no direct impact on taste. As a result we see that
high expenditure households prefer these nutrients less than low expenditure households,
which may be indicative of avoidance behavior. Popular culture places a lot of emphasis on
diets aimed at avoiding cholesterol and carbohydrates. It is also important to stress that the
differences between the estimates for the extreme quantiles and the median reveal substan-
tial preference heterogeneity across the conditional expenditure distribution which varies by
nutrient. For instance, the effect of protein is negative and significant at the 0.1 quantile,
while positive and significant at the 0.9 quantile. Furthermore, our approach allows us to
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Quantiles
0.10 0.50 0.90

QR FEQR  SQR QR FEQR  SQR QR FEQR  SQR

Total fat 1.204 1.175 1.144 1.216 1.170 1.173 1.229 1.273 1.291
(0.038) (0.048) (0.034) (0.028) (0.071) (0.081) (0.058) (0.085) (0.081)

Salt 0.003 0.002 0.002 0.003 0.003 0.003 0.005 0.004 0.004
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.001) (0.001)

Sugar 0.245 0.179 0.165 0.439 0.357 0.362 0.707 0.554 0.551
(0.024) (0.038) (0.036) (0.021) (0.032) (0.034) (0.044) (0.050) (0.057)

Cholesterol 0.091 0.177 0.175 -0.045 0.061 0.064 -0.145 0.008 0.007
(0.011) (0.020) (0.019) (0.010) (0.027) (0.030) (0.016) (0.020) (0.024)

Protein -0.013  -0.120 -0.115 2.761 1.856 1.842 5.134 2.960 3.020
(0.110) (0.049) (0.058) (0.138) (0.393) (0.435) (0.222) (0.317) (0.337)

Carbohydrates 0.414 0.552 0.542 0.356 0.437 0.438 0.331 0.388 0.406
(0.017) (0.025) (0.022) (0.019) (0.039) (0.044) (0.033) (0.042) (0.038)

Black -5.305 -6.135  -6.717 -4.700  -8.570 -3.893
(0.427) (1.058)  (0.410) (1.493)  (0.884) (1.922)

High income 6.368 7.134 13.990 12.915  22.152 20.305
(0.561) (1.581)  (0.539) (1.865)  (0.974) (2.198)

College education  3.218 3.979 6.421 5.761 10.707 8.468
(0.319) (1.089) (0.316) (1.350)  (0.653) (1.691)

TABLE 5.4.  Estimating a panel quantile demand model for females. QR
refers to quantile regression, FEQR 1is fized effects quantile regression and SQR
1s the penalized estimator for the semiparametric correlated random effects

model. The value of the tuning parameter is 1.21.

estimate directly the impact of the demographics on food expenditure. We find that being
African-American is associated with a negative impact on overall food expenditures, while
households with incomes above $70,000 and with a College education are associated with
higher expenditures on food. These effects become more pronounced across the expendi-
ture distribution. Note that the results of the SQR model are quantitatively very similar to
those of the FEQR model, but substantially different than the QR results. This re-inforces
the importance of controlling for unobserved heterogeneity. However, our approach also has
the advantage of enabling us to derive the impact of the observable demographics on food
expenditures.

Figure 5.3 reveals that these preferences also differ substantially between males and females.
We find that for individuals at the lower tail of the conditional expenditure distribution,
females have stronger preferences for fat than males, while the opposite is true for salt and



total fat

cholesterol

race

1.30

1.25

1.20

1.15

0.05 0.10 0.15

0.00

-6.0 -55 -50 -45 -40 -35

-6.5

—&— 0.1 quantile
—e— 0.5 quantile
— 0.9 quantile

—&— 0.1 quantile
—e— 0.5 quantile
—— 0.9 quantile

0.5 1.0 15 20

“\N\v/‘—'e—(/oz_:u’a::i;

—e— 0.5 quantile
—— 0.9 quantile

0.5 1.0 15 2.0

FIGURE 5.2. Profile of preferences for female

salt

protein

High Income

0.0030 0.0035 0.0040

0.0025

15 20 25 30

1.0

0.5

0.0

12 14 16 18 20

10

—_

—&— 0.1 quantile
—e— 0.5 quantile
—— 0.9 quantile

0.5 1.0 15 20

—&— 0.1 quantile
—e— 0.5 quantile
— 0.9 quantile

0.5 1.0 15 20

—e— 0.5 quantile
—— 0.9 quantile

0.5 1.0 15 2.0

sugar

Carbs

College

0.3 0.4 0.5

0.2

0.55

0.50

0.45

0.40

—_——

—&— 0.1 quantile
—e— 0.5 quantile
—— 0.9 quantile

0.5 1.0 15 2.0

S —

—&— 0.1 quantile
—e— 0.5 quantile
—— 0.9 quantile

0.5 1.0 15 2.0

_/”"f

—&— 0.1 quantile
—e— 0.5 quantile

—— 0.9 quantile

0.5 1.0 15 20

consumers.

29



30

-0.12

-0.14
1

—&— 0.1 quantile
—e— 0.5 quantile

-0.0005

0.00
1

- —&— 0.1 quantile
—e— 0.5 quantile

—-|—&— 0.1 quantile
—e— 0.5 quantile

total fat
salt
—0.0010
sugar

) — 0.9 quantile —— 0.9 quantile § _|— 0.9 quantile
N g ;
(= —
S
o [
- «©
g 4 /\/_J\ 2 | \/\—/\/
I o o
N I
o
S
T T T T ? T T T T T T T T
0.5 1.0 15 20 0.5 1.0 15 20 0.5 1.0 15 2.0

A A

A
<
M <] v_/_w
o
< A o |
© g‘ 8 /\/f

—&— 0.1 quantile
—e— 0.5 quantile
—— 0.9 quantile

0.02
1

—&— 0.1 quantile

—e— 0.5 quantile
{— 0.9 quantile

cholesterol
protein
0.1
1
carbs

0.01

-=— 0.1 quantile
[-e— 0.5 quantile
_— 0.9 quantile

0.0
1

0.00
1

-0.2 -0.1
L

0.02

-0.01
0.01

FIGURE 5.3. Profile of preferences by gender in terms of .

sugar. Furthermore, females have stronger preferences for protein at the upper quantiles of
the distribution, while males prefer protein at the lower quantiles. The reverse appears to
be true for cholesterol. This analysis reveals consumer preferences to be extremely hetero-
geneous and cautions against the use of demand models assuming homogeneous preferences.

From an econometric perspective it is also important to note the role played by the shrinkage
parameter \. In general we would expect the estimated coefficients on the covariates of
interest to be fairly comparable across different degrees of shrinkage. By construction, the
procedure shrinks the individual effects towards zero and if the model is well specified we
would not expect changes in A to affect the values of the estimated coefficients at each
quantile. If on the other hand, the distribution of the individual effects is non-zero this
indicates that the model retains additional unobserved variables with non-zero mean, which
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are correlated with the covariates and are not captured by the flexible function g(-). Our
estimates appear to indicate that while the model appears to fit the data well, there is
the possibility of additional endogeneity not fully captured by the model specification as
indicated by the estimates of the preferences for carbohydrates.

6. Conclusions

This paper investigates simple ¢;-penalized approaches to the estimation of marginal effects
in panel data models with time-invariant variables by allowing for a flexible specification of
correlated individual effects in a quantile regression setting. The approaches offer a balanced
compromise between misspecification issues arising from the omission of individual hetero-
geneity and the incidental parameters problem arising from leaving individual heterogeneity
unrestricted in a nonlinear panel model. We provide two empirical applications illustrating
the practical implementation and use of the proposed methods.

In the first application, we study the responsiveness of hours to wages using BHPS data. The
proposed method offers the possibility of estimating the main parameter of interest for policy
analysis, the wage elasticity of labor supply, while allowing for heterogeneity in preferences.
The findings show that: (i) positive substitution effects dominate negative wealth effects
at several quantiles of the conditional distribution of hours; (ii) the overall positive effect
of an increase in wages on hours tends to decrease across quantiles; (iii) wealth effects are
small among workers having zero non-labor income, but they significantly affect workers
with positive non-labor income.

In the second application we estimate consumer preferences for nutrients from a semi-
structural demand model using a large scanner dataset of household food purchases. We
show that preferences for nutrients vary across the conditional distribution of expenditure
and across genders and emphasize the importance of fully capturing consumer heterogeneity
in demand modeling and policy evaluation.
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Appendix A. Technical Appendix

A.1. Some useful lemmas

LEMMA 1. Let apxp matric F = (B+ M) 'A7'C(D + ) I)(B+XI)"'A™!, where A,
B, C, and D are p x p positive definite matrices with eigenvalues (o, ¢y, ., and (4. Then,
the trace of F' is equal to,

Proof. We consider a spectral decomposition for the matrices A, B, C, and D. The matrix
A =U,A,U., where U is an orthogonal matrix, and A is a diagonal matrix that contains
the characteristic roots of matrix A, with a typical element ¢ for i = 1,...,p. The trace of
F is then,

trF = tr{(B+M)"'A7'C(D+ NI)(B+)'A™"}
= t{(UA U] + )" (U, AU U AU(UANU, + NT)(UAUL + M HUAU) )
= {UL(Ay + N 'OUA UUAUUYN Ay + XDHULUL(A, + M)\ UU AU,
= tr{(Ap+ M) TTATA(AG + NI (A + M)A
— (GG +A))?
where the fourth equality holds because the trABA =trAAB and U'U = 1. O

LEMMA 2. Let ¥ = (I — A)® and Py = (Z'YZ)'Z'Y. Then the weighted projection
matrices Pg and Py achieve the same transformation.
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Proof. Write PyX = (Z'YZ)"'Z'YX. Dividing and multiplying Py X by T and using
the fact that T1T = ZZ',

PyX = (Z(I-MNZZ'®2Z2)'Z'(I1-MNZZ'®X
= (Z'®Z) N Z'(I-MNZ)'Z(I-MNZZ'®X = (Z'®Z) 'Z®X = P X.
O

A.2. Assumptions and sketch of the proofs
This paper employs the following regularity conditions:

ASSUMPTION 1. The variables y;; are independent with conditional distribution Fy,,, and
continuous densities fi uniformly bounded away from 0 and co, with bounded derivatives f},,

at the points { (1) forj=1,...,J,t=1,...., T andi=1,...,N.

ASSUMPTION 2. The random variables a; are identically, and independently distributed
with unconditional distribution function F, with median zero, and continuous densities f,
uniformly bounded away from 0 and oo, with bounded derivatives f., fori=1,..., N.

ASSUMPTION 3. There exist positive definite matrices g, 31, 29, and X3 such that

. [ O X'WIW, X ... QuX'WIW,;X
30 = lim — : :
T—oo T'N
N=reo | QX' WW X ... QX' WIW,;X
i W1X/W1/T1W1X C 0
) 1
¥ = lim — : :
T—oo T'N
N—reo L 0 ce CUJX/W}TJWJX
0 [ X'P/P,X ... X'PP;X
R R
Noo ™| X'PIPX ... X'PPX
[ X'PIUPX ... 0
Y3 = lim L : : :
7 79 NT ' h :
N=reo i 0 ... X'P)OWP;X

where Qg = wi(Te AT — T )W and Q,, = T, (1—7,,) for the median ,,; W; = I - Z P;, P; =
(Z’TjZ)_1Z’Tj, Tj = @j(I—A]‘), <I)j = dlag(fzt(&t(Tj))), Aj = dmg(mg(D’Z’@]ZD)_1<I>U:EZ),
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W = diag(f,(0)), and

/ / / /

T, Ty, Ty ... Typ 10 .. 0

/ / / /

s Ty Thy ... Top 10 ... O
X = D= ) 1 4=

!/ !/ / !/

TN Ty, Lo .. Typ 00 .. 1

ASSUMPTION 4. maz||xy||/VTN — 0.
ASSUMPTION 5. There exists a constant ¢ > 0 such that N¢/T — 0.
ASSUMPTION 6. The shrinkage parameter Ap/v/T — X > 0.

Proof of Theorem 1. Let

J T N
Vnr(8) = D D> wipn (yie — &ulry) — 60t/ VT — a},61(7)) /VNT — a}8s(7;) /V'N)

j=1 t=1 i=1
N

—pr, Wi — (7)) + Ar > pr(ai + 60i/VT) = pr, (a:)
i=1

where 7, is the median quantile and &;,(7;) = «},8(7;)+x;~v(7;)+a; is the conditional quantile
function. We overcome the difficulty associated with infinite dimensional vectors by concen-
trating out the dy’s and dp;’s effects into the objective function. For any (Ag;, Ay, Ay) > 0,
sup ||k (doi, 01, 02) — k(0,0,0) — E(k(dp;, 61, 62) — k(0,0,0))|| = 0,(1), where,

J N
ki (d0i, 61, 02) = —i Zzijiwﬂ'j <yit - j)% @t(\s}@ 63/(2) Ein (T ))

with 1. (u) = 7; — I(u < 0). Taking expectation and expanding k(-) under condition 1, we
obtain

B E( - % ;;% - (% <th j}% _ m;t‘Sl(TT]J\; - mgé\z/%) —Sn(rj)) r, (yit — &AT;)))

VT
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Optimality of the boy’s implies that k;(do;, 81,02) = o(N71), and thus E(k;(dg;, 61, 82) —
k+(0,0,0)) = k:(0,0,0). This last expression can be written as,

/ 51 Tj 52 Tj 1 J
\rzﬁ?Wﬁ@WWT*%é% \}U:ng;w%mv&m>

Solving for d,,
Ry
VN

Zij = (fit(&i(7j))2it)ir; and R is the remainder term. Substi-

(52 7']

\/_ = ]zt
where hjiy = >, >, w; ]

tuting the do’s, we denote

doi 01(7;) AQ(T‘) AT ( doi
k(9o:,61) iy (i — 2 — @, 2T 0]y ) 2 2y (0
(0 1 \/_]21; Jw3<yt \/T t\/ﬁ \/N §t<]> \/Twm \/T
Taking expectation and expanding as above, we obtain under conditions 1-2,
E((k(d0i; 1)) — (0, 0))) =

b, 0i(n) (s A Joi
>~ S0 — - N2 = O () 4 2w, ()
t=1

_|_

J N J N
Y ws (5 t ¢_)+22ijsz3 )

7j=1 =1 Jj=1 =1

ij
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+
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where f1j; = 1—a; hgztwwv =7 Z] 1 Zt 1 Wi fir(&ie(75)), and wyy; = Mz'tj“‘fz‘il)‘T/\/Tfa(O)-
Optimality of the dy;’s 1mphes that k(dp;, 81) = o(T™1), and thus E(k(dg;, 81) — k(0,0)) =
k(0,0). Therefore,

1 J
5>

j=1 t=1

T

N

S 91(7;
w; fitWit; \/0_ \/— Z Z Wj fzt,u]ztmzt

7j=1 t=1

E

1 < 1 a Nt RT@
= \/T ]Zl Z W]fzt,uzt]wq (yzt &t(ﬂ)) \/—me — —T Z Z wjfzt i \/_ \/_

t=1 j=1 t=1

The asymptotic (Bahadur) representation of the individual specific effect relates to the slope
parameter in the following way,

doi _ _fil iiiwf (&2 (75)) g
\/T ji T JJit\Sit\ 1 1] it

VTN

51(Tj)+f71 lzjziwf it (Yir — Ear (T
i T £ 5 Jitlbitj T Yit gzt(T]))

j=1 t=1 j=1 t=1
J T J
AT 1/17— CLZ 1 Ry ~ /61<Tj)
+2——= w; firx; =— Tit(T; + Tit,
VR DO ) VT T2 n) gy

where f;; = T* Ej Yo wifuwiy and &y = >, wjfupuirjxh, /T fi. The term r; includes the
last four terms of the right hand side of the Bahadur presentation of the individual effects.
By Lemma 1 in Lamarche (2010), the terms involving r; converge to zero when doi JNVT is
inserted in the objective function. This requires T' growing faster than /N, which is satisfied
for some values of ¢ in Assumption 5 (See Kato, Galvao and Montes-Rojas (2012) for rates
of convergence under fairly general conditions).

We now replace the asymptotic representation of the individual specific effect in the objective
function, and decompose the equation in four terms defined as,

J T N

Vin(d) = — Z Z ;wm;t — &(;))(01(7)) /VNT)r, (e — &r(7;)
VG = zzﬁ:w [ = 6atm) < 9~ 10— gatm) < 0
Vin(d) = —Méémmwmmw_ Jibr (@)

N = A i / Y < 9) — Iay < 0)ds
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with vi; ry = (2}, — @i(7;)")01(7;)/VTN. The first term is asymptotically Gaussian. By the
Lindeberg-Feller Central Limit Theorem, and conditions 3-4,

Vin(81) = Z Z Zw] (73))81.(1) s, (s — Ear(73)) ~> — & B

The second term converges in probability to a quadratic term in éy,

1
EVTN (61) = 2TN Z Zzw]fzt §it(75)) i(7;)))01(7;))* + o(1) — 5512151

j=1 t=1 i=1

The variance of VT(?\),((‘)}) converges to zero by condition 4. Similarly, by the Lindeberg-
Feller Central Limit Theorem, the Slutsky Theorem, and conditions 3-4, the third term is
asymptotically Gaussian,

J N
v}i’&(&l): ZZ:& 73) 8 (1;)r,, (a5) ~ —A8C,

aw

where C is a Gaussian vector 1ndependent of B with covariance ¥,. The last last term has
a quadratic contribution,

N
E ( (4) ) _
Vin(0) 2TN
It follows that Vi (d1) is convex and VO((Sl) has a unique minimum, and then argmin(Vyy (81(7))) ~»

argmin(V;(d;(7))). Therefore,
VNT(B(1,\) — B(1)) ~ (21 + A83) " (B + AC).

1

The penalized estimator converges to a Gaussian random variable with mean zero and co-

variance Avar(VNT(B(,\)) = (21 + AX3) " (Zo + A225) () + AX5) !

We now derive the distribution of B(T) Consider the following objective function for the
penalized estimator that shrinks endogenous «;’s as,

Vir(n Z Z p- (yzt Rir(T) — % x, :7/12) —pr(yir—rit (7)) + A7 é pr (ai + 7’—\/0%) —pr ()

t=1 i=1

where 7 is the median quantile and k;(7) = «,8(7) + «; is the conditional quantile function.
Without loss of generality, we consider the location s; = /v in a neighborhood of 0. For

any (AOiu Al) > O,

sup [[v(10s; M) — v(0,0) — E(v(noi, m) — ©v(0,0))|| = 0,(1)

In0i|<Ao, ||m]|<A1
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where,

Moi (771<T)_ ‘T) Ar ( 770i)
v(10s, M) = Zwr (yzt JT w“\/ﬁ Kit (T) +2\/T1/JT az+ﬁ

Taking expectation and expanding the function v as in Theorem 1, we obtain

E((v(n0i, m1)) — v(0,0))) =
d "oi , M(7) _ Ar a "oi
2 (y N “”(T)) TR ( o ﬁ)

A
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07 RS ) )\T 07
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Optimality of the 7j;’s implies that v(ny;,n1) = o(T1), and thus E(v(ne, n1) — v(0,0)) =
v(0,0). Letting f; = TS0 fulru (7)) + Ap/VT fu(s:) /T, we find that

t

59 T

770@ / 771<T) ~ -/771<T)
=—(Tf; (R ( + TR T
v th ()@ g Tt VTN

where @; = Y, fu(ku(7))xi/T fi. By Koenker’s (2004) Theorem 1 and Lamarche’s (2010)
Lemma 1, the components of # are asymptotically negligible. Therefore, we replace 7,/ VT
in the objective function, and we decompose the function in four parts:

Vin(m(r) = —ZZ !, — &) (m(7) V' NT), (yie — ar(7))
Vﬁ@(m( ) = Z Z/vit’TN(I(yit — Kiu(T) < 8) — I(yy — k(1) < 0))ds

ViRm() = Ao (m(r)/VNT) sgn(a)

VAmE) = M3 [ (e < ) — I(os < 0))ds
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with vy rn = (2}, — &) (7)/VTN. The first term is asymptotically Gaussian,

Vin(m(r)) ZZ &), — &) (1)U, (yit — kie(7)) ~ —u(7)'B

tlzl

where B is a Gaussian vector with covariance Hy. The second term converges in probability

to a quadratic term in n(7),

BVm()) = g S0 fulralr #)HL() +0(1) = So(r) Humi(7)

t=1 i=1

The last two terms of Vi (m;(7)) represents a decomposition of the stochastic penalty term.
The third term is also asymptotically Gaussian,

Véi’&(mm)————z & (T)sgn(cy) ~ —Am (1)'C

where C' is a Gaussian vector independent of B with covariance Hs. Lastly, the fourth term
(4) . : .
Vren(mi(7)) is asymptotically quadratlc in m;(7),

1
EVyy (m(7) (s0) (@ (7)) + (1) = S Amy (r) Hsm (7)

2TN

Since Vry (n1(7)) is convex and VO(m(T)) has a unique minimum, it follows that argmin(Vrx(e)) ~
argmin(Vy(e)). The penalized estimator converges to a Gaussian random variable with mean
(H, + \H;) 'A\EC and covariance Avar(v/NT(B(r,\)) = (Hy + Hs3) ' (Hy+ )\ H,)(H, +
AH3)~!. Theorem 1 shows that v NT(B(r, \)—8(7)) converges in distribution to a Gaussian
random variable with mean zero and covariance Avar(vV NT(B(7,\)) = (21 + AZ3) " 1(Zo +
A25,)(214+A%5) L. Lastly, we need to show that Avar(v/ NT(B(r, \)) < Avar(v/NT(B(r, \)).

Lemma 2 implies that Py X, is equal to Pe X,, we have that Hy = 3 = Jy, Hy = X5 = J,
and H3 = 33 = J3. Notice that the conditional density of «; at the median is equal to the
unconditional density of a; at zero. Therefore, the asymptotic relative efficiency between

B(7,A) and B(r, \) is determined by
H -% = L'S8L-RYR=L(®-Y)L
— L'BAL = |[L|}, > 0.

with the inequality indicating that H; — 3, is positive definite and implying that the as-
ymptotic variance of the penalized estimator B(7, A) is smaller than the asymptotic variance

of B(r,\) for all X's in R,. O
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Proof of Corollary 1. Theorem 1 implies that the asymptotic mean squared error (AMSE)
of B(7, A) is,

~

(A1) trAMSE(B(7,A)) = tr {(Z1 + AZ3) (B + A*Z0) (B + AZ5) '}
By Theorem 1, we can write A.1 as,

trAMSE(B(7,0)) = tr{(Z1 + A\J3) " (Jo + N2Jo) (21 + AJ3) ™'}
= tr{(J5' S+ M) I (I o + NI (IS + DTN
— {(B +ADT'ATIC(D + \I)(B + )\I)‘lA‘l} .

where A = J;, B = J;'%,, C = J,, and D = C'J,. By Lemma 1,

trAMSE(B(7, 1)) = ) _ %
i=1 alsp

Moreover, by Theorem 1, we write the AMSE of B(T, A) as,

trAMSE(B(7, X)) = tr {(Hy + AJ3) "' (Jo + N> Jo) (Hy + A\J5) "'}
+tr {0} ((Hy + AJ3) 7' So(Hy + AJ3) 7'}
= tr {(Jy " Hy + M) "I o (I3 o+ NI)(J3  Hy + M7
+tr {N((J5 " Hy + M) 7 I S (I T Hy + M7 T}
—— {(B +A)'ATIC(D + N (B + )\I)‘lA‘l}
+r {V(B CAD)TTATIS, (B + AI)*lA*I)’}

where A = J;, B = J;'H,, C = J,, and D = C~'J,. By Lemma 1,

e (R
trAMSE(B(7, \)) = Z; (GG N (GG + )

t

Proof of Corollary 2. The trace of the normalized asymptotic covariance matrix of the pe-
nalized estimator is,

trAVar(B(7, ))) = tr{(Z125'51)(Z1 4 AZ3) (o + N225) (21 + AD3) 1}
= tr{AB'A(D+ X)"'C'E(F+ N°I)(D+ XI)"'C '},
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where the matrices A = X, B=3%,, C =33, D =C'A, E =3, and F = E"'B.
Replacing the matrices by their spectral decomposition, we have that,

A~

trAVar(3(r,\)) = tr{U,AU.(UANU,) U, AU (UAU,+ M) N U AU
UAU(UsA;U; + NT)(UgAUy + M) (UAU) '}
= tr{AuA, " AL(Ag + A TTATTAL(Ay + NI (Ag + M)A
_ y WGEY) _sh oy
— GGG+ N =

We now have a simple optimization problem as a function of A, with positive eigenvalues (!

for all 7, k. It then follows that the trace of the normalized asymptotic covariance matrix

~ ~

has a unique minimizer A* such that, trAVar(8(r, \*)) < trAVar(8(7, \)). O



